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Four Prototypical Trajectories

Review



Last  year,  1%  chance  of  winning  the  Republican  primary

Did The Impossible Just Happen?



Now,  according  to  betting  markets:  27.2%  of  being  President

Will The Unlikely Happen?



• You  want  to  know  the  true  mean  and  variance  of  
happiness  in  Buthan
§ But  you  can’t  ask  everyone.
§ Randomly  sample  200  people.  

§ Your  data  looks  like  this:

§ The  mean  of  all  of  those  numbers  is  83.  Is  that  the  true  
average  happiness  of  Bhutanese  people?

Bhutan’s Happiness

Happiness  =  {72,  85,  79,  91,  68,  …  ,  71}



• Consider  n I.I.D.  random  samples  X1,  X2,  ...  Xn

§ Sample  mean:

§ Sample  variance:

§ They  are  both  “unbiased”  estimates
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• Consider  n I.I.D.  random  samples  X1,  X2,  ...  Xn
§ What  is                        ?)(Var X
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Sampling
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Happiness of Bhutan
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What  is  the  probability   that  a  
Bhutanese  peep  is  just  straight  up  

loving   life?

This ignores the variance of the sample mean 
(and variance of the sample variance)



Case Study: Declaring Election



Indiana Counties



Case Study: Declaring Election

• Say  X  and  Y  are  random  variables:
§ X  is  the  total  number  of  votes  that  candidate  1  gets

§ Y  is  the  total  number  of  votes  that  candidate  2  gets

§ Calculate:  P(X  >  Y).  
§ If  that  is  high  enough  (say  over  0.98),  call  the  election.

P (X > Y ) = P (X � Y > 0) = P (Y �X < 0)

Convolution of Y and -X



What is X?

Let  Xi be  a  random  
variable   that  is  the  
number  of  votes  from  
county  i

X =
X

i

Xi

Y =
X

i

Yi

ProTip: This means 
for all i



What is Xi?
Let  Xi be  a  random  variable   that  is  the  number  of  votes  from  
county  i

X =
X

i

XiP (X > Y ) = P (Y �X < 0)

We  don’t  know  too  much  about  Xi.  We  want  it  to  convolve  nicely.  
Hopefully   its  normal.



What parameters to use for Xi?

9% of precincts reporting

Assume  each  reported  voter  in  the  county,  Zj,  is  an  IID  
sample  of  Vi.    Let  n be  the  number  of  voters  in  the  reporting  
precincts.
§ Sample  mean:

§ Make  sure  we  have  enough:

Like estimating 
happiness in Bhutan

…Make sure the county is 
worth including

Let  Vi be  an  indicator  variable  which  is  1  if  a  voter  in  the  
county  i votes  for  X:  

P (Vi) = E[Vi] = Z̄i

Var(Z̄i)

Z̄i =
nX

i=1

Zj

n



What parameters to use for Xi?

There are mi expected voters in the county

Large n. And reasonable p

Xi ⇠ N(miZ̄i,miZ̄i(1� Z̄i))

We can estimate the probability that a voter in county i
votes for a candidate   

Binomial

P (Vi) = E[Vi] = Z̄i



Putting it all together

P (X > Y ) = P (Y �X < 0)

Let  Xi be  a  random  variable   that  is  the  number  of  
votes  from  county  i

X =
X

i

Xi Y =
X

i

Yi

X,Y  are  the  total  number  of  votes  that  candidates  gets

Assume  voters  from  reporting  precincts  make  up  a  
sample  of  an  indicator  variable:

Xi ⇠ N(miZ̄i,miZ̄i(1� Z̄i))

X ⇠ N
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Bringing it Home Like Were E.T.

Now let’s calculate P(X > Y)
More convolution…

By CDF of normal



Case Study: Declaring Election



Great Question



Four Prototypical Trajectories

Missing  at  random



Four Prototypical Trajectories

Review



• Say  X  and  Y  are  arbitrary  random  variables
• Covariance  of  X  and  Y:
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• Say  X  and  Y  are  arbitrary  random  variables
• Covariance  of  X  and  Y:

• Equivalently:

§ X  and  Y  independent,  E[XY]  =  E[X]E[Y]  à Cov(X,Y)  =  0

§ But  Cov(X,Y)  =  0  does  not imply  X  and  Y  independent!
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The Dance of the Covariance



• Consider  the  following  data:
Weight Height Weight  *  Height
64 57 3648
71 59 4189
53 49 2597
67 62 4154
55 51 2805
58 50 2900
77 55 4235
57 48 2736
56 42 2352
51 42 2142
76 61 4636
68 57 3876

E[W]            
=  62.75

E[H]            
=  52.75

E[W*H]                                          
=  3355.83
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Cov(W,  H)  =  E[W*H]  – E[W]E[H]
=  3355.83  – (62.75)(52.75)
=  45.77

Another Example of Covariance



Four Prototypical Trajectories

End  Review



Four Prototypical Trajectories

Correlation



• Say  X  and  Y  are  arbitrary  random  variables
§ Correlation  of  X  and  Y,  denoted  ρ(X, Y):

§ Note:  -1  ≤ ρ(X, Y) ≤ 1  
§ Correlation  measures  linearity between  X  and  Y

Y)Var(X)Var(
),(Cov),( YXYX =ρ

Viva La Correlatión



Pearson Correlation

*If  someone  just  says  “Correlation”  they  mean  Pearson  Correlation



Pearson Correlation
Socrative:  (a)  positive,  (b)  negative,  (c)  zero



Pearson Correlation
Socrative:  (a)  positive,  (b)  negative,  (c)  zero

Positive
Somewhere around 0.7



• Say  X  and  Y  are  arbitrary  random  variables
§ Correlation  of  X  and  Y,  denoted  ρ(X, Y):

§ Note:  -1  ≤ ρ(X, Y) ≤ 1  
§ Correlation  measures  linearity between  X  and  Y
§ ρ(X, Y) =  1 ⇒ Y  =  aX +  b      where  a  =  σy/σx
§ ρ(X, Y) =  -1 ⇒ Y  =  aX +  b      where  a  =  -σy/σx
§ ρ(X, Y) =  0 ⇒ absence  of  linear relationship

o But,  X  and  Y  can  still  be  related  in  some  other  way!
§ If  ρ(X, Y) =  0,  we  say  X  and  Y  are  “uncorrelated”

o Note:  Independence  implies  uncorrelated,  but  not vice  versa!

Y)Var(X)Var(
),(Cov),( YXYX =ρ

Viva La Correlatión



• Multinomial  distribution
§ n independent   trials  of  experiment  performed
§ Each  trials  results  in  one  of  m outcomes,  with                
respective  probabilities:  p1,  p2,  …, pm where

§ Xi =  number  of  trials  with  outcome  i

§ E.g.,  Rolling  6-sided  die  multiple   times  and  counting  how  
many  of  each  value  {1,  2,  3,  4,  5,  6}  we  get

§ Would  expect  that  Xi are  negatively  correlated
§ Let’s  see...  when  i ≠ j,  what  is  Cov(Xi, Xj)?
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• Computing  Cov(Xi, Xj)
§ Indicator  Ii(k) =  1  if  trial  k has  outcome  i,  0  otherwise

§

§ When  a ≠ b,  trial  a and  b independent:

§ When  a =  b:
§ Since  trial  a cannot  have  outcome  i and  j:

⇒ Xi and  Xj negatively  correlated
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• Multinomial  distributions:
§ Count  of  strings  hashed  into  buckets  in  hash  table
§ Number  of  server  requests  across  machines   in  cluster
§ Distribution  of  words/tokens  in  an  email
§ Etc.

• When  m (#  outcomes)  is  large,  pi is  small
§ For  equally   likely  outcomes:  pi =  1/m

§ Large  m ⇒ Xi and Xj very  mildly  negatively  correlated
§ Poisson  paradigm  applicable
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Four Prototypical Trajectories

Break



• X  and  Y  are  jointly  discrete  random  variables
§ Recall  conditional  PMF  of  X  given  Y  =  y:

• Define  conditional  expectation  of  X  given  Y  =  y:

• Analogously,  jointly  continuous  random  variables:
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• Roll  two  6-sided  dice  D1 and  D2
§ X  =  value  of  D1 +  D2 Y  =  value  of  D2
§ What  is  E[X  |  Y  =  6]?

§ Intuitively  makes  sense:  6  +  E[value  of  D1]  =  6  +  3.5
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• X  and  Y  are  independent  random  variables
§ X  ~  Bin(n,  p)          Y  ~  Bin(n,  p)

§ What  is  E[X  |  X  +  Y  =  m],  where  m  ≤  n?

§ Start  by  computing  P(X  =  k  |  X  +  Y  =  m):

§ Hypergeometric:   (X  |  X  +  Y  =  m)  ~  HypG(m,  2n,  n)

§ E[X  |  X  +  Y  =  m]  =  nm/2n =  m/2
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White ball: #X heads. Black ball: #Y heads



Four Prototypical Trajectories

Paz  Fuera A-Pueblo

That’s  (literally)  Spanish  for:
Peace  out  A-Town


