
A cumulative density function (CDF) is a “closed form” equation 
for the probability that a random variable is less than a given value

This is also shorthand 
notation for the CDF

Cumulative Distribution Function

F (x) = P (X < x) =

xZ

y=�1

f(y) dy

If you learn how to use a 
cumulative density function, 

you can avoid integrals!

FX(x)



CDF of an Exponential
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F (x) = 1� e��x

f(x) = �e��x

CDF: X ~ Exp(l = 1)
P(X < 2)

=
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f(x) dx
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= F (2)

= 1� e�2

⇡ 0.84
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CDF: X ~ Exp(l = 1)
P(X > 1)
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⇡ 0.37
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CDF: X ~ Exp(l = 1)
P(1 < X < 2)

=

2Z
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= F (2)� F (1)

=(1� e�2)

� (1� e�1)

⇡ 0.23

FX(x) = P (X < x)

=

xZ
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Probability of Earthquake in Next 4 Years?
Based on historical data, earthquakes of magnitude 8.0+ happen 

at a rate of 0.002 per year*. What is the probability of 
a major earthquake in the next 4 years?

Y = Years until the next earthquake of magnitude 8.0+

Y ⇠ Exp(� = 0.002)

*According to USGS, 2015

P (Y < 4) = F (4)

= 1� e�0.002·4

⇡ 0.008

F (y) = 1� e�0.002y



Notation

F (a) or FX(a)

f(a) or fX(a)

p(a) or pX(a) P (X = a)

Cumulative Distribution Function P (X  a)

Probability Mass Function (discrete)

Probability Density Function (continuous) f(X = a)
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• X = time until some event occurs
§ X ~ Exp(l)
§ What is P(X > s + t | X > s)?

§ After initial period of time s, P(X > t | •) for waiting 
another t units of time until event is same as at start

§ “Memoryless” = no impact from preceding period s
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Exponential is Memoryless



• X is a Normal Random Variable: X ~ N(µ, s 2)
§ Probability Density Function (PDF):

§

§

§ Also called “Gaussian”
§ Note: f(x) is symmetric about µ

¥<<¥-= -- xexf x        where
2

1)(
22 2/)( sµ

ps
µ=][XE

2)( s=XVar
)(xf

x

µ

The Normal Distribution



Complexity is Tempting
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Probably over fitting…

* That describes the training data, but will it generalize?
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Simplicity is Humble

* A Gaussian maximizes entropy for a given mean and variance

Simple. Will generalize



Flowers on a Rose Bush

X ⇠ N(µ = 4,�2 = 2)
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Flowers on a Rose Bush

X ⇠ N(µ = 4,�2 = 2)
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P (X > 6)?
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Four Prototypical Trajectories

No closed form for the integral



Linear Transform of Normal is Normal
Let X ⇠ N (µ,�2)

Y = aX + bIf then Y is also Normal

E[Y ] = E[aX + b]

= aE[X] + b

= aµ+ b

V ar(Y ) = V ar(aX + b)

= a2V ar(X)

= a2�2

Y ⇠ N (aµ+ b, a2�2)



Special Linear Transform

Y ⇠ N (aµ+ b, a2�2)

Z =
X � µ

�
=

1

�
X � µ

�

There is a special case of linear transform for any X:

Z ⇠ N (aµ+ b, a2�2)

⇠ N (
µ

�
� µ

�
,
�2

�2
)

⇠ N (0, 1)

Y = aX + bIf then Y is also Normal

a =
1

�
b = �µ

�



The Standard Normal

*This is the probability density function for the standard normal

Mean (μ) = 0

Variance (σ2) = 1

Z ⇠ N(µ = 0,�2 = 1)
<latexit sha1_base64="Y5TY3gJtiQwDiwJ2dKT4uZHuuQ8=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpSZItiNUHDjSirYB3bGkknTNjTJDElGKEOXbvwVNy4UcesnuPNvzLSz0NYDgXPPuZebe4KIUaUd59vKLS2vrK7l1wsbm1vbO/buXlOFscSkgUMWynaAFGFUkIammpF2JAniASOtYHSZ+q0HIhUNxa0eR8TnaCBon2KkjdS1D++gpyiH1yWPx/ACOqdpPeDovmIq96RrF52yMwVcJG5GiiBDvWt/eb0Qx5wIjRlSquM6kfYTJDXFjEwKXqxIhPAIDUjHUIE4UX4yPWQCj43Sg/1Qmic0nKq/JxLElRrzwHRypIdq3kvF/7xOrPtVP6EiijUReLaoHzOoQ5imAntUEqzZ2BCEJTV/hXiIJMLaZFcwIbjzJy+SZqXsOmX35qxYq2Zx5MEBOAIl4IJzUANXoA4aAINH8AxewZv1ZL1Y79bHrDVnZTP74A+szx/MCZaX</latexit><latexit sha1_base64="Y5TY3gJtiQwDiwJ2dKT4uZHuuQ8=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpSZItiNUHDjSirYB3bGkknTNjTJDElGKEOXbvwVNy4UcesnuPNvzLSz0NYDgXPPuZebe4KIUaUd59vKLS2vrK7l1wsbm1vbO/buXlOFscSkgUMWynaAFGFUkIammpF2JAniASOtYHSZ+q0HIhUNxa0eR8TnaCBon2KkjdS1D++gpyiH1yWPx/ACOqdpPeDovmIq96RrF52yMwVcJG5GiiBDvWt/eb0Qx5wIjRlSquM6kfYTJDXFjEwKXqxIhPAIDUjHUIE4UX4yPWQCj43Sg/1Qmic0nKq/JxLElRrzwHRypIdq3kvF/7xOrPtVP6EiijUReLaoHzOoQ5imAntUEqzZ2BCEJTV/hXiIJMLaZFcwIbjzJy+SZqXsOmX35qxYq2Zx5MEBOAIl4IJzUANXoA4aAINH8AxewZv1ZL1Y79bHrDVnZTP74A+szx/MCZaX</latexit><latexit sha1_base64="Y5TY3gJtiQwDiwJ2dKT4uZHuuQ8=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpSZItiNUHDjSirYB3bGkknTNjTJDElGKEOXbvwVNy4UcesnuPNvzLSz0NYDgXPPuZebe4KIUaUd59vKLS2vrK7l1wsbm1vbO/buXlOFscSkgUMWynaAFGFUkIammpF2JAniASOtYHSZ+q0HIhUNxa0eR8TnaCBon2KkjdS1D++gpyiH1yWPx/ACOqdpPeDovmIq96RrF52yMwVcJG5GiiBDvWt/eb0Qx5wIjRlSquM6kfYTJDXFjEwKXqxIhPAIDUjHUIE4UX4yPWQCj43Sg/1Qmic0nKq/JxLElRrzwHRypIdq3kvF/7xOrPtVP6EiijUReLaoHzOoQ5imAntUEqzZ2BCEJTV/hXiIJMLaZFcwIbjzJy+SZqXsOmX35qxYq2Zx5MEBOAIl4IJzUANXoA4aAINH8AxewZv1ZL1Y79bHrDVnZTP74A+szx/MCZaX</latexit><latexit sha1_base64="Y5TY3gJtiQwDiwJ2dKT4uZHuuQ8=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpSZItiNUHDjSirYB3bGkknTNjTJDElGKEOXbvwVNy4UcesnuPNvzLSz0NYDgXPPuZebe4KIUaUd59vKLS2vrK7l1wsbm1vbO/buXlOFscSkgUMWynaAFGFUkIammpF2JAniASOtYHSZ+q0HIhUNxa0eR8TnaCBon2KkjdS1D++gpyiH1yWPx/ACOqdpPeDovmIq96RrF52yMwVcJG5GiiBDvWt/eb0Qx5wIjRlSquM6kfYTJDXFjEwKXqxIhPAIDUjHUIE4UX4yPWQCj43Sg/1Qmic0nKq/JxLElRrzwHRypIdq3kvF/7xOrPtVP6EiijUReLaoHzOoQ5imAntUEqzZ2BCEJTV/hXiIJMLaZFcwIbjzJy+SZqXsOmX35qxYq2Zx5MEBOAIl4IJzUANXoA4aAINH8AxewZv1ZL1Y79bHrDVnZTP74A+szx/MCZaX</latexit>



Phi

*This is the probability density function for the standard normal

x
<latexit sha1_base64="sS/1Y4RUFRdYgUjEZXi7AEhWI1A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A4zeM8g==</latexit><latexit sha1_base64="sS/1Y4RUFRdYgUjEZXi7AEhWI1A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A4zeM8g==</latexit><latexit sha1_base64="sS/1Y4RUFRdYgUjEZXi7AEhWI1A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A4zeM8g==</latexit><latexit sha1_base64="sS/1Y4RUFRdYgUjEZXi7AEhWI1A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A4zeM8g==</latexit>

f Z
(x
)

<latexit sha1_base64="4iGaqFMC7yVwVDp7fTNVvywCUyw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPZY8OKxgv3AdinZNNvGZpMlyYpl6X/w4kERr/4fb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcp35nUeqNJPizkxj6kd4JFjICDZWaoeD++rT+aBccWvuHGiVeDmpQI7moPzVH0qSRFQYwrHWPc+NjZ9iZRjhdFbqJ5rGmEzwiPYsFTii2k/n187QmVWGKJTKljBorv6eSHGk9TQKbGeEzVgve5n4n9dLTFj3UybixFBBFovChCMjUfY6GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXti5rn1rzby0qjnsdRhBM4hSp4cAUNuIEmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx/O/I6U</latexit><latexit sha1_base64="4iGaqFMC7yVwVDp7fTNVvywCUyw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPZY8OKxgv3AdinZNNvGZpMlyYpl6X/w4kERr/4fb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcp35nUeqNJPizkxj6kd4JFjICDZWaoeD++rT+aBccWvuHGiVeDmpQI7moPzVH0qSRFQYwrHWPc+NjZ9iZRjhdFbqJ5rGmEzwiPYsFTii2k/n187QmVWGKJTKljBorv6eSHGk9TQKbGeEzVgve5n4n9dLTFj3UybixFBBFovChCMjUfY6GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXti5rn1rzby0qjnsdRhBM4hSp4cAUNuIEmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx/O/I6U</latexit><latexit sha1_base64="4iGaqFMC7yVwVDp7fTNVvywCUyw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPZY8OKxgv3AdinZNNvGZpMlyYpl6X/w4kERr/4fb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcp35nUeqNJPizkxj6kd4JFjICDZWaoeD++rT+aBccWvuHGiVeDmpQI7moPzVH0qSRFQYwrHWPc+NjZ9iZRjhdFbqJ5rGmEzwiPYsFTii2k/n187QmVWGKJTKljBorv6eSHGk9TQKbGeEzVgve5n4n9dLTFj3UybixFBBFovChCMjUfY6GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXti5rn1rzby0qjnsdRhBM4hSp4cAUNuIEmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx/O/I6U</latexit><latexit sha1_base64="4iGaqFMC7yVwVDp7fTNVvywCUyw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPZY8OKxgv3AdinZNNvGZpMlyYpl6X/w4kERr/4fb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcp35nUeqNJPizkxj6kd4JFjICDZWaoeD++rT+aBccWvuHGiVeDmpQI7moPzVH0qSRFQYwrHWPc+NjZ9iZRjhdFbqJ5rGmEzwiPYsFTii2k/n187QmVWGKJTKljBorv6eSHGk9TQKbGeEzVgve5n4n9dLTFj3UybixFBBFovChCMjUfY6GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXti5rn1rzby0qjnsdRhBM4hSp4cAUNuIEmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx/O/I6U</latexit>

F (x) = �(x)
<latexit sha1_base64="sYQg+uGSqZehG0VpIKwPKBceb5A=">AAAB9XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEcFuhIIgLivYC7RjyaSZNjSTCUlGLUPfw40LRdz6Lu58G9N2Ftr6Q+DjP+dwTv5AcqaN6347uZXVtfWN/GZha3tnd6+4f9DUcaIIbZCYx6odYE05E7RhmOG0LRXFUcBpKxhdTeutB6o0i8WdGUvqR3ggWMgINta6vy4/naJL1JVDZqlXLLkVdya0DF4GJchU7xW/uv2YJBEVhnCsdcdzpfFTrAwjnE4K3URTickID2jHosAR1X46u3qCTqzTR2Gs7BMGzdzfEymOtB5Hge2MsBnqxdrU/K/WSUxY9VMmZGKoIPNFYcKRidE0AtRnihLDxxYwUczeisgQK0yMDapgQ/AWv7wMzbOK51a82/NSrZrFkYcjOIYyeHABNbiBOjSAgIJneIU359F5cd6dj3lrzslmDuGPnM8fINqQ7g==</latexit><latexit sha1_base64="sYQg+uGSqZehG0VpIKwPKBceb5A=">AAAB9XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEcFuhIIgLivYC7RjyaSZNjSTCUlGLUPfw40LRdz6Lu58G9N2Ftr6Q+DjP+dwTv5AcqaN6347uZXVtfWN/GZha3tnd6+4f9DUcaIIbZCYx6odYE05E7RhmOG0LRXFUcBpKxhdTeutB6o0i8WdGUvqR3ggWMgINta6vy4/naJL1JVDZqlXLLkVdya0DF4GJchU7xW/uv2YJBEVhnCsdcdzpfFTrAwjnE4K3URTickID2jHosAR1X46u3qCTqzTR2Gs7BMGzdzfEymOtB5Hge2MsBnqxdrU/K/WSUxY9VMmZGKoIPNFYcKRidE0AtRnihLDxxYwUczeisgQK0yMDapgQ/AWv7wMzbOK51a82/NSrZrFkYcjOIYyeHABNbiBOjSAgIJneIU359F5cd6dj3lrzslmDuGPnM8fINqQ7g==</latexit><latexit sha1_base64="sYQg+uGSqZehG0VpIKwPKBceb5A=">AAAB9XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEcFuhIIgLivYC7RjyaSZNjSTCUlGLUPfw40LRdz6Lu58G9N2Ftr6Q+DjP+dwTv5AcqaN6347uZXVtfWN/GZha3tnd6+4f9DUcaIIbZCYx6odYE05E7RhmOG0LRXFUcBpKxhdTeutB6o0i8WdGUvqR3ggWMgINta6vy4/naJL1JVDZqlXLLkVdya0DF4GJchU7xW/uv2YJBEVhnCsdcdzpfFTrAwjnE4K3URTickID2jHosAR1X46u3qCTqzTR2Gs7BMGzdzfEymOtB5Hge2MsBnqxdrU/K/WSUxY9VMmZGKoIPNFYcKRidE0AtRnihLDxxYwUczeisgQK0yMDapgQ/AWv7wMzbOK51a82/NSrZrFkYcjOIYyeHABNbiBOjSAgIJneIU359F5cd6dj3lrzslmDuGPnM8fINqQ7g==</latexit><latexit sha1_base64="sYQg+uGSqZehG0VpIKwPKBceb5A=">AAAB9XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEcFuhIIgLivYC7RjyaSZNjSTCUlGLUPfw40LRdz6Lu58G9N2Ftr6Q+DjP+dwTv5AcqaN6347uZXVtfWN/GZha3tnd6+4f9DUcaIIbZCYx6odYE05E7RhmOG0LRXFUcBpKxhdTeutB6o0i8WdGUvqR3ggWMgINta6vy4/naJL1JVDZqlXLLkVdya0DF4GJchU7xW/uv2YJBEVhnCsdcdzpfFTrAwjnE4K3URTickID2jHosAR1X46u3qCTqzTR2Gs7BMGzdzfEymOtB5Hge2MsBnqxdrU/K/WSUxY9VMmZGKoIPNFYcKRidE0AtRnihLDxxYwUczeisgQK0yMDapgQ/AWv7wMzbOK51a82/NSrZrFkYcjOIYyeHABNbiBOjSAgIJneIU359F5cd6dj3lrzslmDuGPnM8fINqQ7g==</latexit>

x = 1.3
<latexit sha1_base64="lsAPT6wxu/s3LgKbYnNAcLhmIaU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsBeh4MVjBfsBbSib7aZdutmE3YlYQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9ybUSsHnCScD+iQyVCwShaqf1EbohXveyXK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuimHNz4RKUuSKLRaFqSQYk9nvZCA0ZygnllCmhb2VsBHVlKFNqGRD8JZfXiWti6rnVr37q0q9lsdRhBM4hXPw4BrqcAcNaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz9g6o49</latexit><latexit sha1_base64="lsAPT6wxu/s3LgKbYnNAcLhmIaU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsBeh4MVjBfsBbSib7aZdutmE3YlYQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9ybUSsHnCScD+iQyVCwShaqf1EbohXveyXK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuimHNz4RKUuSKLRaFqSQYk9nvZCA0ZygnllCmhb2VsBHVlKFNqGRD8JZfXiWti6rnVr37q0q9lsdRhBM4hXPw4BrqcAcNaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz9g6o49</latexit><latexit sha1_base64="lsAPT6wxu/s3LgKbYnNAcLhmIaU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsBeh4MVjBfsBbSib7aZdutmE3YlYQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9ybUSsHnCScD+iQyVCwShaqf1EbohXveyXK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuimHNz4RKUuSKLRaFqSQYk9nvZCA0ZygnllCmhb2VsBHVlKFNqGRD8JZfXiWti6rnVr37q0q9lsdRhBM4hXPw4BrqcAcNaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz9g6o49</latexit><latexit sha1_base64="lsAPT6wxu/s3LgKbYnNAcLhmIaU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsBeh4MVjBfsBbSib7aZdutmE3YlYQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9ybUSsHnCScD+iQyVCwShaqf1EbohXveyXK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuimHNz4RKUuSKLRaFqSQYk9nvZCA0ZygnllCmhb2VsBHVlKFNqGRD8JZfXiWti6rnVr37q0q9lsdRhBM4hXPw4BrqcAcNaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz9g6o49</latexit>

�(1.3)
<latexit sha1_base64="GJeT78B9Eiad3P3XPFx++x5hqAM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXpZdK9hjwYvHCvZD2qVk02wbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPOtPG8b6ewsbm1vVPcLe3tHxwelY9P2jpOFaEtEvNYdUOsKWeStgwznHYTRbEIOe2Ek9u533miSrNYPphpQgOBR5JFjGBjpcd+MmZV361dDsoVz/UWQOvEz0kFcjQH5a/+MCapoNIQjrXu+V5iggwrwwins1I/1TTBZIJHtGepxILqIFscPEMXVhmiKFa2pEEL9fdEhoXWUxHaToHNWK96c/E/r5eaqB5kTCapoZIsF0UpRyZG8+/RkClKDJ9agoli9lZExlhhYmxGJRuCv/ryOmlfub7n+vfXlUY9j6MIZ3AOVfDhBhpwB01oAQEBz/AKb45yXpx352PZWnDymVP4A+fzByspj0o=</latexit><latexit sha1_base64="GJeT78B9Eiad3P3XPFx++x5hqAM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXpZdK9hjwYvHCvZD2qVk02wbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPOtPG8b6ewsbm1vVPcLe3tHxwelY9P2jpOFaEtEvNYdUOsKWeStgwznHYTRbEIOe2Ek9u533miSrNYPphpQgOBR5JFjGBjpcd+MmZV361dDsoVz/UWQOvEz0kFcjQH5a/+MCapoNIQjrXu+V5iggwrwwins1I/1TTBZIJHtGepxILqIFscPEMXVhmiKFa2pEEL9fdEhoXWUxHaToHNWK96c/E/r5eaqB5kTCapoZIsF0UpRyZG8+/RkClKDJ9agoli9lZExlhhYmxGJRuCv/ryOmlfub7n+vfXlUY9j6MIZ3AOVfDhBhpwB01oAQEBz/AKb45yXpx352PZWnDymVP4A+fzByspj0o=</latexit><latexit sha1_base64="GJeT78B9Eiad3P3XPFx++x5hqAM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXpZdK9hjwYvHCvZD2qVk02wbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPOtPG8b6ewsbm1vVPcLe3tHxwelY9P2jpOFaEtEvNYdUOsKWeStgwznHYTRbEIOe2Ek9u533miSrNYPphpQgOBR5JFjGBjpcd+MmZV361dDsoVz/UWQOvEz0kFcjQH5a/+MCapoNIQjrXu+V5iggwrwwins1I/1TTBZIJHtGepxILqIFscPEMXVhmiKFa2pEEL9fdEhoXWUxHaToHNWK96c/E/r5eaqB5kTCapoZIsF0UpRyZG8+/RkClKDJ9agoli9lZExlhhYmxGJRuCv/ryOmlfub7n+vfXlUY9j6MIZ3AOVfDhBhpwB01oAQEBz/AKb45yXpx352PZWnDymVP4A+fzByspj0o=</latexit><latexit sha1_base64="GJeT78B9Eiad3P3XPFx++x5hqAM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXpZdK9hjwYvHCvZD2qVk02wbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPOtPG8b6ewsbm1vVPcLe3tHxwelY9P2jpOFaEtEvNYdUOsKWeStgwznHYTRbEIOe2Ek9u533miSrNYPphpQgOBR5JFjGBjpcd+MmZV361dDsoVz/UWQOvEz0kFcjQH5a/+MCapoNIQjrXu+V5iggwrwwins1I/1TTBZIJHtGepxILqIFscPEMXVhmiKFa2pEEL9fdEhoXWUxHaToHNWK96c/E/r5eaqB5kTCapoZIsF0UpRyZG8+/RkClKDJ9agoli9lZExlhhYmxGJRuCv/ryOmlfub7n+vfXlUY9j6MIZ3AOVfDhBhpwB01oAQEBz/AKb45yXpx352PZWnDymVP4A+fzByspj0o=</latexit>

Z ⇠ N(µ = 0,�2 = 1)
<latexit sha1_base64="Y5TY3gJtiQwDiwJ2dKT4uZHuuQ8=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpSZItiNUHDjSirYB3bGkknTNjTJDElGKEOXbvwVNy4UcesnuPNvzLSz0NYDgXPPuZebe4KIUaUd59vKLS2vrK7l1wsbm1vbO/buXlOFscSkgUMWynaAFGFUkIammpF2JAniASOtYHSZ+q0HIhUNxa0eR8TnaCBon2KkjdS1D++gpyiH1yWPx/ACOqdpPeDovmIq96RrF52yMwVcJG5GiiBDvWt/eb0Qx5wIjRlSquM6kfYTJDXFjEwKXqxIhPAIDUjHUIE4UX4yPWQCj43Sg/1Qmic0nKq/JxLElRrzwHRypIdq3kvF/7xOrPtVP6EiijUReLaoHzOoQ5imAntUEqzZ2BCEJTV/hXiIJMLaZFcwIbjzJy+SZqXsOmX35qxYq2Zx5MEBOAIl4IJzUANXoA4aAINH8AxewZv1ZL1Y79bHrDVnZTP74A+szx/MCZaX</latexit><latexit sha1_base64="Y5TY3gJtiQwDiwJ2dKT4uZHuuQ8=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpSZItiNUHDjSirYB3bGkknTNjTJDElGKEOXbvwVNy4UcesnuPNvzLSz0NYDgXPPuZebe4KIUaUd59vKLS2vrK7l1wsbm1vbO/buXlOFscSkgUMWynaAFGFUkIammpF2JAniASOtYHSZ+q0HIhUNxa0eR8TnaCBon2KkjdS1D++gpyiH1yWPx/ACOqdpPeDovmIq96RrF52yMwVcJG5GiiBDvWt/eb0Qx5wIjRlSquM6kfYTJDXFjEwKXqxIhPAIDUjHUIE4UX4yPWQCj43Sg/1Qmic0nKq/JxLElRrzwHRypIdq3kvF/7xOrPtVP6EiijUReLaoHzOoQ5imAntUEqzZ2BCEJTV/hXiIJMLaZFcwIbjzJy+SZqXsOmX35qxYq2Zx5MEBOAIl4IJzUANXoA4aAINH8AxewZv1ZL1Y79bHrDVnZTP74A+szx/MCZaX</latexit><latexit sha1_base64="Y5TY3gJtiQwDiwJ2dKT4uZHuuQ8=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpSZItiNUHDjSirYB3bGkknTNjTJDElGKEOXbvwVNy4UcesnuPNvzLSz0NYDgXPPuZebe4KIUaUd59vKLS2vrK7l1wsbm1vbO/buXlOFscSkgUMWynaAFGFUkIammpF2JAniASOtYHSZ+q0HIhUNxa0eR8TnaCBon2KkjdS1D++gpyiH1yWPx/ACOqdpPeDovmIq96RrF52yMwVcJG5GiiBDvWt/eb0Qx5wIjRlSquM6kfYTJDXFjEwKXqxIhPAIDUjHUIE4UX4yPWQCj43Sg/1Qmic0nKq/JxLElRrzwHRypIdq3kvF/7xOrPtVP6EiijUReLaoHzOoQ5imAntUEqzZ2BCEJTV/hXiIJMLaZFcwIbjzJy+SZqXsOmX35qxYq2Zx5MEBOAIl4IJzUANXoA4aAINH8AxewZv1ZL1Y79bHrDVnZTP74A+szx/MCZaX</latexit><latexit sha1_base64="Y5TY3gJtiQwDiwJ2dKT4uZHuuQ8=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpSZItiNUHDjSirYB3bGkknTNjTJDElGKEOXbvwVNy4UcesnuPNvzLSz0NYDgXPPuZebe4KIUaUd59vKLS2vrK7l1wsbm1vbO/buXlOFscSkgUMWynaAFGFUkIammpF2JAniASOtYHSZ+q0HIhUNxa0eR8TnaCBon2KkjdS1D++gpyiH1yWPx/ACOqdpPeDovmIq96RrF52yMwVcJG5GiiBDvWt/eb0Qx5wIjRlSquM6kfYTJDXFjEwKXqxIhPAIDUjHUIE4UX4yPWQCj43Sg/1Qmic0nKq/JxLElRrzwHRypIdq3kvF/7xOrPtVP6EiijUReLaoHzOoQ5imAntUEqzZ2BCEJTV/hXiIJMLaZFcwIbjzJy+SZqXsOmX35qxYq2Zx5MEBOAIl4IJzUANXoA4aAINH8AxewZv1ZL1Y79bHrDVnZTP74A+szx/MCZaX</latexit>



Symmetry of Phi

a-a

μ = 0

*This is the probability density function for the standard normal

�(�a)
<latexit sha1_base64="UGlzOCOtiRbGQvqpO5pP/6iJOHU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSLUgyURwR4LXjxWsB/QhrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVA04S7kd0qEQoGEUrdXrJSFQu6UW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+b1Tcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1UwxrfiZUkiJXbLEoTCXBmMyeJwOhOUM5sYQyLeythI2opgxtREUbgrf88ippXVU9t+rdX5frtTyOApzCGVTAgxuowx00oAkMJDzDK7w5j86L8+58LFrXnHzmBP7A+fwB/eyPPA==</latexit><latexit sha1_base64="UGlzOCOtiRbGQvqpO5pP/6iJOHU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSLUgyURwR4LXjxWsB/QhrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVA04S7kd0qEQoGEUrdXrJSFQu6UW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+b1Tcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1UwxrfiZUkiJXbLEoTCXBmMyeJwOhOUM5sYQyLeythI2opgxtREUbgrf88ippXVU9t+rdX5frtTyOApzCGVTAgxuowx00oAkMJDzDK7w5j86L8+58LFrXnHzmBP7A+fwB/eyPPA==</latexit><latexit sha1_base64="UGlzOCOtiRbGQvqpO5pP/6iJOHU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSLUgyURwR4LXjxWsB/QhrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVA04S7kd0qEQoGEUrdXrJSFQu6UW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+b1Tcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1UwxrfiZUkiJXbLEoTCXBmMyeJwOhOUM5sYQyLeythI2opgxtREUbgrf88ippXVU9t+rdX5frtTyOApzCGVTAgxuowx00oAkMJDzDK7w5j86L8+58LFrXnHzmBP7A+fwB/eyPPA==</latexit><latexit sha1_base64="UGlzOCOtiRbGQvqpO5pP/6iJOHU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSLUgyURwR4LXjxWsB/QhrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVA04S7kd0qEQoGEUrdXrJSFQu6UW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+b1Tcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1UwxrfiZUkiJXbLEoTCXBmMyeJwOhOUM5sYQyLeythI2opgxtREUbgrf88ippXVU9t+rdX5frtTyOApzCGVTAgxuowx00oAkMJDzDK7w5j86L8+58LFrXnHzmBP7A+fwB/eyPPA==</latexit>

1� �(a)
<latexit sha1_base64="N07/d7DrPGJZyJvYSroc4UrPYSs=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahHiyJCPZY8OKxgv2ANpTNdtMu3WzC7kQooT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7ud564NiJWjzhNuB/RkRKhYBSt1PPIFeknY1Gll4Nyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8WJ8/IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMaz7mVBJilyx5aIwlQRjMv+fDIXmDOXUEsq0sLcSNqaaMrQplWwI3urL66R9XfPcmvdwU2nU8ziKcAbnUAUPbqEB99CEFjCI4Rle4c1B58V5dz6WrQUnnzmFP3A+fwAbXY/L</latexit><latexit sha1_base64="N07/d7DrPGJZyJvYSroc4UrPYSs=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahHiyJCPZY8OKxgv2ANpTNdtMu3WzC7kQooT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7ud564NiJWjzhNuB/RkRKhYBSt1PPIFeknY1Gll4Nyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8WJ8/IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMaz7mVBJilyx5aIwlQRjMv+fDIXmDOXUEsq0sLcSNqaaMrQplWwI3urL66R9XfPcmvdwU2nU8ziKcAbnUAUPbqEB99CEFjCI4Rle4c1B58V5dz6WrQUnnzmFP3A+fwAbXY/L</latexit><latexit sha1_base64="N07/d7DrPGJZyJvYSroc4UrPYSs=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahHiyJCPZY8OKxgv2ANpTNdtMu3WzC7kQooT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7ud564NiJWjzhNuB/RkRKhYBSt1PPIFeknY1Gll4Nyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8WJ8/IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMaz7mVBJilyx5aIwlQRjMv+fDIXmDOXUEsq0sLcSNqaaMrQplWwI3urL66R9XfPcmvdwU2nU8ziKcAbnUAUPbqEB99CEFjCI4Rle4c1B58V5dz6WrQUnnzmFP3A+fwAbXY/L</latexit><latexit sha1_base64="N07/d7DrPGJZyJvYSroc4UrPYSs=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahHiyJCPZY8OKxgv2ANpTNdtMu3WzC7kQooT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7ud564NiJWjzhNuB/RkRKhYBSt1PPIFeknY1Gll4Nyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8WJ8/IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMaz7mVBJilyx5aIwlQRjMv+fDIXmDOXUEsq0sLcSNqaaMrQplWwI3urL66R9XfPcmvdwU2nU8ziKcAbnUAUPbqEB99CEFjCI4Rle4c1B58V5dz6WrQUnnzmFP3A+fwAbXY/L</latexit>

" −$ = 1 − "($)



Interval of Phi

dc

ɸ(c)
ɸ(d)

μ = 0

P (c < Z < d) = �(d)� �(c)
<latexit sha1_base64="Tbl9UfpO6cgEPgGLCXFT2TbySL0=">AAACCXicbZC7SgNBFIbPxluMt1VLm8EgJIVhVwRTKARsLCOYCyZLmJ2dJENmZ5eZWSEsaW18FRsLRWx9AzvfxkmyhSb+cODjP+cwc34/5kxpx/m2ciura+sb+c3C1vbO7p69f9BUUSIJbZCIR7LtY0U5E7Shmea0HUuKQ5/Tlj+6nvZbD1QqFok7PY6pF+KBYH1GsDZWz0b1EkGX6N5UUEZXqBsPWcnQ6ZxIuWcXnYozE1oGN4MiZKr37K9uEJEkpEITjpXquE6svRRLzQink0I3UTTGZIQHtGNQ4JAqL51dMkEnxglQP5KmhEYz9/dGikOlxqFvJkOsh2qxNzX/63US3a96KRNxoqkg84f6CUc6QtNYUMAkJZqPDWAimfkrIkMsMdEmvIIJwV08eRmaZxXXqbi358VaNYsjD0dwDCVw4QJqcAN1aACBR3iGV3iznqwX6936mI/mrGznEP7I+vwBKDeWKA==</latexit><latexit sha1_base64="Tbl9UfpO6cgEPgGLCXFT2TbySL0=">AAACCXicbZC7SgNBFIbPxluMt1VLm8EgJIVhVwRTKARsLCOYCyZLmJ2dJENmZ5eZWSEsaW18FRsLRWx9AzvfxkmyhSb+cODjP+cwc34/5kxpx/m2ciura+sb+c3C1vbO7p69f9BUUSIJbZCIR7LtY0U5E7Shmea0HUuKQ5/Tlj+6nvZbD1QqFok7PY6pF+KBYH1GsDZWz0b1EkGX6N5UUEZXqBsPWcnQ6ZxIuWcXnYozE1oGN4MiZKr37K9uEJEkpEITjpXquE6svRRLzQink0I3UTTGZIQHtGNQ4JAqL51dMkEnxglQP5KmhEYz9/dGikOlxqFvJkOsh2qxNzX/63US3a96KRNxoqkg84f6CUc6QtNYUMAkJZqPDWAimfkrIkMsMdEmvIIJwV08eRmaZxXXqbi358VaNYsjD0dwDCVw4QJqcAN1aACBR3iGV3iznqwX6936mI/mrGznEP7I+vwBKDeWKA==</latexit><latexit sha1_base64="Tbl9UfpO6cgEPgGLCXFT2TbySL0=">AAACCXicbZC7SgNBFIbPxluMt1VLm8EgJIVhVwRTKARsLCOYCyZLmJ2dJENmZ5eZWSEsaW18FRsLRWx9AzvfxkmyhSb+cODjP+cwc34/5kxpx/m2ciura+sb+c3C1vbO7p69f9BUUSIJbZCIR7LtY0U5E7Shmea0HUuKQ5/Tlj+6nvZbD1QqFok7PY6pF+KBYH1GsDZWz0b1EkGX6N5UUEZXqBsPWcnQ6ZxIuWcXnYozE1oGN4MiZKr37K9uEJEkpEITjpXquE6svRRLzQink0I3UTTGZIQHtGNQ4JAqL51dMkEnxglQP5KmhEYz9/dGikOlxqFvJkOsh2qxNzX/63US3a96KRNxoqkg84f6CUc6QtNYUMAkJZqPDWAimfkrIkMsMdEmvIIJwV08eRmaZxXXqbi358VaNYsjD0dwDCVw4QJqcAN1aACBR3iGV3iznqwX6936mI/mrGznEP7I+vwBKDeWKA==</latexit><latexit sha1_base64="Tbl9UfpO6cgEPgGLCXFT2TbySL0=">AAACCXicbZC7SgNBFIbPxluMt1VLm8EgJIVhVwRTKARsLCOYCyZLmJ2dJENmZ5eZWSEsaW18FRsLRWx9AzvfxkmyhSb+cODjP+cwc34/5kxpx/m2ciura+sb+c3C1vbO7p69f9BUUSIJbZCIR7LtY0U5E7Shmea0HUuKQ5/Tlj+6nvZbD1QqFok7PY6pF+KBYH1GsDZWz0b1EkGX6N5UUEZXqBsPWcnQ6ZxIuWcXnYozE1oGN4MiZKr37K9uEJEkpEITjpXquE6svRRLzQink0I3UTTGZIQHtGNQ4JAqL51dMkEnxglQP5KmhEYz9/dGikOlxqFvJkOsh2qxNzX/63US3a96KRNxoqkg84f6CUc6QtNYUMAkJZqPDWAimfkrIkMsMdEmvIIJwV08eRmaZxXXqbi358VaNYsjD0dwDCVw4QJqcAN1aACBR3iGV3iznqwX6936mI/mrGznEP7I+vwBKDeWKA==</latexit>



Use Z to compute F(x)

Compute F(x) via Transform

FX(x) = P (X  x)

= P (X � µ  x� µ)

= P

✓
X � µ

�
 x� µ

�

◆

= P

✓
Z  x� µ

�

◆

= �

✓
x� µ

�

◆

FX(x) = P (X  x)

= P (X � µ  x� µ)

= P

✓
X � µ

�
 x� µ

�

◆

= P

✓
Z  x� µ

�

◆

= �

✓
x� µ

�

◆

FX(x) = P (X  x)

= P (X � µ  x� µ)

= P

✓
X � µ

�
 x� µ

�

◆

= P

✓
Z  x� µ

�

◆

= �

✓
x� µ

�

◆

FX(x) = P (X  x)

= P (X � µ  x� µ)

= P

✓
X � µ

�
 x� µ

�

◆

= P

✓
Z  x� µ

�

◆

= �

✓
x� µ

�

◆

FX(x) = P (X  x)

= P (X � µ  x� µ)

= P

✓
X � µ

�
 x� µ

�

◆

= P

✓
Z  x� µ

�

◆

= �

✓
x� µ

�

◆

Let X ⇠ N (µ,�2) Z =
X � µ

�
=

1

�
X � µ

�



For normal distribution, 
F(x) is computed using 

the phi transform. 



And here we are

Table of F(z) values in textbook, p. 201 and handout

F (x) = �

✓
x� µ

�

◆

CDF of Standard Normal: A 
function that has been solved 

for numerically

The cumulative 
density function 

(CDF) of any normal

N (µ,�2)



F(0.54) = 0.7054

Using Table of ɸ



Four Prototypical Trajectories
Table is kinda old school



We have one for you



End Review



Flowers on a Rose Bush

X ⇠ N(µ = 4,�2 = 2)
<latexit sha1_base64="+QOtJrMqZn8GtxC3BJ1lyG+TzoE=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpSZUrAboeDGlVSwD+iMJZNm2tAkMyQZoQxduvFX3LhQxK2f4M6/MW1noa0HAueecy839wQxo0o7zreVW1ldW9/Ibxa2tnd29+z9g5aKEolJE0cskp0AKcKoIE1NNSOdWBLEA0bawehq6rcfiFQ0End6HBOfo4GgIcVIG6lnH3egpyiHNyWPJ/ASVs+n9YCj+4qpKmc9u+iUnRngMnEzUgQZGj37y+tHOOFEaMyQUl3XibWfIqkpZmRS8BJFYoRHaEC6hgrEifLT2SETeGqUPgwjaZ7QcKb+nkgRV2rMA9PJkR6qRW8q/ud1Ex3W/JSKONFE4PmiMGFQR3CaCuxTSbBmY0MQltT8FeIhkghrk13BhOAunrxMWpWy65Td22qxXsviyIMjcAJKwAUXoA6uQQM0AQaP4Bm8gjfryXqx3q2PeWvOymYOwR9Ynz/Qlpaa</latexit><latexit sha1_base64="+QOtJrMqZn8GtxC3BJ1lyG+TzoE=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpSZUrAboeDGlVSwD+iMJZNm2tAkMyQZoQxduvFX3LhQxK2f4M6/MW1noa0HAueecy839wQxo0o7zreVW1ldW9/Ibxa2tnd29+z9g5aKEolJE0cskp0AKcKoIE1NNSOdWBLEA0bawehq6rcfiFQ0End6HBOfo4GgIcVIG6lnH3egpyiHNyWPJ/ASVs+n9YCj+4qpKmc9u+iUnRngMnEzUgQZGj37y+tHOOFEaMyQUl3XibWfIqkpZmRS8BJFYoRHaEC6hgrEifLT2SETeGqUPgwjaZ7QcKb+nkgRV2rMA9PJkR6qRW8q/ud1Ex3W/JSKONFE4PmiMGFQR3CaCuxTSbBmY0MQltT8FeIhkghrk13BhOAunrxMWpWy65Td22qxXsviyIMjcAJKwAUXoA6uQQM0AQaP4Bm8gjfryXqx3q2PeWvOymYOwR9Ynz/Qlpaa</latexit><latexit sha1_base64="+QOtJrMqZn8GtxC3BJ1lyG+TzoE=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpSZUrAboeDGlVSwD+iMJZNm2tAkMyQZoQxduvFX3LhQxK2f4M6/MW1noa0HAueecy839wQxo0o7zreVW1ldW9/Ibxa2tnd29+z9g5aKEolJE0cskp0AKcKoIE1NNSOdWBLEA0bawehq6rcfiFQ0End6HBOfo4GgIcVIG6lnH3egpyiHNyWPJ/ASVs+n9YCj+4qpKmc9u+iUnRngMnEzUgQZGj37y+tHOOFEaMyQUl3XibWfIqkpZmRS8BJFYoRHaEC6hgrEifLT2SETeGqUPgwjaZ7QcKb+nkgRV2rMA9PJkR6qRW8q/ud1Ex3W/JSKONFE4PmiMGFQR3CaCuxTSbBmY0MQltT8FeIhkghrk13BhOAunrxMWpWy65Td22qxXsviyIMjcAJKwAUXoA6uQQM0AQaP4Bm8gjfryXqx3q2PeWvOymYOwR9Ynz/Qlpaa</latexit><latexit sha1_base64="+QOtJrMqZn8GtxC3BJ1lyG+TzoE=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpSZUrAboeDGlVSwD+iMJZNm2tAkMyQZoQxduvFX3LhQxK2f4M6/MW1noa0HAueecy839wQxo0o7zreVW1ldW9/Ibxa2tnd29+z9g5aKEolJE0cskp0AKcKoIE1NNSOdWBLEA0bawehq6rcfiFQ0End6HBOfo4GgIcVIG6lnH3egpyiHNyWPJ/ASVs+n9YCj+4qpKmc9u+iUnRngMnEzUgQZGj37y+tHOOFEaMyQUl3XibWfIqkpZmRS8BJFYoRHaEC6hgrEifLT2SETeGqUPgwjaZ7QcKb+nkgRV2rMA9PJkR6qRW8q/ud1Ex3W/JSKONFE4PmiMGFQR3CaCuxTSbBmY0MQltT8FeIhkghrk13BhOAunrxMWpWy65Td22qxXsviyIMjcAJKwAUXoA6uQQM0AQaP4Bm8gjfryXqx3q2PeWvOymYOwR9Ynz/Qlpaa</latexit>

D
en

si
ty

 a
t x

x

P (X > 6)?
<latexit sha1_base64="+Knduz6hkSEAOSws9rktmZ7h1cw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquFO1JC148VrAf0i4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/O/PYTVZpF8sFMYuoLPJQsZAQbKz02yh10jS7Pb/rFkltx50CrxMtICTI0+sWv3iAiiaDSEI617npubPwUK8MIp9NCL9E0xmSMh7RrqcSCaj+dHzxFZ1YZoDBStqRBc/X3RIqF1hMR2E6BzUgvezPxP6+bmLDmp0zGiaGSLBaFCUcmQrPv0YApSgyfWIKJYvZWREZYYWJsRgUbgrf88ippXVQ8t+LdV0v1WhZHHk7gFMrgwRXU4Q4a0AQCAp7hFd4c5bw4787HojXnZDPH8AfO5w9G0I62</latexit><latexit sha1_base64="+Knduz6hkSEAOSws9rktmZ7h1cw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquFO1JC148VrAf0i4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/O/PYTVZpF8sFMYuoLPJQsZAQbKz02yh10jS7Pb/rFkltx50CrxMtICTI0+sWv3iAiiaDSEI617npubPwUK8MIp9NCL9E0xmSMh7RrqcSCaj+dHzxFZ1YZoDBStqRBc/X3RIqF1hMR2E6BzUgvezPxP6+bmLDmp0zGiaGSLBaFCUcmQrPv0YApSgyfWIKJYvZWREZYYWJsRgUbgrf88ippXVQ8t+LdV0v1WhZHHk7gFMrgwRXU4Q4a0AQCAp7hFd4c5bw4787HojXnZDPH8AfO5w9G0I62</latexit><latexit sha1_base64="+Knduz6hkSEAOSws9rktmZ7h1cw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquFO1JC148VrAf0i4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/O/PYTVZpF8sFMYuoLPJQsZAQbKz02yh10jS7Pb/rFkltx50CrxMtICTI0+sWv3iAiiaDSEI617npubPwUK8MIp9NCL9E0xmSMh7RrqcSCaj+dHzxFZ1YZoDBStqRBc/X3RIqF1hMR2E6BzUgvezPxP6+bmLDmp0zGiaGSLBaFCUcmQrPv0YApSgyfWIKJYvZWREZYYWJsRgUbgrf88ippXVQ8t+LdV0v1WhZHHk7gFMrgwRXU4Q4a0AQCAp7hFd4c5bw4787HojXnZDPH8AfO5w9G0I62</latexit><latexit sha1_base64="+Knduz6hkSEAOSws9rktmZ7h1cw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquFO1JC148VrAf0i4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/O/PYTVZpF8sFMYuoLPJQsZAQbKz02yh10jS7Pb/rFkltx50CrxMtICTI0+sWv3iAiiaDSEI617npubPwUK8MIp9NCL9E0xmSMh7RrqcSCaj+dHzxFZ1YZoDBStqRBc/X3RIqF1hMR2E6BzUgvezPxP6+bmLDmp0zGiaGSLBaFCUcmQrPv0YApSgyfWIKJYvZWREZYYWJsRgUbgrf88ippXVQ8t+LdV0v1WhZHHk7gFMrgwRXU4Q4a0AQCAp7hFd4c5bw4787HojXnZDPH8AfO5w9G0I62</latexit>



Flowers on a Rose Bush

# flowers on a 
rose bush P (X > 6)?

<latexit sha1_base64="+Knduz6hkSEAOSws9rktmZ7h1cw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquFO1JC148VrAf0i4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/O/PYTVZpF8sFMYuoLPJQsZAQbKz02yh10jS7Pb/rFkltx50CrxMtICTI0+sWv3iAiiaDSEI617npubPwUK8MIp9NCL9E0xmSMh7RrqcSCaj+dHzxFZ1YZoDBStqRBc/X3RIqF1hMR2E6BzUgvezPxP6+bmLDmp0zGiaGSLBaFCUcmQrPv0YApSgyfWIKJYvZWREZYYWJsRgUbgrf88ippXVQ8t+LdV0v1WhZHHk7gFMrgwRXU4Q4a0AQCAp7hFd4c5bw4787HojXnZDPH8AfO5w9G0I62</latexit><latexit sha1_base64="+Knduz6hkSEAOSws9rktmZ7h1cw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquFO1JC148VrAf0i4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/O/PYTVZpF8sFMYuoLPJQsZAQbKz02yh10jS7Pb/rFkltx50CrxMtICTI0+sWv3iAiiaDSEI617npubPwUK8MIp9NCL9E0xmSMh7RrqcSCaj+dHzxFZ1YZoDBStqRBc/X3RIqF1hMR2E6BzUgvezPxP6+bmLDmp0zGiaGSLBaFCUcmQrPv0YApSgyfWIKJYvZWREZYYWJsRgUbgrf88ippXVQ8t+LdV0v1WhZHHk7gFMrgwRXU4Q4a0AQCAp7hFd4c5bw4787HojXnZDPH8AfO5w9G0I62</latexit><latexit sha1_base64="+Knduz6hkSEAOSws9rktmZ7h1cw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquFO1JC148VrAf0i4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/O/PYTVZpF8sFMYuoLPJQsZAQbKz02yh10jS7Pb/rFkltx50CrxMtICTI0+sWv3iAiiaDSEI617npubPwUK8MIp9NCL9E0xmSMh7RrqcSCaj+dHzxFZ1YZoDBStqRBc/X3RIqF1hMR2E6BzUgvezPxP6+bmLDmp0zGiaGSLBaFCUcmQrPv0YApSgyfWIKJYvZWREZYYWJsRgUbgrf88ippXVQ8t+LdV0v1WhZHHk7gFMrgwRXU4Q4a0AQCAp7hFd4c5bw4787HojXnZDPH8AfO5w9G0I62</latexit><latexit sha1_base64="+Knduz6hkSEAOSws9rktmZ7h1cw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquFO1JC148VrAf0i4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/O/PYTVZpF8sFMYuoLPJQsZAQbKz02yh10jS7Pb/rFkltx50CrxMtICTI0+sWv3iAiiaDSEI617npubPwUK8MIp9NCL9E0xmSMh7RrqcSCaj+dHzxFZ1YZoDBStqRBc/X3RIqF1hMR2E6BzUgvezPxP6+bmLDmp0zGiaGSLBaFCUcmQrPv0YApSgyfWIKJYvZWREZYYWJsRgUbgrf88ippXVQ8t+LdV0v1WhZHHk7gFMrgwRXU4Q4a0AQCAp7hFd4c5bw4787HojXnZDPH8AfO5w9G0I62</latexit>

X ⇠ N(µ = 4,�2 = 2)
<latexit sha1_base64="+QOtJrMqZn8GtxC3BJ1lyG+TzoE=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpSZUrAboeDGlVSwD+iMJZNm2tAkMyQZoQxduvFX3LhQxK2f4M6/MW1noa0HAueecy839wQxo0o7zreVW1ldW9/Ibxa2tnd29+z9g5aKEolJE0cskp0AKcKoIE1NNSOdWBLEA0bawehq6rcfiFQ0End6HBOfo4GgIcVIG6lnH3egpyiHNyWPJ/ASVs+n9YCj+4qpKmc9u+iUnRngMnEzUgQZGj37y+tHOOFEaMyQUl3XibWfIqkpZmRS8BJFYoRHaEC6hgrEifLT2SETeGqUPgwjaZ7QcKb+nkgRV2rMA9PJkR6qRW8q/ud1Ex3W/JSKONFE4PmiMGFQR3CaCuxTSbBmY0MQltT8FeIhkghrk13BhOAunrxMWpWy65Td22qxXsviyIMjcAJKwAUXoA6uQQM0AQaP4Bm8gjfryXqx3q2PeWvOymYOwR9Ynz/Qlpaa</latexit><latexit sha1_base64="+QOtJrMqZn8GtxC3BJ1lyG+TzoE=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpSZUrAboeDGlVSwD+iMJZNm2tAkMyQZoQxduvFX3LhQxK2f4M6/MW1noa0HAueecy839wQxo0o7zreVW1ldW9/Ibxa2tnd29+z9g5aKEolJE0cskp0AKcKoIE1NNSOdWBLEA0bawehq6rcfiFQ0End6HBOfo4GgIcVIG6lnH3egpyiHNyWPJ/ASVs+n9YCj+4qpKmc9u+iUnRngMnEzUgQZGj37y+tHOOFEaMyQUl3XibWfIqkpZmRS8BJFYoRHaEC6hgrEifLT2SETeGqUPgwjaZ7QcKb+nkgRV2rMA9PJkR6qRW8q/ud1Ex3W/JSKONFE4PmiMGFQR3CaCuxTSbBmY0MQltT8FeIhkghrk13BhOAunrxMWpWy65Td22qxXsviyIMjcAJKwAUXoA6uQQM0AQaP4Bm8gjfryXqx3q2PeWvOymYOwR9Ynz/Qlpaa</latexit><latexit sha1_base64="+QOtJrMqZn8GtxC3BJ1lyG+TzoE=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpSZUrAboeDGlVSwD+iMJZNm2tAkMyQZoQxduvFX3LhQxK2f4M6/MW1noa0HAueecy839wQxo0o7zreVW1ldW9/Ibxa2tnd29+z9g5aKEolJE0cskp0AKcKoIE1NNSOdWBLEA0bawehq6rcfiFQ0End6HBOfo4GgIcVIG6lnH3egpyiHNyWPJ/ASVs+n9YCj+4qpKmc9u+iUnRngMnEzUgQZGj37y+tHOOFEaMyQUl3XibWfIqkpZmRS8BJFYoRHaEC6hgrEifLT2SETeGqUPgwjaZ7QcKb+nkgRV2rMA9PJkR6qRW8q/ud1Ex3W/JSKONFE4PmiMGFQR3CaCuxTSbBmY0MQltT8FeIhkghrk13BhOAunrxMWpWy65Td22qxXsviyIMjcAJKwAUXoA6uQQM0AQaP4Bm8gjfryXqx3q2PeWvOymYOwR9Ynz/Qlpaa</latexit><latexit sha1_base64="+QOtJrMqZn8GtxC3BJ1lyG+TzoE=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpSZUrAboeDGlVSwD+iMJZNm2tAkMyQZoQxduvFX3LhQxK2f4M6/MW1noa0HAueecy839wQxo0o7zreVW1ldW9/Ibxa2tnd29+z9g5aKEolJE0cskp0AKcKoIE1NNSOdWBLEA0bawehq6rcfiFQ0End6HBOfo4GgIcVIG6lnH3egpyiHNyWPJ/ASVs+n9YCj+4qpKmc9u+iUnRngMnEzUgQZGj37y+tHOOFEaMyQUl3XibWfIqkpZmRS8BJFYoRHaEC6hgrEifLT2SETeGqUPgwjaZ7QcKb+nkgRV2rMA9PJkR6qRW8q/ud1Ex3W/JSKONFE4PmiMGFQR3CaCuxTSbBmY0MQltT8FeIhkghrk13BhOAunrxMWpWy65Td22qxXsviyIMjcAJKwAUXoA6uQQM0AQaP4Bm8gjfryXqx3q2PeWvOymYOwR9Ynz/Qlpaa</latexit>

FX(x) = �
⇣x� µ

�

⌘

<latexit sha1_base64="5gaJHTJhmCuTcDpohfIhvduUmdw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAjtoiURwW6EoiAuK9gHNKFMppN26EwSZibSEvIVbvwVNy4UcSvu/BsnbRbaeuDC4Zx7ufceL2JUKsv6NlZW19Y3Ngtbxe2d3b198+CwLcNYYNLCIQtF10OSMBqQlqKKkW4kCOIeIx1vfJ35nQciJA2DezWNiMvRMKA+xUhpqW9Wb/rd8qQCL6ETjahzRYdlxxcIJxNYhQ6P08SRdMhRmlmVvlmyatYMcJnYOSmBHM2++eUMQhxzEijMkJQ924qUmyChKGYkLTqxJBHCYzQkPU0DxIl0k9lbKTzVygD6odAVKDhTf08kiEs55Z7u5EiN5KKXif95vVj5dTehQRQrEuD5Ij9mUIUwywgOqCBYsakmCAuqb4V4hHQqSidZ1CHYiy8vk/ZZzbZq9t15qVHP4yiAY3ACysAGF6ABbkETtAAGj+AZvII348l4Md6Nj3nripHPHIE/MD5/ANJDneg=</latexit><latexit sha1_base64="5gaJHTJhmCuTcDpohfIhvduUmdw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAjtoiURwW6EoiAuK9gHNKFMppN26EwSZibSEvIVbvwVNy4UcSvu/BsnbRbaeuDC4Zx7ufceL2JUKsv6NlZW19Y3Ngtbxe2d3b198+CwLcNYYNLCIQtF10OSMBqQlqKKkW4kCOIeIx1vfJ35nQciJA2DezWNiMvRMKA+xUhpqW9Wb/rd8qQCL6ETjahzRYdlxxcIJxNYhQ6P08SRdMhRmlmVvlmyatYMcJnYOSmBHM2++eUMQhxzEijMkJQ924qUmyChKGYkLTqxJBHCYzQkPU0DxIl0k9lbKTzVygD6odAVKDhTf08kiEs55Z7u5EiN5KKXif95vVj5dTehQRQrEuD5Ij9mUIUwywgOqCBYsakmCAuqb4V4hHQqSidZ1CHYiy8vk/ZZzbZq9t15qVHP4yiAY3ACysAGF6ABbkETtAAGj+AZvII348l4Md6Nj3nripHPHIE/MD5/ANJDneg=</latexit><latexit sha1_base64="5gaJHTJhmCuTcDpohfIhvduUmdw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAjtoiURwW6EoiAuK9gHNKFMppN26EwSZibSEvIVbvwVNy4UcSvu/BsnbRbaeuDC4Zx7ufceL2JUKsv6NlZW19Y3Ngtbxe2d3b198+CwLcNYYNLCIQtF10OSMBqQlqKKkW4kCOIeIx1vfJ35nQciJA2DezWNiMvRMKA+xUhpqW9Wb/rd8qQCL6ETjahzRYdlxxcIJxNYhQ6P08SRdMhRmlmVvlmyatYMcJnYOSmBHM2++eUMQhxzEijMkJQ924qUmyChKGYkLTqxJBHCYzQkPU0DxIl0k9lbKTzVygD6odAVKDhTf08kiEs55Z7u5EiN5KKXif95vVj5dTehQRQrEuD5Ij9mUIUwywgOqCBYsakmCAuqb4V4hHQqSidZ1CHYiy8vk/ZZzbZq9t15qVHP4yiAY3ACysAGF6ABbkETtAAGj+AZvII348l4Md6Nj3nripHPHIE/MD5/ANJDneg=</latexit><latexit sha1_base64="5gaJHTJhmCuTcDpohfIhvduUmdw=">AAACFnicbVDLSsNAFJ34rPUVdelmsAjtoiURwW6EoiAuK9gHNKFMppN26EwSZibSEvIVbvwVNy4UcSvu/BsnbRbaeuDC4Zx7ufceL2JUKsv6NlZW19Y3Ngtbxe2d3b198+CwLcNYYNLCIQtF10OSMBqQlqKKkW4kCOIeIx1vfJ35nQciJA2DezWNiMvRMKA+xUhpqW9Wb/rd8qQCL6ETjahzRYdlxxcIJxNYhQ6P08SRdMhRmlmVvlmyatYMcJnYOSmBHM2++eUMQhxzEijMkJQ924qUmyChKGYkLTqxJBHCYzQkPU0DxIl0k9lbKTzVygD6odAVKDhTf08kiEs55Z7u5EiN5KKXif95vVj5dTehQRQrEuD5Ij9mUIUwywgOqCBYsakmCAuqb4V4hHQqSidZ1CHYiy8vk/ZZzbZq9t15qVHP4yiAY3ACysAGF6ABbkETtAAGj+AZvII348l4Md6Nj3nripHPHIE/MD5/ANJDneg=</latexit>

For any normal:P (X > 6) = 1� FX(6)

= 1� �
⇣6� µ

�

⌘

= 1� �
⇣6� 4p

2

⌘

⇡ 1� �
⇣
1.414

⌘

⇡ 0.079
<latexit sha1_base64="R7RIeiumvSsHBAjpFOI4GrDex8Q="></latexit><latexit sha1_base64="R7RIeiumvSsHBAjpFOI4GrDex8Q="></latexit><latexit sha1_base64="R7RIeiumvSsHBAjpFOI4GrDex8Q="></latexit><latexit sha1_base64="R7RIeiumvSsHBAjpFOI4GrDex8Q="></latexit>

P (X > 6) = 1� FX(6)
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<latexit sha1_base64="R7RIeiumvSsHBAjpFOI4GrDex8Q="></latexit><latexit sha1_base64="R7RIeiumvSsHBAjpFOI4GrDex8Q="></latexit><latexit sha1_base64="R7RIeiumvSsHBAjpFOI4GrDex8Q="></latexit><latexit sha1_base64="R7RIeiumvSsHBAjpFOI4GrDex8Q="></latexit>
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<latexit sha1_base64="R7RIeiumvSsHBAjpFOI4GrDex8Q="></latexit><latexit sha1_base64="R7RIeiumvSsHBAjpFOI4GrDex8Q="></latexit><latexit sha1_base64="R7RIeiumvSsHBAjpFOI4GrDex8Q="></latexit><latexit sha1_base64="R7RIeiumvSsHBAjpFOI4GrDex8Q="></latexit>



What is P(2 < X < 5)?

Get Your Gaussian On

P (2 < X < 5) = FX(5)� FX(2) = �
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⌘
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<latexit sha1_base64="KfI19QsI8dWejSdRH3S8vUjsDQo="></latexit><latexit sha1_base64="KfI19QsI8dWejSdRH3S8vUjsDQo="></latexit><latexit sha1_base64="KfI19QsI8dWejSdRH3S8vUjsDQo="></latexit><latexit sha1_base64="KfI19QsI8dWejSdRH3S8vUjsDQo="></latexit>
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⌘
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⌘
= 0.7734

<latexit sha1_base64="u3YnQTUb3Pct97Jxm27N+0Q/cpw="></latexit><latexit sha1_base64="u3YnQTUb3Pct97Jxm27N+0Q/cpw="></latexit><latexit sha1_base64="u3YnQTUb3Pct97Jxm27N+0Q/cpw="></latexit><latexit sha1_base64="u3YnQTUb3Pct97Jxm27N+0Q/cpw="></latexit>

P (|X � 3| > 6) = P (X < �3) + P (X > 9) = FX(�3) + (1� FX(9))
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4

⌘
+ (1� �

⇣9� 3
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⌘
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<latexit sha1_base64="1BL8JudjwC8J2+GQaQEPzeXVEfo="></latexit><latexit sha1_base64="1BL8JudjwC8J2+GQaQEPzeXVEfo="></latexit><latexit sha1_base64="1BL8JudjwC8J2+GQaQEPzeXVEfo="></latexit><latexit sha1_base64="1BL8JudjwC8J2+GQaQEPzeXVEfo="></latexit>

X ⇠ N(µ = 3,�2 = 16)
<latexit sha1_base64="eLCwujIIGWL0OmLv3VoNJe2LEaM=">AAACCnicbVDLSgMxFM3UV62vUZduokWoIGWminYjFNy4kgr2AZ2xZNJMG5pkhiQjlNK1G3/FjQtF3PoF7vwbM+0stHogcO4593JzTxAzqrTjfFm5hcWl5ZX8amFtfWNzy97eaaookZg0cMQi2Q6QIowK0tBUM9KOJUE8YKQVDC9Tv3VPpKKRuNWjmPgc9QUNKUbaSF17vw09RTm8Lnk8gRfw5Dit+xzdVUzlnh3Brl10ys4U8C9xM1IEGepd+9PrRTjhRGjMkFId14m1P0ZSU8zIpOAlisQID1GfdAwViBPlj6enTOChUXowjKR5QsOp+nNijLhSIx6YTo70QM17qfif10l0WPXHVMSJJgLPFoUJgzqCaS6wRyXBmo0MQVhS81eIB0girE16BROCO3/yX9KslF2n7N6cFmvVLI482AMHoARccA5q4ArUQQNg8ACewAt4tR6tZ+vNep+15qxsZhf8gvXxDawqlwI=</latexit><latexit sha1_base64="eLCwujIIGWL0OmLv3VoNJe2LEaM=">AAACCnicbVDLSgMxFM3UV62vUZduokWoIGWminYjFNy4kgr2AZ2xZNJMG5pkhiQjlNK1G3/FjQtF3PoF7vwbM+0stHogcO4593JzTxAzqrTjfFm5hcWl5ZX8amFtfWNzy97eaaookZg0cMQi2Q6QIowK0tBUM9KOJUE8YKQVDC9Tv3VPpKKRuNWjmPgc9QUNKUbaSF17vw09RTm8Lnk8gRfw5Dit+xzdVUzlnh3Brl10ys4U8C9xM1IEGepd+9PrRTjhRGjMkFId14m1P0ZSU8zIpOAlisQID1GfdAwViBPlj6enTOChUXowjKR5QsOp+nNijLhSIx6YTo70QM17qfif10l0WPXHVMSJJgLPFoUJgzqCaS6wRyXBmo0MQVhS81eIB0girE16BROCO3/yX9KslF2n7N6cFmvVLI482AMHoARccA5q4ArUQQNg8ACewAt4tR6tZ+vNep+15qxsZhf8gvXxDawqlwI=</latexit><latexit sha1_base64="eLCwujIIGWL0OmLv3VoNJe2LEaM=">AAACCnicbVDLSgMxFM3UV62vUZduokWoIGWminYjFNy4kgr2AZ2xZNJMG5pkhiQjlNK1G3/FjQtF3PoF7vwbM+0stHogcO4593JzTxAzqrTjfFm5hcWl5ZX8amFtfWNzy97eaaookZg0cMQi2Q6QIowK0tBUM9KOJUE8YKQVDC9Tv3VPpKKRuNWjmPgc9QUNKUbaSF17vw09RTm8Lnk8gRfw5Dit+xzdVUzlnh3Brl10ys4U8C9xM1IEGepd+9PrRTjhRGjMkFId14m1P0ZSU8zIpOAlisQID1GfdAwViBPlj6enTOChUXowjKR5QsOp+nNijLhSIx6YTo70QM17qfif10l0WPXHVMSJJgLPFoUJgzqCaS6wRyXBmo0MQVhS81eIB0girE16BROCO3/yX9KslF2n7N6cFmvVLI482AMHoARccA5q4ArUQQNg8ACewAt4tR6tZ+vNep+15qxsZhf8gvXxDawqlwI=</latexit><latexit sha1_base64="eLCwujIIGWL0OmLv3VoNJe2LEaM=">AAACCnicbVDLSgMxFM3UV62vUZduokWoIGWminYjFNy4kgr2AZ2xZNJMG5pkhiQjlNK1G3/FjQtF3PoF7vwbM+0stHogcO4593JzTxAzqrTjfFm5hcWl5ZX8amFtfWNzy97eaaookZg0cMQi2Q6QIowK0tBUM9KOJUE8YKQVDC9Tv3VPpKKRuNWjmPgc9QUNKUbaSF17vw09RTm8Lnk8gRfw5Dit+xzdVUzlnh3Brl10ys4U8C9xM1IEGepd+9PrRTjhRGjMkFId14m1P0ZSU8zIpOAlisQID1GfdAwViBPlj6enTOChUXowjKR5QsOp+nNijLhSIx6YTo70QM17qfif10l0WPXHVMSJJgLPFoUJgzqCaS6wRyXBmo0MQVhS81eIB0girE16BROCO3/yX9KslF2n7N6cFmvVLI482AMHoARccA5q4ArUQQNg8ACewAt4tR6tZ+vNep+15qxsZhf8gvXxDawqlwI=</latexit>

µ = 3
<latexit sha1_base64="4gSRQDOdSu7EBg+oxwj+mWtXU4o=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqYC5CwIvHCOYByRJmJ73JkJnZZWZWCCEf4cWDIl79Hm/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+d++xG14Yl6sJMUQ0mHisecUeukdk9m5IZc9ssVv+ovQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC7OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZuBZOuUozi4otF8WZIDYh89/JgGtkVkwcoUxzdythI6opsy6hkgshWH35L2ldVAO/GtxfVeq1PI4inMApnEMA11CHO2hAExiM4Qle4NVLvWfvzXtftha8fOYYfsH7+Ab+yY6k</latexit><latexit sha1_base64="4gSRQDOdSu7EBg+oxwj+mWtXU4o=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqYC5CwIvHCOYByRJmJ73JkJnZZWZWCCEf4cWDIl79Hm/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+d++xG14Yl6sJMUQ0mHisecUeukdk9m5IZc9ssVv+ovQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC7OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZuBZOuUozi4otF8WZIDYh89/JgGtkVkwcoUxzdythI6opsy6hkgshWH35L2ldVAO/GtxfVeq1PI4inMApnEMA11CHO2hAExiM4Qle4NVLvWfvzXtftha8fOYYfsH7+Ab+yY6k</latexit><latexit sha1_base64="4gSRQDOdSu7EBg+oxwj+mWtXU4o=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqYC5CwIvHCOYByRJmJ73JkJnZZWZWCCEf4cWDIl79Hm/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+d++xG14Yl6sJMUQ0mHisecUeukdk9m5IZc9ssVv+ovQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC7OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZuBZOuUozi4otF8WZIDYh89/JgGtkVkwcoUxzdythI6opsy6hkgshWH35L2ldVAO/GtxfVeq1PI4inMApnEMA11CHO2hAExiM4Qle4NVLvWfvzXtftha8fOYYfsH7+Ab+yY6k</latexit><latexit sha1_base64="4gSRQDOdSu7EBg+oxwj+mWtXU4o=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqYC5CwIvHCOYByRJmJ73JkJnZZWZWCCEf4cWDIl79Hm/+jZNkDxotaCiquunuilLBjfX9L6+wtr6xuVXcLu3s7u0flA+PWibJNMMmS0SiOxE1KLjCpuVWYCfVSGUksB2Nb+d++xG14Yl6sJMUQ0mHisecUeukdk9m5IZc9ssVv+ovQP6SICcVyNHolz97g4RlEpVlghrTDfzUhlOqLWcCZ6VeZjClbEyH2HVUUYkmnC7OnZEzpwxInGhXypKF+nNiSqUxExm5TkntyKx6c/E/r5vZuBZOuUozi4otF8WZIDYh89/JgGtkVkwcoUxzdythI6opsy6hkgshWH35L2ldVAO/GtxfVeq1PI4inMApnEMA11CHO2hAExiM4Qle4NVLvWfvzXtftha8fOYYfsH7+Ab+yY6k</latexit>

� = 4
<latexit sha1_base64="0E46gnCqC+iZlZI6mMMqd0mJixE=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKwFyEgBePEcwDkyXMTmaTIfNYZmaFsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7ooQzY33/2ytsbG5t7xR3S3v7B4dH5eOTtlGpJrRFFFe6G2FDOZO0ZZnltJtoikXEaSea3M79zhPVhin5YKcJDQUeSRYzgq2THvuGjQRGN6g2KFf8qr8AWidBTiqQozkof/WHiqSCSks4NqYX+IkNM6wtI5zOSv3U0ASTCR7RnqMSC2rCbHHxDF04ZYhipV1Jixbq74kMC2OmInKdAtuxWfXm4n9eL7VxPcyYTFJLJVkuilOOrELz99GQaUosnzqCiWbuVkTGWGNiXUglF0Kw+vI6aV9VA78a3NcqjXoeRxHO4BwuIYBraMAdNKEFBCQ8wyu8ecZ78d69j2VrwctnTuEPvM8fRDGP8g==</latexit><latexit sha1_base64="0E46gnCqC+iZlZI6mMMqd0mJixE=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKwFyEgBePEcwDkyXMTmaTIfNYZmaFsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7ooQzY33/2ytsbG5t7xR3S3v7B4dH5eOTtlGpJrRFFFe6G2FDOZO0ZZnltJtoikXEaSea3M79zhPVhin5YKcJDQUeSRYzgq2THvuGjQRGN6g2KFf8qr8AWidBTiqQozkof/WHiqSCSks4NqYX+IkNM6wtI5zOSv3U0ASTCR7RnqMSC2rCbHHxDF04ZYhipV1Jixbq74kMC2OmInKdAtuxWfXm4n9eL7VxPcyYTFJLJVkuilOOrELz99GQaUosnzqCiWbuVkTGWGNiXUglF0Kw+vI6aV9VA78a3NcqjXoeRxHO4BwuIYBraMAdNKEFBCQ8wyu8ecZ78d69j2VrwctnTuEPvM8fRDGP8g==</latexit><latexit sha1_base64="0E46gnCqC+iZlZI6mMMqd0mJixE=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKwFyEgBePEcwDkyXMTmaTIfNYZmaFsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7ooQzY33/2ytsbG5t7xR3S3v7B4dH5eOTtlGpJrRFFFe6G2FDOZO0ZZnltJtoikXEaSea3M79zhPVhin5YKcJDQUeSRYzgq2THvuGjQRGN6g2KFf8qr8AWidBTiqQozkof/WHiqSCSks4NqYX+IkNM6wtI5zOSv3U0ASTCR7RnqMSC2rCbHHxDF04ZYhipV1Jixbq74kMC2OmInKdAtuxWfXm4n9eL7VxPcyYTFJLJVkuilOOrELz99GQaUosnzqCiWbuVkTGWGNiXUglF0Kw+vI6aV9VA78a3NcqjXoeRxHO4BwuIYBraMAdNKEFBCQ8wyu8ecZ78d69j2VrwctnTuEPvM8fRDGP8g==</latexit><latexit sha1_base64="0E46gnCqC+iZlZI6mMMqd0mJixE=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKwFyEgBePEcwDkyXMTmaTIfNYZmaFsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7ooQzY33/2ytsbG5t7xR3S3v7B4dH5eOTtlGpJrRFFFe6G2FDOZO0ZZnltJtoikXEaSea3M79zhPVhin5YKcJDQUeSRYzgq2THvuGjQRGN6g2KFf8qr8AWidBTiqQozkof/WHiqSCSks4NqYX+IkNM6wtI5zOSv3U0ASTCR7RnqMSC2rCbHHxDF04ZYhipV1Jixbq74kMC2OmInKdAtuxWfXm4n9eL7VxPcyYTFJLJVkuilOOrELz99GQaUosnzqCiWbuVkTGWGNiXUglF0Kw+vI6aV9VA78a3NcqjXoeRxHO4BwuIYBraMAdNKEFBCQ8wyu8ecZ78d69j2VrwctnTuEPvM8fRDGP8g==</latexit>
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P (X > 0) = 1� FX(0) = 1� �
⇣0� µ

�

⌘

= 1� �
⇣�3

4

⌘
= 1� (1� �

⇣3
4

⌘
)

= �
⇣3
4

⌘
= 0.7734

<latexit sha1_base64="u3YnQTUb3Pct97Jxm27N+0Q/cpw="></latexit><latexit sha1_base64="u3YnQTUb3Pct97Jxm27N+0Q/cpw="></latexit><latexit sha1_base64="u3YnQTUb3Pct97Jxm27N+0Q/cpw="></latexit><latexit sha1_base64="u3YnQTUb3Pct97Jxm27N+0Q/cpw="></latexit>
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<latexit sha1_base64="u3YnQTUb3Pct97Jxm27N+0Q/cpw="></latexit><latexit sha1_base64="u3YnQTUb3Pct97Jxm27N+0Q/cpw="></latexit><latexit sha1_base64="u3YnQTUb3Pct97Jxm27N+0Q/cpw="></latexit><latexit sha1_base64="u3YnQTUb3Pct97Jxm27N+0Q/cpw="></latexit>
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<latexit sha1_base64="u3YnQTUb3Pct97Jxm27N+0Q/cpw="></latexit><latexit sha1_base64="u3YnQTUb3Pct97Jxm27N+0Q/cpw="></latexit><latexit sha1_base64="u3YnQTUb3Pct97Jxm27N+0Q/cpw="></latexit><latexit sha1_base64="u3YnQTUb3Pct97Jxm27N+0Q/cpw="></latexit>
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• Send voltage of 2 or -2 on wire (to denote 1 or 0)
§ X = voltage sent
§ R = voltage received = X + Y, where noise Y ~ N(0, 1)
§ Decode R:  if (R ≥ 0.5) then 1, else 0
§ What is P(error after decoding | original bit = 1)?

§ What is P(error after decoding | original bit = 0)?

0668.0)5.1(1)5.1()5.1()5.02( »F-=-F=-<=<+ YPYP

0062.0)5.2(1)5.2()5.02( »F-=³=³+- YPYP

Noisy Wires



Four Prototypical Trajectories

Gaussian for uncertainty



ELO Ratings

How do you model zero sum games?
What is the probability that the Warriors win?



ELO Ratings
How it works:
• Each team has an “ELO” score S, calculated 

based on their past performance.
• Each game, the team has ability A ~ N(S, 2002)
• The team with the higher sampled ability wins.

AW ⇠ N (1797, 2002)

17971555 ability

p

Arpad Elo

AR ⇠ N (1555, 2002)AB ⇠

P (Warriors win) = P (AW > AR)

⇡ 0.87

P (AW > AB)



ELO Ratings
from random import *

WARRIORS_ELO = 1797
OPPONENT_ELO = 1555
VAR = 200 * 200

nSuccess = 0
for i in range(NTRIALS):

w = gauss(WARRIORS_ELO, VAR)
b = gauss(OPPONENT_ELO, VAR)
if w > b:

nSuccess += 1

print float(nSuccess) / NTRIALS



ELO Ratings
How it works:
• Each team has an “ELO” score S, calculated 

based on their past performance.
• Each game, the team has ability A ~ N(S, 2002)
• The team with the higher sampled ability wins.

AW ⇠ N (1797, 2002)

17971555 ability

p

Calculated via sampling
P (Warriors win) = P (AW > AR)

⇡ 0.87

Arpad Elo

AR ⇠ N (1555, 2002)AB ⇠

P (Warriors win) = P (AW > AR)

⇡ 0.87

P (AW > AB)



• 100 people are given a new website design
§ X = # people whose time on site increases
§ CEO will endorse new design if X ≥ 65 What is P(CEO 

endorses change| it has no effect)?
§ X ~ Bin(100, 0.5). Want to calculate P(X ≥ 65)
§ Give a numerical answer…

Website Testing

P (X � 65) =
100X

i=65

✓
100

i

◆
(0.5)i(1� 0.5)100�i



Normal Approximates Binomial

There is a deep reason for the Binomial/Normal similarity…



Normal Approximates Binomial



Four Prototypical Trajectories

Let’s invent an approximation!



• 100 people are given a new website design
§ X = # people whose time on site increases
§ CEO will endorse new design if X ≥ 65 What is P(CEO 

endorses change| it has no effect)?
§ X ~ Bin(100, 0.5). Want to calculate P(X ≥ 65)

Website Testing
P(

X =
 x

)

xE[X] = 50

What is 
variance?



• 100 people are given a new website design
§ X = # people whose time on site increases
§ CEO will endorse new design if X ≥ 65 What is P(CEO 

endorses change| it has no effect)?
§ X ~ Bin(100, 0.5). Want to calculate P(X ≥ 65)

§ Use Normal approximation: Y ~ N(50, 25)

§ Using Binomial: 0018.0)65( »³XP

5125150    – p)np(      – p)     np( np ===

Website Testing

P (Y � 65) = P
�Y � 50

5
>

65� 50

5

�
= P (Z > 3) = 1� �(3) ⇡ 0.0020.0013



P(
X =

 x
)

xE[X] = 50

Website Testing



p(
x)

 o
r 

f(x
)

x

 Bin(100, 0.5)

 Normal(50, 25)

Continuity Correction

64 65

P (X � 65)

What about 64.9?

⇡ P (Y � 64.5)

⇡ 0.0018

If Y (normal) approximates X (binomial)

66



Continuity Correction

Discrete (eg Binomial) 
probability question

Continuous (Normal) 
probability question

X = 6 5.5 < Y < 6.5

X >= 6 Y > 5.5

X > 6 Y > 6.5

X < 6 Y < 5.5

X <= 6 Y < 6.5

* Note: Binomial is always defined in units of “1”

If Y (normal) approximates X (binomial)



P(X = k)

k

Comparison when n = 100, p = 0.5



X ~ Bin(n, p)

Who Gets to Approximate?

Poisson approx. 
n large (> 20), 
p small (< 0.05)

If there is a choice, go with the normal approximation

Normal approx. 
n large (> 20), 
p is mid-ranged
np(1-p) > 10



• Stanford accepts 2050 students this year
§ Each accepted student has 84% chance of attending
§ X = # students who will attend.   X ~ Bin(2050, 0.84)
§ What is P(X > 1745)?

§ Use Normal approximation: Y ~ N(1722, 276)

Stanford Admissions

np = 1722 np(1� p) = 276
p

np(1� p) = 16.6

P (Y � 1745.5) = P
�Y � 1722

16.6
>

1745.5� 1722

16.6

�
= P (Z > 1.4)

P (X > 1745) ⇡ P (Y > 1745.5)

⇡ 0.08



Four Prototypical Trajectories
Stretch!

Code: ELO

Noah




Joint Distributions
Noah Arthurs

CS109, Stanford University



Continuous Random Variables

Uniform Random Variable
All values of x between alpha and beta are equally likely.

Normal Random Variable
Aka Gaussian. Defined by mean and variance. Goldilocks distribution.

Exponential Random Variable
Time until an event happens. Parameterized by lambda (same as Poisson).

Beta Random Variable
Coming soon!

X ⇠ Uni(↵,�)

X ⇠ N (µ,�2)

X ⇠ Exp(�)



Four Prototypical Trajectories

Joint Distributions



Many interesting problems…

Have multiple random variables interacting with one another



Multiple Random Variables



Multiple Random Variables



Four Prototypical Trajectories

Events occur with other events



Probability Table for Discrete
• States all possible outcomes with several discrete variables
• A probability table is not “parametric”
• If #variables is > 2, you can have a probability table, but you 

can’t draw it on a slide
All values of A

A
ll 

va
lu

es
 o

f B

0

P(A = 1, B = 1)1

2

0 1 2

Here “,” means “and”

Every 
outcome falls 
into a bucket



• For two discrete random variables X and Y, the            
Joint Probability Mass Function is:

• Marginal distributions:

• Example: X = value of die D1, Y = value of die D2

),(),(, bYaXPbap YX ===

å===
y

YXX yapaXPap ),()()( ,

å===
x

YXY bxpbYPbp ),()()( ,

6
1

36
16

1

6

1
, ),1()1( ==== åå

== yy
YX ypXP

Discrete Joint Mass Function



• Consider households in Silicon Valley
§ A household has X Macs and Y PCs
§ Can’t have more than 3 Macs or 3 PCs

X
Y 0 1 2 3 pY(y)

0 0.16 0.12 ? 0.04

1 0.12 0.14 0.12 0

2 0.07 0.12 0 0

3 0.04 0 0 0

pX(x)

A Computer (or Three) In Every House



• Consider households in Silicon Valley
§ A household has X Macs and Y PCs
§ Can’t have more than 3 Macs or 3 PCs

X
Y 0 1 2 3 pY(y)

0 0.16 0.12 0.07 0.04

1 0.12 0.14 0.12 0

2 0.07 0.12 0 0

3 0.04 0 0 0

pX(x)

A Computer (or Three) In Every House



• Consider households in Silicon Valley
§ A household has X Macs and Y PCs
§ Can’t have more than 3 Macs or 3 PCs

X
Y 0 1 2 3 pY(y)

0 0.16 0.12 0.07 0.04

1 0.12 0.14 0.12 0

2 0.07 0.12 0 0

3 0.04 0 0 0

pX(x)

A Computer (or Three) In Every House

X
Y 0 1 2 3 pY(y)

0 0.16 0.12 0.07 0.04 0.39

1 0.12 0.14 0.12 0 0.38

2 0.07 0.12 0 0 0.19

3 0.04 0 0 0 0.04

pX(x) 0.39 0.38 0.19 0.04 1.00

Marginal distributions



Let’s make our own!
An actual WebMD article:



Permutations

How many ways are there to order n distinct objects?

n!



Binomial

How many ways are there to order n objects such that:
r are the same (indistinguishable)
(n – r) are the same (indistinguishable)?

How many ways are there to make an unordered 
selection of r objects from n objects?

n!

r!(n� r)!
=

✓
n

r

◆

Called the “binomial” because of something from Algebra



Multinomial

How many ways are there to order n objects such that:
n1 are the same (indistinguishable)
n2 are the same (indistinguishable)
…
nr are the same (indistinguishable)?

n!

n1!n2! . . . nr!

Note: Multinomial > Binomial

=

✓
n

n1, n2, . . . , nr

◆



• Consider n independent trials of Ber(p) rand. var.
§ X is number of successes in n trials
§ X is a Binomial Random Variable:  X ~ Bin(n, p)

nipp
i
n

ipiXP ini ,...,1,0    )1()()( =-÷÷
ø

ö
çç
è

æ
=== -

Binomial Distribution

Probability of 
exactly i
successes

Binomial # ways 
of ordering the 

successes

Probability of each 
ordering of i

successes is equal + 
mutually exclusive



• Multinomial distribution
§ n independent trials of experiment performed
§ Each trial results in one of m outcomes, with        

respective probabilities: p1, p2, …, pm where
§ Xi = number of trials with outcome i

where                  and
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=
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The Multinomial

Joint distribution Multinomial # ways of 
ordering the successes

Probabilities of each 
ordering are equal and 

mutually exclusive


