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Announcement: Problem Set #6

Goes out tonight.

Due the last day of class,
Wednesday, August 16

(before class).

Some serious coding!

Congressional votng

No late days!

Heart disease
diagnosis



  

Review: Parameter estmaton

Sometmes we don’t know things like 
the expectaton and variance of a 
distributon; we have to estmate 
them from incomplete informaton.

X̄=
1
n∑i=1

n

X i

θ̂=arg max
θ

LL(θ)

S2
=

1
n−1∑i=1

n

(X i− X̄ )
2

≈



  

Review: Central limit theorem

Sums and averages of IID random 
variables are normally distributed.

X̄ =
1
n∑i=1

n

X i∼N (μ , σ
2

n
)

Y=n X̄ =∑
i=1

n

X i∼N (nμ , nσ
2
)



  

Easily-confused principles
Sum of identcal 
normals

X i∼N (μ ,σ2
)

Constant multple 
of a normal

CLT

X∼N (μ ,σ2
) X i∼???

(independent
& identcal)

(independent
& identcal)

∑
i=1

n

X i∼N (nμ ,nσ
2
)n X∼N (nμ , n2

σ
2
) ∑

i=1

n

X i∼N (nμ ,nσ
2
)

(exactly) (approximately,
for large n)



  

Central limit theorem demo

http://www.ltcconline.net/greenl/java/Statistics/clt/cltsimulation.html


  

Review: Approximatng
a Poisson with a normal

X∼Poi (λ)
≈

Y∼N (λ ,λ)

(for large λ)



  

Parameters

Ber(p)

Poi(λ)

Uni(a, b)

N(μ, σ²)

X∼

θ = p

θ = λ

θ = [a, b]

θ = [μ, σ²]

θ



  

Maximum likelihood estmaton

Choose parameters that maximize the 
likelihood (joint probability given 
parameters) of the example data.

θ̂=arg max
θ

LL(θ)

x 0

x 1

x 2

x 3
x 4

*

*



  

How to: MLE

1. Compute the likelihood.

2. Take its log.

3. Maximize this as a functon of the parameters.

L(θ)=P(X1 ,…, Xm∣θ)

LL(θ)=log L(θ)

x 0

x 1

x 2

x 3
x 4

*

*

d
d θ

LL(θ)=0



  

Maximum likelihood for Bernoulli

The maximum likelihood p for 
Bernoulli random variables is the 
sample mean.

p̂=
1
m∑

i=1

m

X i



  

Derivaton: MLE for Bernoulli

θ=p

L(θ)=P(X1 ,…, Xm∣θ)

=∏
i=1

m

P(X i∣θ)

=∏
i=1

m

{ p if X i=1
(1−p) if X i=0

1. Compute the likelihood.

don’t forget: IID means independent!



  

Derivaton: MLE for Bernoulli

θ=p

L(θ)=P(X1 ,…, Xm∣θ)

=∏
i=1

m

P(X i∣θ)

=∏
i=1

m

{ p if X i=1
(1−p) if X i=0

=∏
i=1

m

pX i(1−p)
1−X i

1. Compute the likelihood.

don’t forget: IID means independent!



  

Derivaton: MLE for Bernoulli

θ=p

L(θ)=∏
i=1

m

θ
X i(1−θ)

1−X i

2. Take its log.

LL(θ)=log∏
i=1

m

θ
X i(1−θ)

1−X i

=∑
i=1

m

log [ θX i(1−θ)
1−X i ]

=∑
i=1

m

[ X i logθ+(1−X i)log (1−θ)]



  

Derivaton: MLE for Bernoulli

θ=p

LL(θ)=∑
i=1

m

[ X i logθ+(1−X i) log (1−θ) ]

3. Maximize this as a functon of the parameters.

θ̂= p̂=arg max
θ

LL(θ)

d
d θ

LL(θ)=∑
i=1

m

[ X i

θ
−

1−X i

1−θ ]
=

1
θ∑

i=1

m

X i−
1

1−θ
∑
i=1

m

(1−X i)

=( 1
θ
+

1
1−θ )(∑

i=1

m

X i)− m
1−θ

=0

( 1−θ
θ

+1)(∑
i=1

m

X i)=m

1
θ (∑

i=1

m

X i)=m

θ=
1
m (∑

i=1

m

X i)



  

Maximum likelihood for normal

The maximum likelihood μ for normal 
random variables is the sample mean,
and the maximum likelihood σ² is the 
“uncorrected” mean square deviaton.

μ̂=
1
m∑

i=1

m

X i
^
σ

2
=

1
m∑

i=1

m

(X i−μ̂)
2



  

Derivaton: MLE for Normal

L(θ)=∏
i=1

m
1

σ √2π
e

−
1
2

( x−μ
σ )

2

2. Take its log

LL(θ)=∑
i=1

m

log [ 1
σ√2π

e
−

1
2

( x−μ
σ )

2

]
=∑

i=1

m

−logσ−log√2π−
1
2

( x−μ
σ )

2

θ=[μ ,σ2
]



  

Derivaton: MLE for normal

LL(θ)=∑
i=1

m

−log σ−log√2π−
1
2

( X i−μ
σ )

2

3. Maximize this as a functon of the parameters.

[μ̂ , σ̂2
]=θ̂=arg max

θ
LL(θ)

∂
∂μ

LL(θ)=∑
i=1

m

−( X i−μ
σ )(− 1

σ )

θ=[μ ,σ2
]

=∑
i=1

m X i−μ

σ
2

=
1
σ

2 (∑
i=1

m

X i)−mμ

σ
2 =0

μ=
1
m (∑

i=1

m

X i)= X̄



  

Derivaton: MLE for normal

LL(θ)=∑
i=1

m

−log σ−log√2π−
1
2

( X i−μ
σ )

2

3. Maximize this as a functon of the parameters.

[μ̂ , σ̂2
]=θ̂=arg max

θ
LL(θ)

∂
∂σ

LL(θ)=∑
i=1

m

[− 1
σ−( X i−μ

σ )(−
X i−μ

σ
2 )]

θ=[μ ,σ2
]

=∑
i=1

m

[ (X i−μ)
2

σ
3 −

1
σ ]

=
1

σ
3 ∑

i=1

m

(X i−μ)
2
−

m
σ =0

σ
2
=

1
m∑

i=1

m

(X i−μ)
2
=

1
m∑

i=1

m

(X i− X̄ )
2



  

Break tme!



  

Maximum likelihood for uniform

The maximum likelihood a and b for 
uniform random variables are the 
minimum and maximum of the data.

â=min
i

X i b̂=max
i

X i

a b

1
b−a



  

Derivaton: MLE for uniform

L(θ)=∏
i=1

m

{
1

b−a
if a≤X i≤b

0 otherwise

1. Compute the likelihood.

[ â , b̂]=θ̂=arg max
θ

LL(θ)

θ=[a ,b ]

2. Take its log.

LL(θ)=∑
i=1

m

{−log (b−a) if a≤X i≤b
−∞ otherwise

3. Maximize this as a functon of the parameters.



  

Derivaton: MLE for uniform

[ â , b̂ ]=θ̂=arg max
θ

L(θ)

θ=[a ,b ]

Likelihood: L(a,1)

a

L(a, 1)

Likelihood: L(0, b)

b

L(0, b)

â=min
i

X i b̂=max
i

X i

L(θ)=∏
i=1

m

{
1

b−a
if a≤X i≤b

0 otherwise



  

Maximum a posteriori estmaton

Choose the most likely parameters 
given the example data. You’ll need a 
prior probability over the parameters.

θ̂=arg max
θ

P(θ∣X1 ,…, X n)

=arg max
θ

[ LL(θ)+ log P(θ)]



  

Review: Multnomial random variable

An multnomial random variable 
records the number of tmes each 
outcome occurs, when an 
experiment with multple outcomes 
(e.g. die roll) is run multple tmes.

X1 ,…, Xm∼MN (n , p1, p2,…, pm)

P(X1=c1 , X2=c2 ,…, Xm=cm)

=( n
c1 , c2 ,…, cm

) p1
c1 p2

c2… pm
cmvector!



  

Roll all of the dice!

A 6-sided die is rolled 7 tmes.

What is the probability we get:
● 1 one
● 1 two
● 0 threes
● 2 fours
● 0 fves
● 3 sixes?

X1 ,…, X6∼MN (7,
1
6

,
1
6
,
1
6

,
1
6
,
1
6

,
1
6
)

P(X1=1, X2=1, X 3=0, X 4=2, X5=0, X 6=3)

=( 7
1,1,0,2,0,3)(

1
6 )

1

( 1
6 )

1

( 1
6 )

0

(1
6 )

2

( 1
6 )

0

( 1
6 )

3

=420( 1
6 )

7



  

Maximum likelihood with multnomial

A 6-sided die is rolled 7 tmes. We get:
● 1 one
● 1 two
● 0 threes
● 2 fours
● 0 fves
● 3 sixes
What is the MLE for p₁, …, p₆?

you’ll never roll a 3!
not in a million years!

X1 ,…, X6∼MN (7,
1
7

,
1
7
,0 ,

2
7

,0 ,
3
7
)



  

Are we doing this backwards?

θ̂=arg max
θ

P(θ∣X1 ,…, X n)

θ̂=arg max
θ

P(X1 ,…, X n∣θ)



  

Bayes to the rescue

θ̂=arg max
θ

P(θ∣X1 ,…, X n)

=arg max
θ

P(X 1 ,…, Xn∣θ)P(θ)

P(X1 ,…, X n)

=arg max
θ

P(X 1 ,…, X n∣θ)P(θ)

=arg max
θ

[ log P(X 1 ,…, Xn∣θ)+ log P(θ)]



  

Review: Beta random variable

An beta random variable models the 
probability of a trial’s success, given 
previous trials. The PDF/CDF let you 
compute probabilites of probabilites!

X∼Beta (a ,b)

f X (x)={C xa−1
(1−x)b−1 if 0<x<1
0 otherwise



  

Review: Dirichlet distributon
Beta is the distributon (“conjugate prior”) 
for the p in the Bernoulli and binomial.

Dirichlet is the distributon
for the p₁, p₂, … in the multnomial.

X1 , X2 ,…∼Dir (a1,a2,…)

f X1, X2,…
(x1, x2,…)=

C x1
a1−1 x2

b2−1
…

if 0<{x1 , x2 ,…}<1,
x1+x2+⋯=1
(0 otherwise)



  

Laplace smoothing

Also known as add-one smoothing: 
assume you’ve seen one “imaginary” 
occurrence of each possible outcome.

pi=
# (X=i)+k

n+mk

pi=
# (X=i)+1

n+m



  

Maximum likelihood with multnomial

A 6-sided die is rolled 7 tmes. We get:
● 1 one
● 1 two
● 0 threes
● 2 fours
● 0 fves
● 3 sixes
What is the MLE for p₁, …, p₆?

you’ll never roll a 3!
not in a million years!

X1 ,…, X6∼MN (7,
1
7

,
1
7
,0 ,

2
7

,0 ,
3
7
)



  

Laplace with multnomial

A 6-sided die is rolled 7 tmes. We get:
● 1 one
● 1 two
● 0 threes
● 2 fours
● 0 fves
● 3 sixes
What is the Laplace estmate
for p₁, …, p₆?

X1 ,…, X6∼MN (7,
2

13
,

2
13

,
1

13
,

3
13

,
1

13
,

4
13

)

stll a chance!



  

Parameter priors

Ber(p)

Bin(n, p)

MN(p)

Poi(λ)

Exp(λ)

N(μ, σ²)

X∼

p ~ Beta(a, b)

p ~ Beta(a, b)

p ~ Dir(a)

λ ~ Gamma(k, θ)

λ ~ Gamma(k, θ)

μ ~ N(μ’, σ’²)
σ²~ InvGamma(α, β)


	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 15
	Slide 16
	Slide 19
	Slide 25
	Slide 26
	Slide 32
	Slide 36
	Slide 41
	Slide 42
	Slide 43
	Slide 46
	Slide 47
	Slide 48
	Slide 49
	Slide 50
	Slide 53
	Slide 56
	Slide 57
	Slide 58
	Slide 59
	Slide 60
	Slide 61
	Slide 62
	Slide 63

