Fruit of the random tree.
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St Petersburg

 Game set-up

* \We have a fair coin (come up “heads” with p = 0.5

» Let n = number of coin flips (*heads”) before first
“tails”

= You win $2"

>
i
I

- How much would you pay to play?
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There are millions of Rileys
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Summary of Independence

Two events A and B are called independent if:

P(AB) = P(A)P(B)  P(A|B) = P(A)

Otherwise, they are called dependent events

Two events A and B are
conditionally independent on C if:

P(AB|C) = P(A|C)P(B|C)
P(A|BC) = P(A|C)




000101010

[ JOX ) dna.txt — dna
dna.txt .

False,True,False,False,True,False
True,True,False,True,True, False
True,True,False,True,True,True
False,True,False,True,True,False
False,True,False,False,True,False
True,True,False,True,True, True
False,False,True,False,False,False
False,False,True,False,True,False
True,False,False,True,False,False
10 False,True,False,True,True,False
11 True,False,False,True,False,False
12 True,False,True,True,False,False
13 False,True,False,False,True,False
14 False,False,True,True,False,False
15 True,True,False,False,True,True

16 True,False,True,True,False,False
17 True,True,True,True,True,True |

18 True,False,True,False,False,True
19 False,True,False,True,True,True

20 False,False,True,False,False,False
21 False,False,False,True,True,False
22 False,True,False,False,True,False
23 True,True,False,True,True,True

24 False,True,False,True,True,False
25 True,False,False,False,False,True
26 False,False,True,True,False,True
27 False,False,False,True,False,False
28 False,True,True,False,False,True
29 False,True,False,False,True,True
30 False,False,False,False,False,True
31 False,True,False,True,True,False
32 True,False,False,True,False,False
33 True,True,False,True,True,True

34 True,True,False,False,True,True

35 True,True,False,True,True,True

36 False,False,False,True,False,False

— _
6 observations per sample

LoOo~NOOULE WN P

100,000
samples




Use Independence to Hypothesize

p(Gs) = 0.6

()

1 p(G;| G5)=0.9

@ p(G,| ~Gs) =0.2

\_/

O

p(T| G, and G,)=0.9
p(T | NGl or NGz) =0.2

These genes
don’t impact T

()




Causality

{ Malaria (M) } { Bacteria (B) }
P(FM) = 1\ / P(F|B) =1

Fever (F) }

s
*This is a “causal” diagram. It helps explain why things are independent [ 2. %



Learning Goals

1. Be able to define a random variable (R.V.)
2. Be able to use + produce a PMF of a R.V.
3. Be able to use + produce a CDF of a R.V.
4. Be able to calculate the expectation of the R.V.




Remember Learning to Code?

name
e af, be
S\ int a = 5;
double b = 4.2;
bit ¢ = 1;
choice d = medium;

z € {high, medium, low}



Random Variable

- A Random Variable is a real-valued function

defined on a sample space

- Example:

« 3 fair coins are flipped.

« Y = number of “heads” on 3 coins
» Y is a random variable

. P(Y=0)=1/8 (T, T, T)

. P(Y=1)=23/8 (H, T, T), (T, H, T), (T, T, H)
P(Y =2) = 3/8 (H, H, T), (H, T, H), (T, H, H)

. P(Y=3)=1/8 (H, H, H)

. P(Y24)=0



It is confusing that both random variables
and events use the same notation



Random variables are vars
that probabilistically take
on values.

Piech, CS106A, Stanford University



Random variables and
events are two different
things

Piech, CS106A, Stanford University



We can define an event to
be a particular assignment
to a random variables

Piech, CS106A, Stanford University



Binary Random Variable

- A binary random variable is a random variable
with 2 possible outcomes (e.g., coin flip).

- Let C be the outcome of a coin flip {Heads, Talls}
- C is a binary random variable!

Whatis: P(C' = Heads) ?
- Whatis P(C' = Tails) ?
Whatis: P(C = Heads U C' = Tails) ?




Indicator Random Variable

- A variable I is called an indicator variable for

event A if

; 1 1f Aoccurs
- 0 1f A° occurs

- This is a binary random variable that takes on the
values 1 and 0.



Indicator Random Variables
are awesome.

Piech, CS106A, Stanford University



Sum of Random Variable

. A coin flip has 2 possible outcomes

« Now consider n coin flips, each which independently
come up heads with probability p

= Y = number of “*heads” on n flips

- P(Y =k) = /n)pka_p)”'k, where k=0,1,2, ...,n

SO, . n\ kl— n—k=1
;(k)p( p)

. Proof: E(Z)pm_p)n-k = (p+(1-p)) =1"=1

* Pro tip: no coin works like this... but many real world binary events do



Simple Game

- Urn has 11 balls (3 blue, 3 red, 5 black)

= 3 balls drawn. +3$1 for blue, -$1 for red, $0 for black
= Y = total winnings

oY =0) [(5) (3)/3\/5\'///11\ 55
n = = + = —
3) (th11)]/ \3) 165
3\ 5\ /3V/3\] //11)
- P(Y=1)= + \ =33=WY=4)
\1\2) (2)\1)]/\3) 165

11
|15 = P(Y = -2)
3] 165




Fun with Random Variables

- Probability Mass Function:
P(X = a)

+ Cumulative §Rr1b1§t gp? unegion
RHRII

P(X_hjl\l\/

[(3\(5) (3)/3)
. +
- Expectation: (1)\2) (2 )1 /

2051 () 1)

. Variance: /? /
Var(X)’

—~

Learning

goals for

today



1. Probability Mass Function



All the different assignments to a random
variable make a function



This is a function

For example Y is the number of heads in 5 coin flips



Random Variables -> Functions

3

0.03125

:k)

P(Y
s
k=25

For example Y is the number of heads in 5 coin flips



Random Variables -> Functions

P(Y = k)

private double eventProbability(int k) {
int ways = choose(N, k);
double a = Math.pow(P, k);
double b = Math.pow(P, N-k);
return ways * a * b;

h

private static final int N = 5;
private static final double P = 0.6;

For example Y is the number of heads in 5 coin flips



If a random variable is
iscrete we call this function
the Probability Mass
Function

Piech, CS106A, Stanford University



Probability Mass Function

- A random variable Xis discrete if it has countably
many values (e.g., x4, Xy, X3, ...)

- Probability Mass Function (PMF) of a discrete
random variable is:

pla)=P(X =a)
. Since Ep(xl.)=1, it follows that:
- p(x;)=0fori=1,2,..

p(x) =0 otherwise
where X can assume values x4, X,, X3, ...

P(X=a)={



Probability Mass Function for a Single Dice

Let X be a random variable that represents the result of
a single dice roll. X can take on the values {1, 2, 3, 4, 5, 6}

P(X = x)

af/z This is shorthand
p notation for the PMF



PMF For a Single 6 Sided Dice

0.18
0.16
0.14
0.12

0.1
0.08
0.06
0.04
0.02

2 3 4 5

xr = outcome of the roll

1/6



PMF for the sum of two dice

0.18
0.16
0.14
0.12
0.10
0.08
0.06
0.04
0.02
0.00

6/36

5/36

4/36

3/36

2/36
H I f”%

2 3 4 5 6 7 8 10 11
x = total rolled



2. Cumulative Distribution Function



The event that a random variable
takes on a value less than a also
defines a function



Cumulative Distribution Function

- For a random variable X, the Cumulative
Distribution Function (CDF) is defined as:

F(a)=P(X =a) where —o0o<qg<

- The CDF of a discrete random variable is:

Fla)=P(X<a)= ) p(x)

allx < a




Cumuldative Distribution Function for a Single Dice

Let X be a random variable that represents the result of
a single dice roll. X can take on the values {1, 2, 3, 4, 5, 6}

P(X < a)

E , ) This is shorthand
Q/I; notation for the PMF



CDF for a 6 sided dice

5/6 —
4/6 —
F(x) 3/6 -
2/6 —
1/6 N
Y 1 2 3 4 5

xr = outcome of the roll



3. Expectation



Expected Value

- The Expected Values for a discrete random
variable X is defined as:

- Note: sum over all values of x that have p(x) > 0.

- Expected value also called: Mean, Expectation,
Weighted Average, Center of Mass, 15t Moment



Expected Value

- Roll a 6-Sided Die. X is outcome of roll

= p(1) = p(2) = p(3) = p(4) = p(d) = p(6) = 1/6

o0 (2)oof2) ()42 (2o

- Y Is random variable

- P(Y=1)=1/3, P(Y=2)=1/6, P(Y=3)=1/2
. E[Y]=1(1/3) + 2 (1/6) + 3 (1/2) = 13/6



Indicator Variable

- A variable / is called an indicator variable for

event A if

{1 1f A occurs
] —_—

0 1f 4A° occurs

. Whatis E[]?
- p(I=1)=P(A), p(/=0)=1-P(A)
« E[/]=1PA)+0 (1 -P(A)) = P(A)

We Il use this property frequently!



Lying with Statistics

“There are three kinds of lies:
lies, damned lies, and statistics”

— Mark Twalin

- School has 3 classes with 5, 10 and 150 students

- Randomly choose a class with equal probability

. X = sjze of chosen class

. What is E[X]?
. E[X] =5(1/3)+ 10 (1/3) + 150 (1/3)
= 165/3 = 55



Lying with Statistics

“There are three kinds of lies:
lies, damned lies, and statistics”

— Mark Twalin

- School has 3 classes with 5, 10 and 150 students

- Randomly choose a student with equal probability

- Y = size of class that studentis in

. What is E[Y]?

- E[Y] =5(5/165) + 10 (10/165) + 150 (150/165)
= 22635/165 = 137

- Note: E[Y] s students’ perception of class size

« But E[X] Is what is usually reported by schools!



More on Expectation



Properties of Expectation

- Linearity:

FElaX +b =aF|X]|+b
« Consider X =6-sided die roll, Y =2X —-1.
« E[X]=3.5 E[Y]=6

- N-th Moment of X:

EX"] = g " - p(x)
x:p(x)>0
= We'll see the 2" moment soon...
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We Have a Model that Can Predict the Future
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Predicting Next Item

Exercise attempted: @ correct, © incorrect
00000000000000000000000000000000000000000000000000 &

50 E[k]
Exerc1se 1ndex

Line graph intuition
Slope of a line
Solving fo

—
e

Predicted

o
=)

Probability



Optimal Curriculum

Maximize knowledge
after 30 questions

>
~
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S
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Average Predicted Probability

—Blocking
—Mixing
O .5 I | |

0 10 20 30
Exercise Index




Optimal Curriculum

Maximize knowledge
after 30 questions

>
~
|

S
@)
|

Maximize E[F] F = 6 time steps
— Maximize E[K] K = next problem

Average Predicted Probability

—Blocking
—Mixing
0.5 | . |

0 10 20 30

Exercise Index




Wonderful



St Petersburg

. Game set-up

« We have a fair coin (come up “heads” with p = 0.5)

« Let n = number of coin flips (*heads”) before first “tails”
= You win $2"

- How much would you pay to play?

I PR



St Petersburg

Game set-up

« We have a fair coin (come up “heads” with p = 0.5)
« Let n = number of coin flips (“heads”) before first “tails”
= You win $2"

How much would you pay to play?

. Solution

= Let X = your winnings
1 2 3 4 i+1

. E[X] = (%) 2%(%) m(%) 2%(%) 2. E(%) >
E—_oo

= 'l let you play for $1 thousand... but just once! Takers?



St Petersburg + Reality

- What if Chris has only $65,5367

« Same game
= If you win over $65,536 | leave the country.

. Solution

= Let X = your winnings

. E[X] _(;)Bu(;)221+(;)322+<;)423+...

1 111 .
(5) 2 s.t. k = log, (65, 536)

|

0
6

1

—_

= 8.5

DO | —

0

)



Utility

Utility is value of some choice
= 2 options, each with n consequences: ¢4, C,,..., C,
= One of ¢; will occur with probability p;

« Each consequence has some value (utility): U(c))
« Which choice do you make?

Example: Buy a $1 lottery ticket (for $1M prize)?
« Probability of winning is 1/107

« Buy: ¢, = win, ¢, =lose, U(c,) =10°-1, U(c,) = -1

« Don’t Buy: c, =lose, U(cy) =0

« E(buy) =1/107 (106 = 1) + (1 — 1/107) (-1) = -0.9

« E(don’t buy) =1(0)=0

= “You can't lose if you don’t play!”




And Then There’s This

L

B35 #% K| TIPSTO INCREASE CHANCE &

W s OF WINNING LOTTERY
Z Ay -

BUY AS MANY TICKETS
AS YOU CAN AFFORD

- F 5
'°°£ BIG PAYOUT
4 L,VE . POWERBAIL JACK oW $aoo MILLION

KC #23/ 6] [LA_™ 59/51] LV M 51/37| M IA"1/71

4




Recall, Geometric Series

aO—I—al—I—a2+...

O

|
Q

where 0 < a < 1



Breaking Vegas

Consider even money bet (e.g., bet “Red” in roulette)
» p = 18/38 you win $Y, otherwise (1 — p) you lose $Y

« Consider this algorithm for one series of bets:
1. ' Y=%1
2. BetY
3. If Win then stop
4. IfLossthenY =27"Y, goto 2

» Let Z = winnings upon stopping

18 20\/ 18 20\ /18
. E[Z] =(§ 1+(§)(£)(2_1)+(§) (g (4-2-1)+..

=20\ (18\( ., &) [18)&(20 18) 1

= —_— —_— 21— 2] =\| — —_— = =1

3 -3 - ) ()
38

= Expected winnings = 0. Use algorithm infinitely often!

~.




Vegas Breaks You

- Why doesn’ t everyone do this?
» Real games have maximum bet amounts

« You have finite money
o Not able to keep doubling bet beyond certain point

« Casinos can kick you out
But, if you had:
» No betting limits, and
« Infinite money, and
« Could play as often as you want...
- Then, go for it!
= And tell me which planet you are living on



