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Assignment	  3	  

In	  order	  to	  learn	  recursion,	  you	  will	  teach	  recursion.	  
In	  order	  to	  teach	  recursion,	  you	  must	  first	  learn	  recursion.	  



Extra	  Fractal	  Examples	  
circles	   koch	  





Recursive	  	  
Ray	  Tracing	  



Recu
rsion

	  
Flavors	  of	  Recursion	  

Recursive	  
defini0on	  

Fractals	  



Recu
rsion

	  
Flavors	  of	  Recursion	  

Recursive	  
defini0on	  

Fractals	  

Recursive	  
explora0on	  



Today’s	  Goal	  
1.  Introduction to decision trees.
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Lets	  talk	  about	  your	  life	  decisions	  
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Less	  important	  then	  say	  love	  



But	  the	  love	  decision	  tree	  is	  more	  complex	  
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Decision	  Trees	  are	  Recursive	  
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Recursion	  is	  a	  great	  tool	  for	  exploring	  decisions	  



Output	  all	  paths	  



Output	  all	  Paths	  

void outputAllPaths(Vector<string> soFar) {
  if(endOfUndergrad(soFar)) {
    cout << soFar << endl;
  } else {
    Set<string> options = getOptions(soFar);
    for(string option : options) {
      Vector<string> next = soFar;
      next.add(option);
      outputAllPaths(next);
    }
  }
} 
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Output	  all	  Paths	  

void outputAllPaths(Vector<string> soFar) {
  if(endOfUndergrad(soFar)) {
    cout << soFar << endl;
  } else {
    Set<string> options = getOptions(soFar);
    for(string option : options) {
      Vector<string> next = soFar;
      next.add(option);
      outputAllPaths(next);
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Recursive	  Explora0on	  

Has	  other	  names	  	  

Recursive	  Depth	  First	  Search	  

Try	  Everything	  Search	  

Recursive	  Backtracking	  (subset)	  
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A Little Word Puzzle 



“What nine-letter word can be reduced to a single-
letter word one letter at a time by removing letters, 

leaving it a legal word at each step?” 



S T A R T L I N G 

The	  Startling	  Truth	  



S T A R T I N G 

The	  Startling	  Truth	  



S T A R I N G 

The	  Startling	  Truth	  



S T R I N G 

The	  Startling	  Truth	  



S T I N G 

The	  Startling	  Truth	  



S I N G 

The	  Startling	  Truth	  



S I N 

The	  Startling	  Truth	  



I N 

The	  Startling	  Truth	  



I 

The	  Startling	  Truth	  



Is there really just one nine-letter 
word with this property? 
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Decision	  Tree	  Search	  
bool search(currentState) {
  if(isSolution(currentState)) {
    return true;
  } else {
    for(option : moves from currentState) {
      nextState = takeOption(curr, option);
      if(search(nextState)){
        return true;
      }
    }
    return false;
  }
} 



Let's	  define	  a	  reducible	  word	  as	  a	  word	  that	  can	  be	  reduced	  
down	  to	  one	  le[er	  by	  removing	  one	  character	  at	  a	  0me,	  leaving	  
a	  word	  at	  each	  step.	  
	  
l  Base	  Cases:	  

l  The	  empty	  string	  
l  Recursive	  Step:	  

l  Any	  mul0-‐le[er	  word	  is	  reducible	  if	  you	  can	  remove	  a	  
le[er	  (legal	  move)	  to	  form	  a	  shrinkable	  word.	  

Reducible	  Word	  



bool reducible(Lexicon & lex, string word) {
  if(word.length()==1 && lex.contains(word)){
    return true;
  } else {
    for(int i=0; i < word.length(); i++) {
      string copy = word;
      copy.erase(i, 1);
      if(lex.contains(copy)){
        if(reducible(lex, copy)){
          return true;
        }
      }
    }
    return false;
  }
} 
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bool reducable(Lexicon & lex, string word) {
  if(word.length()==1 && lex.contains(word)){
    return true;
  } else {
    for(int i=0; i < word.length(); i++) {
      string copy = word;
      copy.erase(i, 1);
      if(lex.contains(copy)){
        if(reducable(lex, copy)){
          return true;
        }
      }
    }
    return false;
  }
} 

If	  any	  decision	  
is	  reducible	  
return	  true	  

Decision	  Tree	  Search	  



bool reducable(Lexicon & lex, string word) {
  if(word.length()==1 && lex.contains(word)){
    return true;
  } else {
    for(int i=0; i < word.length(); i++) {
      string copy = word;
      copy.erase(i, 1);
      if(lex.contains(copy)){
        if(reducable(lex, copy)){
          return true;
        }
      }
    }
    return false;
  }
} 

Only	  return	  
false	  if	  every	  
single	  op0on	  
failed.	  

Decision	  Tree	  Search	  



Is there really just one nine-letter 
word with this property? 



The	  func0on	  we	  have	  just	  defined	  is	  an	  example	  
of	  recursive	  explora7on.	  In	  this	  case	  we	  are	  
looking	  for	  any	  path	  through	  the	  decision	  tree.	  
For	  a	  given	  state:	  
l  If	  any	  op0on	  leads	  to	  succeeds,	  that's	  great!	  	  
We're	  done.	  

l  If	  none	  of	  the	  op0ons	  succeed,	  then	  this	  
par0cular	  problem	  can't	  be	  solved	  from	  the	  
state.	  

Recursive	  Explora0on	  
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bool reducible(Lexicon & lex, string word) {
  if(word.length()==1 && lex.contains(word)){
    return true;
  } else {
    for(int i=0; i < word.length(); i++) {
      string copy = word;
      copy.erase(i, 1);
      if(lex.contains(copy)){
        if(reducible(lex, copy)){
          return true;
        }
      }
    }
    return false;
  }
} 

Decision	  Tree	  Search	  



bool reducible(Lexicon & lex, string word) {
  if(word.length()==1 && lex.contains(word)){  
    return true;
  } else {
    for(int i=0; i < word.length(); i++) {
      string copy = word;
      copy.erase(i, 1);
      if(lex.contains(copy)){
        if(!reducible(lex, copy)){
          return false;
        }
      }
    }
    return true;
  }
} 

Ur	  Doin	  it	  Rong!	  

Note	  how
	  the	  true

	  	  

became	  a	  false	  
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Many	  problems	  can	  be	  seen	  as	  decision	  trees	  



Decision	  Tree	  
Undergrad


Oceanography

CS


Native Studies


AI
 HCI
 Graphics
 CompBio


Research
 Startup




Art	  of	  seeing	  decision	  trees	  



Templates	  for	  working	  with	  a	  decision	  tree.	  



Four	  ques0ons!	  

How	  to	  Formulate	  as	  Decision	  Tree	  



How	  to	  Formulate	  as	  Decision	  Tree	  

1.	  How	  do	  you	  represent	  	  
a	  current	  state?	  

2.	  How	  do	  you	  calculate	  
legal	  moves?	  

3.	  How	  do	  you	  generate	  
next	  states	  given	  move?	  

4.	  How	  do	  you	  know	  if	  you	  
should	  stop	  recursing?	  



Genera0ng	  Permuta0ons	  

All	  permuta0ons	  of	  “abcd”



x1	   x2	   x3	   x4	  
x1	   x2	   x4	   x3	  
x1	   x2	  x3	   x4	  
x1	   x2	  x3	   x4	  
x1	   x2	   x3	  x4	  
x1	   x4	   x3	   x2	  

x1	   x2	   x3	   x4	  
x1	   x2	   x4	   x3	  
x1	   x2	  x3	   x4	  
x1	   x2	  x3	   x4	  
x1	   x2	   x3	  x4	  
x1	   x4	   x3	   x2	  

x2	  
x2	  
x2	  
x2	  
x2	  
x2	  

x1	  
x1	  

x1	  
x1	  

x1	  
x1	  

x3	   x1	   x2	   x4	  
x1	   x2	   x4	   x3	  
x1	   x2	  x3	   x4	  
x1	   x2	  x3	   x4	  
x1	   x2	   x3	  x4	  
x1	   x4	   x3	   x2	  

x3	  
x3	  
x3	  
x3	  
x3	  

x1	  
x1	  

x1	  
x1	  

x1	  

x2	  
x2	  
x2	  

x2	  
x2	  

x4	   x1	   x2	   x3	  
x1	   x2	   x4	   x3	  
x1	   x2	  x3	   x4	  
x1	   x2	  x3	   x4	  
x1	   x2	   x3	  x4	  
x1	   x4	   x3	   x2	  

x4	  
x4	  
x4	  
x4	  
x4	  

x1	  
x1	  

x1	  
x1	  

x1	  

x2	  
x2	  
x2	  

x2	  
x2	  

x3	  
x3	  

x3	  
x3	  
x3	  

x1	   x2	   x3	   x4	  
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x1	   x2	   x3	   x4	  
x1	   x2	   x4	   x3	  
x1	   x2	  x3	   x4	  
x1	   x2	  x3	   x4	  
x1	   x2	   x3	  x4	  
x1	   x4	   x3	   x2	  

x1	   x2	   x3	   x4	  
x1	   x2	   x4	   x3	  
x1	   x2	  x3	   x4	  
x1	   x2	  x3	   x4	  
x1	   x2	   x3	  x4	  
x1	   x4	   x3	   x2	  

x2	  
x2	  
x2	  
x2	  
x2	  
x2	  

x1	  
x1	  

x1	  
x1	  

x1	  
x1	  

x3	   x1	   x2	   x4	  
x1	   x2	   x4	   x3	  
x1	   x2	  x3	   x4	  
x1	   x2	  x3	   x4	  
x1	   x2	   x3	  x4	  
x1	   x4	   x3	   x2	  

x3	  
x3	  
x3	  
x3	  
x3	  

x1	  
x1	  

x1	  
x1	  

x1	  

x2	  
x2	  
x2	  

x2	  
x2	  

x4	   x1	   x2	   x3	  
x1	   x2	   x4	   x3	  
x1	   x2	  x3	   x4	  
x1	   x2	  x3	   x4	  
x1	   x2	   x3	  x4	  
x1	   x4	   x3	   x2	  

x4	  
x4	  
x4	  
x4	  
x4	  

x1	  
x1	  

x1	  
x1	  

x1	  

x2	  
x2	  
x2	  

x2	  
x2	  

x3	  
x3	  

x3	  
x3	  
x3	  

x1	   x2	   x3	   x4	  
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x1	   x2	   x3	   x4	  
x1	   x2	   x4	   x3	  
x1	   x2	  x3	   x4	  
x1	   x2	  x3	   x4	  
x1	   x2	   x3	  x4	  
x1	   x4	   x3	   x2	  

x1	   x2	   x3	   x4	  
x1	   x2	   x4	   x3	  
x1	   x2	  x3	   x4	  
x1	   x2	  x3	   x4	  
x1	   x2	   x3	  x4	  
x1	   x4	   x3	   x2	  

x2	  
x2	  
x2	  
x2	  
x2	  
x2	  

x1	  
x1	  

x1	  
x1	  

x1	  
x1	  

x3	   x1	   x2	   x4	  
x1	   x2	   x4	   x3	  
x1	   x2	  x3	   x4	  
x1	   x2	  x3	   x4	  
x1	   x2	   x3	  x4	  
x1	   x4	   x3	   x2	  

x3	  
x3	  
x3	  
x3	  
x3	  

x1	  
x1	  

x1	  
x1	  

x1	  

x2	  
x2	  
x2	  

x2	  
x2	  

x4	   x1	   x2	   x3	  
x1	   x2	   x4	   x3	  
x1	   x2	  x3	   x4	  
x1	   x2	  x3	   x4	  
x1	   x2	   x3	  x4	  
x1	   x4	   x3	   x2	  

x4	  
x4	  
x4	  
x4	  
x4	  

x1	  
x1	  

x1	  
x1	  

x1	  

x2	  
x2	  
x2	  

x2	  
x2	  

x3	  
x3	  

x3	  
x3	  
x3	  

x1	   x2	   x3	   x4	  
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x1	   x2	   x3	   x4	  
x1	   x2	   x4	   x3	  
x1	   x2	  x3	   x4	  
x1	   x2	  x3	   x4	  
x1	   x2	   x3	  x4	  
x1	   x4	   x3	   x2	  

x1	   x2	   x3	   x4	  
x1	   x2	   x4	   x3	  
x1	   x2	  x3	   x4	  
x1	   x2	  x3	   x4	  
x1	   x2	   x3	  x4	  
x1	   x4	   x3	   x2	  

x2	  
x2	  
x2	  
x2	  
x2	  
x2	  

x1	  
x1	  

x1	  
x1	  

x1	  
x1	  

x3	   x1	   x2	   x4	  
x1	   x2	   x4	   x3	  
x1	   x2	  x3	   x4	  
x1	   x2	  x3	   x4	  
x1	   x2	   x3	  x4	  
x1	   x4	   x3	   x2	  

x3	  
x3	  
x3	  
x3	  
x3	  

x1	  
x1	  

x1	  
x1	  

x1	  

x2	  
x2	  
x2	  

x2	  
x2	  

x4	   x1	   x2	   x3	  
x1	   x2	   x4	   x3	  
x1	   x2	  x3	   x4	  
x1	   x2	  x3	   x4	  
x1	   x2	   x3	  x4	  
x1	   x4	   x3	   x2	  

x4	  
x4	  
x4	  
x4	  
x4	  

x1	  
x1	  

x1	  
x1	  

x1	  

x2	  
x2	  
x2	  

x2	  
x2	  

x3	  
x3	  

x3	  
x3	  
x3	  

x1	   x2	   x3	   x4	  

x1	   x2	   x3	   x4	  
x1	   x2	   x4	   x3	  
x1	   x2	  x3	   x4	  
x1	   x2	  x3	   x4	  
x1	   x2	   x3	  x4	  
x1	   x4	   x3	   x2	  

x2	  
x2	  
x2	  
x2	  
x2	  
x2	  

x1	  
x1	  

x1	  
x1	  

x1	  
x1	  
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x1	   x2	   x3	   x4	  
x1	   x2	   x4	   x3	  
x1	   x2	  x3	   x4	  
x1	   x2	  x3	   x4	  
x1	   x2	   x3	  x4	  
x1	   x4	   x3	   x2	  

x1	   x2	   x3	   x4	  
x1	   x2	   x4	   x3	  
x1	   x2	  x3	   x4	  
x1	   x2	  x3	   x4	  
x1	   x2	   x3	  x4	  
x1	   x4	   x3	   x2	  

x2	  
x2	  
x2	  
x2	  
x2	  
x2	  

x1	  
x1	  

x1	  
x1	  

x1	  
x1	  

x3	   x1	   x2	   x4	  
x1	   x2	   x4	   x3	  
x1	   x2	  x3	   x4	  
x1	   x2	  x3	   x4	  
x1	   x2	   x3	  x4	  
x1	   x4	   x3	   x2	  

x3	  
x3	  
x3	  
x3	  
x3	  

x1	  
x1	  

x1	  
x1	  

x1	  

x2	  
x2	  
x2	  

x2	  
x2	  

x4	   x1	   x2	   x3	  
x1	   x2	   x4	   x3	  
x1	   x2	  x3	   x4	  
x1	   x2	  x3	   x4	  
x1	   x2	   x3	  x4	  
x1	   x4	   x3	   x2	  

x4	  
x4	  
x4	  
x4	  
x4	  

x1	  
x1	  

x1	  
x1	  

x1	  

x2	  
x2	  
x2	  

x2	  
x2	  

x3	  
x3	  

x3	  
x3	  
x3	  

x1	   x2	   x3	   x4	  

x1	   x2	   x3	   x4	  
x1	   x2	   x4	   x3	  
x1	   x2	  x3	   x4	  
x1	   x2	  x3	   x4	  
x1	   x2	   x3	  x4	  
x1	   x4	   x3	   x2	  

x2	  
x2	  
x2	  
x2	  
x2	  
x2	  

x1	  
x1	  

x1	  
x1	  

x1	  
x1	  
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x1	   x2	   x3	   x4	  
x1	   x2	   x4	   x3	  
x1	   x2	  x3	   x4	  
x1	   x2	  x3	   x4	  
x1	   x2	   x3	  x4	  
x1	   x4	   x3	   x2	  

x4	   x1	   x2	   x3	  
x1	   x2	   x4	   x3	  
x1	   x2	  x3	   x4	  
x1	   x2	  x3	   x4	  
x1	   x2	   x3	  x4	  
x1	   x4	   x3	   x2	  

x4	  
x4	  
x4	  
x4	  
x4	  

x1	  
x1	  

x1	  
x1	  

x1	  

x2	  
x2	  
x2	  

x2	  
x2	  

x3	  
x3	  

x3	  
x3	  
x3	  

x1	   x2	   x3	   x4	  

x1	   x2	   x3	   x4	  
x1	   x2	   x4	   x3	  
x1	   x2	  x3	   x4	  
x1	   x2	  x3	   x4	  
x1	   x2	   x3	  x4	  
x1	   x4	   x3	   x2	  

x2	  
x2	  
x2	  
x2	  
x2	  
x2	  

x1	  
x1	  

x1	  
x1	  

x1	  
x1	  

x3	   x1	   x2	   x4	  
x1	   x2	   x4	   x3	  
x1	   x2	  x3	   x4	  
x1	   x2	  x3	   x4	  
x1	   x2	   x3	  x4	  
x1	   x4	   x3	   x2	  

x3	  
x3	  
x3	  
x3	  
x3	  

x1	  
x1	  

x1	  
x1	  

x1	  

x2	  
x2	  
x2	  

x2	  
x2	  
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x1	   x2	   x3	   x4	  
x1	   x2	   x4	   x3	  
x1	   x2	  x3	   x4	  
x1	   x2	  x3	   x4	  
x1	   x2	   x3	  x4	  
x1	   x4	   x3	   x2	  

x4	   x1	   x2	   x3	  
x1	   x2	   x4	   x3	  
x1	   x2	  x3	   x4	  
x1	   x2	  x3	   x4	  
x1	   x2	   x3	  x4	  
x1	   x4	   x3	   x2	  

x4	  
x4	  
x4	  
x4	  
x4	  

x1	  
x1	  

x1	  
x1	  

x1	  

x2	  
x2	  
x2	  

x2	  
x2	  

x3	  
x3	  

x3	  
x3	  
x3	  

x1	   x2	   x3	   x4	  

x1	   x2	   x3	   x4	  
x1	   x2	   x4	   x3	  
x1	   x2	  x3	   x4	  
x1	   x2	  x3	   x4	  
x1	   x2	   x3	  x4	  
x1	   x4	   x3	   x2	  

x2	  
x2	  
x2	  
x2	  
x2	  
x2	  

x1	  
x1	  

x1	  
x1	  

x1	  
x1	  

x3	   x1	   x2	   x4	  
x1	   x2	   x4	   x3	  
x1	   x2	  x3	   x4	  
x1	   x2	  x3	   x4	  
x1	   x2	   x3	  x4	  
x1	   x4	   x3	   x2	  

x3	  
x3	  
x3	  
x3	  
x3	  

x1	  
x1	  

x1	  
x1	  

x1	  

x2	  
x2	  
x2	  

x2	  
x2	  
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x1	   x2	   x3	   x4	  
x1	   x2	   x4	   x3	  
x1	   x2	  x3	   x4	  
x1	   x2	  x3	   x4	  
x1	   x2	   x3	  x4	  
x1	   x4	   x3	   x2	  

x1	   x2	   x3	   x4	  

x1	   x2	   x3	   x4	  
x1	   x2	   x4	   x3	  
x1	   x2	  x3	   x4	  
x1	   x2	  x3	   x4	  
x1	   x2	   x3	  x4	  
x1	   x4	   x3	   x2	  

x2	  
x2	  
x2	  
x2	  
x2	  
x2	  

x1	  
x1	  

x1	  
x1	  

x1	  
x1	  

x3	   x1	   x2	   x4	  
x1	   x2	   x4	   x3	  
x1	   x2	  x3	   x4	  
x1	   x2	  x3	   x4	  
x1	   x2	   x3	  x4	  
x1	   x4	   x3	   x2	  

x3	  
x3	  
x3	  
x3	  
x3	  

x1	  
x1	  

x1	  
x1	  

x1	  

x2	  
x2	  
x2	  

x2	  
x2	  

x4	   x1	   x2	   x3	  
x1	   x2	   x4	   x3	  
x1	   x2	  x3	   x4	  
x1	   x2	  x3	   x4	  
x1	   x2	   x3	  x4	  
x1	   x4	   x3	   x2	  

x4	  
x4	  
x4	  
x4	  
x4	  

x1	  
x1	  

x1	  
x1	  

x1	  

x2	  
x2	  
x2	  

x2	  
x2	  

x3	  
x3	  

x3	  
x3	  
x3	  
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x1	   x2	   x3	   x4	  
x1	   x2	   x4	   x3	  
x1	   x2	  x3	   x4	  
x1	   x2	  x3	   x4	  
x1	   x2	   x3	  x4	  
x1	   x4	   x3	   x2	  

x1	   x2	   x3	   x4	  

x1	   x2	   x3	   x4	  
x1	   x2	   x4	   x3	  
x1	   x2	  x3	   x4	  
x1	   x2	  x3	   x4	  
x1	   x2	   x3	  x4	  
x1	   x4	   x3	   x2	  

x2	  
x2	  
x2	  
x2	  
x2	  
x2	  

x1	  
x1	  

x1	  
x1	  

x1	  
x1	  

x3	   x1	   x2	   x4	  
x1	   x2	   x4	   x3	  
x1	   x2	  x3	   x4	  
x1	   x2	  x3	   x4	  
x1	   x2	   x3	  x4	  
x1	   x4	   x3	   x2	  

x3	  
x3	  
x3	  
x3	  
x3	  

x1	  
x1	  

x1	  
x1	  

x1	  

x2	  
x2	  
x2	  

x2	  
x2	  

x4	   x1	   x2	   x3	  
x1	   x2	   x4	   x3	  
x1	   x2	  x3	   x4	  
x1	   x2	  x3	   x4	  
x1	   x2	   x3	  x4	  
x1	   x4	   x3	   x2	  

x4	  
x4	  
x4	  
x4	  
x4	  

x1	  
x1	  

x1	  
x1	  

x1	  

x2	  
x2	  
x2	  

x2	  
x2	  

x3	  
x3	  

x3	  
x3	  
x3	  
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How	  to	  Formulate	  as	  Decision	  Tree	  

1.	  How	  do	  you	  represent	  	  
a	  current	  state?	  

2.	  How	  do	  you	  calculate	  
legal	  moves?	  

4.	  How	  do	  you	  know	  if	  you	  
should	  stop	  recursing?	  

3.	  How	  do	  you	  generate	  
next	  states	  given	  move?	  



Genera0ng	  Permuta0ons	  Tree	  



Knight's	  Tour	  Demo	  

Knights	  Tour	  



Knights	  Tour	  



DNA	  Alignment	  



Today’s	  Goal	  
1.  Introduction to decision trees.



