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Review



Discrete Conditional Distributions

- Recall that for events E and F:

P(E|F)= 1;555)) where P(F)>0

- Now, have X and Y as discrete random variables
» Conditional PMF of X given Y:

Pry(x|y)=P(X =x|Y=y)= P(X=xY=Yy) _ Pxy (%))

» /\ PY =y) Py(y)

Different notations,
same idea.



Continuous Conditional Distributions

Let X and Y be continuous random variables

P(X = aly —y) = LE=2Y =0)

P(Y =y)
Epsilons ( —
are just for fX|y(x‘y) e, = fx,y (33729) €z * €y
derivation | Iy (Y) - €y )
Youcan ~
fx v (@,y)

skip to this zly) =
version | Fxiv ly) fy () Y




Mixing Discrete and Continuous

Let N be a discrete random variable

— B . P(N=nX=2)P(X =x)
P(X =x|N =n) = PN = 1)
Discrete
X = Py x(n|z)Py (x)
PX|N(:C‘n) — | PN (n)
B ¥ (x‘n) . — PN|X(n‘$)fX (aj) Cx
Continuous | Py (n)
X —
f b ol = Prax (D) (@ ‘
e P, (n)
- y




All the Bayes Belong to Us

M,N are discrete. X, Y are continuous

%0\'35 mln) — PN|M (n|m)pM (m)
06 pM|N( ’ ) Dy (n)
e> > PN X(n|x)fx (:C)
\\]\'\‘/\%0\' fX|N('CE|n) | PN n)
L (i) — fiw (@n)py (1)
s fe(@)
e Foox (l2) f (@)
CO(\\\(\ fX|Y (Qf‘y) fy (y)



Warmup: Bayes Revisited

Likelihood of

\ef-\o(' \OQ’\.\Qj eVide{e \}Or‘ be/ief
P0°
1}1'33 ~ PEB) P(®B)
P(E)

|

Normalization constant



Tracking in 2D Space: Prior

Prior belief ! ( ) 1 _[(CC—M:c)z—i—(Qy—My)Q]
rior belief: (T, y) = e 7o
’ 2702
4 I
5. fX’Y(x’,y). | Satellite is at (0, 0)
A b |
3 .
| Ly =
Y fy =
| 0 —
_5_§ - - - .x. " - 3. .—,5
\_ J

 [(2=3)%24+(y—3)?]

Prior beliefwith K: [y o (z,y) = K - € 8



Tracking in 2D Space: Observation!

Observe a ping of the object that i1s distance D away from satellite!

D|X,Y ~ N(p= a2 +y? 0> = 1)

p = actual distance

>

Probability Density

Value of d

Know that the distance of a ping 1s normal with respect to the true
distance.



Tracking in 2D Space: Observation!

Observe a ping of the object that i1s distance D = 4 away!

ln ‘/x2_|_y2:4

u = actual distance

>

Probability Density

Value of d

Know that the distance of a ping 1s normal with respect to the true
distance



Tracking in 2D Space: New Belief

f(D =4)
. [4—\/x§+y2>21

B [(w—3>2—§<y—3>2]

Kl-e 'Kg'e

f(D=4)
[[4—\/a:z+y2>21+[<x—3>2—§<y—3>21}
f(D = 4)

_[(4—\/w2+y2>2+[<x—3>2+<y—3>21}
2 &

_Kg'e_

:K4°€



Tracking in 2D Space: Posterior
fx,v

5| (top view)

Xo
-

-5 5

Posterior



Joint Expectation
E[X] = xp(x)

Expectation over a joint isn’t nicely defined because it is not
clear how to compose the multiple variables:
« Add them? Multiply them?

Lemma: For a function g(X,Y) we can calculate the
expectation of that function:

Elg(X,Y)] =) g(z,y)p(z,y)

Recall, this also holds for single random variables:

Elg(X)] =) g(z)p(x)



Independent Discrete Variables

- Two discrete random variables X and Y are
called independent if:

p(x,y)=py(x)py(y) forallx,y
P X=z,Y=y)=PX=x) PY =y)

- Intuitively: knowing the value of X tells us nothing
about the distribution of Y (and vice versa)
« |f two variables are not independent, they are called

dependent

- Similar conceptually to independent events, but
we are dealing with multiple variables

« Keep your events and variables distinct (and clear)!




Is Year Independent of Lunch?

Joint Probability Table

Dining Hall Eating Club Cafe Self-made Marginal Year
Freshman 0.00 0.02 0.00 0.05
Sophomore 0.50 0.15 0.03 0.03 0.68 ]
Junior 0.08 0.02 0.02 0.02 0.12
Senior 0.02 0.05 0.01 0.01 0.08
5+ 0.02 0.01 0.05 0.05 0.07
Marginal Statusli 0.65 I 0.22 0.12 0.11

For all values of Year, Status:

P(Year =y, Lunch=s) = P(Year = y)P(Lunch = s)

0.50

0.68

0.65



Is Year Independent of Lunch?

Joint Probability Table

Dining Hall Eating Club Cafe Self-made Marginal Year
Freshman 0.03 0.00 0.00 005
Sophomore 0.50 0.15 l 0.03 I 0.03 0.68 ]
Junior 0.08 0.02 0.02 0.02 0.12
Senior 0.02 0.05 0.01 0.01 0.08
5+ 0.02 0.01 0.05 0.05 0.07
Marginal Status 0.65 0.22 0.12 0.1

For all values of Year, Status:
P(Year =y, Lunch=s) = P(Year = y)P(Lunch = s)

0.68

N
0.0
No ®

0.12

/

8



Coin Flips

Flip coin with probability p of “heads”
= Flip coin a total of n + m times

« Let X = number of heads in first n flips

« Let Y = number of heads in next m flips

n [ m —
P(X=x,Y=y)=( jp’“(l—p) ( ]py(l—p) ’
A Y
= P(X =x)P(Y = )
« Xand Y are independent
« Let Z = number of total heads in n + m flips

» Are X and Z independent?
- What if you are told Z = 0?



Independent Continuous Variables

- Two continuous random variables X and Y are
called independent if:

P(X<a,Y<b)=P(X<a)P(Y<Db) forany a, b

- Equivalently:
Fy(a,b)y=F,(a)F,(b) foralla,b
fX,Y (a,b)= fy(a)f,(b) toralla,b

- More generally, joint density factors separately:
Jxy(x,¥)=h(x)g(y) where —co<x,y <o



| owe you a (better) proof

Theorem: X and Y are independent if there exist h
and g such that fy y(x,¥) = h(x)g(y).
Proof: Let such X, Y, h, g exist.

| fndc= [ hegwddx - 100 =g [ hedx = cg)

| frndy= | r@etdy - fx0) =he) | g@Idy = h)
y y y

_ fx()fy(y) _ L
Hx,yfx,y(x,wdydx = jx’y e, dxdy = - fX(x)dxjy fr(y)dy

1C2 X
1
C1C2

-1 =

*1*%] - C1Cp = 1

fey () = () g(y) =LK — £ 66 () m

C1C2



End Review



Joint Random Variables

<

CIISS] S

Use a joint table, density function or CDF to
solve probability question

Think about conditional probabilities with
joint variables (which might be continuous)

Use and find expectation of multiple RVS

Use and find independence of multiple RVS

What happens when you add random variables?



Zero Sum Games

What is the probability that the Warriors win?
How do you model zero sum games?

B S5 \

L




Motivating Idea: Zero Sum Games

How it works:

« Each team has an “ELO” score S, calculated
based on their past performance.

« Each game, the team has ability 4 ~ N(S, 200?)

* The team with the higher sampled ability wins.

Ap ~ N(1555,200%) Aw ~ N(1797,2007)
-~ - N
A \\/’ \\
= /. s R
1555 1797 ability

P(Warriors win) = P(Aw > Ap)



Motivating Idea: Zero Sum Games
Aw ~ N (1797, 2007)
Ap ~ N(1555,200%)
P(Warriors win) = P(Aw > Ap)

P(Warriors win) = P(Aw — A > 0)

In class we solved this by sampling. But that 1s a bit of a
“cheat” and 1s computationally expensive.

Sums (or subtractions) of random variables show up all the
time. But we have no explicit tools for dealing with them!

Challenge: try and come up with the way to solve this by the
end of class



Sum of Independent Binomials

Let X and Y be independent binomials with the
same value for p:

« X~ Bin(n{, p)and Y ~ Bin(n,, p)

« X+Y ~Bin(n, +ny,, p)

Intuition:

» X has n, trials and Y has n, trials
o Each trial has same “success” probability p

« Define Z to be n; + n, trials, each with success prob. p
« Z~Bin(ny +ny, p),andalsoZ=X+Y



If only it were always that simple



The Insight to Convolution

Imagine a game
where each player independently scores between 0 and 100 points:

Let X be the amount of points you score.
Let Y be the amount of points your opponent scores.
Let’s say you know P(X = x) and P(Y =Yy).

What 1s the probability of a tie?




The Insight to Convolution Proofs

What is the P(X +Y =n)?

probability
that X +Y =n2  PX+Y =n)= zyv =i, Y =n—1)

X Y I
1 n-1 | P(X=1Y =n-1)
2 n-2 2 P(X=2Y =n-2)




The Insight to Convolution Proofs

What is the PX +Y =n)?
Probdblm-y
that X +Y = n?
Since this g the OR
) mufually exclusjye ev .
P(Xer:n):ZP(X:k,Y:n_k) ents
k=0

If the random Variab|eg

n are independemL
=) PX =KPY =n—k



Sum of Two Dice

Let X+Y be the value of the sum of two dice

(aka two independent random variables)

n

= kY =n—k)

» P(X

k

~ @~

Ne
ve
PN - <t
RN
ooy O

~ TN TN~



Sum of Independent Poissons



Sum of Independent Poissons

Let X and Y be independent random variables
« X~Poi(A;) and Y ~ Poi(A,)

- X+Y ~Poi(h, + A,)

Proof: (just for reference)

» Rewrite ( X+Y =n)as(X=k,Y=n—-k)where0<k<n
P(X+Y=n):ZH:P(sz,Y:n—k):iP(X:k)P(Y:n—k)

_Z —/11_ —ﬂa /12_]( —(/11+22)z ﬂﬂﬂ'_k _MIMZ) C n! ﬂf /Ig—k
=0 k! (n—k)! o kl(n— k)' nl = kl(n—k)!
. Noting Binomial theorem: (4, +4) =Y , A
—(X4+2) k=0 k! (n k)'

« P(X+Y =n)=2

(4, +4,) so, X +Y =n~Poi(h, +21,)



Reference: Sum of Independent RVs

- Let Xand Y be independent Binomial RVs
« X~ Bin(n{, p)and Y ~ Bin(n,, p)
« X+Y ~Bin(ny +ny,, p)
« More generally, let X; ~ Bin(n;, p) for 1 </ <N, then

(i)(ijvain(ﬁni, pj
- Let X and Y be independent Poisson RVs
« X~Poi(A;) and Y ~ Poi(A,)

u X + Y ~ PO'(}MI + 7\~2)
= More generally, let X, ~ Poi(A,) for 1 </ < N, then

l



Sum of Independent Normals

- Let Xand Y be independent random variables
- X~ N(Mli C512) and Y ~ N(MZ’ C722)
« X+ Y ~N(u + by, 0% + 6,79)

. Generally, have n independent random variables
Xi~N(u, o2 for i=1,2, ..., n:

\_i=I i=1




Virus Infections

. Say you are working with the WHO to plan a
response to a the initial conditions of a virus:
» Two exposed groups
« P1: 50 people, each independently infected with p = 0.1
« P2: 100 people, each independently infected with p = 0.4
= Question: Probability of more than 40 infections?

Sanity check: Should we use the
Binomial Sum-of-RVs shortcut?
A. YES!

B. NO!

C. Other/none/more



Virus Infections

.- Say you are working with the WHO to plan a
response to a the initial conditions of a virus:

» Two exposed groups
« P1: 50 people, each independently infected with p = 0.1
« P2: 100 people, each independently infected with p = 0.4
« A =#infected in P1 A ~ Bin(50, 0.1) =X~ N(5, 4.5)
» B=#infectedinP2 B ~Bin(100, 0.4) Y ~ N(40, 24)
« What is P(= 40 people infected)?
 PA+B=240)~P(X+Y =39.5)
« X+Y=W~N(5+40=45,4.5+ 24 = 28.5)

W—-45 39.5-45

>
\28.5 V28.5

P(W >39.5) =P( j=1—cp(—1.03) ~ 0.8485



Linear Transform

Correct:  x~nN(uo?

Y=X+X=2-X

Y ~ N(2u,40°)

Incorrect: v=x+x-2.x

X +X ~N(u+p,0°+0?)

Y ~ N(2u,20°)



Motivating Idea: Zero Sum Games

How it works:

« Each team has an “ELO” score S, calculated
based on their past performance.

« Each game, the team has ability 4 ~ N(S, 200?)

* The team with the higher sampled ability wins.

Ap ~ N(1555,200%) Aw ~ N(1797,2007)
-~ - N
A \\/’ \\
= /. s R
1555 1797 ability

P(Warriors win) = P(Aw > Ap)



Motivating Idea: Zero Sum Games
Ap ~ N(1555,200%) Aw ~ N(1797,2007)

P(Warriors win) = P(Aw > Ap)
= P(AW — A > O)

D= Ay — Ap
D ~ N(p = 1795 — 1555, 05 = 2 - 200%)
~ N(u = 240,09 = 283)

0 — 240
P(D>0):FD(0):1—<I>( = )z0.65
-~ -~
/’ \\/’ \\
< // //\ \

1555 1797 ability



Convolution of Probability Distributions

We talked about sum of Binomial, Normal
and Poisson...who’s missing from this
party?

Uniform.



Generalized Convolution

Let X and Y be discrete RV’s:
px+yv(@) = Xy P(X +Y = alY =y)P(Y =y)
= 2y P(X =a —y|Y =y)P(Y =y)
If X and Y are independent...
= Y, P(X=a—y)P(Y=y)

= Zy px(a—y)py (¥)



Generalized Convolution

Let X and Y be continuous RV’s:

frav(@ = [~ fX+Y =alY =y)f(Y = y)dy

= [,_ o fX=a —ylY =y)f(Y = y)dy

If X and Y are independent...

= [, _ofX =a —yf( =y)dy

— fy_ _oofx(a - ¥)fy(y)dy



Dance, Dance Convolution

- Let Xand Y be independent random variables

» Cumulative Distribution Function (CDF) of X + Y

F,.,(a)=P(X+Y <a) e
o=l j j Sr@D ) dedy = L L@ fy () dx f(3) dy

N
O
jF @ foydy PR

» In discrete case, replace j with D, and f(y) with p()
y=—00 y



Sum of Independent Uniforms

X ~ Uni(0,1) Y ~ Uni(0,1) o D
X and Y are independent f X+Y ( ) )

fx+v (o /f =k Y =a—k) dk

k=—o0

fx+y (@ / fX — k) dk

k=—o0



Sum of Independent Uniforms

X ~ Uni(0,1) Y ~ Uni(0,1) o D
X and Y are independent f X+Y ( ) )




Sum of Independent Uniforms

X ~ Uni(0,1) Y ~ Uni(0,1) o D
X and Y are independent f X+Y ( ) )

frovi@) = [ JOX=BAY =a 1) db

k=—o0



Sum of Independent Uniforms

X ~ Uni(0,1) Y ~ Uni(0,1) o D
X and Y are independent f X+Y ( ) )

frovi@) = [ JOX=BAY =a 1) db

k=—o0

For both X and Y



Sum of Independent Uniforms

X ~ Uni(0,1) Y ~ Uni(0,1) o D
X and Y are independent f X+Y ( ) )

Frsv(a) = / FX = B)f(Y = a— k) di

k=—o0

ISNT THIS JUST ONE!?12i221 D2

7 (R

For both X and Y



Sum of Independent Uniforms

X ~ Uni(0,1) Y ~ Uni(0,1) o D
X and Y are independent f X+Y ( ) )

Frsv(a) = / FX = B)f(Y = a— k) di

k=—o0

of k, the
densities of fx

For these values L
and fy are 1

O0<k<l1 O<a—-k<l1 J

For both X and Y



Sum of Independent Uniforms

X ~ Uni(0,1) Y ~ Uni(0,1) o D
X and Y are independent f X+Y ( ) )

Frsv(a) = / FX = B)f(Y = a— k) di

k=—o0

of k, the
densities of fx

For these values L
and fy are 1

O0<k<l1 —a< —-k<l—u« J

For both X and Y



Sum of Independent Uniforms

X ~ Uni(0,1) Y ~ Uni(0,1) o D
X and Y are independent f X+Y ( ) )

Frsv(a) = / FX = B)f(Y = a— k) di

k=—o0

of k, the
densities of fx

For these values L
and fy are 1

O0<k<l1 a—1<k<a«a J

For both X and Y



a=1

X ~ Uni(0,1) Y ~ Uni(0,1) o D
X and Y are independent f X+Y ( ) )

Frsv(a) = / FX = B)f(Y = a— k) di

k=—oc0
For these values
of k, the 0< k<l a—1<k<a
densities of fx

and fy are 1

fx1v (@)




a=1

X ~ Uni(0,1) Y ~ Uni(0,1) o D
X and Y are independent f X+Y ( ) )

k=—o00

of k, the
densities of fy

For these values {
and fy are 1

0<k<1 a—1<k<a J

fx+v (o)




a=1

X ~ Uni(0,1) Y ~ Uni(0,1) o D
X and Y are independent f X+Y ( ) )

k=—o00

of k, the
densities of fy

For these values {
and fy are 1

0<k<l1 —1/2<k<1/2 J

fx+v (o)




a=1

X ~ Uni(0,1) Y ~ Uni(0,1) o D
X and Y are independent f X+Y ( ) )

1/2

Fxay(1/2) & /f(X:k)f(Y:1/2—k) dk o« = 1/2
k=0

of k, the
densities of fy

For these values {
and fy are 1

0<k<l1 —1/2<k<1/2 J

fx+v (o)




a=1

X ~ Uni(0,1) Y ~ Uni(0,1) o D
X and Y are independent f X+Y ( ) )

1/2

fx+v(1/2) = / 1 dk=10.5 a=1/2
k=0
For these values
of Kk, the 0<k<l1 —1/2<k<1/2
densities are 1
G
S~
+
Na O
Y
y ¥ | I | |
0 Vs 1 3 2






O<axkl

X ~ Uni(0,1) Y ~ Uni(0,1) o D
X and Y are independent f X+Y ( ) )

Frsv(a) = / FX = B)f(Y = a— k) di

k=—oc0
For these values
of k, the 0<k<1 a—1l<k<a
densities are 1
S
S~
+
Na O




O<axkl

X ~ Uni(0,1) Y ~ Uni(0,1) o D
X and Y are independent f X+Y ( ) )

Frsv(a) = / FX = B)f(Y = a— k) di

k=—o00
For these values
of k, the 0<k<1 a—1l<k<a 0<k<a
densities are 1
S
S~
+
Na O




O<axkl

X ~ Uni(0,1) Y ~ Uni(0,1) o D
X and Y are independent f X+Y ( ) )

Fev@ e [ AX =0T =a-k) d
k=0

For these values
of k, the 0<k<1 a—1l<k<a 0<k<a
densities are 1
S
S~
+
Na O




O<axkl

X ~ Uni(0,1) Y ~ Uni(0,1) o D
X and Y are independent f X+Y ( ) )

(0%

Ix+v (o) = / 1 dk = o

k=0
For these values
of k, the 0<k<1 a—1l<k<a 0<k<a
densities are 1

fx+v (o)







l<a<?2

X ~ Uni(0,1) Y ~ Uni(0,1) o D
X and Y are independent f X+Y ( ) )

Frsv(a) = / FX = B)f(Y = a— k) di

k=—o0

of k, the

For these values
densities are 1

0<k<1 a—1<k<a J

fx+v (o)




l<a<?2

X ~ Uni(0,1) Y ~ Uni(0,1) o D
X and Y are independent f X+Y ( ) )

Frsv(a) = / FX = B)f(Y = a— k) di

k=—o0
For these values
of k, the 0<k<1 a—1l<k<a a—1<k<l1
densities are 1

fx1v (@)




l<a<?2

X ~ Uni(0,1) Y ~ Uni(0,1) o D
X and Y are independent f X+Y ( ) )

1

k=a—1
For these values
of k, the 0<k<1 a—1l<k<a a—1<k<l1
densities are 1

fx+v (o)




l<a<?2

X ~ Uni(0,1) Y ~ Uni(0,1) o D
X and Y are independent f X+Y ( ) )

1

[x+y(a) = / 1dk =2—«

k=a—1
For these values
of k, the 0<k<1 a—1l<k<a a—1<k<l1
densities are 1

fx+v (o)




l<a<?2

X ~ Uni(0,1) Y ~ Uni(0,1) o D
X and Y are independent f X+Y ( ) )

a 0<ac<l
fr.y(@)=12—a l<a<?2
0 otherwise
3
P~
+
X
/ | | | |

0 V2 1 3/, 2



Sum of Uniforms and Sum of Dice

6/36 A




Stretch!



Noah



The Random Variable for

Probabilities

Noah Arthurs
CS109, Stanford University




Today we are going to learn
something unintuitive, beautiful and
useful



Review



Continuous Conditional Distributions

- Let X be continuous random variable
- Let E be an event:

P(E|X =z) =

skip to this
version

You can [ fX (xE)P(E)J




Continuous Conditional Distributions

- Let X be a measure of time to answer a question

- Let E be the event that the user is a human:

P(X =z, F)
P(X =x)
_ PX —ﬂffE)P( )
P(X =x)

fx(z|E)P (E)Eaz
fx(z)e,

fx(z|E)P(FE)
fx(x)

P(E|X = 1) =




Biometric Keystroke

+ Let X be a measure of time to answer a question
* Let E be the event that the user is a human
* What if you don’t know normalization term?:

Normal pdf
N
_ fx(z|E)P(E)
fx(z)
e 222

P(E|X = z)

P(E|X = 1)
P(EC|X = z)




End Review



Lets play a game

Roll a dice twice. If either time you roll a 6, | win.
Otherwise you win.




Flip a Coin With Unknown Probability




We are going to think of
probabilities as random
variables!!!




Flip a Coin With Unknown Probability

Flip a coin (n + m) times, comes up with n heads
« We don’t know probability X that coin comes up heads

Frequentist

, n
X = Ilim
n+m—oo 1 -+ M
n
n+m

X is a single value

Bayesian

fX|N(x‘n) —
P(N =n|X =) fx(x)

P(N =n)

X is a random variable



What is your belief that you
successfully roll a 6 on my die?



Flip a Coin With Unknown Probability

Flip a coin (n + m) times, comes up with n heads

» We don’t know probability X that coin comes up heads

= Our belief before flipping coins is that: X ~ Uni(0, 1)

» Let N = number of heads

« Given X = x, coin flips independent: (N | X)~Bin(n+m, x)
P(N =n|X =2x)fx(x)

fXN(%n) - P(N = n)
Bayesian Bayesian “prior”
"posterior” probability
probability distribution

distribution



Flip a Coin With Unknown Probability

Flip a coin (n + m) times, comes up with n heads

» We don’t know probability X that coin comes up heads
= Our belief before flipping coins is that: X ~ Uni(0, 1)
« Let N = number of heads

« Given X = x, coin flips independent: (N | X)~Bin(n+m, x)
lE(N = n|X = x)‘}:x(a:)l 1 (Uniform assumption)

fxlN(iU\n)/: PN =)
Binomial B (”Zm)mng —x)m Ay
~ P(N =n) le fo,
0 IR T
= P(N:n)x (1 —2x)

1

1
=—-2"(1 —x)" where c = / " (1 —x)"dx
C 0



Flip a Coin With Unknown Probability

If you start with a X ~ Uni(0, 1) prior
over probability, and observe:

n “successes” and

m “failures”...

Your new belief about the probability is:

-



Belief after 7 “success” and 1 “fail”

1 n m
fx(x)= o (1 —x)
N =
L m=1
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Equivalently

If you start with a X ~ Uni(0, 1) prior
over probability, and observe:

let « = num “successes” + 1

let b = num “failures” + 1

Your new belief about the probability is:

fx(z) == 211 —-2z)"!

where C a_l(l — 37)b_1

|
o\
>,
=



Beta Random Variable

- X is a Beta Random Variable: X ~ Beta(a, b)
« Probability Density Function (PDF):  (where a, b > 0)

1 .Xa_l(l—iX)b_l

f@)=1 50

1

0 1
ST where B(a,b) = jx“‘l (1-x)""dx

o —_ [} (5} E=
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« Symmetricwhena=b>5

a Var(X) = 2“1’
a+b (a+b) (a+b+1)

. E[X]=



Meta Beta

T Beta28) Betai,2)  ° 1 51
1 Beta(0.8,0.2
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Used to represent a
distributed belief of a probability



Beta is a distribution for
probabilities




Beta Parameters can
come from experiments:

a = “successes’” + 1
b = “failures” + 1




Back to flipping coins

Flip a coin (n + m) times, comes up with n heads

» We don’t know probability X that coin comes up heads
= Our belief before flipping coins is that: X ~ Uni(0, 1)
« Let N = number of heads

« Given X = x, coin flips independent: (N | X)~Bin(n+m, x)
P(N =n|X = z)fx(z)
P(N =n)

_ (") (1 — x)™

T

P(N =n)

_ ) m
_P(N:n)x (1 —2x)

1

1
=—-2"(1 —x)" where c = / " (1 —x)"dx
C 0

fX|N(iU\n) —




Understanding Beta

+ X|(N=n,M=m)~Beta@a=n+1,b=m+1)
= Prior X ~ Uni(0, 1)

= Check this out, boss: N successes

- Beta(@a=1,b=1)=? M failures
1 X 1=x) = 1
B(Cl,b) B(Cl,b)

1
T

x'(1-x)°

J(x)=

1=1 where O<x<l1

- Beta(a=1,b=1)=Uni(0, 1)

= So, prior X ~Beta(a=1,b=1)



If the Prior was a Beta...

X 1s our random variable for probability
If our prior belief about X was beta

f(X =12) = B(clz,b) 11— )t

What 1s our posterior belief about X after observing n heads
(and m tails)?

f(X =x|N =n) =777



If the Prior was a Beta...
P(N =n|X = 2)f(X = z)

f(X=z|[N=n) =

P(N =n)
_ (M) - o)™ (X = )
P(N =n)
B (n:m)a:”(l — x)m%x‘“l(l — )0t
P(N =n)
= K, - (n Zm) " (1 — x)mB(clz,, 3 xa’_l(l — x)b_l

= K3 -2"(1 —2)"2* (1 —x)"!

— K- xn—l—a—l(l . x)m—l—b—l

X|N ~ Beta(n 4+ a,m + )



Understanding Beta

= If “Prior” distribution of X (before seeing flips) is Beta
« Then “Posterior” distribution of X (after flips) is Beta

Beta is a conjugate distribution for Beta
« Prior and posterior parametric forms are the same!

« Practically, conjugate means easy update:
o Add number of “heads” and “tails” seen to Beta parameters




Further Understanding Beta

. Can set X ~ Beta(a, b) as prior to reflect how

biased you think coin is apriori
« This is a subjective probability!

= Prior probability for X based on seeing (a + b — 2)
“imaginary” trials, where

(a — 1) of them were heads.
(b — 1) of them were tails.
= Beta(1, 1) = Uni(0, 1) - we haven’t seen any
“imaginary trials”, so apriori know nothing about coin
Update to get posterior probability
« X | (n heads and m tails) ~ Beta(a + n, b + m)



Enchanfed Die

e L0 N

Let X be the probability of rolling a “6”
on Chris’ die.

Prior: Imagine 5 die rolls where
only showed up as a “6”

Observation: Roll it a few times...

What is the updated probability density
function of X after our observations?



Check out Demo!
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