
  

NP-Completeness



  

Please evaluate this course on Axess.

Your comments really do make a 
difference.



  

Announcements

● Problem Set 8 due right now.
● Due Thursday at 12:50PM sharp with one late 

day.
● Problem Set 9 out, due this Friday at 12:50PM.

● Smaller problem set than usual; I know it's dead 
week and that you have less time than normal.

● Due at 11:30AM on Monday, March 18 with a 
late day; no submissions can be accepted 
after this time.  (Sorry – this is university 
policy).

● Since the final ends at this time, it's okay if you 
submit as soon as you're done with the exam.



  

Final Exam Logistics

● Final exam is next Monday, March 18 from 8:30AM – 
11:30AM in Cemex Auditorium.

● Covers material up through an including this 
Wednesday's lecture.

● Material from next lecture will not be covered in as 
much depth.

● Focus is on material from the second half of the 
course, though there will be at least one 
midterm-style question.

● If you need to take the exam at an alternate time, 
please email the staff list no later than this 
Wednesday at 11:59PM.



  

Change to Open-Computer Policy

● We are changing the open-computer policy for the 
final exam.

● You may only use your computer to do the following:

● Visit the course website and access materials available 
there (including the DFA/NFA/Regex editors).

● Read over your own notes for which you are the original 
author and which do not contain proofs copied from 
online sources.

● Read over an electronic copy of Sipser or Rosen (if you 
happen to have one.)

● You must not consult any other sources, even if you 
have them already downloaded on your computer.

● We will take any violations extremely seriously.



  

Practice Exams

● Extra credit practice final exam 
available now, due right after you 
take the exam.
● No solutions released for this one – 

come talk to us if you have any 
questions!

● We will release additional practice 
exams later this week.



  

Recap from Last Time



  

The Complexity Class P

● The complexity class P (for polynomial 
time) contains all problems that can be 
solved in polynomial time.

● Formally:

P = { L | There is a polynomial-time   
decider for L }      

● Assuming the Cobham-Edmonds thesis, a 
language is in P iff it can be decided 
efficiently.



  

Polynomial-Time Reductions

● Let A ⊆ Σ1* and B ⊆ Σ2* be languages.

● A polynomial-time mapping reduction is a function
f : Σ1* → Σ2* with the following properties:

● f(w) can be computed in polynomial time.
● w ∈ A iff f(w) ∈ B.

● Informally:
● A way of turning inputs to A into inputs to B
● that can be computed in polynomial time
● that preserves the correct answer.

● Notation: A ≤P B iff there is a polynomial-time 
mapping reduction from A to B.



  

Polynomial-Time Reductions

● Theorem: If A ≤P B and B ∈ P, then A ∈ P.

● Similar to mapping reducibility, except with P 
and polynomial-time reductions.



  

Analyzing NTMs

● When discussing deterministic TMs, the notion of time 
complexity is (reasonably) straightforward.

● Recall: One way of thinking about nondeterminism is 
as a tree.

● The time complexity is the height of the
tree (the length of the longest possible
choice we could make).

● Intuition: If you ran all possible
branches in parallel, how long would
it take before all branches completed?



  

The Complexity Class NP

● The complexity class NP 
(nondeterministic polynomial time) 
contains all problems that can be solved 
in polynomial time by an NTM.

● Formally:

NP = { L | There is a nondeterministic
         TM that decides L in 

     polynomial time. }

What types of problems are in NP?



  

A Problem in NP
● Does a Sudoku grid have a solution?

● M = “On input ⟨S⟩, an encoding of a Sudoku puzzle:
– Nondeterministically guess how to fill in all the squares.

– Deterministically check whether the guess is correct.

– If so, accept; if not, reject.” 2
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For an arbitrary n2 × n2 grid:
 

Total number of cells in the grid: n4

 

Total time to fill in the grid: O(n4)
 

Total number of rows, columns, and 
boxes to check: O(n2)
 

Total time required to check each 
row/column/box: O(n2)
 

Total runtime: O(n4)

For an arbitrary n2 × n2 grid:
 

Total number of cells in the grid: n4

 

Total time to fill in the grid: O(n4)
 

Total number of rows, columns, and 
boxes to check: O(n2)
 

Total time required to check each 
row/column/box: O(n2)
 

Total runtime: O(n4)



  

A Problem in NP

● A graph coloring is a way of assigning colors to nodes in 
an undirected graph such that no two nodes joined by an 
edge have the same color.
● Applications in compilers, cell phone towers, etc.

● Question: Can graph G be colored with at most k colors?
● M = “On input ⟨G, k⟩:

● Nondeterministically guess a k-coloring of the nodes of G.
● Deterministically check whether it is legal.
● If so, accept; if not, reject.”



  

Onward and Forward!



  

Problems and Languages
● Abstract question: does a Sudoku grid 

have a solution?
● Formalized as a language:

SUDOKU = { ⟨S⟩ | S is a solvable
                               Sudoku grid. }

● In other words:

S is solvable iff ⟨S⟩ ∈ SUDOKU  



  

Problems and Languages
● Abstract question: can a graph be 

colored with k colors?
● Formalized as a language:

COLOR = { ⟨G, k⟩ | G is an undirected
                              graph, k ∈ ℕ, and
                               G is k-colorable. }

● In other words:

G is k-colorable iff ⟨G, k⟩ ∈ COLOR  



  

A General Pattern

● The NTMs we have seen so far always follow this 
pattern:

● M = “On input w:
– Nondeterministically guess some object.
– Deterministically check whether this was the right 

guess.
– If so, accept; otherwise, reject.”

● Intuition: The NTM is searching for some proof 
that w belongs to some language L.

● If w ∈ L, it can guess the proof.
● If w ∉ L, it will never guess the proof.



  

An Intuition for NP

● Intuitively, a language L is in NP iff there 
is an easy way of proving strings in L 
actually belong to L.

● If w ∈ L, there is some information that 
can easily be used to convince someone 
that w ∈ L.



  

A Problem in NP
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A Problem in NP
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4 3 11 9 7 13 5 6 1 12 2 8 0 109 3 11 4 2 13 5 6 1 12 7 8 0 10

A Problem in NP

Is there an ascending subsequence of 
length at least 7?
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A Problem in NP

Is there an ascending subsequence of 
length at least 7?



  

A Problem in NP

Is there a simple path that goes 
through every node exactly once?



  

A Problem in NP

Is there a simple path that goes 
through every node exactly once?
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Another View of NP

● Theorem: L ∈ NP iff there is a deterministic TM V 
with the following properties:

● w ∈ L  iff  there is some c ∈ Σ* such that
V accepts ⟨w, c⟩.

● V runs in time polynomial in |w|.



  

Another View of NP

● Theorem: L ∈ NP iff there is a deterministic TM V 
with the following properties:

● w ∈ L  iff  there is some c ∈ Σ* such that
V accepts ⟨w, c⟩.

● V runs in time polynomial in |w|.

● Intuition: Think about how you would convince 
someone what a string w belongs to an NP 
language L.

● If w ∈ L, there is some information you can provide 
to easily convince someone that w ∈ L.

● If w ∉ L, then no information you provide can 
convince someone that w ∈ L.



  

Another View of NP

● Theorem: L ∈ NP iff there is a deterministic TM V 
with the following properties:

● w ∈ L  iff  there is some c ∈ Σ* such that
V accepts ⟨w, c⟩.

● V runs in time polynomial in |w|.

● Some terminology:

● A TM V with the above property is called a 
polynomial-time verifier for L.

● The string c is called a certificate for w.
● You can think of V as checking the certificate 

that proves w ∈ L.



  

An Efficiently Verifiable Puzzle



  

An Efficiently Verifiable Puzzle



  

An Efficiently Verifiable Puzzle

Question: Can this 
lock be opened?



  

Another View of NP

● Theorem: L ∈ NP iff there is a deterministic TM V 
with the following properties:

● w ∈ L  iff  there is some c ∈ Σ* such that
V accepts ⟨w, c⟩.

● V runs in time polynomial in |w|.

● Important properties of V:

● If V accepts ⟨w, c⟩, then we're guaranteed w ∈ L.

● If V does not accept ⟨w, c⟩, then either

– w ∈ L, but you gave the wrong c, or
– w ∉ L, so no possible c will work.



  

Another View of NP

● Theorem: L ∈ NP iff there is a deterministic TM V 
with the following properties:

● w ∈ L  iff  there is some c ∈ Σ* such that
V accepts ⟨w, c⟩.

● V runs in time polynomial in |w|.

● Important observations:

● ℒ(V) is not the language L.
● L is the set of strings in the language, while 

(ℒ V) is a set of strings in the language paired 
with certificates.

● V must be deterministic.



  

Another View of NP

● Theorem: L ∈ NP iff there is a deterministic TM V 
with the following properties:

● w ∈ L  iff  there is some c ∈ Σ* such that
V accepts ⟨w, c⟩.

● V runs in time polynomial in |w|.

● Proof sketch:

● If there is a verifier V for L, we can build a 
poly-time NTM for L by nondeterministically 
guessing a certificate c, then running V on w.

● If there is a poly-time NTM for L, we can build a 
verifier for it.  The certificate is the sequence of 
choices the NTM should make, and V checks 
that this sequence accepts.



  

A Problem in NP
● Does a Sudoku grid have a solution?

● M = “On input ⟨S, A⟩, an encoding of a Sudoku puzzle 
and an alleged solution to it:

– Deterministically check whether A is a solution to S.

– If so, accept; if not, reject.”
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A Problem in NP

● A graph coloring is a way of assigning colors to nodes in 
an undirected graph such that no two nodes joined by an 
edge have the same color.
● Applications in compilers, cell phone towers, etc.

● Question: Can graph G be colored with at most k colors?
● M = “On input ⟨⟨G, k⟩, C⟩, where C is an alleged coloring:

● Deterministically check whether C is a legal k-coloring of G.
● If so, accept; if not, reject.”



  

NP and Reductions



  

Polynomial-Time Reductions

A

Solvable?
 

B

Solvable by
NTM in O(nr)

● Suppose that we know that B ∈ NP.

● Suppose that A ≤P B and that the reduction f 
can be computed in time O(nk).



  

Polynomial-Time Reductions

A

Solvable?
 

B

Solvable by
NTM in O(nr)

● Suppose that we know that B ∈ NP.

● Suppose that A ≤P B and that the reduction f 
can be computed in time O(nk).

Input size: n



  

Polynomial-Time Reductions

A

Solvable?
 

B

Solvable by
NTM in O(nr)

Compute f(w)

● Suppose that we know that B ∈ NP.

● Suppose that A ≤P B and that the reduction f 
can be computed in time O(nk).

Input size: n



  

Polynomial-Time Reductions

A

Solvable?
 

B

Solvable by
NTM in O(nr)

Compute f(w)

● Suppose that we know that B ∈ NP.

● Suppose that A ≤P B and that the reduction f 
can be computed in time O(nk).

Time required: O(nk)Input size: n



  

Polynomial-Time Reductions

A

Solvable?
 

B

Solvable by
NTM in O(nr)

Compute f(w)

● Suppose that we know that B ∈ NP.

● Suppose that A ≤P B and that the reduction f 
can be computed in time O(nk).

Time required: O(nk) Input size: O(nk)Input size: n



  

Polynomial-Time Reductions

A

Solvable?
 

B

Solvable by
NTM in O(nr)

Compute f(w)

f(w) ∈ B  iff  w ∈ A

● Suppose that we know that B ∈ NP.

● Suppose that A ≤P B and that the reduction f 
can be computed in time O(nk).

Time required: O(nk)Input size: n Input size: O(nk)



  

Polynomial-Time Reductions

A

Solvable?
 

B

Solvable by
NTM in O(nr)

Compute f(w)

f(w) ∈ B  iff  w ∈ A

● Suppose that we know that B ∈ NP.

● Suppose that A ≤P B and that the reduction f 
can be computed in time O(nk).

Time required: O(nk)

Time required: O(nkr)

Input size: n Input size: O(nk)



  

Polynomial-Time Reductions

A

Solvable by
NTM in O(nkr)

B

Solvable by
NTM in O(nr)

Compute f(w)

f(w) ∈ B  iff  w ∈ A

● Suppose that we know that B ∈ NP.

● Suppose that A ≤P B and that the reduction f 
can be computed in time O(nk).

Time required: O(nk)Input size: n Input size: O(nk)

Time required: O(nkr)



  

Polynomial-Time Reductions

A

Solvable by
NTM in O(nkr)

B

Solvable by
NTM in O(nr)

Compute f(w)

f(w) ∈ B  iff  w ∈ A

● Suppose that we know that B ∈ NP.

● Suppose that A ≤P B and that the reduction f 
can be computed in time O(nk).

● Then A ∈ NP as well.

Time required: O(nk)

Time required: O(nkr)

Input size: n Input size: O(nk)



  

Trust me, these reductions matter.

We'll see why in a few minutes.



  

The
 

Most Important Question
 

in
 

Theoretical Computer Science



  

What is the connection between P and NP?



  

       P = { L | There is a polynomial-time
                       decider for L }

 NP = { L | There is a nondeterministic
                   polynomial-time decider for L }

P ⊆ NP



  

P NP

Which Picture is Correct?



  

P NP

Which Picture is Correct?



  

Does P = NP?



  

P  ≟ NP

● The P ≟ NP question is the most important question in 
theoretical computer science.

● With the verifier definition of NP, one way of phrasing 
this question is

If a solution to a problem can be verified efficiently,
can that problem be solved efficiently?

● An answer either way will give fundamental insights 
into the nature of computation.



  

Why This Matters

● The following problems are known to be efficiently 
verifiable, but have no known efficient solutions:

● Determining whether an electrical grid can be built to link up 
some number of houses for some price (Steiner tree problem).

● Determining whether a simple DNA strand exists that multiple 
gene sequences could be a part of (shortest common 
supersequence).

● Determining the best way to assign hardware resources in a 
compiler (optimal register allocation).

● Determining the best way to distribute tasks to multiple 
workers to minimize completion time (job scheduling).

● And many more.

● If P = NP, all of these problems have efficient solutions.

● If P ≠ NP, none of these problems have efficient solutions.



  

Why This Matters

● If P = NP:
● A huge number of seemingly difficult problems 

could be solved efficiently.
● Our capacity to solve many problems will scale 

well with the size of the problems we want to 
solve.

● If P ≠ NP:
● Enormous computational power would be 

required to solve many seemingly easy tasks.
● Our capacity to solve problems will fail to keep up 

with our curiosity.



  

What We Know

● Resolving P  ≟ NP has proven extremely difficult.

● In the past 35 years:
● Not a single correct proof either way has been 

found.
● Many types of proofs have been shown to be 

insufficiently powerful to determine whether P = 
NP.

● A majority of computer scientists believe P ≠ NP, 
but this isn't a large majority.

● Interesting read: Interviews with leading thinkers 
about P  ≟ NP:

● http://web.ing.puc.cl/~jabaier/iic2212/poll-1.pdf

http://web.ing.puc.cl/~jabaier/iic2212/poll-1.pdf


  

The Million-Dollar Question

The Clay Mathematics Institute has 
offered a $1,000,000 prize to anyone who 

proves or disproves P = NP.
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NP-Completeness



  

Polynomial-Time Reductions

● If L1 ≤P L2 and L2 ∈ P, then L1 ∈ P.

If L1 ≤P L2 and L2 ∈ NP, then L1 ∈ NP.

P



  

Polynomial-Time Reductions

● If L1 ≤P L2 and L2 ∈ P, then L1 ∈ P.

If L1 ≤P L2 and L2 ∈ NP, then L1 ∈ NP.

P



  

Polynomial-Time Reductions

● If L1 ≤P L2 and L2 ∈ P, then L1 ∈ P.

If L1 ≤P L2 and L2 ∈ NP, then L1 ∈ NP.

P



  

Polynomial-Time Reductions

● If L1 ≤P L2 and L2 ∈ P, then L1 ∈ P.

● If L1 ≤P L2 and L2 ∈ NP, then L1 ∈ NP.

P



  

Polynomial-Time Reductions

● If L1 ≤P L2 and L2 ∈ P, then L1 ∈ P.

● If L1 ≤P L2 and L2 ∈ NP, then L1 ∈ NP.

      NPP



  

Polynomial-Time Reductions

● If L1 ≤P L2 and L2 ∈ P, then L1 ∈ P.

● If L1 ≤P L2 and L2 ∈ NP, then L1 ∈ NP.

      NPP



  

Polynomial-Time Reductions

● If L1 ≤P L2 and L2 ∈ P, then L1 ∈ P.

● If L1 ≤P L2 and L2 ∈ NP, then L1 ∈ NP.

      NPP



  

NP-Hardness

● A language L is called NP-hard iff for every L' ∈ NP, we 
have L' ≤P L.

A language in L is called NP-complete iff L is NP-hard and 
L ∈ NP.

The class NPC is the set of NP-complete problems.

P

      NP
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● A language L is called NP-hard iff for every L' ∈ NP, we 
have L' ≤P L.

A language in L is called NP-complete iff L is NP-hard and 
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The class NPC is the set of NP-complete problems.

P

      NP NP-Hard

Intuitively: L has to be at least as 
hard as every problem in NP, since 
an algorithm for L can be used to 

decide all problems in NP.
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decide all problems in NP.
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NP-Hardness

● A language L is called NP-hard iff for every L' ∈ NP, we 
have L' ≤P L.

A language in L is called NP-complete iff L is NP-hard and 
L ∈ NP.

The class NPC is the set of NP-complete problems.

P

      NP NP-Hard

What's in here?What's in here?
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NP-Hardness

● A language L is called NP-hard iff for every L' ∈ NP, we 
have L' ≤P L.

● A language in L is called NP-complete iff L is NP-hard and 
L ∈ NP.

● The class NPC is the set of NP-complete problems.

P

      NP NP-Hard
NPC



  

The Tantalizing Truth

Theorem: If any NP-complete language is in P, then P = NP.

Proof: If L ∈ NPC and L ∈ P, we know for any L' ∈ NP that
            L' ≤P L, because L is NP-complete.  Since L' ≤P L and
            L ∈ P, this means that L' ∈ P as well.  Since our choice of
            L' was arbitrary, any language L' ∈ NP satisfies L' ∈ P, so
            NP ⊆ P. Since P ⊆ NP, this means P = NP. ■
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Theorem: If any NP-complete language is not in P, then P ≠ NP.

Proof: If L ∈ NPC, then L ∈ NP.  Thus if L ∉ P, then L ∈ NP – P. 
            This means that NP – P ≠ Ø, so P ≠ NP. ■ 



  

A Feel for NP-Completeness

● If a problem is NP-complete, then under the 
assumption that P ≠ NP, there cannot be an 
efficient algorithm for it.

● In a sense, NP-complete problems are the 
hardest problems in NP.

● All known NP-complete problems are 
enormously hard to solve:
● All known algorithms for NP-complete problems 

run in worst-case exponential time.
● Most algorithms for NP-complete problems are 

infeasible for reasonably-sized inputs.



  

What Problems are NP-Complete?

● NP-complete problems give a promising 
approach for resolving P ≟ NP:
● If any NPC problem is in P, then P = NP.
● If any NPC problem is not in P, then P ≠ NP.

● However, we haven't shown that any 
problems are NP-complete in the first place!

● How do we even know they exist?



  

Satisfiability

● A propositional logic formula φ is called 
satisfiable if there is some assignment to its 
variables that makes it evaluate to true.

● An assignment of true and false to the 
variables of φ that makes it evaluate to true 
is called a satisfying assignment.

● Similar terms:
● φ is tautological if it is always true.
● φ is satisfiable if it can be made true.
● φ is unsatisfiable if it is always false.



  

SAT

● The boolean satisfiability problem 
(SAT) is the following:

Given a propositional logic
formula φ, is φ satisfiable?

● Formally:

SAT = { ⟨φ⟩ | φ is a satisfiable PL 
formula }



  

Theorem (Cook-Levin): SAT is NP-complete.



  

NP-Completeness
● Theorem: If L ∈ NPC, L ≤P L', and L' ∈ NP, then L' ∈ NPC.

● Proof: Consider any language X ∈ NP.  Since L ∈ NPC,
     we know that X ≤P L.  Since L ≤P L', we have X ≤P L'. 
     Since our choice of X was arbitrary, this means L' is
     NP-hard.  Since L' is NP-hard and L' ∈ NP, we have
     L' ∈ NPC. ■
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Next Time

● More NP-Completeness
● A sampler of other NP-complete problems.

● Cryptography and NP
● How can we use hard problems to keep 

messages secure?
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