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Outline for Today

● Properties of Equivalence Relations
● Why do we care about equivalence relations?

● Equivalence Relations Revisited
● What’s so special about reflexivity, symmetry, 

and transitivity?
● Strict Orders

● A different type of mathematical structure



  

Recap from Last Time



  

Binary Relations

● A binary relation over a set A is a predicate 
R that can be applied to ordered pairs of 
elements drawn from A.

● If R is a binary relation over A and it holds for 
the pair (a, b), we write aRb.

3 = 3                5 < 7                Ø ⊆ ℕ
● If R is a binary relation over A and it does not 

hold for the pair (a, b), we write aRb.

4 ≠ 3                4 <3 3                ℕ ⊆3 Ø



  

Reflexivity

● Some relations always hold from any element to itself.
● Examples:

● x = x for any x.
● A ⊆ A for any set A.
● x ≡ₖ x for any x.

● Relations of this sort are called reflexive.
● Formally speaking, a binary relation R over a set A is 

reflexive if the following first-order logic statement is 
true about R:

∀a ∈ A. aRa   

(“Every element is related to itself.”)   



  

Reflexivity Visualized

∀a ∈ A. aRa
(“Every element is related to itself.”)



  

Symmetry

● In some relations, the relative order of the objects 
doesn't matter.

● Examples:
● If x = y, then y = x.
● If x ≡ₖ y, then y ≡ₖ x.

● These relations are called symmetric.
● Formally: a binary relation R over a set A is called 

symmetric if the following first-order statement is true 
about R:

∀a ∈ A. ∀b ∈ A. (aRb → bRa)  

(“If a is related to b, then b is related to a.”)



  

Symmetry Visualized

∀a ∈ A. ∀b ∈ A. (aRb → bRa)
(“If a is related to b, then b is related to a.”)



  

Transitivity

● Many relations can be chained together.
● Examples:

● If x = y and y = z, then x = z.
● If R ⊆ S and S ⊆ T, then R ⊆ T.
● If x ≡ₖ y and y ≡ₖ z, then x ≡ₖ z.

● These relations are called transitive.
● A binary relation R over a set A is called transitive if the 

following first-order statement is true about R:

∀a ∈ A. ∀b ∈ A. ∀c ∈ A. (aRb ∧ bRc → aRc)

(“Whenever a is related to b and b is
related to c, we know a is related to c.)



  

Transitivity Visualized

∀a ∈ A. ∀b ∈ A. ∀c ∈ A. (aRb ∧ bRc → aRc)
(“Whenever a is related to b and b is

related to c, we know a is related to c.)



  

Equivalence Relations

● An equivalence relation is a relation 
that is reflexive, symmetric and 
transitive.

● Some examples:
● x = y
● x ≡ₖ y
● x has the same color as y
● x has the same shape as y.



  

New Stuff!



  



  



  



  xRy    if    x and y have the same shape
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  xRy    if    x and y have the same shape



  xTy    if    x and y have the same color



  xTy    if    x and y have the same color



  xTy    if    x and y have the same color



  xSy    if    x = y



  xSy    if    x = y



  xSy    if    x = y



  

Equivalence Classes

● Given an equivalence relation R over set A, for any 
x ∈ A, the equivalence class of x is the set

[x]R = { y ∈ A | xRy }

(“The set of all elements related to x by R”)
● Some details about equivalence classes that you 

should think about on your own time:
● Given an equivalence relation R, every element a ∈ A 

belongs to at least one equivalence class. (Why?)
● Given an equivalence relation R, every element a ∈ A 

belongs to exactly one equivalence class. (Why?)
● For any x, y ∈ A, we have xRy if and only if [x]R = [y]R. 

(Why?)
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Systems of Representatives

● If R is an equivalence relation over a set A, 
then a system of representatives for A is a 
set X ⊆ A containing exactly one element from 
each equivalence class.

● Some properties of systems of representatives 
that you should think about on your own time:
● All systems of representatives for an equivalence 

relation have the same cardinality. (Why?)
● If X is a system of representatives for R, then no 

two elements of X are related to each other by R. 
(Why?)



  

To Summarize

● Equivalence relations are a way of formalizing 
the idea of a partition of set.

● Good questions to ask whenever you see a new 
equivalence relation:
● What are the equivalence classes of the relation? That 

is, what items get lumped together by the relation?
● What does a system of representatives look like for 

that relation? That is, what items are kept separate 
by the relation?

● We’ll explore this idea more over the course of 
the quarter.



  

[x]R = { y ∈ A | xRy }
 

A system of representatives for R is a set 
X ⊆ A containing exactly one element from 

each equivalence class.

[x]R = { y ∈ A | xRy }
 

A system of representatives for R is a set 
X ⊆ A containing exactly one element from 

each equivalence class.

Your turn!
 

How many equivalence classes are there for 
the relation ≡₃ over ℤ? What are they? Give 

two different systems of representatives.

Your turn!
 

How many equivalence classes are there for 
the relation ≡₃ over ℤ? What are they? Give 

two different systems of representatives.



  

Equivalent Definitions



  

How’d We Get Here?

● We discovered equivalence relations by 
thinking about partitions of a set of 
elements.

● We saw that if we had a binary relation that 
tells us whether two elements are in the 
same group, it had to be reflexive, 
symmetric, and transitive.

● Question: What’s so special about these 
three rules?



  



  

a b



  

a b



  

a bc



  

b c
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a c



  

c a



  

ba cb ac

∧ →



  

∧ →aRb bRc cRa



  

∀a ∈ A. ∀b ∈ A. ∀c ∈ A. (aRb ∧ bRc → cRa)

∀a ∈ A. ∀b ∈ A. ∀c ∈ A. (aRb ∧ bRc → aRc)



  

∀a ∈ A. ∀b ∈ A. ∀c ∈ A. (aRb ∧ bRc → cRa)

∀a ∈ A. ∀b ∈ A. ∀c ∈ A. (aRb ∧ bRc → aRc)

This isn’t the same as 
transitivity. This last 
bit here is reversed.

This isn’t the same as 
transitivity. This last 
bit here is reversed.



  ∀a ∈ A. ∀b ∈ A. ∀c ∈ A. (aRb ∧ bRc → cRa)

A binary relation 
with this property 
is called cyclic.

A binary relation 
with this property 
is called cyclic.

Is this a drawing 
of an equivalence 

relation?

Is this a drawing 
of an equivalence 

relation?



  

Theorem: A binary relation R over a set A 
is an equivalence relation if and only if it is 

reflexive and cyclic.



  

Theorem: A binary relation R over a set A 
is an equivalence relation if and only if it is 

reflexive and cyclic.



  

Lemma 1: If R is an equivalence relation 
over a set A, then R is reflexive and cyclic.

Lemma 2: If R is a binary relation over a 
set A that is reflexive and cyclic, then R is 

an equivalence relation.
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Lemma 2: If R is a binary relation over a 
set A that is reflexive and cyclic, then R is 

an equivalence relation.

A lemma is a smaller result 
that’s used to prove a larger 
one. Think of it like a “helper 

function,” but for proofs!
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What We’re Assuming What We Need To Show

Lemma 1: If R is an equivalence relation 
over a set A, then R is reflexive and cyclic.

● R is an equivalence 
relation.

● R is reflexive.
● R is symmetric.
● R is transitive.

● R is reflexive.
● R is cyclic.
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Lemma 1: If R is an equivalence relation over a set A, then R
is reflexive and cyclic.

Proof: Let R be an arbitrary equivalence relation over some
set A. We need to prove that R is reflexive and cyclic.

Since R is an equivalence relation, we know that R is 
reflexive, symmetric, and transitive. Consequently, we 
already know that R is reflexive, so we only need to show 
that R is cyclic.

To prove that R is cyclic, consider any arbitrary a, b, c ∈ A 
where aRb and bRc. We need to prove that cRa holds. 
Since R is transitive, from aRb and bRc we see that aRc. 
Then, since R is symmetric, from aRc we see that cRa, 
which is what we needed to prove. ■
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Lemma 2: If R is a binary relation over a set A that is cyclic
and reflexive, then R is an equivalence relation.

Proof: Let R be an arbitrary binary relation over a set A that
is cyclic and reflexive. We need to prove that R is an
equivalence relation. To do so, we need to show that R is
reflexive, symmetric, and transitive. Since we already
know by assumption that R is reflexive, we just need to
show that R is symmetric and transitive.

First, we'll prove that R is symmetric. To do so, pick any 
arbitrary a, b ∈ A where aRb holds. We need to prove that 
bRa is true. Since R is reflexive, we know that aRa holds. 
Therefore, by cyclicity, since aRa and aRb, we learn that 
bRa, as required.

Next, we'll prove that R is transitive. Let a, b, and c be any 
elements of A where aRb and bRc. We need to prove that 
aRc. Since R is cyclic, from aRb and bRc we see that cRa. 
Earlier, we showed that R is symmetric. Therefore, from 
cRa we see that aRc is true, as required. ■
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When writing proofs about terms with first-order 
definitions, it’s critical to call back to those definitions!
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Refining Your Proofwriting

● When writing proofs about terms with formal 
definitions, you must call back to those definitions.
● Use the first-order definition to see what you’ll assume and 

what you’ll need to prove.
● When writing proofs about terms with formal 

definitions, you must not include any first-order logic 
in your proofs.
● Although you won’t use any FOL notation in your proofs, 

your proof implicitly calls back to the FOL definitions.
● You’ll get a lot of practice with this on Problem Set 

Three. If you have any questions about how to do this 
properly, please feel free to ask on Piazza or stop by 
office hours!



  

Time-Out for Announcements!
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things for next time.”
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your feedback for some 
tips on how to tweak 
things for next time.”
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the feedback on your 

submission and see if there’s 
anything to focus on for 

next time.”
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the feedback on your 
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“You’re on the right track, but 
there are some areas where you 
need to improve. Review your 
feedback and ask us questions 

about how to improve.”
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“You’re not quite there yet, but don’t 
worry! Review your feedback in depth and 
find some concrete areas where you can 
improve. Ask us questions, focus on your 
weak spots, and you’ll be in great shape.”
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“Looks like something hasn’t quite clicked 
yet. Get in touch with us and stop by 

office hours to get some extra feedback 
and advice. Don’t get discouraged – you 

can do this!”

“Looks like something hasn’t quite clicked 
yet. Get in touch with us and stop by 

office hours to get some extra feedback 
and advice. Don’t get discouraged – you 

can do this!”



  

What Not to Think

● “Well, I guess I’m just not good at math.”
● For most of you, this is your first time doing any rigorous 

proof-based math.
● Don’t judge your future performance based on a single 

data point.
● Life advice: think about download times.
● Life advice: have a growth mindset!

● “Hey, I did above the median. That’s good enough.”
● Unless you literally earned every single point on this 

problem set – which no one did – there’s some area 
where the course staff thinks you need to improve. Take 
the time to see what that is.



  

Your Questions



  

“What CS or mathematical concept took 
you a while to grasp—potentially 

embarrassing—and did you have an "ah-
hah" moment that solidified your 

understanding?”

Complex numbers. I thought I understood what complex numbers were – you 
know, they’re the things with the square root of -1 in them – and then I 
started reading up on them in more depth and realized I completely missed the 
point. I had never thought about what complex numbers did because I was too 
focused on what complex numbers are. I have to credit Grant Sanderson for his 
3blue1brown channel and Kalid Azad of Better Explained for getting me to think 
about this in a different way.
 

But this isn’t even close to the only example of this. Limits and infinity took me 
a long time to really intuit. The idea of automorphisms (stay tuned!) never 
made sense until I started teaching them. And this list goes on!
 

Your goal shouldn’t be to immediately understand things. It should be to 
grapple with them, to tease them apart to see what makes them tick, etc. It’s 
only by doing that that you really get a good handle on something.

Complex numbers. I thought I understood what complex numbers were – you 
know, they’re the things with the square root of -1 in them – and then I 
started reading up on them in more depth and realized I completely missed the 
point. I had never thought about what complex numbers did because I was too 
focused on what complex numbers are. I have to credit Grant Sanderson for his 
3blue1brown channel and Kalid Azad of Better Explained for getting me to think 
about this in a different way.
 

But this isn’t even close to the only example of this. Limits and infinity took me 
a long time to really intuit. The idea of automorphisms (stay tuned!) never 
made sense until I started teaching them. And this list goes on!
 

Your goal shouldn’t be to immediately understand things. It should be to 
grapple with them, to tease them apart to see what makes them tick, etc. It’s 
only by doing that that you really get a good handle on something.



  

Back to CS103!
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Pancakes
 

Everyone's got a pancake recipe. This one comes from Food Wishes 
(http://foodwishes.blogspot.com/2011/08/grandma-kellys-good-old-
fashioned.html).
 

Ingredients
 

  · 1 1/2 cups all-purpose flour
  · 3 1/2 tsp baking powder
  · 1 tsp salt
  · 1 tbsp sugar
  · 1 1/4 cup milk
  · 1 egg
  · 3 tbsp butter, melted
 

Directions
 

1. Sift the dry ingredients together.
2. Stir in the butter, egg, and milk. Whisk together to form the batter.
3. Heat a large pan or griddle on medium-high heat. Add some oil.
4. Make pancakes one at a time using 1/4 cup batter each. They're ready
    to flip when the centers of the pancakes start to bubble.
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Baking Pwdr
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Ingredients
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Griddle
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Add Wet
Ingredients

Make
Pancakes

Serve
Pancakes



  



  

Relations and Prerequisites

● Let's imagine that we have a prerequisite 
structure with no circular dependencies.

● We can think about a binary relation R 
where aRb means

“a must happen before b”
● What properties of R could we deduce 

just from this?
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aR̸a

aRb ∧ bRc → aRc

aRb → bR̸a



  

∀a ∈ A. aR̸a

∀a ∈ A. ∀b ∈ A. ∀c ∈ A. (aRb ∧ bRc → aRc)

∀a ∈ A. ∀b ∈ A. (aRb → bR̸a)



  

∀a ∈ A. aR̸a

Transitivity

∀a ∈ A. ∀b ∈ A. (aRb → bR̸a)



  

∀a ∈ A. aR̸a

Transitivity

∀a ∈ A. ∀b ∈ A. (aRb → bR̸a)



  

Irreflexivity

● Some relations never hold from any element to 
itself.

● As an example, x <3 x for any x.

● Relations of this sort are called irreflexive.
● Formally speaking, a binary relation R over a 

set A is irreflexive if the following first-order 
logic statement is true about R:

∀a ∈ A. aR̸a   

(“No element is related to itself.”)   



  

Irreflexivity Visualized

∀a ∈ A. aR̸a
(“No element is related to itself.”)



  



  

Is this relation 
reflexive?

Is this relation 
reflexive?



  

∀a ∈ A. aRa
(“Every element is related to itself.”)

Is this relation 
reflexive?

Is this relation 
reflexive?



  

∀a ∈ A. aRa
(“Every element is related to itself.”)

Is this relation 
reflexive?

Is this relation 
reflexive?



  

∀a ∈ A. aRa
(“Every element is related to itself.”)

Is this relation 
reflexive?

Is this relation 
reflexive?

Nope!



  



  

Is this relation 
irreflexive?

Is this relation 
irreflexive?



  

∀a ∈ A. aR̸a
(“No element is related to itself.”)

Is this relation 
irreflexive?

Is this relation 
irreflexive?



  

∀a ∈ A. aR̸a
(“No element is related to itself.”)

Is this relation 
irreflexive?

Is this relation 
irreflexive?



  

∀a ∈ A. aR̸a
(“No element is related to itself.”)

Is this relation 
irreflexive?

Is this relation 
irreflexive?

Nope!



  

Reflexivity and Irreflexivity

● Reflexivity and irreflexivity are not negations 
of one another!

● Here's the definition of reflexivity:

∀a ∈ A. aRa
● What is the negation of the above statement?

∃a ∈ A. aR̸a
● What is the definition of irreflexivity?

∀a ∈ A. aR̸a



  

∀a ∈ A. aR̸a

Transitivity

∀a ∈ A. ∀b ∈ A. (aRb → bR̸a)



  

Irreflexivity

Transitivity

∀a ∈ A. ∀b ∈ A. (aRb → bR̸a)



  

Irreflexivity

Transitivity

∀a ∈ A. ∀b ∈ A. (aRb → bR̸a)



  

Asymmetry

● In some relations, the relative order of the 
objects can never be reversed.

● As an example, if x < y, then y <3 x.
● These relations are called asymmetric.
● Formally: a binary relation R over a set A is called 

asymmetric if the following first-order logic 
statement is true about R:

∀a ∈ A. ∀b ∈ A. (aRb → bR̸a)  

(“If a relates to b, then b does not relate to a.”)



  

Asymmetry Visualized

∀a ∈ A. ∀b ∈ A. (aRb → bR̸a)
(“If a relates to b, then b does not relate to a.”)



  

Question to Ponder: Are symmetry and 
asymmetry negations of one another?



  

Irreflexivity

Transitivity

∀a ∈ A. ∀b ∈ A. (aRb → bR̸a)



  

Irreflexivity

Transitivity

Asymmetry



  

Strict Orders

● A strict order is a relation that is irreflexive, 
asymmetric and transitive.

● Some examples:

x < y.

a can run faster than b.

A  ⊊ B (that is, A ⊆ B and A ≠ B).
● Strict orders are useful for

● representing prerequisite structures,
● modeling dependencies,
● listing preferences,
● and so much more!



  

Next Time

● Functions
● How do we model transformations in a 

mathematical sense?
● Domains and Codomains

● Type theory meets mathematics!
● Injections, Surjections, and Bijections

● Three special classes of functions.
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