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Review



• Consider  I.I.D.  random  variables  X1,  X2,  ...
§ Xi   have  distribution  with  E[Xi]  =  µ and  Var(Xi)  =  σ 2

§ Let:  

§ Central  Limit  Theorem:

∑
=

=
n

i
iXn

X
1

1

∞→n       ),(~
2

as
n

NX σ
µ

The Central Limit Theorem

http://onlinestatbook.com/stat_sim/sampling_dist/



The Central Limit Theorem

• Consider  I.I.D.  random  variables  X1,  X2,  ...
§ Xi   have  distribution  with  E[Xi]  =  µ and  Var(Xi)  =  σ 2

§ Let:  

§ Recall where  Z ~ N(0, 1):
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Another form of the Central Limit Theorem



Thinking  about  play  time!



Last Class we Played Sum of Dice



• You  will  roll  10  6-sided  dice  (X1,  X2,  …,  X10)
§ X  =  total  value  of  all  10  dice  =  X1 +  X2 +  …  +  X10
§ Win  if:    X  ≤ 25    or    X  ≥ 45
§ Roll!

• And  now  the  truth  (according  to  the  CLT)…

Sum of Dice



• You  will  roll  10  6-sided  dice  (X1,  X2,  …,  X10)
§ X  =  total  value  of  all  10  dice  =  X1 +  X2 +  …  +  X10
§ Win  if:    X  ≤ 25    or    X  ≥ 45

• Recall  CLT:

§ Determine  P(X  ≤ 25  or  X  ≥ 45)  using  CLT:
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Sum of Dice



• Number  visitors  to  web  site/minute:  X  ~  Poi(100)  
§ Server  crashes  if    ≥ 120  requests/minute
§ What  is  P(crash  in  next  minute)?

§ Exact  solution:

§ Use  CLT,  where                                                                                      (all  I.I.D)

o Note:  Normal  can  be  used  to  approximate  Poisson
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Crashing Your Website



I  know  of  scarcely  anything  so  apt  to  impress  the  
imagination  as  the  wonderful   form  of  cosmic  order  
expressed  by  the  ”[Central  limit  theorem]".  The  law  
would  have  been  personified  by  the  Greeks  and  
deified,  if  they  had  known  of  it.  It  reigns  with  serenity  
and  in  complete  self-effacement,  amidst  the  wildest  
confusion.  The  huger  the  mob,  and  the  greater  the  
apparent  anarchy,  the  more  perfect  is  its  sway.  It  is  
the  supreme  law  of  Unreason.  Whenever  a  large  
sample  of  chaotic  elements  are  taken  in  hand  and  
marshalled   in  the  order  of  their  magnitude,  an  
unsuspected  and  most  beautiful   form  of  regularity  
proves  to  have  been  latent  all  along.

-Sir Francis Galton

Wonderful Form of Cosmic Order



End  Review



What  is  AI?



[suspense]



AI:  The  study  and  design  
of  intelligent  agents



Volunteer



AI and Machine Learning

ML: Rooted in probability theory

Artificial  
Intelligence

Machine  
Learning

Neural
Networks



Our Path

Parameter Estimation



Our Path



Jump Straight to Neural Networks?

Tensor  Flow



Understand  the  theory  to  help  you  debug



But  another  reason…



Machine Learning Uses a Lot of Data



One Shot Learning

Single training example: 

Test set:



One Shot Learning

Single
training
example:



Computers  can’t  do  that.



Understand  the  theory  to  push  on  the  grand  
challenges





Once  upon  a  time…



…there  was  parameter  estimation



• Consider  some  probability  distributions:
§ Ber(p)
§ Poi(λ)
§ Uni(α,  β)
§ Normal(µ,  σ2)
§ Y  =  mX +  b
§ etc…

• Call  these  “parametric  models”
• Given  model,  parameters  yield  actual  distribution

§ Usually  refer  to  parameters  of  distribution  as  θ
§ Note  that  θ that  can  be  a  vector  of  parameters

θ =  p
θ =  λ
θ =  (α,  β)
θ =  (µ,  σ2)
θ =  (m,  b)

What are Parameters?



• In  real  world,  don’t  know  “true”  parameters
§ But,  we  do  get  to  observe  data

o E.g.,  number  of  times  coin  comes  up  heads,  lifetimes  of  disk  
drives  produced,  number  of  visitors  to  web  site  per  day,  etc.

§ Need  to  estimate  model  parameters  from  data
§ “Estimator”  is  random  variable  estimating  parameter

• Estimate  of  parameters  allows:
§ Better  understanding  of  process  producing  data
§ Future  predictions  based  on  model
§ Simulation  of  processes

Why Do We Care?



Supervised Learning

Real World Problem

Formal Model 𝜃

Prediction 
Function 𝜃*

Model the problem

Learning Algorithm

Testing
Data

Training 
Data

Evaluation
score



Modelling

Real World Problem

Formal Model 𝜃

Prediction 
Function 𝜃*

Model the problem

Learning Algorithm

Testing
Data

Training 
Data

Evaluation
score



Training

Real World Problem

Formal Model 𝜃

Prediction 
Function 𝜃*

Model the problem

Learning Algorithm

Testing
Data

Training 
Data

Evaluation
score



Testing

Real World Problem

Formal Model 𝜃

Prediction 
Function 𝜃*

Model the problem

Learning Algorithm

Testing
Data

Training 
Data

Evaluation
score



Basis  for  learning  from  data



Parameter Estimation



Parameter Estimation



• Consider  n I.I.D.  random  variables  X1,  X2,  ...  Xn
§ Xi   have  distribution  F with  E[Xi]  =  µ and  Var(Xi)  =  σ 2

§ We  call  sequence  of  Xi a  sample from  distribution  F

§ Recall  sample  mean:                                          where

§ Recall  sample  variance:
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• Recall:  n-th  moment  of  distribution  for  variable  X:

• Consider  I.I.D.  random  variables  X1,  X2,  ...,  Xn
§ Xi   have  distribution  F

§ Let

§ are  called  the  “sample  moments”
o Estimates  of  the  moments  of  distribution  based  on  data

• Method  of  moments  estimators
§ Estimate  model  parameters  by  equating  “true”  
moments  to  sample  moments:
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• Recall  the  sample  mean:

§ This  is  method  of  moments  estimator  for  E[X]

• Method  of  moments  estimator  for  variance
§ Estimate  second  moment:
§

§ Estimate:

§ Recall  sample  variance:    
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• What  is  difference  between  sample  variance  and  
MOM  estimate  for  variance?

§ Imagine  you  have  a  sample  of  size  n =  1
§ What  is  sample  variance?

§ i.e.,  don’t  really  know  variability  of  data
§ What  is  MOM  estimate  of  variance?

§ i.e.,  have  complete  certainty  about  distribution!
o There  is  no  variance    
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• Bias  of  estimator:
§ When  bias  =  0,  we  call  the  estimator  “unbiased”

§ A  biased  estimator  is  not  necessarily  a  bad  thing

§ Sample  mean                                    is  unbiased  estimator

§ Sample  variance                                                    is  unbiased  estimator

§ MOM  estimator  of  variance  =                        is  biased
o Asymptotically  less  biased  as  nà ∞

§ For  large  n,  either  sample  variance  or  MOM  estimate  
of  variance  is  fine.
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Estimator Bias



• Estimator  “consistent”:                                                              for  ε >  0
§ As  we  get  more  data,  estimate  should  deviate  from  true  
value  by  at  most  a  small  amount

§ This  is  actually  known  as  “weak”  consistency
§ Note  similarity   to  weak  law  of  large  numbers:

§ Equivalently:

§ Establishes  sample  mean  as  consistent  estimate  for  µ
§ Generally,  MOM  estimates  are  consistent
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• Consider  I.I.D.  random  variables  X1,  X2,  ...,  Xn
§ Xi   ~  Ber(p)

• Estimate  p

§ Can  use  estimate  of  p for  X  ~  Bin(n,  p)

§ If  you  know  what  n is,  you  don’t  need  to  estimate  that
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Method of Moments with Bernoulli



• Consider  I.I.D.  random  variables  X1|Y,  X2|Y,  ...,    
Xn|Y
§ Xi  |Y ~  Ber(p)

• Estimate  p
Count of successes

Count of samples

p = E[Xi|Y ] ⇡ m̂1 = X̄|Y =
1

n

nX

i=1

Xi|Y = p̂

Conditional Bernoulli



Isn’t  that  the  same  as  
unbiased  estimator?



Yes.  For  Bernoulli.





p = E[Si|X] ⇡ m̂1 = S̄|X =
1

n

nX

i=1

Si|X = p̂

=
39

53
= 0.74

• Let  S  be  survived,  X  is  fare  paid  in  British  Pounds
• P(S  =  true  |  X  >  100)?
• Consider  I.I.D.  random  variables  S1|X,  S2|X,  ...,    
Sn|X
§ Si  |X  ~  Ber(p)

• Estimate  p

p = E[Si|X] ⇡ m̂1 = S̄|X =
1

n

nX

i=1

Si|X = p̂

=
39

53
= 0.74

Count of successes

Count of samples

Conditional Bernoulli



Technically  Machine  Learning



But  really  it’s  a  building  block



• Consider  I.I.D.  random  variables  X1,  X2,  ...,  Xn
§ Xi   ~  Poi(λ)

• Estimate  λ

§ But  note  that  for  Poisson,  λ =  Var(Xi)    as  well!
§ Could  also  use  method  of  moments  to  estimate:

§ Usually,  use  first  moment  estimate
§ More  generally,  use  the  one  that’s  easiest  to  compute
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Method of Moments with Poisson



• Consider  I.I.D.  random  variables  X1,  X2,  ...,  Xn
§ Xi   ~  N(µ,  σ2)

• Estimate  µ

• Now  estimate  σ2
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Method of Moments with Normal



• Consider  I.I.D.  random  variables  X1,  X2,  ...,  Xn
§ Xi   ~  Uni(α,  β)

§ Estimate  mean:

§ Estimate  variance:

§ For  Uni(α,  β),  know  that:

§ Solve  (two  equations,  two  unknowns):
o Set  β =  2µ – α,  substitute  into  formula  for  σ2 and  solve:
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Can  we  think  of  parameters  as  random  
variables?




