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Announcement: Problem Set #6

Goes out tonight.
Due the last day of class,
Wednesday, August 16
(before class).

Some serious coding!

maﬁ

Congressional voting Heart disease
diagnosis

No late days!



Review: Parameter esttimation

Sometimes we don't know things like
the expectation and variance of a
distribution; we have to estimate
them from incomplete information.

¥=13 X =13 (x—x)

A

O=arg E1)naXLL(6)




Review: Central limit theorem

Sums and averages of IID random
variables are normally distributed.



-asily-confused principles

Constant multiple  Sum of identical CLT
of a normal normals

X~N(w,0°)  X~N(u,0°)  X;~???

(independent (independent
& identical) & identical)
nXNN(nM,BGZ) ZXiNN(nu,aoz) > X.~N(nu,nc’)
i=1 =1
(exactly) (approximately,

for large n)



Central limit theorem demo


http://www.ltcconline.net/greenl/java/Statistics/clt/cltsimulation.html

Review: Approximating
a Poisson with a normal

X ~Poi ()

U

Y~N(A,\)

(for large A)



Parameters

6
" Ber(p) O0=p
Poi()\) 0=\
Uni(a, b) 6 = [a, b]




Maximum likelihood estimation

Choose parameters that maximize the
ikelihood (joint probability given
parameters) of the example data.

A

O=arg (gnaXLL(O)




How to: ML

1. Compute the likelihood.
L(0)=P(X,,..., X, |0)

2. Take its log.
LL(6)=log L(0)

3. Maximize this as a function of the parameters.

(o Q



Maximum likelihood for Bernoulli

The maximum likelihood p for
Bernoulli random variables is the
sample mean.




Derivation: MLE for Bernoulli

1. Compute the likelihood.

L(O)=P(X,,...,X |0)

m
— H P (Xl,‘@) don't forget: IID means independent!
i=1




Derivation: MLE for Bernoulli

1. Compute the likelihood.

L(O)=P(X,,...,X |0)

m
— H P(X ‘6) don't forget: [ID means independent!

=1

m (

H p it X.=1

11(1 p) le 0

11 p"(1-

i=1




Derivation: M|

- for

2. Take its log.

O0=p

L(e):f[ p*(1-0)""

6):10gH 6% (1-0)"*
=1

|l
M ™

|l
j—

log[ex"(l—

0) ]

Bernoull

X log0+(1—X,)log(1—0)



Derivation: M|

- for

Bernoull

3. Maximize this as a function of the parameters.

O0=p

LL(0)= [X log0+(1 X )log(1-0)

0= p=arg max LL(0)
0
d "X 1—-X.
— LL(0)= - !
do (0) ;[6 1—9]
1< 1
==> X.——) (1-X,
6; 1_61=1< )
N O U I S I
= 9+1—6) ;Xi 1o 0
1—6 N
(—6 +1 ;Xl =m




Maximum likelihood for normal

The maximum likelihood u for normal
random variables is the sample mean,
and the maximum likelihood o¢° is the
“uncorrected” mean square deviation.

Zm:X ﬁ;(X—

>

A

1
m =1

M
N




Derivation: MLE for Normal
2. Take its log

) 2
X—W0
m




Derivation: MLE for normal

3. Maximize this as a function of the parameters.

0=[u,o’] 2
S 1| X;i—u
LL(6)=) —logo—logy2n 2( = )

=1

[ﬁ,(;2]=é=arg max LL(0)
0

m Xi_
=2 =
i=1 O
1 [~ mu
==Y x |- =g
o’ ; o .
M:% ZXi =X
i=1




Derivation: MLE for normal

3. Maximize this as a function of the parameters.

0=[u,0]

m X — 2
LL(6)=) —logo—logV2n ( IOM)

=1
[(i,0°]=0= rgmaXLL(G)

g X—u)l X,-
@%mm:; —é—( |-

:Zm:-(Xi_lUZ_l

=$2(Xi—u)2—%=0

62:%;()(1'_ )2:%2()@_)_{)2



Break time!




Maximum likelihood for uniform

The maximum likelihood a and b for
uniform random variables are the
minimum and maximum of the data.

a=min X b=max X,

l l




Derivation: MLE for uniform

1. Compute the likelihood.
0=|a,b]
1

LO)=I1 -

(
1 .
’ 0 otherwise

if a<X.<b

2. Take its log.
LL(@):lm: f log(b—a) if a<X.<b
i=1 | T F otherwise

3. Maximize this as a function of the parameters.

A

(4,b]=0=arg gnaXLL(G)



Derivation: MLE for uniform

- if a<X.<
L<6):H<b—a 11 d i b

=1 .
l 0 otherwise

]:ézarg gnaxL(@)

A

Likelihood: Lig.1) ¢~ DX, Likelihood: L(O, b))~ P=max X,
35 — 8 l
3 < 7 \\
25 / g \
La, 1) 2/ L(O, b) 4 \
1.5 / 3 \
1 ; N\
0.5 1 \
0 . . @ ee e eee p e e ee &
a b



Maximum a posteriori estimation

Choose the most likely parameters
given the example data. You'll need a
prior probability over the parameters.

H=arg gnaXP(G\Xl,...,Xn)
—arg max |LL(0)+log P(0)|
0



Review: Multinomial random variable

An multinomial random variable
records the number of times each
outcome occurs, when an
experiment with multiple outcomes
(e.g. die roll) is run multiple times.

Xl,...,XmNMN(n,pl,pZ,...,pm)

/P(Xlzcl,Xzzcz,...,szcm)

vector! n

Cl C2 Cm
— P1 P> ... Pn
C,,CypyuryC




Roll all of the dice!

A 6-sided die is rolled / times.

What is the probability we get:
e 1 one

e 1 two

e O threes

e 7 fours

e O fives
e 3 sixes?

111>

X,,...,X.~MN(7, 111
6'6°6°6°6°6
P(X,=1,X,=1,X,=0,X,=2,X.=0,X,=3)

I EECE AR




Maximum likelihood with multinomial

]’

Xl,...,XGNMN(7,1319092309§)
77 7 7

T

yvou'll never roll a 3!
not in a million years!

A 6-sided die is rolled 7 times. We get:
e 1 one

e 1 two

e O threes

e 2 fours

e O fives

o 3 sixes

What is the MLE for py, ..., ps?




Are we doing this backwards?

A

O=arg gnaXP(Xl,...,Xn\B)

H=arg gnaXP(G\Xl,...,Xn)



Bayes to the rescue

H=arg 6EnaXP(G\Xl,...,X,,,)

P(X,,...,X.|0)P(0)
P(Xx,,...,X )

zarggnaXP(Xl,...,Xn\@)P(G)

—arg max
0

=arg gnax[logP(Xl,...,Xn\6)+logP(6)]



Review: Beta random variable

An beta random variable models the
probability of a trial's success, given
previous trials. The PDF/CDF let you
compute probabilities of probabilities!

X ~Beta(a,b)

Cx“(1—x)"" if 0<x<1
0 otherwise

\

T Beta2.g) Betai8,2)

= —_ ] o =
1 | I |
1 T




Review: Dirichlet distribution

Beta is the distribution (‘conjugate prior”)
for the p in the Bernoulli and binomial.

Dirichlet is the distribution
for the py, p,, ... in the multinomial.

Xl,Xz,...NDir(aLaz,...)

fXLXZ...(Xl,XZ,‘ : _):
Cx," 'x," ...

if 0<{x,,x,,...]<1,
X +Xx,+-=1
(0 otherwise)




Laplace smoothing

Also known as add-one smoothing:
assume you've seen one “imaginary”
occurrence of each possible outcome.

#(X=i)+k

Pi—

n+mk




Maximum likelihood with multinomial

]’

Xl,...,XGNMN<7,l,lyoyzﬁoﬁé)
77 7 7

T

yvou'll never roll a 3!
not in a million years!

A 6-sided die is rolled 7 times. We get:
e 1 one

e 1 two

e O threes

e 2 fours

e O fives

o 3 sixes

What is the MLE for py, ..., ps?




Laplace with multinomial

' |

X,,...,X.~MN(7, 2 , 2 , 1 , 3 , 1 , 4)
13°13°13°13°13° 13

T

still a chance!

A 6-sided die is rolled 7 times. We get:
e 1 one
e 1 two
e O threes
e 2 fours
e O fives
o 3 sixes
What is the Laplace estimate

for pa, ..., Pe?




Parameter priors

[ Ber(p)

Bin(n, p)

p ~ Beta(a, b)

n ~ Betala, b)

p ~ Dir(a)

A ~ Gamma(k, 6)
A ~ Gammalk, 6)

o~ N(, o)
o’~ InvGammala, ()
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