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Announcements
Midterm:
• Tuesday the 23rd 7-9PM
• Covers through today*
• Unlimited notes/textbook, no

calculator or computer.
• More review sheets coming today.
PS4:
• Out today! Problems above the line 

recommended for before midterm.



Review
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CDF of Standard Normal: A 
function that has been solved 

for numerically

The cumulative 
density function 

(CDF) of any normal

N (µ,�2)



Normal Approximates Binomial
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 Bin(100, 0.5)

 Normal(50, 25)

Continuity Correction

64 65

P (X � 65)

What about 64.9?

⇡ P (Y � 64.5)

⇡ 0.0018

If Y (normal) approximates X (binomial)

66



Continuity Correction

Use the continuity correction
when approximating a 
discrete value with a 
continuous distribution 



X ~ Bin(n, p)

Who Gets to Approximate?

Poisson approx. 
n large (> 20), 
p small (< 0.05)

If there is a choice, go with the normal approximation

Normal approx. 
n large (> 20), 
p is mid-ranged
np(1-p) > 10



Probability Table for Discrete
• States all possible outcomes with several discrete variables
• A probability table is not “parametric”
• If #variables is > 2, you can have a probability table, but you 

can’t draw it on a slide
All values of A
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P(A = 1, B = 1)1

2

0 1 2

Here “,” means “and”

Every 
outcome falls 
into a bucket



• For two discrete random variables X and Y, the            
Joint Probability Mass Function is:

• Marginal distributions:

• Example: X = value of die D1, Y = value of die D2
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• Consider households in Silicon Valley
§ A household has X Macs and Y PCs
§ Can’t have more than 3 Macs or 3 PCs

X
Y 0 1 2 3 pY(y)

0 0.16 0.12 ? 0.04

1 0.12 0.14 0.12 0

2 0.07 0.12 0 0

3 0.04 0 0 0

pX(x)

A Computer (or Three) In Every House



• Consider households in Silicon Valley
§ A household has X Macs and Y PCs
§ Can’t have more than 3 Macs or 3 PCs
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Y 0 1 2 3 pY(y)

0 0.16 0.12 0.07 0.04

1 0.12 0.14 0.12 0
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• Consider households in Silicon Valley
§ A household has X Macs and Y PCs
§ Can’t have more than 3 Macs or 3 PCs

X
Y 0 1 2 3 pY(y)

0 0.16 0.12 0.07 0.04

1 0.12 0.14 0.12 0

2 0.07 0.12 0 0

3 0.04 0 0 0

pX(x)

A Computer (or Three) In Every House

X
Y 0 1 2 3 pY(y)

0 0.16 0.12 0.07 0.04 0.39

1 0.12 0.14 0.12 0 0.38

2 0.07 0.12 0 0 0.19

3 0.04 0 0 0 0.04

pX(x) 0.39 0.38 0.19 0.04 1.00

Marginal distributions



End Review



Permutations

How many ways are there to order n distinct objects?

n!



Binomial

How many ways are there to order n objects such that:
r are the same (indistinguishable)
(n – r) are the same (indistinguishable)?

How many ways are there to make an unordered 
selection of r objects from n objects?

n!

r!(n� r)!
=

✓
n

r

◆

Called the “binomial” because of something from Algebra



• Consider n independent trials of Ber(p) rand. var.
§ X is number of successes in n trials
§ X is a Binomial Random Variable:  X ~ Bin(n, p)
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Binomial Distribution

Probability of 
exactly i
successes

Binomial # ways 
of ordering the 

successes

Probability of each 
ordering of i

successes is equal + 
mutually exclusive



Multinomial

How many ways are there to order n objects such that:
n1 are the same (indistinguishable)
n2 are the same (indistinguishable)
…
nr are the same (indistinguishable)?

n!

n1!n2! . . . nr!

Note: Multinomial > Binomial
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n1, n2, . . . , nr
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• Multinomial distribution
§ n independent trials of experiment performed
§ Each trial results in one of m outcomes, with        

respective probabilities: p1, p2, …, pm where
§ Xi = number of trials with outcome i

where                  and
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The Multinomial

Joint distribution Multinomial # ways of 
ordering the successes

Probabilities of each 
ordering are equal and 

mutually exclusive



• 6-sided die is rolled 7 times
§ Roll results: 1 one, 1 two, 0 three, 2 four, 0 five, 3 six

• This is generalization of Binomial distribution
§ Binomial: each trial had 2 possible outcomes
§ Multinomial: each trial has m possible outcomes

7302011
654321

6
1420

6
1

6
1

6
1

6
1

6
1

6
1

!3!0!2!0!1!1
!7    

)3,0,2,0,1,1(

            

÷
ø
ö

ç
è
æ=÷

ø
ö

ç
è
æ

÷
ø
ö

ç
è
æ

÷
ø
ö

ç
è
æ

÷
ø
ö

ç
è
æ

÷
ø
ö

ç
è
æ

÷
ø
ö

ç
è
æ=

====== XXXXXXP

Hello Die Rolls, My Old Friends



• Ignoring order of words, what is probability of any 
given word you write in English?
§ P(word = “the”) > P(word = “transatlantic”)
§ P(word = “Stanford”) > P(word = “Cal”)
§ Probability of each word is just multinomial distribution

• What about probability of those same words in 
someone else’s writing?
§ P(word = “probability” | writer = you) >

P(word = “probability” | writer = non-CS109 student)
§ After estimating P(word | writer) from known writings, 

use Bayes’ Theorem to determine P(writer | word) for 
new writings!

Probabilistic Text Analysis



According to the Global Language Monitor there are 988,968
words in the english language used on the internet.

The

A Document is a Large Multinomial



Example document:
“Pay for Viagra with a credit-card. Viagra is great. 
So are credit-cards. Risk free Viagra. Click for free.”
n = 18 

Text is a Multinomial

Viagra = 2
Free = 2
Risk = 1
Credit-card: 2
…
For = 2
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Probability of seeing 
this document | spam

It’s a Multinomial!

The probability of a word in 
spam email being viagra



Four Prototypical Trajectories

Who wrote the federalist papers?





• Authorship of “Federalist Papers”

§ 85 essays advocating ratification of 
US constitution

§ Written under pseudonym “Publius”
o Really, Alexander Hamilton, James 

Madison and John Jay

§ Who wrote which essays?
o Analyzed probability of words in each 

essay versus word distributions from 
known writings of three authors

Old and New Analysis



Four Prototypical Trajectories

Let’s write a program!



Log Review
log(x) = y implies ey = xlog(x) = y implies ey = x



Log Identities

log(a · b) = log(a) + log(b)

log(a/b) = log(a)� log(b)

log(an) = n · log(a)



Products become Sums!

log(
Y

i

ai) =
X

i

log(ai)

log(a · b) = log(a) + log(b)

This is important because the product of many 
small numbers gets hard for computers to 

represent.



Four Prototypical Trajectories
Stretch!

Code: Hamilton

Noah




Continuous Joint
Noah Arthurs

CS109, Stanford University



Continuous Random Variables

Joint Distributions



Four Prototypical Trajectories

Continuous Joint Distribution



Riding the Marguerite

You are running to the bus stop. 
You don’t know exactly when 
the bus arrives. You arrive at 
2:20pm.

What is P(wait < 5 min)?



Joint Dart Distribution

P(hit within R pixels of center)?

What is the probability that a dart hits at (456.234231234122355, 532.12344123456)?



Joint Dart Distribution

Dart x location
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P(hit within R pixels of center)?



Joint Dart Distribution
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Joint Dart Distribution

Dart x location

D
ar

t y
 lo

ca
tio

n
P(hit within R pixels of center)?



0

y

x
900

900

Joint Dart Distribution

In the limit, as you break down continuous values into 
intestinally small buckets, you end up with 

multidimensional probability density

f(X = x, Y = y)
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A joint probability density function gives the 
relative likelihood of more than one continuous 
random variable each taking on a specific value.

Joint Probability Density Funciton

0
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x 900

900

0 900

900

P (a1 < X < a2, b1 < Y < b2) =

a2Z

x=a1

b2Z

y=b1

f(X = x, Y = y) @y@x
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fX,Y (x, y)

xy

Joint Probability Density Funciton

P (a1 < X < a2, b1 < Y < b2) =

a2Z

x=a1

b2Z

y=b1

f(X = x, Y = y) @y@x
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plot by Academo

Joint Probability Density Function

P (a1 < X < a2, b1 < Y < b2) =

a2Z

x=a1

b2Z

y=b1

f(X = x, Y = y) @y@x
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https://academo.org/demos/3d-surface-plotter/?expression=1/(3*sqrt(2*pi))*exp(-0.5*((x/3)%5e2+(y/3)%5e2))&xRange=-10,10&yRange=-10,10&resolution=25


l Let X and Y be two continuous random variables
§ where 0 ≤ X ≤ 1 and 0 ≤ Y ≤ 2

l We want to integrate g(x,y) = xy w.r.t. X and Y:
§ First, do “innermost” integral (treat y as a constant):

§ Then, evaluate remaining (single) integral:
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Multiple Integrals Without Tears



Marginal probabilities give the distribution of 
a subset of the variables (often, just one) of a 
joint distribution.

Sum/integrate over the variables you don’t 
care about.

Marginalization

pX(a) =
X

y

pX,Y (a, y)

fX(a) =

1Z

�1

fX,Y (a, y) dy

fY (b) =

1Z

�1

fX,Y (x, b) dx



Marginal probabilities give the distribution of 
a subset of the variables (often, just one) of a 
joint distribution.

Sum/integrate over the variables you don’t 
care about.

Marginalization

pX(a) =
X

y

pX,Y (a, y)

fX(a) =

1Z

�1

fX,Y (a, y) dy

fY (b) =

1Z

�1

fX,Y (x, b) dx

P (X = a, Y = y)
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Marginal probabilities give the distribution of 
a subset of the variables (often, just one) of a 
joint distribution.

Sum/integrate over the variables you don’t 
care about.

Marginalization

pX(a) =
X

y

pX,Y (a, y)

fX(a) =

1Z

�1

fX,Y (a, y) dy

fY (b) =

1Z

�1

fX,Y (x, b) dx

P (X = a, Y = y)
<latexit sha1_base64="iZsclaNNnulPiJ7B7+M6Zhcc9RU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCHopFLx4jGA/tA1ls920SzebsLsRQui/8OJBEa/+G2/+G7dtDtr6YODx3gwz8/yYM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo7aKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/MnNzO88UalYJO51GlMvxCPBAkawNtKjW+028MVDIz0flCt2zZ4DrRInJxXI4Q7KX/1hRJKQCk04Vqrn2LH2Miw1I5xOS/1E0RiTCR7RnqECh1R52fziKTozyhAFkTQlNJqrvycyHCqVhr7pDLEeq2VvJv7n9RIdXHsZE3GiqSCLRUHCkY7Q7H00ZJISzVNDMJHM3IrIGEtMtAmpZEJwll9eJe16zbFrzt1lpVnP4yjCCZxCFRy4gibcggstICDgGV7hzVLWi/VufSxaC1Y+cwx/YH3+AMrhj6A=</latexit><latexit sha1_base64="iZsclaNNnulPiJ7B7+M6Zhcc9RU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCHopFLx4jGA/tA1ls920SzebsLsRQui/8OJBEa/+G2/+G7dtDtr6YODx3gwz8/yYM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo7aKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/MnNzO88UalYJO51GlMvxCPBAkawNtKjW+028MVDIz0flCt2zZ4DrRInJxXI4Q7KX/1hRJKQCk04Vqrn2LH2Miw1I5xOS/1E0RiTCR7RnqECh1R52fziKTozyhAFkTQlNJqrvycyHCqVhr7pDLEeq2VvJv7n9RIdXHsZE3GiqSCLRUHCkY7Q7H00ZJISzVNDMJHM3IrIGEtMtAmpZEJwll9eJe16zbFrzt1lpVnP4yjCCZxCFRy4gibcggstICDgGV7hzVLWi/VufSxaC1Y+cwx/YH3+AMrhj6A=</latexit><latexit sha1_base64="iZsclaNNnulPiJ7B7+M6Zhcc9RU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCHopFLx4jGA/tA1ls920SzebsLsRQui/8OJBEa/+G2/+G7dtDtr6YODx3gwz8/yYM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo7aKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/MnNzO88UalYJO51GlMvxCPBAkawNtKjW+028MVDIz0flCt2zZ4DrRInJxXI4Q7KX/1hRJKQCk04Vqrn2LH2Miw1I5xOS/1E0RiTCR7RnqECh1R52fziKTozyhAFkTQlNJqrvycyHCqVhr7pDLEeq2VvJv7n9RIdXHsZE3GiqSCLRUHCkY7Q7H00ZJISzVNDMJHM3IrIGEtMtAmpZEJwll9eJe16zbFrzt1lpVnP4yjCCZxCFRy4gibcggstICDgGV7hzVLWi/VufSxaC1Y+cwx/YH3+AMrhj6A=</latexit><latexit sha1_base64="iZsclaNNnulPiJ7B7+M6Zhcc9RU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCHopFLx4jGA/tA1ls920SzebsLsRQui/8OJBEa/+G2/+G7dtDtr6YODx3gwz8/yYM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo7aKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/MnNzO88UalYJO51GlMvxCPBAkawNtKjW+028MVDIz0flCt2zZ4DrRInJxXI4Q7KX/1hRJKQCk04Vqrn2LH2Miw1I5xOS/1E0RiTCR7RnqECh1R52fziKTozyhAFkTQlNJqrvycyHCqVhr7pDLEeq2VvJv7n9RIdXHsZE3GiqSCLRUHCkY7Q7H00ZJISzVNDMJHM3IrIGEtMtAmpZEJwll9eJe16zbFrzt1lpVnP4yjCCZxCFRy4gibcggstICDgGV7hzVLWi/VufSxaC1Y+cwx/YH3+AMrhj6A=</latexit>

f(X = a, Y = y)
<latexit sha1_base64="ynNUMEnN59f6hfbLOCh/+pVKcGM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCHopFLx4rGA/tA1ls920SzebsLsRQui/8OJBEa/+G2/+G7dpDtr6YODx3gwz87yIM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo44KY0lom4Q8lD0PK8qZoG3NNKe9SFIceJx2venN3O8+UalYKO51ElE3wGPBfEawNtKjX+018MVDIzkflit2zc6AVomTkwrkaA3LX4NRSOKACk04Vqrv2JF2Uyw1I5zOSoNY0QiTKR7TvqECB1S5aXbxDJ0ZZYT8UJoSGmXq74kUB0olgWc6A6wnatmbi/95/Vj7127KRBRrKshikR9zpEM0fx+NmKRE88QQTCQztyIywRITbUIqmRCc5ZdXSadec+yac3dZadbzOIpwAqdQBQeuoAm30II2EBDwDK/wZinrxXq3PhatBSufOYY/sD5/AOz/j7Y=</latexit><latexit sha1_base64="ynNUMEnN59f6hfbLOCh/+pVKcGM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCHopFLx4rGA/tA1ls920SzebsLsRQui/8OJBEa/+G2/+G7dpDtr6YODx3gwz87yIM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo44KY0lom4Q8lD0PK8qZoG3NNKe9SFIceJx2venN3O8+UalYKO51ElE3wGPBfEawNtKjX+018MVDIzkflit2zc6AVomTkwrkaA3LX4NRSOKACk04Vqrv2JF2Uyw1I5zOSoNY0QiTKR7TvqECB1S5aXbxDJ0ZZYT8UJoSGmXq74kUB0olgWc6A6wnatmbi/95/Vj7127KRBRrKshikR9zpEM0fx+NmKRE88QQTCQztyIywRITbUIqmRCc5ZdXSadec+yac3dZadbzOIpwAqdQBQeuoAm30II2EBDwDK/wZinrxXq3PhatBSufOYY/sD5/AOz/j7Y=</latexit><latexit sha1_base64="ynNUMEnN59f6hfbLOCh/+pVKcGM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCHopFLx4rGA/tA1ls920SzebsLsRQui/8OJBEa/+G2/+G7dpDtr6YODx3gwz87yIM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo44KY0lom4Q8lD0PK8qZoG3NNKe9SFIceJx2venN3O8+UalYKO51ElE3wGPBfEawNtKjX+018MVDIzkflit2zc6AVomTkwrkaA3LX4NRSOKACk04Vqrv2JF2Uyw1I5zOSoNY0QiTKR7TvqECB1S5aXbxDJ0ZZYT8UJoSGmXq74kUB0olgWc6A6wnatmbi/95/Vj7127KRBRrKshikR9zpEM0fx+NmKRE88QQTCQztyIywRITbUIqmRCc5ZdXSadec+yac3dZadbzOIpwAqdQBQeuoAm30II2EBDwDK/wZinrxXq3PhatBSufOYY/sD5/AOz/j7Y=</latexit><latexit sha1_base64="ynNUMEnN59f6hfbLOCh/+pVKcGM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCHopFLx4rGA/tA1ls920SzebsLsRQui/8OJBEa/+G2/+G7dpDtr6YODx3gwz87yIM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo44KY0lom4Q8lD0PK8qZoG3NNKe9SFIceJx2venN3O8+UalYKO51ElE3wGPBfEawNtKjX+018MVDIzkflit2zc6AVomTkwrkaA3LX4NRSOKACk04Vqrv2JF2Uyw1I5zOSoNY0QiTKR7TvqECB1S5aXbxDJ0ZZYT8UJoSGmXq74kUB0olgWc6A6wnatmbi/95/Vj7127KRBRrKshikR9zpEM0fx+NmKRE88QQTCQztyIywRITbUIqmRCc5ZdXSadec+yac3dZadbzOIpwAqdQBQeuoAm30II2EBDwDK/wZinrxXq3PhatBSufOYY/sD5/AOz/j7Y=</latexit>



Marginal probabilities give the distribution of 
a subset of the variables (often, just one) of a 
joint distribution.

Sum/integrate over the variables you don’t 
care about.

Marginalization

pX(a) =
X

y

pX,Y (a, y)

fX(a) =

1Z

�1

fX,Y (a, y) dy

fY (b) =

1Z

�1

fX,Y (x, b) dx

P (X = a, Y = y)
<latexit sha1_base64="iZsclaNNnulPiJ7B7+M6Zhcc9RU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCHopFLx4jGA/tA1ls920SzebsLsRQui/8OJBEa/+G2/+G7dtDtr6YODx3gwz8/yYM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo7aKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/MnNzO88UalYJO51GlMvxCPBAkawNtKjW+028MVDIz0flCt2zZ4DrRInJxXI4Q7KX/1hRJKQCk04Vqrn2LH2Miw1I5xOS/1E0RiTCR7RnqECh1R52fziKTozyhAFkTQlNJqrvycyHCqVhr7pDLEeq2VvJv7n9RIdXHsZE3GiqSCLRUHCkY7Q7H00ZJISzVNDMJHM3IrIGEtMtAmpZEJwll9eJe16zbFrzt1lpVnP4yjCCZxCFRy4gibcggstICDgGV7hzVLWi/VufSxaC1Y+cwx/YH3+AMrhj6A=</latexit><latexit sha1_base64="iZsclaNNnulPiJ7B7+M6Zhcc9RU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCHopFLx4jGA/tA1ls920SzebsLsRQui/8OJBEa/+G2/+G7dtDtr6YODx3gwz8/yYM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo7aKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/MnNzO88UalYJO51GlMvxCPBAkawNtKjW+028MVDIz0flCt2zZ4DrRInJxXI4Q7KX/1hRJKQCk04Vqrn2LH2Miw1I5xOS/1E0RiTCR7RnqECh1R52fziKTozyhAFkTQlNJqrvycyHCqVhr7pDLEeq2VvJv7n9RIdXHsZE3GiqSCLRUHCkY7Q7H00ZJISzVNDMJHM3IrIGEtMtAmpZEJwll9eJe16zbFrzt1lpVnP4yjCCZxCFRy4gibcggstICDgGV7hzVLWi/VufSxaC1Y+cwx/YH3+AMrhj6A=</latexit><latexit sha1_base64="iZsclaNNnulPiJ7B7+M6Zhcc9RU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCHopFLx4jGA/tA1ls920SzebsLsRQui/8OJBEa/+G2/+G7dtDtr6YODx3gwz8/yYM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo7aKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/MnNzO88UalYJO51GlMvxCPBAkawNtKjW+028MVDIz0flCt2zZ4DrRInJxXI4Q7KX/1hRJKQCk04Vqrn2LH2Miw1I5xOS/1E0RiTCR7RnqECh1R52fziKTozyhAFkTQlNJqrvycyHCqVhr7pDLEeq2VvJv7n9RIdXHsZE3GiqSCLRUHCkY7Q7H00ZJISzVNDMJHM3IrIGEtMtAmpZEJwll9eJe16zbFrzt1lpVnP4yjCCZxCFRy4gibcggstICDgGV7hzVLWi/VufSxaC1Y+cwx/YH3+AMrhj6A=</latexit><latexit sha1_base64="iZsclaNNnulPiJ7B7+M6Zhcc9RU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCHopFLx4jGA/tA1ls920SzebsLsRQui/8OJBEa/+G2/+G7dtDtr6YODx3gwz8/yYM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo7aKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/MnNzO88UalYJO51GlMvxCPBAkawNtKjW+028MVDIz0flCt2zZ4DrRInJxXI4Q7KX/1hRJKQCk04Vqrn2LH2Miw1I5xOS/1E0RiTCR7RnqECh1R52fziKTozyhAFkTQlNJqrvycyHCqVhr7pDLEeq2VvJv7n9RIdXHsZE3GiqSCLRUHCkY7Q7H00ZJISzVNDMJHM3IrIGEtMtAmpZEJwll9eJe16zbFrzt1lpVnP4yjCCZxCFRy4gibcggstICDgGV7hzVLWi/VufSxaC1Y+cwx/YH3+AMrhj6A=</latexit>

f(X = a, Y = y)
<latexit sha1_base64="ynNUMEnN59f6hfbLOCh/+pVKcGM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCHopFLx4rGA/tA1ls920SzebsLsRQui/8OJBEa/+G2/+G7dpDtr6YODx3gwz87yIM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo44KY0lom4Q8lD0PK8qZoG3NNKe9SFIceJx2venN3O8+UalYKO51ElE3wGPBfEawNtKjX+018MVDIzkflit2zc6AVomTkwrkaA3LX4NRSOKACk04Vqrv2JF2Uyw1I5zOSoNY0QiTKR7TvqECB1S5aXbxDJ0ZZYT8UJoSGmXq74kUB0olgWc6A6wnatmbi/95/Vj7127KRBRrKshikR9zpEM0fx+NmKRE88QQTCQztyIywRITbUIqmRCc5ZdXSadec+yac3dZadbzOIpwAqdQBQeuoAm30II2EBDwDK/wZinrxXq3PhatBSufOYY/sD5/AOz/j7Y=</latexit><latexit sha1_base64="ynNUMEnN59f6hfbLOCh/+pVKcGM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCHopFLx4rGA/tA1ls920SzebsLsRQui/8OJBEa/+G2/+G7dpDtr6YODx3gwz87yIM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo44KY0lom4Q8lD0PK8qZoG3NNKe9SFIceJx2venN3O8+UalYKO51ElE3wGPBfEawNtKjX+018MVDIzkflit2zc6AVomTkwrkaA3LX4NRSOKACk04Vqrv2JF2Uyw1I5zOSoNY0QiTKR7TvqECB1S5aXbxDJ0ZZYT8UJoSGmXq74kUB0olgWc6A6wnatmbi/95/Vj7127KRBRrKshikR9zpEM0fx+NmKRE88QQTCQztyIywRITbUIqmRCc5ZdXSadec+yac3dZadbzOIpwAqdQBQeuoAm30II2EBDwDK/wZinrxXq3PhatBSufOYY/sD5/AOz/j7Y=</latexit><latexit sha1_base64="ynNUMEnN59f6hfbLOCh/+pVKcGM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCHopFLx4rGA/tA1ls920SzebsLsRQui/8OJBEa/+G2/+G7dpDtr6YODx3gwz87yIM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo44KY0lom4Q8lD0PK8qZoG3NNKe9SFIceJx2venN3O8+UalYKO51ElE3wGPBfEawNtKjX+018MVDIzkflit2zc6AVomTkwrkaA3LX4NRSOKACk04Vqrv2JF2Uyw1I5zOSoNY0QiTKR7TvqECB1S5aXbxDJ0ZZYT8UJoSGmXq74kUB0olgWc6A6wnatmbi/95/Vj7127KRBRrKshikR9zpEM0fx+NmKRE88QQTCQztyIywRITbUIqmRCc5ZdXSadec+yac3dZadbzOIpwAqdQBQeuoAm30II2EBDwDK/wZinrxXq3PhatBSufOYY/sD5/AOz/j7Y=</latexit><latexit sha1_base64="ynNUMEnN59f6hfbLOCh/+pVKcGM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCHopFLx4rGA/tA1ls920SzebsLsRQui/8OJBEa/+G2/+G7dpDtr6YODx3gwz87yIM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo44KY0lom4Q8lD0PK8qZoG3NNKe9SFIceJx2venN3O8+UalYKO51ElE3wGPBfEawNtKjX+018MVDIzkflit2zc6AVomTkwrkaA3LX4NRSOKACk04Vqrv2JF2Uyw1I5zOSoNY0QiTKR7TvqECB1S5aXbxDJ0ZZYT8UJoSGmXq74kUB0olgWc6A6wnatmbi/95/Vj7127KRBRrKshikR9zpEM0fx+NmKRE88QQTCQztyIywRITbUIqmRCc5ZdXSadec+yac3dZadbzOIpwAqdQBQeuoAm30II2EBDwDK/wZinrxXq3PhatBSufOYY/sD5/AOz/j7Y=</latexit>

P (X = a)
<latexit sha1_base64="bOmdzfStL23T2j/tDOC62KFJhrU=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpewWQS9CwYvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPBjfW8b7S2vrG5tV3YKe7u7R8clo6OW0almrImVULpTkgME1yypuVWsE6iGYlDwdrh+Hbmt5+YNlzJBztJWBCToeQRp8Q6qdWodG7IRb9U9qreHHiV+DkpQ45Gv/TVGyiaxkxaKogxXd9LbJARbTkVbFrspYYlhI7JkHUdlSRmJsjm107xuVMGOFLalbR4rv6eyEhszCQOXWdM7MgsezPxP6+b2ug6yLhMUsskXSyKUoGtwrPX8YBrRq2YOEKo5u5WTEdEE2pdQEUXgr/88ipp1aq+V/XvL8v1Wh5HAU7hDCrgwxXU4Q4a0AQKj/AMr/CGFHpB7+hj0bqG8pkT+AP0+QNRLY49</latexit><latexit sha1_base64="bOmdzfStL23T2j/tDOC62KFJhrU=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpewWQS9CwYvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPBjfW8b7S2vrG5tV3YKe7u7R8clo6OW0almrImVULpTkgME1yypuVWsE6iGYlDwdrh+Hbmt5+YNlzJBztJWBCToeQRp8Q6qdWodG7IRb9U9qreHHiV+DkpQ45Gv/TVGyiaxkxaKogxXd9LbJARbTkVbFrspYYlhI7JkHUdlSRmJsjm107xuVMGOFLalbR4rv6eyEhszCQOXWdM7MgsezPxP6+b2ug6yLhMUsskXSyKUoGtwrPX8YBrRq2YOEKo5u5WTEdEE2pdQEUXgr/88ipp1aq+V/XvL8v1Wh5HAU7hDCrgwxXU4Q4a0AQKj/AMr/CGFHpB7+hj0bqG8pkT+AP0+QNRLY49</latexit><latexit sha1_base64="bOmdzfStL23T2j/tDOC62KFJhrU=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpewWQS9CwYvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPBjfW8b7S2vrG5tV3YKe7u7R8clo6OW0almrImVULpTkgME1yypuVWsE6iGYlDwdrh+Hbmt5+YNlzJBztJWBCToeQRp8Q6qdWodG7IRb9U9qreHHiV+DkpQ45Gv/TVGyiaxkxaKogxXd9LbJARbTkVbFrspYYlhI7JkHUdlSRmJsjm107xuVMGOFLalbR4rv6eyEhszCQOXWdM7MgsezPxP6+b2ug6yLhMUsskXSyKUoGtwrPX8YBrRq2YOEKo5u5WTEdEE2pdQEUXgr/88ipp1aq+V/XvL8v1Wh5HAU7hDCrgwxXU4Q4a0AQKj/AMr/CGFHpB7+hj0bqG8pkT+AP0+QNRLY49</latexit><latexit sha1_base64="bOmdzfStL23T2j/tDOC62KFJhrU=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpewWQS9CwYvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPBjfW8b7S2vrG5tV3YKe7u7R8clo6OW0almrImVULpTkgME1yypuVWsE6iGYlDwdrh+Hbmt5+YNlzJBztJWBCToeQRp8Q6qdWodG7IRb9U9qreHHiV+DkpQ45Gv/TVGyiaxkxaKogxXd9LbJARbTkVbFrspYYlhI7JkHUdlSRmJsjm107xuVMGOFLalbR4rv6eyEhszCQOXWdM7MgsezPxP6+b2ug6yLhMUsskXSyKUoGtwrPX8YBrRq2YOEKo5u5WTEdEE2pdQEUXgr/88ipp1aq+V/XvL8v1Wh5HAU7hDCrgwxXU4Q4a0AQKj/AMr/CGFHpB7+hj0bqG8pkT+AP0+QNRLY49</latexit>

f(X = a)
<latexit sha1_base64="VJX02wjN1OjxsORw+dKfsCdhRKQ=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJewGQS9CwIvHCOYByRJmJ7PJmHksM7NCWPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUcKZsb7/7a2tb2xubRd2irt7+weHpaPjllGpJrRJFFe6E2FDOZO0aZnltJNoikXEaTsa38789hPVhin5YCcJDQUeShYzgq2TWnGlc4Mv+qWyX/XnQKskyEkZcjT6pa/eQJFUUGkJx8Z0Az+xYYa1ZYTTabGXGppgMsZD2nVUYkFNmM2vnaJzpwxQrLQradFc/T2RYWHMRESuU2A7MsveTPzP66Y2vg4zJpPUUkkWi+KUI6vQ7HU0YJoSyyeOYKKZuxWREdaYWBdQ0YUQLL+8Slq1auBXg/vLcr2Wx1GAUziDCgRwBXW4gwY0gcAjPMMrvHnKe/HevY9F65qXz5zAH3ifP3LzjlM=</latexit><latexit sha1_base64="VJX02wjN1OjxsORw+dKfsCdhRKQ=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJewGQS9CwIvHCOYByRJmJ7PJmHksM7NCWPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUcKZsb7/7a2tb2xubRd2irt7+weHpaPjllGpJrRJFFe6E2FDOZO0aZnltJNoikXEaTsa38789hPVhin5YCcJDQUeShYzgq2TWnGlc4Mv+qWyX/XnQKskyEkZcjT6pa/eQJFUUGkJx8Z0Az+xYYa1ZYTTabGXGppgMsZD2nVUYkFNmM2vnaJzpwxQrLQradFc/T2RYWHMRESuU2A7MsveTPzP66Y2vg4zJpPUUkkWi+KUI6vQ7HU0YJoSyyeOYKKZuxWREdaYWBdQ0YUQLL+8Slq1auBXg/vLcr2Wx1GAUziDCgRwBXW4gwY0gcAjPMMrvHnKe/HevY9F65qXz5zAH3ifP3LzjlM=</latexit><latexit sha1_base64="VJX02wjN1OjxsORw+dKfsCdhRKQ=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJewGQS9CwIvHCOYByRJmJ7PJmHksM7NCWPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUcKZsb7/7a2tb2xubRd2irt7+weHpaPjllGpJrRJFFe6E2FDOZO0aZnltJNoikXEaTsa38789hPVhin5YCcJDQUeShYzgq2TWnGlc4Mv+qWyX/XnQKskyEkZcjT6pa/eQJFUUGkJx8Z0Az+xYYa1ZYTTabGXGppgMsZD2nVUYkFNmM2vnaJzpwxQrLQradFc/T2RYWHMRESuU2A7MsveTPzP66Y2vg4zJpPUUkkWi+KUI6vQ7HU0YJoSyyeOYKKZuxWREdaYWBdQ0YUQLL+8Slq1auBXg/vLcr2Wx1GAUziDCgRwBXW4gwY0gcAjPMMrvHnKe/HevY9F65qXz5zAH3ifP3LzjlM=</latexit><latexit sha1_base64="VJX02wjN1OjxsORw+dKfsCdhRKQ=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJewGQS9CwIvHCOYByRJmJ7PJmHksM7NCWPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUcKZsb7/7a2tb2xubRd2irt7+weHpaPjllGpJrRJFFe6E2FDOZO0aZnltJNoikXEaTsa38789hPVhin5YCcJDQUeShYzgq2TWnGlc4Mv+qWyX/XnQKskyEkZcjT6pa/eQJFUUGkJx8Z0Az+xYYa1ZYTTabGXGppgMsZD2nVUYkFNmM2vnaJzpwxQrLQradFc/T2RYWHMRESuU2A7MsveTPzP66Y2vg4zJpPUUkkWi+KUI6vQ7HU0YJoSyyeOYKKZuxWREdaYWBdQ0YUQLL+8Slq1auBXg/vLcr2Wx1GAUziDCgRwBXW4gwY0gcAjPMMrvHnKe/HevY9F65qXz5zAH3ifP3LzjlM=</latexit>
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Cumulative Density Function (CDF):
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Joint Cumulative Density Function

FX,Y (a, b) = P (X < a, Y < b)
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to 0 as
x → -∞,
y → -∞,

to 1 as
x → +∞,
y → +∞,

plot by Academo

Joint CDF

FX,Y (a, b) = P (X < a, Y < b)
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https://academo.org/demos/3d-surface-plotter/?expression=1/(1+exp(-x))*1/(1+exp(-y))&xRange=-10,10&yRange=-10,10&resolution=25
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Probability for Instagram!



Gaussian Blur
In image processing, a Gaussian blur is the result of blurring 
an image by a Gaussian function. It is a widely used effect in 
graphics software, typically to reduce image noise. 

Gaussian blurring with StDev = 3, is based on a joint probability 
distribution:
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Joint PDF

Joint CDF

Used to generate this weight matrix



Gaussian Blur

fX,Y (x, y) =
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Joint PDF

Joint CDF

Each pixel is given a weight equal to the 
probability that X and Y are both within the 
pixel bounds. The center pixel covers the area 
where 

-0.5 ≤ x ≤ 0.5 and -0.5 ≤ y ≤ 0.5
What is the weight of the center pixel?
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How do you integrate under a circle?

f(X = x, Y = y)
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