
  

Graphs
Part Two



  

Outline for Today

● The Pigeonhole Principle
● Results that are too big to fail.

● Graph Theory Party Tricks
● Applying graph theory to real life!

● The Hadwiger-Nelson Problem
● A glimpse of advanced graph theory.



  

Recap from Last Time



  

A graph is a mathematical structure
for representing relationships.

A graph consists of a set of nodes (or 
vertices) connected by edges (or arcs)



  

Adjacency and Connectivity

● Two nodes in a graph are called 
adjacent if there's an edge between 
them.

● Two nodes in a graph are called 
connected if there's a path between 
them.
● A path is a series of one or more nodes 

where consecutive nodes are adjacent.



  

New Stuff!



  

The Pigeonhole Principle and Graphs



  

The pigeonhole principle is the following:

If m objects are placed into n bins,
where m > n, then some bin contains

at least two objects.

(We sketched a proof in Lecture #02)



  

Pigeonhole Principle Party Tricks



  

Degrees

● The degree of a node in a graph is the number 
of edges touching it.
● That is, it's the number of nodes it's adjacent to.

 

 

● Theorem: Every graph with at least two nodes 
has at least two nodes with the same degree.
● Equivalently: at any party with at least two people, 

there are at least two people with the same number 
of Facebook friends.
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Theorem: In any graph with at least two nodes, there are at
least two nodes of the same degree.

Proof 1: Let G be a graph with n ≥ 2 nodes. There are n
possible choices for the degrees of nodes in G, namely,
0, 1, 2, …, and n – 1.

We claim that G cannot simultaneously have a node u of 
degree 0 and a node v of degree n – 1: if there were such 
nodes, then node u would be adjacent to no other nodes 
and node v would be adjacent to all other nodes, 
including u. (Note that u and v must be different nodes, 
since v has degree at least 1 and u has degree 0.)

We therefore see that the possible options for degrees of 
nodes in G are either drawn from 0, 1, …, n – 2 or from
1, 2, …, n – 1. In either case, there are n nodes and n – 1 
possible degrees, so by the pigeonhole principle two 
nodes in G must have the same degree. ■



  

Theorem: In any graph with at least two nodes,
there are at least two nodes of the same degree.

Proof 2: Assume for the sake of contradiction that
there is a graph G with n ≥ 2 nodes where no two
nodes have the same degree. There are n possible
choices for the degrees of nodes in G, namely
0, 1, 2, …, n – 1, so this means that G must have
exactly one node of each degree. However, this
means that G has a node of degree 0 and a node
of degree n – 1. (These can't be the same node,
since n ≥ 2.) This first node is adjacent to no
other nodes, but this second node is adjacent to
every other node, which is impossible.

We have reached a contradiction, so our 
assumption must have been wrong. Thus if G is a 
graph with at least two nodes, G must have at 
least two nodes of the same degree. ■



  

The Generalized Pigeonhole Principle



  

The generalized pigeonhole principle says that if 
you have

m objects to distribute, and

n boxes to put them in,

then there will be

at least one box with at least ⌈m/n⌉ objects, and

at least one box with at most ⌊m/n⌋ objects.

⌈m/n⌉ means “m/n, rounded up.”
⌊m/n⌋ means “m/n, rounded down.

⌈m/n⌉ means “m/n, rounded up.”
⌊m/n⌋ means “m/n, rounded down.

  m = 11
   n = 5

⌈m / n⌉ = 3
⌊m / n⌋ = 2



  

An Application: Friends and Strangers



  

Friends and Strangers

● Suppose you have a party of six people. 
Each pair of people are either friends 
(they know each other) or strangers (they 
do not).

● Theorem: Any such party must have a 
group of three mutual friends (three 
people who all know one another) or 
three mutual strangers (three people 
where no one knows anyone else).



  



  



  

This graph is called 
a 6-clique, by the 

way.

This graph is called 
a 6-clique, by the 

way.



  



  



  



  

Friends and Strangers Restated

● From a graph-theoretic perspective, the 
Theorem on Friends and Strangers can 
be restated as follows:

● Theorem: Consider a 6-clique where 
every edge is colored red or blue. The 
the graph contains a red triangle, a blue 
triangle, or both.

● How can we prove this?



  



  

Observation 1: If 
we pick any node in 
the graph, that node 

will have at least 
⌈5/2⌉ = 3 edges of 

the same color 
incident to it.

Observation 1: If 
we pick any node in 
the graph, that node 

will have at least 
⌈5/2⌉ = 3 edges of 

the same color 
incident to it.



  



  

Theorem: Consider a 6-clique in which every edge is colored
either red or blue. Then there must be a triangle of red
edges, a triangle of blue edges, or both.

Proof: Consider any node x in the 6-clique. It is incident to
five edges and there are two possible colors for those
edges. Therefore, by the generalized pigeonhole principle,
at least ⌈5 / 2⌉ = 3 of those edges must be the same color.
Call that color c₁ and let the other color be c₂.

Let r, s, and t be three of the nodes connected to node x 
by an edge of color c₁. If any of the edges {r, s}, {r, t}, or 
{s, t} are of color c₁, then one of those edges plus the two 
edges connecting back to node x form a triangle of color 
c₁. Otherwise, all three of those edges are of color c₂, and 
they form a triangle of color c₂. Overall, this gives a red 
triangle or a blue triangle, as required. ■



  

What This Means

● The proof we just did was along the following 
lines:

If you choose a sufficiently large object, you 
are guaranteed to find a large subobject of 

type A or a large subobject of type B.
● Intuitively, it's not possible to find gigantic objects 

that have absolutely no patterns or structure in 
them – there is no way to avoid having some 
interesting structure.

● There are numerous theorems of this sort. The 
mathematical field of Ramsey theory explicitly 
studies problems of this type.



  

On Triangles

● Triangles in graphs have all sorts of 
crazy properties.

● From an algorithmic perspective, many 
problems on graphs are, in a sense, no 
harder than finding triangles in graphs.

● Curious? Take CS267!



  

Time-Out for Announcements!



  

WiCS Casual Dinner

● Stanford WiCS (Women in Computer Science) is 
holding a WiCS Casual Dinner this upcoming 
Monday, October 24, from 6PM – 7PM in the 
WCC.

● Highly recommended! These events are a 
great way to meet other students and faculty.

● RSVP using this link:

https://goo.gl/forms/kQW7Nb35m2YDjuKz1

https://goo.gl/forms/kQW7Nb35m2YDjuKz1


  

CS Career Panel

● Nicole, the CS Course Advisor, is organizing a CS 
Career Panel event next week.

● It'll be on Tuesday, October 25 from 5:45PM – 
7:00PM. Please RSVP using this link so she knows 
how much food to order!

https://goo.gl/forms/GbH6ZKHKlMBIXLRf2
● There will be speakers from Ladder, Dropbox, 

Pinterest, Walker & Company, and Quip, as well as 
perspectives on the PhD program here.

● Highly recommended!

https://goo.gl/forms/GbH6ZKHKlMBIXLRf2


  

Midterm Reminder

● There's a midterm on Monday. Details are in 
previous slides and up on the website.

● We'll be holding some extra office hours over 
the weekend. Please stop by if you have 
questions!

● We'll be monitoring Piazza over the weekend. 
Please ask questions if you have them!

● Best of luck studying. Stay happy, stay healthy, 
and stay sane.



  

Three Questions

● What is something you now know that, at 
the start of the quarter, you knew you didn't 
know?

● What is something you now know that, at 
the start of the quarter, you didn't know you 
didn't know?

● What is something you now know you don't 
know that, at the start of the quarter, you 
didn't know you didn't know?



  

Your Questions



  

“What's the most effective way to balance 
time spent doing personal CS projects and CS 

classwork? Is there any way of excelling in 
both without losing out on your social life?”

 

“I'm finding it hard to keep up with my 
friendships/relationships and still excel as a 
CS major. Am I working hard not smart, or is 

it a sacrifice I'll have to make?”

I'm sorry to hear this! If you find yourself in a position 
where you have to make these tradeoffs, please come talk 
to us. Chances are, there's a way to spend less time and 
energy while having much better outcomes.

I'm sorry to hear this! If you find yourself in a position 
where you have to make these tradeoffs, please come talk 
to us. Chances are, there's a way to spend less time and 
energy while having much better outcomes.



  

“Can you give another recipe 
recommendation? The shakshuka

one was good.”

Find a good recipe for soondubu jjigae. 
Really easy to make, totally delicious, and 

actually pretty good for you too!

Find a good recipe for soondubu jjigae. 
Really easy to make, totally delicious, and 

actually pretty good for you too!



  

Back to CS103!



  

Coda: The Hadwiger-Nelson Problem



  

The Cartesian Plane



  

Theorem: Suppose that every point in the Cartesian
plane is colored either red or blue. Regardless of how
those points are colored, there will be a pair of points
at distance 1 from each other that are the same color.

Proof: Consider any equilateral triangle whose sides are
length 1. Put this triangle anywhere in the plane.
Because the triangle has three vertices and each point
in the plane is only one of two different colors, by the
pigeonhole principle at least two of the vertices must
have the same color. These vertices are at distance 1
from each other, as required. ■

Coloring the Plane



  

Theorem: Suppose that every point in the Cartesian
plane is colored either red or blue. Regardless of how
those points are colored, there will be a pair of points
at distance 1 from each other that are the same color.

Proof: Consider any equilateral triangle whose sides are
length 1. Put this triangle anywhere in the plane.
Because the triangle has three vertices and each point
in the plane is only one of two different colors, by the
pigeonhole principle at least two of the vertices must
have the same color. These vertices are at distance 1
from each other, as required. ■

Coloring the Plane

Suppose we pick k points in the 
plane. What is the minimum choice 
of k we can pick before we're 
guaranteed to get at least two 

points of the same color?

Suppose we pick k points in the 
plane. What is the minimum choice 
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guaranteed to get at least two 

points of the same color?
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Coloring the Plane

Theorem: Suppose that every point in the Cartesian
plane is colored either red or blue. Regardless of how
those points are colored, there will be a pair of points
at distance 1 from each other that are the same color.

Proof: Consider any equilateral triangle whose sides are
length 1. Put this triangle anywhere in the plane.
Because the triangle has three vertices and each point
in the plane is only one of two different colors, by the
pigeonhole principle at least two of the vertices must
have the same color. These vertices are at distance 1
from each other, as required. ■



  

The Hadwiger-Nelson Problem



  

Infinite Graphs

● Consider the Cartesian plane, ℝ2.
● Each point in the plane has a coordinate (x, y), where x and y 

are real numbers. The set of all such points is ℝ2.

● Imagine we make the following graph:
● The nodes are the points in the plane.
● There's an edge between any two points that are exactly one 

unit apart from each other.

● Question: What is the chromatic number of this graph?
● In other words, how many colors are necessary to color 

all the points in the plane so that no two points at 
distance 1 are the same color?

● This problem is called the Hadwiger-Nelson problem.



  

The Hadwiger-Nelson Problem

● Theorem: The answer to the Hadwiger-
Nelson problem is not 2.

● Proof: We just proved that no matter 
how you color the points in the real plane 
with two colors, there will always be two 
points at are at distance 1. ■



  

Theorem (Moser): The answer to the 
Hadwiger-Nelson problem is not three.

In other words, if you color all points in the 
Cartesian plane one of three different 

colors, there will always be a pair of points 
that are the same color and one unit apart.



  

The Moser Spindle

This graph can be 
drawn so that each 
of these edges has 
length exactly 1.

This graph can be 
drawn so that each 
of these edges has 
length exactly 1.



  

The Moser Spindle

Claim: This graph 
is not 3-colorable.

Claim: This graph 
is not 3-colorable.
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The Moser Spindle

Claim: This graph 
is not 3-colorable.

Claim: This graph 
is not 3-colorable.



  

The Moser Spindle

If we drop the Moser spindle 
into a 3-colored plane, each 

vertex will be given some color.

We know that the Moser 
spindle isn't 3-colorable.

Therefore, at least two 
adjacent vertices must be the 

same color.

Therefore, there must be two 
points in the plane at distance 
one that are the same color!

If we drop the Moser spindle 
into a 3-colored plane, each 

vertex will be given some color.

We know that the Moser 
spindle isn't 3-colorable.

Therefore, at least two 
adjacent vertices must be the 

same color.

Therefore, there must be two 
points in the plane at distance 
one that are the same color!



  

What We Know

● We know that the solution to Hadwiger-Nelson is at least four, since 
if you drop the Moser spindle into a plane with 3 colors, you'll find 
at least two of the nodes at distance 1 are the same color.

● It turns out that it's possible to color the plane using seven colors 
so that no two points at distance 1 are the same color by tiling the 
plane with hexagons of diameter ¾.



  

The Hadwiger-Nelson Problem

● We know that the answer to Hadwiger-Nelson 
problem can't be 1, 2, or 3.

● We also know the solution to the Hadwiger-
Nelson problem must be at most 7.

● This means that the answer to the Hadwiger-
Nelson problem must be 4, 5, 6, or 7.

● Amazing fact: No one knows which of these 
numbers is correct!

● This is an open problem in mathematics! 



  

Next Time

● Mathematical Induction
● How do we prove results about stepwise 

processes?

● Applications of Induction
● to binary numbers,
● to puzzles and games, and
● to the limits of data compression!
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