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Review



Joint Random Variables

Use a joint table, density function or CDF to 
solve probability question

Use and find independence of multiple RVS

Think about conditional probabilities with 
joint variables (which might be continuous)

What happens when you add random variables?

Use and find expectation of multiple RVS



• Let X and Y be independent Binomial RVs
§ X ~ Bin(n1, p) and  Y ~ Bin(n2, p) 

§ X + Y ~ Bin(n1 + n2, p)

§ More generally, let Xi ~ Bin(ni, p) for 1 ≤ i ≤ N, then

• Let X and Y be independent Poisson RVs
§ X ~ Poi(l1)  and  Y ~ Poi(l2)
§ X + Y ~ Poi(l1 + l2) 
§ More generally, let Xi ~ Poi(li) for 1 ≤ i ≤ N, then
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Reference: Sum of Independent RVs



• Let X and Y be independent random variables

§ X ~ N(µ1, s12)  and  Y ~ N(µ2, s22)

§ X + Y ~ N(µ1 + µ2, s12 + s22) 

• Generally, have n independent random variables     
Xi ~ N(µi, si

2)  for  i = 1, 2, ..., n:
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Linear Transform
X ⇠ N(µ,�2)

Y ⇠ N(2µ, 4�2)

Y = X +X = 2 ·X

Y = X +X = 2 ·X

X +X ⇠ N(µ+ µ,�2 + �2)

Y ⇠ N(2µ, 2�2) X is not 
independent

 of X

Correct:

Incorrect:



Motivating Idea: Zero Sum Games
AW ⇠ N (1797, 2002)

17971555 ability

p
AR ⇠ N (1555, 2002)AB ⇠

P (Warriors win) = P (AW > AR)

⇡ 0.87

P (AW > AB)

P (Warriors win) = P (AW �AB > 0)
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D = AW �AB

D ⇠ N(µ = 1795� 1555,�2 = 2 · 2002)
⇠ N(µ = 240,�2 = 283)

P (D > 0) = FD(0) = 1� �
⇣0� 240

283

⌘
⇡ 0.65

<latexit sha1_base64="ygX2HFv4d/MxSmn7q729N+Rcb68="></latexit><latexit sha1_base64="ygX2HFv4d/MxSmn7q729N+Rcb68="></latexit><latexit sha1_base64="ygX2HFv4d/MxSmn7q729N+Rcb68="></latexit><latexit sha1_base64="ygX2HFv4d/MxSmn7q729N+Rcb68="></latexit>



Generalized Convolution

!"#$ % = ∑( ) * + , = % Y = y)P(Y = y) 

If X and Y are independent…

Let X and Y be discrete RV’s:

= ∑( ) * = % − . , = y)P(Y = y) 

= ∑( )(* = % − .) P(Y = y) 

= ∑( !"(% − .)!$ (y) 



Generalized Convolution

1"#$ % = ∫(345
5 1 * + , = % , = . 1 , = . dy

= ∫(345
5 1 * = % − . , = . 1 , = . dy

= ∫(345
5 1(* = % − .)1 , = . dy

= ∫(345
5 1"(% − .)1$(.)dy

If X and Y are independent…

Let X and Y be continuous RV’s:



• Let X and Y be independent random variables

§ Cumulative Distribution Function (CDF) of X + Y:

§ In discrete case, replace    with     , and f(y) with p(y)
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Sum of Independent Uniforms
X ⇠ Uni(0, 1)
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Y ⇠ Uni(0, 1)
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X and Y are independent
fX+Y (↵)?

<latexit sha1_base64="gba80T0/0hoMts6tPTMB4P+uZlg=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBEqQklEsDcLXjxWsB/ShjLZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g8O7aPjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Ww77GXty6dpuYs8GeLFbc8uuRV3DmeVeDkpQY56z/7q9mOSRlRowlGpjucm2s9QakY4nRa7qaIJkhEOaMdQgRFVfja/fOqcG6XvhLE0JbQzV39PZBgpNYkC0xmhHqplbyb+53VSHVb9jIkk1VSQxaIw5Y6OnVkMTp9JSjSfGIJEMnOrQ4YokWgTVtGE4C2/vEqaVxXPrXgP16VaNY+jAKdwBmXw4AZqcA91aACBMTzDK7xZmfVivVsfi9Y1K585gT+wPn8AYfaSzA==</latexit><latexit sha1_base64="gba80T0/0hoMts6tPTMB4P+uZlg=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBEqQklEsDcLXjxWsB/ShjLZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g8O7aPjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Ww77GXty6dpuYs8GeLFbc8uuRV3DmeVeDkpQY56z/7q9mOSRlRowlGpjucm2s9QakY4nRa7qaIJkhEOaMdQgRFVfja/fOqcG6XvhLE0JbQzV39PZBgpNYkC0xmhHqplbyb+53VSHVb9jIkk1VSQxaIw5Y6OnVkMTp9JSjSfGIJEMnOrQ4YokWgTVtGE4C2/vEqaVxXPrXgP16VaNY+jAKdwBmXw4AZqcA91aACBMTzDK7xZmfVivVsfi9Y1K585gT+wPn8AYfaSzA==</latexit><latexit sha1_base64="gba80T0/0hoMts6tPTMB4P+uZlg=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBEqQklEsDcLXjxWsB/ShjLZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g8O7aPjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Ww77GXty6dpuYs8GeLFbc8uuRV3DmeVeDkpQY56z/7q9mOSRlRowlGpjucm2s9QakY4nRa7qaIJkhEOaMdQgRFVfja/fOqcG6XvhLE0JbQzV39PZBgpNYkC0xmhHqplbyb+53VSHVb9jIkk1VSQxaIw5Y6OnVkMTp9JSjSfGIJEMnOrQ4YokWgTVtGE4C2/vEqaVxXPrXgP16VaNY+jAKdwBmXw4AZqcA91aACBMTzDK7xZmfVivVsfi9Y1K585gT+wPn8AYfaSzA==</latexit><latexit sha1_base64="gba80T0/0hoMts6tPTMB4P+uZlg=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBEqQklEsDcLXjxWsB/ShjLZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g8O7aPjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Ww77GXty6dpuYs8GeLFbc8uuRV3DmeVeDkpQY56z/7q9mOSRlRowlGpjucm2s9QakY4nRa7qaIJkhEOaMdQgRFVfja/fOqcG6XvhLE0JbQzV39PZBgpNYkC0xmhHqplbyb+53VSHVb9jIkk1VSQxaIw5Y6OnVkMTp9JSjSfGIJEMnOrQ4YokWgTVtGE4C2/vEqaVxXPrXgP16VaNY+jAKdwBmXw4AZqcA91aACBMTzDK7xZmfVivVsfi9Y1K585gT+wPn8AYfaSzA==</latexit>

fX+Y (↵) =

1Z

k=�1

f(X = k)f(Y = ↵� k) dk

<latexit sha1_base64="m4WGHvW9JLRtQg7jDcDkug+clz8="></latexit><latexit sha1_base64="m4WGHvW9JLRtQg7jDcDkug+clz8="></latexit><latexit sha1_base64="m4WGHvW9JLRtQg7jDcDkug+clz8="></latexit><latexit sha1_base64="m4WGHvW9JLRtQg7jDcDkug+clz8="></latexit>

1

1

For both X and Y

f(X = x)
<latexit sha1_base64="y6YYl7idI/WEJzGxjbzo9YQ8Zz8=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuEfQiFLx4rGDbhXYp2TTbhmaTNcmKZemf8OJBEa/+HW/+G9N2D9r6YODx3gwz88KEM21c99sprK1vbG4Vt0s7u3v7B+XDo7aWqSK0RSSXyg+xppwJ2jLMcOoniuI45LQTjm9mfueRKs2kuDeThAYxHgoWMYKNlfyo6qNr9HTeL1fcmjsHWiVeTiqQo9kvf/UGkqQxFYZwrHXXcxMTZFgZRjidlnqppgkmYzykXUsFjqkOsvm9U3RmlQGKpLIlDJqrvycyHGs9iUPbGWMz0sveTPzP66YmugoyJpLUUEEWi6KUIyPR7Hk0YIoSwyeWYKKYvRWREVaYGBtRyYbgLb+8Str1mufWvLuLSqOex1GEEziFKnhwCQ24hSa0gACHZ3iFN+fBeXHenY9Fa8HJZ47hD5zPH0Ocjr4=</latexit><latexit sha1_base64="y6YYl7idI/WEJzGxjbzo9YQ8Zz8=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuEfQiFLx4rGDbhXYp2TTbhmaTNcmKZemf8OJBEa/+HW/+G9N2D9r6YODx3gwz88KEM21c99sprK1vbG4Vt0s7u3v7B+XDo7aWqSK0RSSXyg+xppwJ2jLMcOoniuI45LQTjm9mfueRKs2kuDeThAYxHgoWMYKNlfyo6qNr9HTeL1fcmjsHWiVeTiqQo9kvf/UGkqQxFYZwrHXXcxMTZFgZRjidlnqppgkmYzykXUsFjqkOsvm9U3RmlQGKpLIlDJqrvycyHGs9iUPbGWMz0sveTPzP66YmugoyJpLUUEEWi6KUIyPR7Hk0YIoSwyeWYKKYvRWREVaYGBtRyYbgLb+8Str1mufWvLuLSqOex1GEEziFKnhwCQ24hSa0gACHZ3iFN+fBeXHenY9Fa8HJZ47hD5zPH0Ocjr4=</latexit><latexit sha1_base64="y6YYl7idI/WEJzGxjbzo9YQ8Zz8=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuEfQiFLx4rGDbhXYp2TTbhmaTNcmKZemf8OJBEa/+HW/+G9N2D9r6YODx3gwz88KEM21c99sprK1vbG4Vt0s7u3v7B+XDo7aWqSK0RSSXyg+xppwJ2jLMcOoniuI45LQTjm9mfueRKs2kuDeThAYxHgoWMYKNlfyo6qNr9HTeL1fcmjsHWiVeTiqQo9kvf/UGkqQxFYZwrHXXcxMTZFgZRjidlnqppgkmYzykXUsFjqkOsvm9U3RmlQGKpLIlDJqrvycyHGs9iUPbGWMz0sveTPzP66YmugoyJpLUUEEWi6KUIyPR7Hk0YIoSwyeWYKKYvRWREVaYGBtRyYbgLb+8Str1mufWvLuLSqOex1GEEziFKnhwCQ24hSa0gACHZ3iFN+fBeXHenY9Fa8HJZ47hD5zPH0Ocjr4=</latexit><latexit sha1_base64="y6YYl7idI/WEJzGxjbzo9YQ8Zz8=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuEfQiFLx4rGDbhXYp2TTbhmaTNcmKZemf8OJBEa/+HW/+G9N2D9r6YODx3gwz88KEM21c99sprK1vbG4Vt0s7u3v7B+XDo7aWqSK0RSSXyg+xppwJ2jLMcOoniuI45LQTjm9mfueRKs2kuDeThAYxHgoWMYKNlfyo6qNr9HTeL1fcmjsHWiVeTiqQo9kvf/UGkqQxFYZwrHXXcxMTZFgZRjidlnqppgkmYzykXUsFjqkOsvm9U3RmlQGKpLIlDJqrvycyHGs9iUPbGWMz0sveTPzP66YmugoyJpLUUEEWi6KUIyPR7Hk0YIoSwyeWYKKYvRWREVaYGBtRyYbgLb+8Str1mufWvLuLSqOex1GEEziFKnhwCQ24hSa0gACHZ3iFN+fBeXHenY9Fa8HJZ47hD5zPH0Ocjr4=</latexit>

f(Y = y)
<latexit sha1_base64="8OE0Yc8ijj7J2FYb8oZ1fvsR2Vw=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuEfQiFLx4rGA/pF1KNs22oUl2TbLCsvRPePGgiFf/jjf/jWm7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVtHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHIz8ztPVGkWyXuTxtQXeCRZyAg2VuqG1Qd0jdLzQbni1tw50CrxclKBHM1B+as/jEgiqDSEY617nhsbP8PKMMLptNRPNI0xmeAR7VkqsaDaz+b3TtGZVYYojJQtadBc/T2RYaF1KgLbKbAZ62VvJv7n9RITXvkZk3FiqCSLRWHCkYnQ7Hk0ZIoSw1NLMFHM3orIGCtMjI2oZEPwll9eJe16zXNr3t1FpVHP4yjCCZxCFTy4hAbcQhNaQIDDM7zCm/PovDjvzseiteDkM8fwB87nD0aqjsA=</latexit><latexit sha1_base64="8OE0Yc8ijj7J2FYb8oZ1fvsR2Vw=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuEfQiFLx4rGA/pF1KNs22oUl2TbLCsvRPePGgiFf/jjf/jWm7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVtHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHIz8ztPVGkWyXuTxtQXeCRZyAg2VuqG1Qd0jdLzQbni1tw50CrxclKBHM1B+as/jEgiqDSEY617nhsbP8PKMMLptNRPNI0xmeAR7VkqsaDaz+b3TtGZVYYojJQtadBc/T2RYaF1KgLbKbAZ62VvJv7n9RITXvkZk3FiqCSLRWHCkYnQ7Hk0ZIoSw1NLMFHM3orIGCtMjI2oZEPwll9eJe16zXNr3t1FpVHP4yjCCZxCFTy4hAbcQhNaQIDDM7zCm/PovDjvzseiteDkM8fwB87nD0aqjsA=</latexit><latexit sha1_base64="8OE0Yc8ijj7J2FYb8oZ1fvsR2Vw=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuEfQiFLx4rGA/pF1KNs22oUl2TbLCsvRPePGgiFf/jjf/jWm7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVtHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHIz8ztPVGkWyXuTxtQXeCRZyAg2VuqG1Qd0jdLzQbni1tw50CrxclKBHM1B+as/jEgiqDSEY617nhsbP8PKMMLptNRPNI0xmeAR7VkqsaDaz+b3TtGZVYYojJQtadBc/T2RYaF1KgLbKbAZ62VvJv7n9RITXvkZk3FiqCSLRWHCkYnQ7Hk0ZIoSw1NLMFHM3orIGCtMjI2oZEPwll9eJe16zXNr3t1FpVHP4yjCCZxCFTy4hAbcQhNaQIDDM7zCm/PovDjvzseiteDkM8fwB87nD0aqjsA=</latexit><latexit sha1_base64="8OE0Yc8ijj7J2FYb8oZ1fvsR2Vw=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuEfQiFLx4rGA/pF1KNs22oUl2TbLCsvRPePGgiFf/jjf/jWm7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVtHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHIz8ztPVGkWyXuTxtQXeCRZyAg2VuqG1Qd0jdLzQbni1tw50CrxclKBHM1B+as/jEgiqDSEY617nhsbP8PKMMLptNRPNI0xmeAR7VkqsaDaz+b3TtGZVYYojJQtadBc/T2RYaF1KgLbKbAZ62VvJv7n9RITXvkZk3FiqCSLRWHCkYnQ7Hk0ZIoSw1NLMFHM3orIGCtMjI2oZEPwll9eJe16zXNr3t1FpVHP4yjCCZxCFTy4hAbcQhNaQIDDM7zCm/PovDjvzseiteDkM8fwB87nD0aqjsA=</latexit>

0



⍺ = ½
X ⇠ Uni(0, 1)

<latexit sha1_base64="bsfwAExZQAi/e/aUXOtd20ENOZM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYKphSaUzXbTLt1swu5ELKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXpoJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtnWSKMo8mIlGdkGgmuGQecBCskypG4lCw+3B0PfXvH5jSPJF3ME5ZEJOB5BGnBIzUs4862Nc8xj6wR8g9ySc15xy7Zz276tSdGfAycQtSRQVaPf vL7yc0i5kEKojWXddJIciJAk4Fm1T8TLOU0BEZsK6hksRMB/nsgQk+NUofR4kyJQHP1N8TOYm1Hseh6YwJDPWiNxX/87oZRI0g5zLNgEk6XxRlAkOCp2ngPleMghgbQqji5lZMh0QRCiazignBXXx5mbQv6q5Td28vq81GEUcZHaMTVEMuukJNdINayEMUTdAzekVv1pP1Yr1bH/PWklXMHKI/sD5/AIvRlQc=</latexit><latexit sha1_base64="bsfwAExZQAi/e/aUXOtd20ENOZM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYKphSaUzXbTLt1swu5ELKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXpoJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtnWSKMo8mIlGdkGgmuGQecBCskypG4lCw+3B0PfXvH5jSPJF3ME5ZEJOB5BGnBIzUs4862Nc8xj6wR8g9ySc15xy7Zz276tSdGfAycQtSRQVaPf vL7yc0i5kEKojWXddJIciJAk4Fm1T8TLOU0BEZsK6hksRMB/nsgQk+NUofR4kyJQHP1N8TOYm1Hseh6YwJDPWiNxX/87oZRI0g5zLNgEk6XxRlAkOCp2ngPleMghgbQqji5lZMh0QRCiazignBXXx5mbQv6q5Td28vq81GEUcZHaMTVEMuukJNdINayEMUTdAzekVv1pP1Yr1bH/PWklXMHKI/sD5/AIvRlQc=</latexit><latexit sha1_base64="bsfwAExZQAi/e/aUXOtd20ENOZM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYKphSaUzXbTLt1swu5ELKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXpoJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtnWSKMo8mIlGdkGgmuGQecBCskypG4lCw+3B0PfXvH5jSPJF3ME5ZEJOB5BGnBIzUs4862Nc8xj6wR8g9ySc15xy7Zz276tSdGfAycQtSRQVaPf vL7yc0i5kEKojWXddJIciJAk4Fm1T8TLOU0BEZsK6hksRMB/nsgQk+NUofR4kyJQHP1N8TOYm1Hseh6YwJDPWiNxX/87oZRI0g5zLNgEk6XxRlAkOCp2ngPleMghgbQqji5lZMh0QRCiazignBXXx5mbQv6q5Td28vq81GEUcZHaMTVEMuukJNdINayEMUTdAzekVv1pP1Yr1bH/PWklXMHKI/sD5/AIvRlQc=</latexit><latexit sha1_base64="bsfwAExZQAi/e/aUXOtd20ENOZM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYKphSaUzXbTLt1swu5ELKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXpoJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtnWSKMo8mIlGdkGgmuGQecBCskypG4lCw+3B0PfXvH5jSPJF3ME5ZEJOB5BGnBIzUs4862Nc8xj6wR8g9ySc15xy7Zz276tSdGfAycQtSRQVaPf vL7yc0i5kEKojWXddJIciJAk4Fm1T8TLOU0BEZsK6hksRMB/nsgQk+NUofR4kyJQHP1N8TOYm1Hseh6YwJDPWiNxX/87oZRI0g5zLNgEk6XxRlAkOCp2ngPleMghgbQqji5lZMh0QRCiazignBXXx5mbQv6q5Td28vq81GEUcZHaMTVEMuukJNdINayEMUTdAzekVv1pP1Yr1bH/PWklXMHKI/sD5/AIvRlQc=</latexit>

Y ⇠ Uni(0, 1)
<latexit sha1_base64="X7FJKkXH+K6LYbqv5nNAhOKZgTQ=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYJpK00pm+22XbrZhN2JWEIu/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMviAXX4DjfVmFldW19o7hZ2tre2d2z9w+aOkoUZR6NRKTaAdFMcMk84CBYO1aMhIFgrWB8PfVbD0xpHsk7mMSsG5Kh5ANOCRipZx/dY1/zEPvAHiH1JM8qzjl2z3p22ak6M+Bl4uakjHI0evaX349oEjIJVBCtO64TQzclCjgVLCv5iWYxoWMyZB1DJQmZ7qazBzJ8apQ+HkTKlAQ8U39PpCTUehIGpjMkMNKL3lT8z+skMKh1Uy7jBJik80WDRGCI8DQN3OeKURATQwhV3NyK6YgoQsFkVjIhuIsvL5PmRdV1qu7tZbley+MoomN0girIRVeojm5QA3mIogw9o1f0Zj1ZL9a79TFvLVj5zCH6A+vzB41rlQg=</latexit><latexit sha1_base64="X7FJKkXH+K6LYbqv5nNAhOKZgTQ=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYJpK00pm+22XbrZhN2JWEIu/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMviAXX4DjfVmFldW19o7hZ2tre2d2z9w+aOkoUZR6NRKTaAdFMcMk84CBYO1aMhIFgrWB8PfVbD0xpHsk7mMSsG5Kh5ANOCRipZx/dY1/zEPvAHiH1JM8qzjl2z3p22ak6M+Bl4uakjHI0evaX349oEjIJVBCtO64TQzclCjgVLCv5iWYxoWMyZB1DJQmZ7qazBzJ8apQ+HkTKlAQ8U39PpCTUehIGpjMkMNKL3lT8z+skMKh1Uy7jBJik80WDRGCI8DQN3OeKURATQwhV3NyK6YgoQsFkVjIhuIsvL5PmRdV1qu7tZbley+MoomN0girIRVeojm5QA3mIogw9o1f0Zj1ZL9a79TFvLVj5zCH6A+vzB41rlQg=</latexit><latexit sha1_base64="X7FJKkXH+K6LYbqv5nNAhOKZgTQ=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYJpK00pm+22XbrZhN2JWEIu/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMviAXX4DjfVmFldW19o7hZ2tre2d2z9w+aOkoUZR6NRKTaAdFMcMk84CBYO1aMhIFgrWB8PfVbD0xpHsk7mMSsG5Kh5ANOCRipZx/dY1/zEPvAHiH1JM8qzjl2z3p22ak6M+Bl4uakjHI0evaX349oEjIJVBCtO64TQzclCjgVLCv5iWYxoWMyZB1DJQmZ7qazBzJ8apQ+HkTKlAQ8U39PpCTUehIGpjMkMNKL3lT8z+skMKh1Uy7jBJik80WDRGCI8DQN3OeKURATQwhV3NyK6YgoQsFkVjIhuIsvL5PmRdV1qu7tZbley+MoomN0girIRVeojm5QA3mIogw9o1f0Zj1ZL9a79TFvLVj5zCH6A+vzB41rlQg=</latexit><latexit sha1_base64="X7FJKkXH+K6LYbqv5nNAhOKZgTQ=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYJpK00pm+22XbrZhN2JWEIu/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMviAXX4DjfVmFldW19o7hZ2tre2d2z9w+aOkoUZR6NRKTaAdFMcMk84CBYO1aMhIFgrWB8PfVbD0xpHsk7mMSsG5Kh5ANOCRipZx/dY1/zEPvAHiH1JM8qzjl2z3p22ak6M+Bl4uakjHI0evaX349oEjIJVBCtO64TQzclCjgVLCv5iWYxoWMyZB1DJQmZ7qazBzJ8apQ+HkTKlAQ8U39PpCTUehIGpjMkMNKL3lT8z+skMKh1Uy7jBJik80WDRGCI8DQN3OeKURATQwhV3NyK6YgoQsFkVjIhuIsvL5PmRdV1qu7tZbley+MoomN0girIRVeojm5QA3mIogw9o1f0Zj1ZL9a79TFvLVj5zCH6A+vzB41rlQg=</latexit>

X and Y are independent
fX+Y (↵)?

<latexit sha1_base64="gba80T0/0hoMts6tPTMB4P+uZlg=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBEqQklEsDcLXjxWsB/ShjLZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g8O7aPjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Ww77GXty6dpuYs8GeLFbc8uuRV3DmeVeDkpQY56z/7q9mOSRlRowlGpjucm2s9QakY4nRa7qaIJkhEOaMdQgRFVfja/fOqcG6XvhLE0JbQzV39PZBgpNYkC0xmhHqplbyb+53VSHVb9jIkk1VSQxaIw5Y6OnVkMTp9JSjSfGIJEMnOrQ4YokWgTVtGE4C2/vEqaVxXPrXgP16VaNY+jAKdwBmXw4AZqcA91aACBMTzDK7xZmfVivVsfi9Y1K585gT+wPn8AYfaSzA==</latexit><latexit sha1_base64="gba80T0/0hoMts6tPTMB4P+uZlg=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBEqQklEsDcLXjxWsB/ShjLZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g8O7aPjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Ww77GXty6dpuYs8GeLFbc8uuRV3DmeVeDkpQY56z/7q9mOSRlRowlGpjucm2s9QakY4nRa7qaIJkhEOaMdQgRFVfja/fOqcG6XvhLE0JbQzV39PZBgpNYkC0xmhHqplbyb+53VSHVb9jIkk1VSQxaIw5Y6OnVkMTp9JSjSfGIJEMnOrQ4YokWgTVtGE4C2/vEqaVxXPrXgP16VaNY+jAKdwBmXw4AZqcA91aACBMTzDK7xZmfVivVsfi9Y1K585gT+wPn8AYfaSzA==</latexit><latexit sha1_base64="gba80T0/0hoMts6tPTMB4P+uZlg=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBEqQklEsDcLXjxWsB/ShjLZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g8O7aPjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Ww77GXty6dpuYs8GeLFbc8uuRV3DmeVeDkpQY56z/7q9mOSRlRowlGpjucm2s9QakY4nRa7qaIJkhEOaMdQgRFVfja/fOqcG6XvhLE0JbQzV39PZBgpNYkC0xmhHqplbyb+53VSHVb9jIkk1VSQxaIw5Y6OnVkMTp9JSjSfGIJEMnOrQ4YokWgTVtGE4C2/vEqaVxXPrXgP16VaNY+jAKdwBmXw4AZqcA91aACBMTzDK7xZmfVivVsfi9Y1K585gT+wPn8AYfaSzA==</latexit><latexit sha1_base64="gba80T0/0hoMts6tPTMB4P+uZlg=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBEqQklEsDcLXjxWsB/ShjLZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g8O7aPjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Ww77GXty6dpuYs8GeLFbc8uuRV3DmeVeDkpQY56z/7q9mOSRlRowlGpjucm2s9QakY4nRa7qaIJkhEOaMdQgRFVfja/fOqcG6XvhLE0JbQzV39PZBgpNYkC0xmhHqplbyb+53VSHVb9jIkk1VSQxaIw5Y6OnVkMTp9JSjSfGIJEMnOrQ4YokWgTVtGE4C2/vEqaVxXPrXgP16VaNY+jAKdwBmXw4AZqcA91aACBMTzDK7xZmfVivVsfi9Y1K585gT+wPn8AYfaSzA==</latexit>
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)
<latexit sha1_base64="jOvp5uOaOeKHF2svPUBMepQUeGM=">AAAB+HicbVBNS8NAEJ34WetHox69BItQEUoigj0WvHisYD+kDWWy3bRLN5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g9K9uFRS8WpJLRJYh7LToCKciZoUzPNaSeRFKOA03Ywvpn57UcqFYvFvZ4k1I9wKFjICGoj9e1S2M86Fw/TSg95MsLzvl12q+4czirxclKGHI2+/dUbxCSNqNCEo1Jdz020n6HUjHA6LfZSRRMkYxzSrqECI6r8bH741DkzysAJY2lKaGeu/p7IMFJqEgWmM0I9UsveTPzP66Y6rPkZE0mqqSCLRWHKHR07sxScAZOUaD4xBIlk5laHjFAi0SarognBW355lbQuq55b9e6uyvVaHkcBTuAUKuDBNdThFhrQBAIpPMMrvFlP1ov1bn0sWtesfOYY/sD6/AHYAJKD</latexit><latexit sha1_base64="jOvp5uOaOeKHF2svPUBMepQUeGM=">AAAB+HicbVBNS8NAEJ34WetHox69BItQEUoigj0WvHisYD+kDWWy3bRLN5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g9K9uFRS8WpJLRJYh7LToCKciZoUzPNaSeRFKOA03Ywvpn57UcqFYvFvZ4k1I9wKFjICGoj9e1S2M86Fw/TSg95MsLzvl12q+4czirxclKGHI2+/dUbxCSNqNCEo1Jdz020n6HUjHA6LfZSRRMkYxzSrqECI6r8bH741DkzysAJY2lKaGeu/p7IMFJqEgWmM0I9UsveTPzP66Y6rPkZE0mqqSCLRWHKHR07sxScAZOUaD4xBIlk5laHjFAi0SarognBW355lbQuq55b9e6uyvVaHkcBTuAUKuDBNdThFhrQBAIpPMMrvFlP1ov1bn0sWtesfOYY/sD6/AHYAJKD</latexit><latexit sha1_base64="jOvp5uOaOeKHF2svPUBMepQUeGM=">AAAB+HicbVBNS8NAEJ34WetHox69BItQEUoigj0WvHisYD+kDWWy3bRLN5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g9K9uFRS8WpJLRJYh7LToCKciZoUzPNaSeRFKOA03Ywvpn57UcqFYvFvZ4k1I9wKFjICGoj9e1S2M86Fw/TSg95MsLzvl12q+4czirxclKGHI2+/dUbxCSNqNCEo1Jdz020n6HUjHA6LfZSRRMkYxzSrqECI6r8bH741DkzysAJY2lKaGeu/p7IMFJqEgWmM0I9UsveTPzP66Y6rPkZE0mqqSCLRWHKHR07sxScAZOUaD4xBIlk5laHjFAi0SarognBW355lbQuq55b9e6uyvVaHkcBTuAUKuDBNdThFhrQBAIpPMMrvFlP1ov1bn0sWtesfOYY/sD6/AHYAJKD</latexit><latexit sha1_base64="jOvp5uOaOeKHF2svPUBMepQUeGM=">AAAB+HicbVBNS8NAEJ34WetHox69BItQEUoigj0WvHisYD+kDWWy3bRLN5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g9K9uFRS8WpJLRJYh7LToCKciZoUzPNaSeRFKOA03Ywvpn57UcqFYvFvZ4k1I9wKFjICGoj9e1S2M86Fw/TSg95MsLzvl12q+4czirxclKGHI2+/dUbxCSNqNCEo1Jdz020n6HUjHA6LfZSRRMkYxzSrqECI6r8bH741DkzysAJY2lKaGeu/p7IMFJqEgWmM0I9UsveTPzP66Y6rPkZE0mqqSCLRWHKHR07sxScAZOUaD4xBIlk5laHjFAi0SarognBW355lbQuq55b9e6uyvVaHkcBTuAUKuDBNdThFhrQBAIpPMMrvFlP1ov1bn0sWtesfOYY/sD6/AHYAJKD</latexit>

0 < k < 1
<latexit sha1_base64="yLUwUeIzS3M2LeVe7SwmA8tAxZw=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhCswl0QtLAI2FhGMB+SHGFvs5cs2d07dueEEPIrbCwUsfXn2Plv3CRXaOKDgcd7M8zMi1IpLPr+t7e2vrG5tV3YKe7u7R8clo6OmzbJDOMNlsjEtCNquRSaN1Cg5O3UcKoiyVvR6Hbmt564sSLRDzhOeajoQItYMIpOevTJDRm5Cnqlsl/x5yCrJMhJGXLUe6Wvbj9hmeIamaTWdgI/xXBCDQom+bTYzSxPKRvRAe84qqniNpzMD56Sc6f0SZwYVxrJXP09MaHK2rGKXKeiOLTL3kz8z+tkGF+HE6HTDLlmi0VxJgkmZPY96QvDGcqxI5QZ4W4lbEgNZegyKroQguWXV0mzWgn8SnB/Wa5V8zgKcApncAEBXEEN7qAODWCg4Ble4c0z3ov37n0sWte8fOYE/sD7/AEHOY6I</latexit><latexit sha1_base64="yLUwUeIzS3M2LeVe7SwmA8tAxZw=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhCswl0QtLAI2FhGMB+SHGFvs5cs2d07dueEEPIrbCwUsfXn2Plv3CRXaOKDgcd7M8zMi1IpLPr+t7e2vrG5tV3YKe7u7R8clo6OmzbJDOMNlsjEtCNquRSaN1Cg5O3UcKoiyVvR6Hbmt564sSLRDzhOeajoQItYMIpOevTJDRm5Cnqlsl/x5yCrJMhJGXLUe6Wvbj9hmeIamaTWdgI/xXBCDQom+bTYzSxPKRvRAe84qqniNpzMD56Sc6f0SZwYVxrJXP09MaHK2rGKXKeiOLTL3kz8z+tkGF+HE6HTDLlmi0VxJgkmZPY96QvDGcqxI5QZ4W4lbEgNZegyKroQguWXV0mzWgn8SnB/Wa5V8zgKcApncAEBXEEN7qAODWCg4Ble4c0z3ov37n0sWte8fOYE/sD7/AEHOY6I</latexit><latexit sha1_base64="yLUwUeIzS3M2LeVe7SwmA8tAxZw=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhCswl0QtLAI2FhGMB+SHGFvs5cs2d07dueEEPIrbCwUsfXn2Plv3CRXaOKDgcd7M8zMi1IpLPr+t7e2vrG5tV3YKe7u7R8clo6OmzbJDOMNlsjEtCNquRSaN1Cg5O3UcKoiyVvR6Hbmt564sSLRDzhOeajoQItYMIpOevTJDRm5Cnqlsl/x5yCrJMhJGXLUe6Wvbj9hmeIamaTWdgI/xXBCDQom+bTYzSxPKRvRAe84qqniNpzMD56Sc6f0SZwYVxrJXP09MaHK2rGKXKeiOLTL3kz8z+tkGF+HE6HTDLlmi0VxJgkmZPY96QvDGcqxI5QZ4W4lbEgNZegyKroQguWXV0mzWgn8SnB/Wa5V8zgKcApncAEBXEEN7qAODWCg4Ble4c0z3ov37n0sWte8fOYE/sD7/AEHOY6I</latexit><latexit sha1_base64="yLUwUeIzS3M2LeVe7SwmA8tAxZw=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhCswl0QtLAI2FhGMB+SHGFvs5cs2d07dueEEPIrbCwUsfXn2Plv3CRXaOKDgcd7M8zMi1IpLPr+t7e2vrG5tV3YKe7u7R8clo6OmzbJDOMNlsjEtCNquRSaN1Cg5O3UcKoiyVvR6Hbmt564sSLRDzhOeajoQItYMIpOevTJDRm5Cnqlsl/x5yCrJMhJGXLUe6Wvbj9hmeIamaTWdgI/xXBCDQom+bTYzSxPKRvRAe84qqniNpzMD56Sc6f0SZwYVxrJXP09MaHK2rGKXKeiOLTL3kz8z+tkGF+HE6HTDLlmi0VxJgkmZPY96QvDGcqxI5QZ4W4lbEgNZegyKroQguWXV0mzWgn8SnB/Wa5V8zgKcApncAEBXEEN7qAODWCg4Ble4c0z3ov37n0sWte8fOYE/sD7/AEHOY6I</latexit>

�1/2 < k < 1/2
<latexit sha1_base64="NKW2hQpZmsD7US3TDCiKpB0wAPw=">AAAB+XicbZDLSsNAFIZP6q3WW9Slm8EiuLEmQdBFFwU3LivYC7ShTKaTduhkEmYmhRL6Jm5cKOLWN3Hn2zhps9DWHwY+/nMO58wfJJwp7TjfVmljc2t7p7xb2ds/ODyyj0/aKk4loS0S81h2A6woZ4K2NNOcdhNJcRRw2gkm93m9M6VSsVg86VlC/QiPBAsZwdpYA9tGV8i99uoITVA9p4FddWrOQmgd3AKqUKg5sL/6w5ikERWacKxUz3US7WdYakY4nVf6qaIJJhM8oj2DAkdU+dni8jm6MM4QhbE0T2i0cH9PZDhSahYFpjPCeqxWa7n5X62X6vDOz5hIUk0FWS4KU450jPIY0JBJSjSfGcBEMnMrImMsMdEmrIoJwV398jq0vZrr1NzHm2rDK+IowxmcwyW4cAsNeIAmtIDAFJ7hFd6szHqx3q2PZWvJKmZO4Y+szx9c/pAv</latexit><latexit sha1_base64="NKW2hQpZmsD7US3TDCiKpB0wAPw=">AAAB+XicbZDLSsNAFIZP6q3WW9Slm8EiuLEmQdBFFwU3LivYC7ShTKaTduhkEmYmhRL6Jm5cKOLWN3Hn2zhps9DWHwY+/nMO58wfJJwp7TjfVmljc2t7p7xb2ds/ODyyj0/aKk4loS0S81h2A6woZ4K2NNOcdhNJcRRw2gkm93m9M6VSsVg86VlC/QiPBAsZwdpYA9tGV8i99uoITVA9p4FddWrOQmgd3AKqUKg5sL/6w5ikERWacKxUz3US7WdYakY4nVf6qaIJJhM8oj2DAkdU+dni8jm6MM4QhbE0T2i0cH9PZDhSahYFpjPCeqxWa7n5X62X6vDOz5hIUk0FWS4KU450jPIY0JBJSjSfGcBEMnMrImMsMdEmrIoJwV398jq0vZrr1NzHm2rDK+IowxmcwyW4cAsNeIAmtIDAFJ7hFd6szHqx3q2PZWvJKmZO4Y+szx9c/pAv</latexit><latexit sha1_base64="NKW2hQpZmsD7US3TDCiKpB0wAPw=">AAAB+XicbZDLSsNAFIZP6q3WW9Slm8EiuLEmQdBFFwU3LivYC7ShTKaTduhkEmYmhRL6Jm5cKOLWN3Hn2zhps9DWHwY+/nMO58wfJJwp7TjfVmljc2t7p7xb2ds/ODyyj0/aKk4loS0S81h2A6woZ4K2NNOcdhNJcRRw2gkm93m9M6VSsVg86VlC/QiPBAsZwdpYA9tGV8i99uoITVA9p4FddWrOQmgd3AKqUKg5sL/6w5ikERWacKxUz3US7WdYakY4nVf6qaIJJhM8oj2DAkdU+dni8jm6MM4QhbE0T2i0cH9PZDhSahYFpjPCeqxWa7n5X62X6vDOz5hIUk0FWS4KU450jPIY0JBJSjSfGcBEMnMrImMsMdEmrIoJwV398jq0vZrr1NzHm2rDK+IowxmcwyW4cAsNeIAmtIDAFJ7hFd6szHqx3q2PZWvJKmZO4Y+szx9c/pAv</latexit><latexit sha1_base64="NKW2hQpZmsD7US3TDCiKpB0wAPw=">AAAB+XicbZDLSsNAFIZP6q3WW9Slm8EiuLEmQdBFFwU3LivYC7ShTKaTduhkEmYmhRL6Jm5cKOLWN3Hn2zhps9DWHwY+/nMO58wfJJwp7TjfVmljc2t7p7xb2ds/ODyyj0/aKk4loS0S81h2A6woZ4K2NNOcdhNJcRRw2gkm93m9M6VSsVg86VlC/QiPBAsZwdpYA9tGV8i99uoITVA9p4FddWrOQmgd3AKqUKg5sL/6w5ikERWacKxUz3US7WdYakY4nVf6qaIJJhM8oj2DAkdU+dni8jm6MM4QhbE0T2i0cH9PZDhSahYFpjPCeqxWa7n5X62X6vDOz5hIUk0FWS4KU450jPIY0JBJSjSfGcBEMnMrImMsMdEmrIoJwV398jq0vZrr1NzHm2rDK+IowxmcwyW4cAsNeIAmtIDAFJ7hFd6szHqx3q2PZWvJKmZO4Y+szx9c/pAv</latexit>

fX+Y (1/2) =

1Z

k=�1

f(X = k)f(Y = 1/2� k) dk

<latexit sha1_base64="BbmIMpx40st8mq8Q+Y1jpZ0pbOg="></latexit><latexit sha1_base64="BbmIMpx40st8mq8Q+Y1jpZ0pbOg="></latexit><latexit sha1_base64="BbmIMpx40st8mq8Q+Y1jpZ0pbOg="></latexit><latexit sha1_base64="BbmIMpx40st8mq8Q+Y1jpZ0pbOg="></latexit>

For these values 
of k, the 

densities of fX
and fY are 1

⍺ = 1/2



⍺ = ½
X ⇠ Uni(0, 1)

<latexit sha1_base64="bsfwAExZQAi/e/aUXOtd20ENOZM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYKphSaUzXbTLt1swu5ELKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXpoJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtnWSKMo8mIlGdkGgmuGQecBCskypG4lCw+3B0PfXvH5jSPJF3ME5ZEJOB5BGnBIzUs4862Nc8xj6wR8g9ySc15xy7Zz276tSdGfAycQtSRQVaPf vL7yc0i5kEKojWXddJIciJAk4Fm1T8TLOU0BEZsK6hksRMB/nsgQk+NUofR4kyJQHP1N8TOYm1Hseh6YwJDPWiNxX/87oZRI0g5zLNgEk6XxRlAkOCp2ngPleMghgbQqji5lZMh0QRCiazignBXXx5mbQv6q5Td28vq81GEUcZHaMTVEMuukJNdINayEMUTdAzekVv1pP1Yr1bH/PWklXMHKI/sD5/AIvRlQc=</latexit><latexit sha1_base64="bsfwAExZQAi/e/aUXOtd20ENOZM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYKphSaUzXbTLt1swu5ELKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXpoJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtnWSKMo8mIlGdkGgmuGQecBCskypG4lCw+3B0PfXvH5jSPJF3ME5ZEJOB5BGnBIzUs4862Nc8xj6wR8g9ySc15xy7Zz276tSdGfAycQtSRQVaPf vL7yc0i5kEKojWXddJIciJAk4Fm1T8TLOU0BEZsK6hksRMB/nsgQk+NUofR4kyJQHP1N8TOYm1Hseh6YwJDPWiNxX/87oZRI0g5zLNgEk6XxRlAkOCp2ngPleMghgbQqji5lZMh0QRCiazignBXXx5mbQv6q5Td28vq81GEUcZHaMTVEMuukJNdINayEMUTdAzekVv1pP1Yr1bH/PWklXMHKI/sD5/AIvRlQc=</latexit><latexit sha1_base64="bsfwAExZQAi/e/aUXOtd20ENOZM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYKphSaUzXbTLt1swu5ELKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXpoJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtnWSKMo8mIlGdkGgmuGQecBCskypG4lCw+3B0PfXvH5jSPJF3ME5ZEJOB5BGnBIzUs4862Nc8xj6wR8g9ySc15xy7Zz276tSdGfAycQtSRQVaPf vL7yc0i5kEKojWXddJIciJAk4Fm1T8TLOU0BEZsK6hksRMB/nsgQk+NUofR4kyJQHP1N8TOYm1Hseh6YwJDPWiNxX/87oZRI0g5zLNgEk6XxRlAkOCp2ngPleMghgbQqji5lZMh0QRCiazignBXXx5mbQv6q5Td28vq81GEUcZHaMTVEMuukJNdINayEMUTdAzekVv1pP1Yr1bH/PWklXMHKI/sD5/AIvRlQc=</latexit><latexit sha1_base64="bsfwAExZQAi/e/aUXOtd20ENOZM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYKphSaUzXbTLt1swu5ELKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXpoJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtnWSKMo8mIlGdkGgmuGQecBCskypG4lCw+3B0PfXvH5jSPJF3ME5ZEJOB5BGnBIzUs4862Nc8xj6wR8g9ySc15xy7Zz276tSdGfAycQtSRQVaPf vL7yc0i5kEKojWXddJIciJAk4Fm1T8TLOU0BEZsK6hksRMB/nsgQk+NUofR4kyJQHP1N8TOYm1Hseh6YwJDPWiNxX/87oZRI0g5zLNgEk6XxRlAkOCp2ngPleMghgbQqji5lZMh0QRCiazignBXXx5mbQv6q5Td28vq81GEUcZHaMTVEMuukJNdINayEMUTdAzekVv1pP1Yr1bH/PWklXMHKI/sD5/AIvRlQc=</latexit>

Y ⇠ Uni(0, 1)
<latexit sha1_base64="X7FJKkXH+K6LYbqv5nNAhOKZgTQ=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYJpK00pm+22XbrZhN2JWEIu/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMviAXX4DjfVmFldW19o7hZ2tre2d2z9w+aOkoUZR6NRKTaAdFMcMk84CBYO1aMhIFgrWB8PfVbD0xpHsk7mMSsG5Kh5ANOCRipZx/dY1/zEPvAHiH1JM8qzjl2z3p22ak6M+Bl4uakjHI0evaX349oEjIJVBCtO64TQzclCjgVLCv5iWYxoWMyZB1DJQmZ7qazBzJ8apQ+HkTKlAQ8U39PpCTUehIGpjMkMNKL3lT8z+skMKh1Uy7jBJik80WDRGCI8DQN3OeKURATQwhV3NyK6YgoQsFkVjIhuIsvL5PmRdV1qu7tZbley+MoomN0girIRVeojm5QA3mIogw9o1f0Zj1ZL9a79TFvLVj5zCH6A+vzB41rlQg=</latexit><latexit sha1_base64="X7FJKkXH+K6LYbqv5nNAhOKZgTQ=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYJpK00pm+22XbrZhN2JWEIu/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMviAXX4DjfVmFldW19o7hZ2tre2d2z9w+aOkoUZR6NRKTaAdFMcMk84CBYO1aMhIFgrWB8PfVbD0xpHsk7mMSsG5Kh5ANOCRipZx/dY1/zEPvAHiH1JM8qzjl2z3p22ak6M+Bl4uakjHI0evaX349oEjIJVBCtO64TQzclCjgVLCv5iWYxoWMyZB1DJQmZ7qazBzJ8apQ+HkTKlAQ8U39PpCTUehIGpjMkMNKL3lT8z+skMKh1Uy7jBJik80WDRGCI8DQN3OeKURATQwhV3NyK6YgoQsFkVjIhuIsvL5PmRdV1qu7tZbley+MoomN0girIRVeojm5QA3mIogw9o1f0Zj1ZL9a79TFvLVj5zCH6A+vzB41rlQg=</latexit><latexit sha1_base64="X7FJKkXH+K6LYbqv5nNAhOKZgTQ=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYJpK00pm+22XbrZhN2JWEIu/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMviAXX4DjfVmFldW19o7hZ2tre2d2z9w+aOkoUZR6NRKTaAdFMcMk84CBYO1aMhIFgrWB8PfVbD0xpHsk7mMSsG5Kh5ANOCRipZx/dY1/zEPvAHiH1JM8qzjl2z3p22ak6M+Bl4uakjHI0evaX349oEjIJVBCtO64TQzclCjgVLCv5iWYxoWMyZB1DJQmZ7qazBzJ8apQ+HkTKlAQ8U39PpCTUehIGpjMkMNKL3lT8z+skMKh1Uy7jBJik80WDRGCI8DQN3OeKURATQwhV3NyK6YgoQsFkVjIhuIsvL5PmRdV1qu7tZbley+MoomN0girIRVeojm5QA3mIogw9o1f0Zj1ZL9a79TFvLVj5zCH6A+vzB41rlQg=</latexit><latexit sha1_base64="X7FJKkXH+K6LYbqv5nNAhOKZgTQ=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYJpK00pm+22XbrZhN2JWEIu/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMviAXX4DjfVmFldW19o7hZ2tre2d2z9w+aOkoUZR6NRKTaAdFMcMk84CBYO1aMhIFgrWB8PfVbD0xpHsk7mMSsG5Kh5ANOCRipZx/dY1/zEPvAHiH1JM8qzjl2z3p22ak6M+Bl4uakjHI0evaX349oEjIJVBCtO64TQzclCjgVLCv5iWYxoWMyZB1DJQmZ7qazBzJ8apQ+HkTKlAQ8U39PpCTUehIGpjMkMNKL3lT8z+skMKh1Uy7jBJik80WDRGCI8DQN3OeKURATQwhV3NyK6YgoQsFkVjIhuIsvL5PmRdV1qu7tZbley+MoomN0girIRVeojm5QA3mIogw9o1f0Zj1ZL9a79TFvLVj5zCH6A+vzB41rlQg=</latexit>

X and Y are independent
fX+Y (↵)?

<latexit sha1_base64="gba80T0/0hoMts6tPTMB4P+uZlg=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBEqQklEsDcLXjxWsB/ShjLZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g8O7aPjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Ww77GXty6dpuYs8GeLFbc8uuRV3DmeVeDkpQY56z/7q9mOSRlRowlGpjucm2s9QakY4nRa7qaIJkhEOaMdQgRFVfja/fOqcG6XvhLE0JbQzV39PZBgpNYkC0xmhHqplbyb+53VSHVb9jIkk1VSQxaIw5Y6OnVkMTp9JSjSfGIJEMnOrQ4YokWgTVtGE4C2/vEqaVxXPrXgP16VaNY+jAKdwBmXw4AZqcA91aACBMTzDK7xZmfVivVsfi9Y1K585gT+wPn8AYfaSzA==</latexit><latexit sha1_base64="gba80T0/0hoMts6tPTMB4P+uZlg=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBEqQklEsDcLXjxWsB/ShjLZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g8O7aPjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Ww77GXty6dpuYs8GeLFbc8uuRV3DmeVeDkpQY56z/7q9mOSRlRowlGpjucm2s9QakY4nRa7qaIJkhEOaMdQgRFVfja/fOqcG6XvhLE0JbQzV39PZBgpNYkC0xmhHqplbyb+53VSHVb9jIkk1VSQxaIw5Y6OnVkMTp9JSjSfGIJEMnOrQ4YokWgTVtGE4C2/vEqaVxXPrXgP16VaNY+jAKdwBmXw4AZqcA91aACBMTzDK7xZmfVivVsfi9Y1K585gT+wPn8AYfaSzA==</latexit><latexit sha1_base64="gba80T0/0hoMts6tPTMB4P+uZlg=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBEqQklEsDcLXjxWsB/ShjLZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g8O7aPjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Ww77GXty6dpuYs8GeLFbc8uuRV3DmeVeDkpQY56z/7q9mOSRlRowlGpjucm2s9QakY4nRa7qaIJkhEOaMdQgRFVfja/fOqcG6XvhLE0JbQzV39PZBgpNYkC0xmhHqplbyb+53VSHVb9jIkk1VSQxaIw5Y6OnVkMTp9JSjSfGIJEMnOrQ4YokWgTVtGE4C2/vEqaVxXPrXgP16VaNY+jAKdwBmXw4AZqcA91aACBMTzDK7xZmfVivVsfi9Y1K585gT+wPn8AYfaSzA==</latexit><latexit sha1_base64="gba80T0/0hoMts6tPTMB4P+uZlg=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBEqQklEsDcLXjxWsB/ShjLZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g8O7aPjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Ww77GXty6dpuYs8GeLFbc8uuRV3DmeVeDkpQY56z/7q9mOSRlRowlGpjucm2s9QakY4nRa7qaIJkhEOaMdQgRFVfja/fOqcG6XvhLE0JbQzV39PZBgpNYkC0xmhHqplbyb+53VSHVb9jIkk1VSQxaIw5Y6OnVkMTp9JSjSfGIJEMnOrQ4YokWgTVtGE4C2/vEqaVxXPrXgP16VaNY+jAKdwBmXw4AZqcA91aACBMTzDK7xZmfVivVsfi9Y1K585gT+wPn8AYfaSzA==</latexit>

For these values 
of k, the 

densities are 1

0 ½ 1 ½3 2

f X
+
Y
(↵

)
<latexit sha1_base64="jOvp5uOaOeKHF2svPUBMepQUeGM=">AAAB+HicbVBNS8NAEJ34WetHox69BItQEUoigj0WvHisYD+kDWWy3bRLN5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g9K9uFRS8WpJLRJYh7LToCKciZoUzPNaSeRFKOA03Ywvpn57UcqFYvFvZ4k1I9wKFjICGoj9e1S2M86Fw/TSg95MsLzvl12q+4czirxclKGHI2+/dUbxCSNqNCEo1Jdz020n6HUjHA6LfZSRRMkYxzSrqECI6r8bH741DkzysAJY2lKaGeu/p7IMFJqEgWmM0I9UsveTPzP66Y6rPkZE0mqqSCLRWHKHR07sxScAZOUaD4xBIlk5laHjFAi0SarognBW355lbQuq55b9e6uyvVaHkcBTuAUKuDBNdThFhrQBAIpPMMrvFlP1ov1bn0sWtesfOYY/sD6/AHYAJKD</latexit><latexit sha1_base64="jOvp5uOaOeKHF2svPUBMepQUeGM=">AAAB+HicbVBNS8NAEJ34WetHox69BItQEUoigj0WvHisYD+kDWWy3bRLN5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g9K9uFRS8WpJLRJYh7LToCKciZoUzPNaSeRFKOA03Ywvpn57UcqFYvFvZ4k1I9wKFjICGoj9e1S2M86Fw/TSg95MsLzvl12q+4czirxclKGHI2+/dUbxCSNqNCEo1Jdz020n6HUjHA6LfZSRRMkYxzSrqECI6r8bH741DkzysAJY2lKaGeu/p7IMFJqEgWmM0I9UsveTPzP66Y6rPkZE0mqqSCLRWHKHR07sxScAZOUaD4xBIlk5laHjFAi0SarognBW355lbQuq55b9e6uyvVaHkcBTuAUKuDBNdThFhrQBAIpPMMrvFlP1ov1bn0sWtesfOYY/sD6/AHYAJKD</latexit><latexit sha1_base64="jOvp5uOaOeKHF2svPUBMepQUeGM=">AAAB+HicbVBNS8NAEJ34WetHox69BItQEUoigj0WvHisYD+kDWWy3bRLN5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g9K9uFRS8WpJLRJYh7LToCKciZoUzPNaSeRFKOA03Ywvpn57UcqFYvFvZ4k1I9wKFjICGoj9e1S2M86Fw/TSg95MsLzvl12q+4czirxclKGHI2+/dUbxCSNqNCEo1Jdz020n6HUjHA6LfZSRRMkYxzSrqECI6r8bH741DkzysAJY2lKaGeu/p7IMFJqEgWmM0I9UsveTPzP66Y6rPkZE0mqqSCLRWHKHR07sxScAZOUaD4xBIlk5laHjFAi0SarognBW355lbQuq55b9e6uyvVaHkcBTuAUKuDBNdThFhrQBAIpPMMrvFlP1ov1bn0sWtesfOYY/sD6/AHYAJKD</latexit><latexit sha1_base64="jOvp5uOaOeKHF2svPUBMepQUeGM=">AAAB+HicbVBNS8NAEJ34WetHox69BItQEUoigj0WvHisYD+kDWWy3bRLN5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g9K9uFRS8WpJLRJYh7LToCKciZoUzPNaSeRFKOA03Ywvpn57UcqFYvFvZ4k1I9wKFjICGoj9e1S2M86Fw/TSg95MsLzvl12q+4czirxclKGHI2+/dUbxCSNqNCEo1Jdz020n6HUjHA6LfZSRRMkYxzSrqECI6r8bH741DkzysAJY2lKaGeu/p7IMFJqEgWmM0I9UsveTPzP66Y6rPkZE0mqqSCLRWHKHR07sxScAZOUaD4xBIlk5laHjFAi0SarognBW355lbQuq55b9e6uyvVaHkcBTuAUKuDBNdThFhrQBAIpPMMrvFlP1ov1bn0sWtesfOYY/sD6/AHYAJKD</latexit>

0 < k < 1
<latexit sha1_base64="yLUwUeIzS3M2LeVe7SwmA8tAxZw=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhCswl0QtLAI2FhGMB+SHGFvs5cs2d07dueEEPIrbCwUsfXn2Plv3CRXaOKDgcd7M8zMi1IpLPr+t7e2vrG5tV3YKe7u7R8clo6OmzbJDOMNlsjEtCNquRSaN1Cg5O3UcKoiyVvR6Hbmt564sSLRDzhOeajoQItYMIpOevTJDRm5Cnqlsl/x5yCrJMhJGXLUe6Wvbj9hmeIamaTWdgI/xXBCDQom+bTYzSxPKRvRAe84qqniNpzMD56Sc6f0SZwYVxrJXP09MaHK2rGKXKeiOLTL3kz8z+tkGF+HE6HTDLlmi0VxJgkmZPY96QvDGcqxI5QZ4W4lbEgNZegyKroQguWXV0mzWgn8SnB/Wa5V8zgKcApncAEBXEEN7qAODWCg4Ble4c0z3ov37n0sWte8fOYE/sD7/AEHOY6I</latexit><latexit sha1_base64="yLUwUeIzS3M2LeVe7SwmA8tAxZw=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhCswl0QtLAI2FhGMB+SHGFvs5cs2d07dueEEPIrbCwUsfXn2Plv3CRXaOKDgcd7M8zMi1IpLPr+t7e2vrG5tV3YKe7u7R8clo6OmzbJDOMNlsjEtCNquRSaN1Cg5O3UcKoiyVvR6Hbmt564sSLRDzhOeajoQItYMIpOevTJDRm5Cnqlsl/x5yCrJMhJGXLUe6Wvbj9hmeIamaTWdgI/xXBCDQom+bTYzSxPKRvRAe84qqniNpzMD56Sc6f0SZwYVxrJXP09MaHK2rGKXKeiOLTL3kz8z+tkGF+HE6HTDLlmi0VxJgkmZPY96QvDGcqxI5QZ4W4lbEgNZegyKroQguWXV0mzWgn8SnB/Wa5V8zgKcApncAEBXEEN7qAODWCg4Ble4c0z3ov37n0sWte8fOYE/sD7/AEHOY6I</latexit><latexit sha1_base64="yLUwUeIzS3M2LeVe7SwmA8tAxZw=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhCswl0QtLAI2FhGMB+SHGFvs5cs2d07dueEEPIrbCwUsfXn2Plv3CRXaOKDgcd7M8zMi1IpLPr+t7e2vrG5tV3YKe7u7R8clo6OmzbJDOMNlsjEtCNquRSaN1Cg5O3UcKoiyVvR6Hbmt564sSLRDzhOeajoQItYMIpOevTJDRm5Cnqlsl/x5yCrJMhJGXLUe6Wvbj9hmeIamaTWdgI/xXBCDQom+bTYzSxPKRvRAe84qqniNpzMD56Sc6f0SZwYVxrJXP09MaHK2rGKXKeiOLTL3kz8z+tkGF+HE6HTDLlmi0VxJgkmZPY96QvDGcqxI5QZ4W4lbEgNZegyKroQguWXV0mzWgn8SnB/Wa5V8zgKcApncAEBXEEN7qAODWCg4Ble4c0z3ov37n0sWte8fOYE/sD7/AEHOY6I</latexit><latexit sha1_base64="yLUwUeIzS3M2LeVe7SwmA8tAxZw=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhCswl0QtLAI2FhGMB+SHGFvs5cs2d07dueEEPIrbCwUsfXn2Plv3CRXaOKDgcd7M8zMi1IpLPr+t7e2vrG5tV3YKe7u7R8clo6OmzbJDOMNlsjEtCNquRSaN1Cg5O3UcKoiyVvR6Hbmt564sSLRDzhOeajoQItYMIpOevTJDRm5Cnqlsl/x5yCrJMhJGXLUe6Wvbj9hmeIamaTWdgI/xXBCDQom+bTYzSxPKRvRAe84qqniNpzMD56Sc6f0SZwYVxrJXP09MaHK2rGKXKeiOLTL3kz8z+tkGF+HE6HTDLlmi0VxJgkmZPY96QvDGcqxI5QZ4W4lbEgNZegyKroQguWXV0mzWgn8SnB/Wa5V8zgKcApncAEBXEEN7qAODWCg4Ble4c0z3ov37n0sWte8fOYE/sD7/AEHOY6I</latexit>

�1/2 < k < 1/2
<latexit sha1_base64="NKW2hQpZmsD7US3TDCiKpB0wAPw=">AAAB+XicbZDLSsNAFIZP6q3WW9Slm8EiuLEmQdBFFwU3LivYC7ShTKaTduhkEmYmhRL6Jm5cKOLWN3Hn2zhps9DWHwY+/nMO58wfJJwp7TjfVmljc2t7p7xb2ds/ODyyj0/aKk4loS0S81h2A6woZ4K2NNOcdhNJcRRw2gkm93m9M6VSsVg86VlC/QiPBAsZwdpYA9tGV8i99uoITVA9p4FddWrOQmgd3AKqUKg5sL/6w5ikERWacKxUz3US7WdYakY4nVf6qaIJJhM8oj2DAkdU+dni8jm6MM4QhbE0T2i0cH9PZDhSahYFpjPCeqxWa7n5X62X6vDOz5hIUk0FWS4KU450jPIY0JBJSjSfGcBEMnMrImMsMdEmrIoJwV398jq0vZrr1NzHm2rDK+IowxmcwyW4cAsNeIAmtIDAFJ7hFd6szHqx3q2PZWvJKmZO4Y+szx9c/pAv</latexit><latexit sha1_base64="NKW2hQpZmsD7US3TDCiKpB0wAPw=">AAAB+XicbZDLSsNAFIZP6q3WW9Slm8EiuLEmQdBFFwU3LivYC7ShTKaTduhkEmYmhRL6Jm5cKOLWN3Hn2zhps9DWHwY+/nMO58wfJJwp7TjfVmljc2t7p7xb2ds/ODyyj0/aKk4loS0S81h2A6woZ4K2NNOcdhNJcRRw2gkm93m9M6VSsVg86VlC/QiPBAsZwdpYA9tGV8i99uoITVA9p4FddWrOQmgd3AKqUKg5sL/6w5ikERWacKxUz3US7WdYakY4nVf6qaIJJhM8oj2DAkdU+dni8jm6MM4QhbE0T2i0cH9PZDhSahYFpjPCeqxWa7n5X62X6vDOz5hIUk0FWS4KU450jPIY0JBJSjSfGcBEMnMrImMsMdEmrIoJwV398jq0vZrr1NzHm2rDK+IowxmcwyW4cAsNeIAmtIDAFJ7hFd6szHqx3q2PZWvJKmZO4Y+szx9c/pAv</latexit><latexit sha1_base64="NKW2hQpZmsD7US3TDCiKpB0wAPw=">AAAB+XicbZDLSsNAFIZP6q3WW9Slm8EiuLEmQdBFFwU3LivYC7ShTKaTduhkEmYmhRL6Jm5cKOLWN3Hn2zhps9DWHwY+/nMO58wfJJwp7TjfVmljc2t7p7xb2ds/ODyyj0/aKk4loS0S81h2A6woZ4K2NNOcdhNJcRRw2gkm93m9M6VSsVg86VlC/QiPBAsZwdpYA9tGV8i99uoITVA9p4FddWrOQmgd3AKqUKg5sL/6w5ikERWacKxUz3US7WdYakY4nVf6qaIJJhM8oj2DAkdU+dni8jm6MM4QhbE0T2i0cH9PZDhSahYFpjPCeqxWa7n5X62X6vDOz5hIUk0FWS4KU450jPIY0JBJSjSfGcBEMnMrImMsMdEmrIoJwV398jq0vZrr1NzHm2rDK+IowxmcwyW4cAsNeIAmtIDAFJ7hFd6szHqx3q2PZWvJKmZO4Y+szx9c/pAv</latexit><latexit sha1_base64="NKW2hQpZmsD7US3TDCiKpB0wAPw=">AAAB+XicbZDLSsNAFIZP6q3WW9Slm8EiuLEmQdBFFwU3LivYC7ShTKaTduhkEmYmhRL6Jm5cKOLWN3Hn2zhps9DWHwY+/nMO58wfJJwp7TjfVmljc2t7p7xb2ds/ODyyj0/aKk4loS0S81h2A6woZ4K2NNOcdhNJcRRw2gkm93m9M6VSsVg86VlC/QiPBAsZwdpYA9tGV8i99uoITVA9p4FddWrOQmgd3AKqUKg5sL/6w5ikERWacKxUz3US7WdYakY4nVf6qaIJJhM8oj2DAkdU+dni8jm6MM4QhbE0T2i0cH9PZDhSahYFpjPCeqxWa7n5X62X6vDOz5hIUk0FWS4KU450jPIY0JBJSjSfGcBEMnMrImMsMdEmrIoJwV398jq0vZrr1NzHm2rDK+IowxmcwyW4cAsNeIAmtIDAFJ7hFd6szHqx3q2PZWvJKmZO4Y+szx9c/pAv</latexit>

fX+Y (1/2) =

1/2Z

k=0

1 dk = 0.5

<latexit sha1_base64="SQwjIZ2iw4N3nVSv6ufmKKBG8lI="></latexit><latexit sha1_base64="SQwjIZ2iw4N3nVSv6ufmKKBG8lI="></latexit><latexit sha1_base64="SQwjIZ2iw4N3nVSv6ufmKKBG8lI="></latexit><latexit sha1_base64="SQwjIZ2iw4N3nVSv6ufmKKBG8lI="></latexit>

⍺ = 1/2



X ⇠ Uni(0, 1)
<latexit sha1_base64="bsfwAExZQAi/e/aUXOtd20ENOZM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYKphSaUzXbTLt1swu5ELKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXpoJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtnWSKMo8mIlGdkGgmuGQecBCskypG4lCw+3B0PfXvH5jSPJF3ME5ZEJOB5BGnBIzUs4862Nc8xj6wR8g9ySc15xy7Zz276tSdGfAycQtSRQVaPf vL7yc0i5kEKojWXddJIciJAk4Fm1T8TLOU0BEZsK6hksRMB/nsgQk+NUofR4kyJQHP1N8TOYm1Hseh6YwJDPWiNxX/87oZRI0g5zLNgEk6XxRlAkOCp2ngPleMghgbQqji5lZMh0QRCiazignBXXx5mbQv6q5Td28vq81GEUcZHaMTVEMuukJNdINayEMUTdAzekVv1pP1Yr1bH/PWklXMHKI/sD5/AIvRlQc=</latexit><latexit sha1_base64="bsfwAExZQAi/e/aUXOtd20ENOZM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYKphSaUzXbTLt1swu5ELKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXpoJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtnWSKMo8mIlGdkGgmuGQecBCskypG4lCw+3B0PfXvH5jSPJF3ME5ZEJOB5BGnBIzUs4862Nc8xj6wR8g9ySc15xy7Zz276tSdGfAycQtSRQVaPf vL7yc0i5kEKojWXddJIciJAk4Fm1T8TLOU0BEZsK6hksRMB/nsgQk+NUofR4kyJQHP1N8TOYm1Hseh6YwJDPWiNxX/87oZRI0g5zLNgEk6XxRlAkOCp2ngPleMghgbQqji5lZMh0QRCiazignBXXx5mbQv6q5Td28vq81GEUcZHaMTVEMuukJNdINayEMUTdAzekVv1pP1Yr1bH/PWklXMHKI/sD5/AIvRlQc=</latexit><latexit sha1_base64="bsfwAExZQAi/e/aUXOtd20ENOZM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYKphSaUzXbTLt1swu5ELKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXpoJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtnWSKMo8mIlGdkGgmuGQecBCskypG4lCw+3B0PfXvH5jSPJF3ME5ZEJOB5BGnBIzUs4862Nc8xj6wR8g9ySc15xy7Zz276tSdGfAycQtSRQVaPf vL7yc0i5kEKojWXddJIciJAk4Fm1T8TLOU0BEZsK6hksRMB/nsgQk+NUofR4kyJQHP1N8TOYm1Hseh6YwJDPWiNxX/87oZRI0g5zLNgEk6XxRlAkOCp2ngPleMghgbQqji5lZMh0QRCiazignBXXx5mbQv6q5Td28vq81GEUcZHaMTVEMuukJNdINayEMUTdAzekVv1pP1Yr1bH/PWklXMHKI/sD5/AIvRlQc=</latexit><latexit sha1_base64="bsfwAExZQAi/e/aUXOtd20ENOZM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYKphSaUzXbTLt1swu5ELKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXpoJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtnWSKMo8mIlGdkGgmuGQecBCskypG4lCw+3B0PfXvH5jSPJF3ME5ZEJOB5BGnBIzUs4862Nc8xj6wR8g9ySc15xy7Zz276tSdGfAycQtSRQVaPf vL7yc0i5kEKojWXddJIciJAk4Fm1T8TLOU0BEZsK6hksRMB/nsgQk+NUofR4kyJQHP1N8TOYm1Hseh6YwJDPWiNxX/87oZRI0g5zLNgEk6XxRlAkOCp2ngPleMghgbQqji5lZMh0QRCiazignBXXx5mbQv6q5Td28vq81GEUcZHaMTVEMuukJNdINayEMUTdAzekVv1pP1Yr1bH/PWklXMHKI/sD5/AIvRlQc=</latexit>

Y ⇠ Uni(0, 1)
<latexit sha1_base64="X7FJKkXH+K6LYbqv5nNAhOKZgTQ=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYJpK00pm+22XbrZhN2JWEIu/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMviAXX4DjfVmFldW19o7hZ2tre2d2z9w+aOkoUZR6NRKTaAdFMcMk84CBYO1aMhIFgrWB8PfVbD0xpHsk7mMSsG5Kh5ANOCRipZx/dY1/zEPvAHiH1JM8qzjl2z3p22ak6M+Bl4uakjHI0evaX349oEjIJVBCtO64TQzclCjgVLCv5iWYxoWMyZB1DJQmZ7qazBzJ8apQ+HkTKlAQ8U39PpCTUehIGpjMkMNKL3lT8z+skMKh1Uy7jBJik80WDRGCI8DQN3OeKURATQwhV3NyK6YgoQsFkVjIhuIsvL5PmRdV1qu7tZbley+MoomN0girIRVeojm5QA3mIogw9o1f0Zj1ZL9a79TFvLVj5zCH6A+vzB41rlQg=</latexit><latexit sha1_base64="X7FJKkXH+K6LYbqv5nNAhOKZgTQ=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYJpK00pm+22XbrZhN2JWEIu/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMviAXX4DjfVmFldW19o7hZ2tre2d2z9w+aOkoUZR6NRKTaAdFMcMk84CBYO1aMhIFgrWB8PfVbD0xpHsk7mMSsG5Kh5ANOCRipZx/dY1/zEPvAHiH1JM8qzjl2z3p22ak6M+Bl4uakjHI0evaX349oEjIJVBCtO64TQzclCjgVLCv5iWYxoWMyZB1DJQmZ7qazBzJ8apQ+HkTKlAQ8U39PpCTUehIGpjMkMNKL3lT8z+skMKh1Uy7jBJik80WDRGCI8DQN3OeKURATQwhV3NyK6YgoQsFkVjIhuIsvL5PmRdV1qu7tZbley+MoomN0girIRVeojm5QA3mIogw9o1f0Zj1ZL9a79TFvLVj5zCH6A+vzB41rlQg=</latexit><latexit sha1_base64="X7FJKkXH+K6LYbqv5nNAhOKZgTQ=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYJpK00pm+22XbrZhN2JWEIu/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMviAXX4DjfVmFldW19o7hZ2tre2d2z9w+aOkoUZR6NRKTaAdFMcMk84CBYO1aMhIFgrWB8PfVbD0xpHsk7mMSsG5Kh5ANOCRipZx/dY1/zEPvAHiH1JM8qzjl2z3p22ak6M+Bl4uakjHI0evaX349oEjIJVBCtO64TQzclCjgVLCv5iWYxoWMyZB1DJQmZ7qazBzJ8apQ+HkTKlAQ8U39PpCTUehIGpjMkMNKL3lT8z+skMKh1Uy7jBJik80WDRGCI8DQN3OeKURATQwhV3NyK6YgoQsFkVjIhuIsvL5PmRdV1qu7tZbley+MoomN0girIRVeojm5QA3mIogw9o1f0Zj1ZL9a79TFvLVj5zCH6A+vzB41rlQg=</latexit><latexit sha1_base64="X7FJKkXH+K6LYbqv5nNAhOKZgTQ=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYJpK00pm+22XbrZhN2JWEIu/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMviAXX4DjfVmFldW19o7hZ2tre2d2z9w+aOkoUZR6NRKTaAdFMcMk84CBYO1aMhIFgrWB8PfVbD0xpHsk7mMSsG5Kh5ANOCRipZx/dY1/zEPvAHiH1JM8qzjl2z3p22ak6M+Bl4uakjHI0evaX349oEjIJVBCtO64TQzclCjgVLCv5iWYxoWMyZB1DJQmZ7qazBzJ8apQ+HkTKlAQ8U39PpCTUehIGpjMkMNKL3lT8z+skMKh1Uy7jBJik80WDRGCI8DQN3OeKURATQwhV3NyK6YgoQsFkVjIhuIsvL5PmRdV1qu7tZbley+MoomN0girIRVeojm5QA3mIogw9o1f0Zj1ZL9a79TFvLVj5zCH6A+vzB41rlQg=</latexit>

X and Y are independent
fX+Y (↵)?

<latexit sha1_base64="gba80T0/0hoMts6tPTMB4P+uZlg=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBEqQklEsDcLXjxWsB/ShjLZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g8O7aPjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Ww77GXty6dpuYs8GeLFbc8uuRV3DmeVeDkpQY56z/7q9mOSRlRowlGpjucm2s9QakY4nRa7qaIJkhEOaMdQgRFVfja/fOqcG6XvhLE0JbQzV39PZBgpNYkC0xmhHqplbyb+53VSHVb9jIkk1VSQxaIw5Y6OnVkMTp9JSjSfGIJEMnOrQ4YokWgTVtGE4C2/vEqaVxXPrXgP16VaNY+jAKdwBmXw4AZqcA91aACBMTzDK7xZmfVivVsfi9Y1K585gT+wPn8AYfaSzA==</latexit><latexit sha1_base64="gba80T0/0hoMts6tPTMB4P+uZlg=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBEqQklEsDcLXjxWsB/ShjLZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g8O7aPjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Ww77GXty6dpuYs8GeLFbc8uuRV3DmeVeDkpQY56z/7q9mOSRlRowlGpjucm2s9QakY4nRa7qaIJkhEOaMdQgRFVfja/fOqcG6XvhLE0JbQzV39PZBgpNYkC0xmhHqplbyb+53VSHVb9jIkk1VSQxaIw5Y6OnVkMTp9JSjSfGIJEMnOrQ4YokWgTVtGE4C2/vEqaVxXPrXgP16VaNY+jAKdwBmXw4AZqcA91aACBMTzDK7xZmfVivVsfi9Y1K585gT+wPn8AYfaSzA==</latexit><latexit sha1_base64="gba80T0/0hoMts6tPTMB4P+uZlg=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBEqQklEsDcLXjxWsB/ShjLZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g8O7aPjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Ww77GXty6dpuYs8GeLFbc8uuRV3DmeVeDkpQY56z/7q9mOSRlRowlGpjucm2s9QakY4nRa7qaIJkhEOaMdQgRFVfja/fOqcG6XvhLE0JbQzV39PZBgpNYkC0xmhHqplbyb+53VSHVb9jIkk1VSQxaIw5Y6OnVkMTp9JSjSfGIJEMnOrQ4YokWgTVtGE4C2/vEqaVxXPrXgP16VaNY+jAKdwBmXw4AZqcA91aACBMTzDK7xZmfVivVsfi9Y1K585gT+wPn8AYfaSzA==</latexit><latexit sha1_base64="gba80T0/0hoMts6tPTMB4P+uZlg=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBEqQklEsDcLXjxWsB/ShjLZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g8O7aPjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Ww77GXty6dpuYs8GeLFbc8uuRV3DmeVeDkpQY56z/7q9mOSRlRowlGpjucm2s9QakY4nRa7qaIJkhEOaMdQgRFVfja/fOqcG6XvhLE0JbQzV39PZBgpNYkC0xmhHqplbyb+53VSHVb9jIkk1VSQxaIw5Y6OnVkMTp9JSjSfGIJEMnOrQ4YokWgTVtGE4C2/vEqaVxXPrXgP16VaNY+jAKdwBmXw4AZqcA91aACBMTzDK7xZmfVivVsfi9Y1K585gT+wPn8AYfaSzA==</latexit>

For these values 
of k, the 

densities are 1

0 ½ 1 ½3 2

f X
+
Y
(↵

)
<latexit sha1_base64="jOvp5uOaOeKHF2svPUBMepQUeGM=">AAAB+HicbVBNS8NAEJ34WetHox69BItQEUoigj0WvHisYD+kDWWy3bRLN5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g9K9uFRS8WpJLRJYh7LToCKciZoUzPNaSeRFKOA03Ywvpn57UcqFYvFvZ4k1I9wKFjICGoj9e1S2M86Fw/TSg95MsLzvl12q+4czirxclKGHI2+/dUbxCSNqNCEo1Jdz020n6HUjHA6LfZSRRMkYxzSrqECI6r8bH741DkzysAJY2lKaGeu/p7IMFJqEgWmM0I9UsveTPzP66Y6rPkZE0mqqSCLRWHKHR07sxScAZOUaD4xBIlk5laHjFAi0SarognBW355lbQuq55b9e6uyvVaHkcBTuAUKuDBNdThFhrQBAIpPMMrvFlP1ov1bn0sWtesfOYY/sD6/AHYAJKD</latexit><latexit sha1_base64="jOvp5uOaOeKHF2svPUBMepQUeGM=">AAAB+HicbVBNS8NAEJ34WetHox69BItQEUoigj0WvHisYD+kDWWy3bRLN5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g9K9uFRS8WpJLRJYh7LToCKciZoUzPNaSeRFKOA03Ywvpn57UcqFYvFvZ4k1I9wKFjICGoj9e1S2M86Fw/TSg95MsLzvl12q+4czirxclKGHI2+/dUbxCSNqNCEo1Jdz020n6HUjHA6LfZSRRMkYxzSrqECI6r8bH741DkzysAJY2lKaGeu/p7IMFJqEgWmM0I9UsveTPzP66Y6rPkZE0mqqSCLRWHKHR07sxScAZOUaD4xBIlk5laHjFAi0SarognBW355lbQuq55b9e6uyvVaHkcBTuAUKuDBNdThFhrQBAIpPMMrvFlP1ov1bn0sWtesfOYY/sD6/AHYAJKD</latexit><latexit sha1_base64="jOvp5uOaOeKHF2svPUBMepQUeGM=">AAAB+HicbVBNS8NAEJ34WetHox69BItQEUoigj0WvHisYD+kDWWy3bRLN5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g9K9uFRS8WpJLRJYh7LToCKciZoUzPNaSeRFKOA03Ywvpn57UcqFYvFvZ4k1I9wKFjICGoj9e1S2M86Fw/TSg95MsLzvl12q+4czirxclKGHI2+/dUbxCSNqNCEo1Jdz020n6HUjHA6LfZSRRMkYxzSrqECI6r8bH741DkzysAJY2lKaGeu/p7IMFJqEgWmM0I9UsveTPzP66Y6rPkZE0mqqSCLRWHKHR07sxScAZOUaD4xBIlk5laHjFAi0SarognBW355lbQuq55b9e6uyvVaHkcBTuAUKuDBNdThFhrQBAIpPMMrvFlP1ov1bn0sWtesfOYY/sD6/AHYAJKD</latexit><latexit sha1_base64="jOvp5uOaOeKHF2svPUBMepQUeGM=">AAAB+HicbVBNS8NAEJ34WetHox69BItQEUoigj0WvHisYD+kDWWy3bRLN5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g9K9uFRS8WpJLRJYh7LToCKciZoUzPNaSeRFKOA03Ywvpn57UcqFYvFvZ4k1I9wKFjICGoj9e1S2M86Fw/TSg95MsLzvl12q+4czirxclKGHI2+/dUbxCSNqNCEo1Jdz020n6HUjHA6LfZSRRMkYxzSrqECI6r8bH741DkzysAJY2lKaGeu/p7IMFJqEgWmM0I9UsveTPzP66Y6rPkZE0mqqSCLRWHKHR07sxScAZOUaD4xBIlk5laHjFAi0SarognBW355lbQuq55b9e6uyvVaHkcBTuAUKuDBNdThFhrQBAIpPMMrvFlP1ov1bn0sWtesfOYY/sD6/AHYAJKD</latexit>

fX+Y (↵) =

↵Z

k=0

1 dk = ↵

<latexit sha1_base64="uPDo0bkye7uXPBOhbRZKxFpUYrA="></latexit><latexit sha1_base64="uPDo0bkye7uXPBOhbRZKxFpUYrA="></latexit><latexit sha1_base64="uPDo0bkye7uXPBOhbRZKxFpUYrA="></latexit><latexit sha1_base64="uPDo0bkye7uXPBOhbRZKxFpUYrA="></latexit>

0 < k < ↵
<latexit sha1_base64="h3/fECGaSfxp7QCPxycLTF5B+yo=">AAAB9XicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CoIVFwMYygvmA5Axzm71kyd7esbunhCP/w8ZCEVv/i53/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVFHWpLGIVSdAzQSXrGm4EayTKIZRIFg7GN/M/PYjU5rH8t5MEuZHOJQ85BSNlR5cck3GtnookhH2yxW36s5BVomXkwrkaPTLX71BTNOISUMFat313MT4GSrDqWDTUi/VLEE6xiHrWioxYtrP5ldPyZlVBiSMlS1pyFz9PZFhpPUkCmxnhGakl72Z+J/XTU145WdcJqlhki4WhakgJiazCMiAK0aNmFiCVHF7K6EjVEiNDapkQ/CWX14lrVrVc6ve3UWlXsvjKMIJnMI5eHAJdbiFBjSBgoJneIU358l5cd6dj0VrwclnjuEPnM8fIEyQ6w==</latexit><latexit sha1_base64="h3/fECGaSfxp7QCPxycLTF5B+yo=">AAAB9XicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CoIVFwMYygvmA5Axzm71kyd7esbunhCP/w8ZCEVv/i53/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVFHWpLGIVSdAzQSXrGm4EayTKIZRIFg7GN/M/PYjU5rH8t5MEuZHOJQ85BSNlR5cck3GtnookhH2yxW36s5BVomXkwrkaPTLX71BTNOISUMFat313MT4GSrDqWDTUi/VLEE6xiHrWioxYtrP5ldPyZlVBiSMlS1pyFz9PZFhpPUkCmxnhGakl72Z+J/XTU145WdcJqlhki4WhakgJiazCMiAK0aNmFiCVHF7K6EjVEiNDapkQ/CWX14lrVrVc6ve3UWlXsvjKMIJnMI5eHAJdbiFBjSBgoJneIU358l5cd6dj0VrwclnjuEPnM8fIEyQ6w==</latexit><latexit sha1_base64="h3/fECGaSfxp7QCPxycLTF5B+yo=">AAAB9XicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CoIVFwMYygvmA5Axzm71kyd7esbunhCP/w8ZCEVv/i53/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVFHWpLGIVSdAzQSXrGm4EayTKIZRIFg7GN/M/PYjU5rH8t5MEuZHOJQ85BSNlR5cck3GtnookhH2yxW36s5BVomXkwrkaPTLX71BTNOISUMFat313MT4GSrDqWDTUi/VLEE6xiHrWioxYtrP5ldPyZlVBiSMlS1pyFz9PZFhpPUkCmxnhGakl72Z+J/XTU145WdcJqlhki4WhakgJiazCMiAK0aNmFiCVHF7K6EjVEiNDapkQ/CWX14lrVrVc6ve3UWlXsvjKMIJnMI5eHAJdbiFBjSBgoJneIU358l5cd6dj0VrwclnjuEPnM8fIEyQ6w==</latexit><latexit sha1_base64="h3/fECGaSfxp7QCPxycLTF5B+yo=">AAAB9XicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CoIVFwMYygvmA5Axzm71kyd7esbunhCP/w8ZCEVv/i53/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVFHWpLGIVSdAzQSXrGm4EayTKIZRIFg7GN/M/PYjU5rH8t5MEuZHOJQ85BSNlR5cck3GtnookhH2yxW36s5BVomXkwrkaPTLX71BTNOISUMFat313MT4GSrDqWDTUi/VLEE6xiHrWioxYtrP5ldPyZlVBiSMlS1pyFz9PZFhpPUkCmxnhGakl72Z+J/XTU145WdcJqlhki4WhakgJiazCMiAK0aNmFiCVHF7K6EjVEiNDapkQ/CWX14lrVrVc6ve3UWlXsvjKMIJnMI5eHAJdbiFBjSBgoJneIU358l5cd6dj0VrwclnjuEPnM8fIEyQ6w==</latexit>

0 < k < 1
<latexit sha1_base64="yLUwUeIzS3M2LeVe7SwmA8tAxZw=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhCswl0QtLAI2FhGMB+SHGFvs5cs2d07dueEEPIrbCwUsfXn2Plv3CRXaOKDgcd7M8zMi1IpLPr+t7e2vrG5tV3YKe7u7R8clo6OmzbJDOMNlsjEtCNquRSaN1Cg5O3UcKoiyVvR6Hbmt564sSLRDzhOeajoQItYMIpOevTJDRm5Cnqlsl/x5yCrJMhJGXLUe6Wvbj9hmeIamaTWdgI/xXBCDQom+bTYzSxPKRvRAe84qqniNpzMD56Sc6f0SZwYVxrJXP09MaHK2rGKXKeiOLTL3kz8z+tkGF+HE6HTDLlmi0VxJgkmZPY96QvDGcqxI5QZ4W4lbEgNZegyKroQguWXV0mzWgn8SnB/Wa5V8zgKcApncAEBXEEN7qAODWCg4Ble4c0z3ov37n0sWte8fOYE/sD7/AEHOY6I</latexit><latexit sha1_base64="yLUwUeIzS3M2LeVe7SwmA8tAxZw=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhCswl0QtLAI2FhGMB+SHGFvs5cs2d07dueEEPIrbCwUsfXn2Plv3CRXaOKDgcd7M8zMi1IpLPr+t7e2vrG5tV3YKe7u7R8clo6OmzbJDOMNlsjEtCNquRSaN1Cg5O3UcKoiyVvR6Hbmt564sSLRDzhOeajoQItYMIpOevTJDRm5Cnqlsl/x5yCrJMhJGXLUe6Wvbj9hmeIamaTWdgI/xXBCDQom+bTYzSxPKRvRAe84qqniNpzMD56Sc6f0SZwYVxrJXP09MaHK2rGKXKeiOLTL3kz8z+tkGF+HE6HTDLlmi0VxJgkmZPY96QvDGcqxI5QZ4W4lbEgNZegyKroQguWXV0mzWgn8SnB/Wa5V8zgKcApncAEBXEEN7qAODWCg4Ble4c0z3ov37n0sWte8fOYE/sD7/AEHOY6I</latexit><latexit sha1_base64="yLUwUeIzS3M2LeVe7SwmA8tAxZw=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhCswl0QtLAI2FhGMB+SHGFvs5cs2d07dueEEPIrbCwUsfXn2Plv3CRXaOKDgcd7M8zMi1IpLPr+t7e2vrG5tV3YKe7u7R8clo6OmzbJDOMNlsjEtCNquRSaN1Cg5O3UcKoiyVvR6Hbmt564sSLRDzhOeajoQItYMIpOevTJDRm5Cnqlsl/x5yCrJMhJGXLUe6Wvbj9hmeIamaTWdgI/xXBCDQom+bTYzSxPKRvRAe84qqniNpzMD56Sc6f0SZwYVxrJXP09MaHK2rGKXKeiOLTL3kz8z+tkGF+HE6HTDLlmi0VxJgkmZPY96QvDGcqxI5QZ4W4lbEgNZegyKroQguWXV0mzWgn8SnB/Wa5V8zgKcApncAEBXEEN7qAODWCg4Ble4c0z3ov37n0sWte8fOYE/sD7/AEHOY6I</latexit><latexit sha1_base64="yLUwUeIzS3M2LeVe7SwmA8tAxZw=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhCswl0QtLAI2FhGMB+SHGFvs5cs2d07dueEEPIrbCwUsfXn2Plv3CRXaOKDgcd7M8zMi1IpLPr+t7e2vrG5tV3YKe7u7R8clo6OmzbJDOMNlsjEtCNquRSaN1Cg5O3UcKoiyVvR6Hbmt564sSLRDzhOeajoQItYMIpOevTJDRm5Cnqlsl/x5yCrJMhJGXLUe6Wvbj9hmeIamaTWdgI/xXBCDQom+bTYzSxPKRvRAe84qqniNpzMD56Sc6f0SZwYVxrJXP09MaHK2rGKXKeiOLTL3kz8z+tkGF+HE6HTDLlmi0VxJgkmZPY96QvDGcqxI5QZ4W4lbEgNZegyKroQguWXV0mzWgn8SnB/Wa5V8zgKcApncAEBXEEN7qAODWCg4Ble4c0z3ov37n0sWte8fOYE/sD7/AEHOY6I</latexit> ↵� 1 < k < ↵

<latexit sha1_base64="YExd6URt+Pf4LeQk0zuXJNOJr3o=">AAACAHicbVA9SwNBEJ2LXzF+nVpY2CwGwcZwFwQtUgRsLCOYD0iOMLfZS5bsfbC7J4QjjX/FxkIRW3+Gnf/GTXKFJj4YeLw3w8w8PxFcacf5tgpr6xubW8Xt0s7u3v6BfXjUUnEqKWvSWMSy46NigkesqbkWrJNIhqEvWNsf38789iOTisfRg54kzAtxGPGAU9RG6tsnPRTJCMklcWuEjEmNLIS+XXYqzhxklbg5KUOORt/+6g1imoYs0lSgUl3XSbSXodScCjYt9VLFEqRjHLKuoRGGTHnZ/IEpOTfKgASxNBVpMld/T2QYKjUJfdMZoh6pZW8m/ud1Ux3ceBmPklSziC4WBakgOiazNMiAS0a1mBiCVHJzK6EjlEi1yaxkQnCXX14lrWrFdSru/VW5Xs3jKMIpnMEFuHANdbiDBjSBwhSe4RXerCfrxXq3PhatBSufOYY/sD5/AF6zlEY=</latexit><latexit sha1_base64="YExd6URt+Pf4LeQk0zuXJNOJr3o=">AAACAHicbVA9SwNBEJ2LXzF+nVpY2CwGwcZwFwQtUgRsLCOYD0iOMLfZS5bsfbC7J4QjjX/FxkIRW3+Gnf/GTXKFJj4YeLw3w8w8PxFcacf5tgpr6xubW8Xt0s7u3v6BfXjUUnEqKWvSWMSy46NigkesqbkWrJNIhqEvWNsf38789iOTisfRg54kzAtxGPGAU9RG6tsnPRTJCMklcWuEjEmNLIS+XXYqzhxklbg5KUOORt/+6g1imoYs0lSgUl3XSbSXodScCjYt9VLFEqRjHLKuoRGGTHnZ/IEpOTfKgASxNBVpMld/T2QYKjUJfdMZoh6pZW8m/ud1Ux3ceBmPklSziC4WBakgOiazNMiAS0a1mBiCVHJzK6EjlEi1yaxkQnCXX14lrWrFdSru/VW5Xs3jKMIpnMEFuHANdbiDBjSBwhSe4RXerCfrxXq3PhatBSufOYY/sD5/AF6zlEY=</latexit><latexit sha1_base64="YExd6URt+Pf4LeQk0zuXJNOJr3o=">AAACAHicbVA9SwNBEJ2LXzF+nVpY2CwGwcZwFwQtUgRsLCOYD0iOMLfZS5bsfbC7J4QjjX/FxkIRW3+Gnf/GTXKFJj4YeLw3w8w8PxFcacf5tgpr6xubW8Xt0s7u3v6BfXjUUnEqKWvSWMSy46NigkesqbkWrJNIhqEvWNsf38789iOTisfRg54kzAtxGPGAU9RG6tsnPRTJCMklcWuEjEmNLIS+XXYqzhxklbg5KUOORt/+6g1imoYs0lSgUl3XSbSXodScCjYt9VLFEqRjHLKuoRGGTHnZ/IEpOTfKgASxNBVpMld/T2QYKjUJfdMZoh6pZW8m/ud1Ux3ceBmPklSziC4WBakgOiazNMiAS0a1mBiCVHJzK6EjlEi1yaxkQnCXX14lrWrFdSru/VW5Xs3jKMIpnMEFuHANdbiDBjSBwhSe4RXerCfrxXq3PhatBSufOYY/sD5/AF6zlEY=</latexit><latexit sha1_base64="YExd6URt+Pf4LeQk0zuXJNOJr3o=">AAACAHicbVA9SwNBEJ2LXzF+nVpY2CwGwcZwFwQtUgRsLCOYD0iOMLfZS5bsfbC7J4QjjX/FxkIRW3+Gnf/GTXKFJj4YeLw3w8w8PxFcacf5tgpr6xubW8Xt0s7u3v6BfXjUUnEqKWvSWMSy46NigkesqbkWrJNIhqEvWNsf38789iOTisfRg54kzAtxGPGAU9RG6tsnPRTJCMklcWuEjEmNLIS+XXYqzhxklbg5KUOORt/+6g1imoYs0lSgUl3XSbSXodScCjYt9VLFEqRjHLKuoRGGTHnZ/IEpOTfKgASxNBVpMld/T2QYKjUJfdMZoh6pZW8m/ud1Ux3ceBmPklSziC4WBakgOiazNMiAS0a1mBiCVHJzK6EjlEi1yaxkQnCXX14lrWrFdSru/VW5Xs3jKMIpnMEFuHANdbiDBjSBwhSe4RXerCfrxXq3PhatBSufOYY/sD5/AF6zlEY=</latexit>

0 < ⍺ < 1



X ⇠ Uni(0, 1)
<latexit sha1_base64="bsfwAExZQAi/e/aUXOtd20ENOZM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYKphSaUzXbTLt1swu5ELKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXpoJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtnWSKMo8mIlGdkGgmuGQecBCskypG4lCw+3B0PfXvH5jSPJF3ME5ZEJOB5BGnBIzUs4862Nc8xj6wR8g9ySc15xy7Zz276tSdGfAycQtSRQVaPf vL7yc0i5kEKojWXddJIciJAk4Fm1T8TLOU0BEZsK6hksRMB/nsgQk+NUofR4kyJQHP1N8TOYm1Hseh6YwJDPWiNxX/87oZRI0g5zLNgEk6XxRlAkOCp2ngPleMghgbQqji5lZMh0QRCiazignBXXx5mbQv6q5Td28vq81GEUcZHaMTVEMuukJNdINayEMUTdAzekVv1pP1Yr1bH/PWklXMHKI/sD5/AIvRlQc=</latexit><latexit sha1_base64="bsfwAExZQAi/e/aUXOtd20ENOZM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYKphSaUzXbTLt1swu5ELKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXpoJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtnWSKMo8mIlGdkGgmuGQecBCskypG4lCw+3B0PfXvH5jSPJF3ME5ZEJOB5BGnBIzUs4862Nc8xj6wR8g9ySc15xy7Zz276tSdGfAycQtSRQVaPf vL7yc0i5kEKojWXddJIciJAk4Fm1T8TLOU0BEZsK6hksRMB/nsgQk+NUofR4kyJQHP1N8TOYm1Hseh6YwJDPWiNxX/87oZRI0g5zLNgEk6XxRlAkOCp2ngPleMghgbQqji5lZMh0QRCiazignBXXx5mbQv6q5Td28vq81GEUcZHaMTVEMuukJNdINayEMUTdAzekVv1pP1Yr1bH/PWklXMHKI/sD5/AIvRlQc=</latexit><latexit sha1_base64="bsfwAExZQAi/e/aUXOtd20ENOZM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYKphSaUzXbTLt1swu5ELKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXpoJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtnWSKMo8mIlGdkGgmuGQecBCskypG4lCw+3B0PfXvH5jSPJF3ME5ZEJOB5BGnBIzUs4862Nc8xj6wR8g9ySc15xy7Zz276tSdGfAycQtSRQVaPf vL7yc0i5kEKojWXddJIciJAk4Fm1T8TLOU0BEZsK6hksRMB/nsgQk+NUofR4kyJQHP1N8TOYm1Hseh6YwJDPWiNxX/87oZRI0g5zLNgEk6XxRlAkOCp2ngPleMghgbQqji5lZMh0QRCiazignBXXx5mbQv6q5Td28vq81GEUcZHaMTVEMuukJNdINayEMUTdAzekVv1pP1Yr1bH/PWklXMHKI/sD5/AIvRlQc=</latexit><latexit sha1_base64="bsfwAExZQAi/e/aUXOtd20ENOZM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYKphSaUzXbTLt1swu5ELKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXpoJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtnWSKMo8mIlGdkGgmuGQecBCskypG4lCw+3B0PfXvH5jSPJF3ME5ZEJOB5BGnBIzUs4862Nc8xj6wR8g9ySc15xy7Zz276tSdGfAycQtSRQVaPf vL7yc0i5kEKojWXddJIciJAk4Fm1T8TLOU0BEZsK6hksRMB/nsgQk+NUofR4kyJQHP1N8TOYm1Hseh6YwJDPWiNxX/87oZRI0g5zLNgEk6XxRlAkOCp2ngPleMghgbQqji5lZMh0QRCiazignBXXx5mbQv6q5Td28vq81GEUcZHaMTVEMuukJNdINayEMUTdAzekVv1pP1Yr1bH/PWklXMHKI/sD5/AIvRlQc=</latexit>

Y ⇠ Uni(0, 1)
<latexit sha1_base64="X7FJKkXH+K6LYbqv5nNAhOKZgTQ=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYJpK00pm+22XbrZhN2JWEIu/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMviAXX4DjfVmFldW19o7hZ2tre2d2z9w+aOkoUZR6NRKTaAdFMcMk84CBYO1aMhIFgrWB8PfVbD0xpHsk7mMSsG5Kh5ANOCRipZx/dY1/zEPvAHiH1JM8qzjl2z3p22ak6M+Bl4uakjHI0evaX349oEjIJVBCtO64TQzclCjgVLCv5iWYxoWMyZB1DJQmZ7qazBzJ8apQ+HkTKlAQ8U39PpCTUehIGpjMkMNKL3lT8z+skMKh1Uy7jBJik80WDRGCI8DQN3OeKURATQwhV3NyK6YgoQsFkVjIhuIsvL5PmRdV1qu7tZbley+MoomN0girIRVeojm5QA3mIogw9o1f0Zj1ZL9a79TFvLVj5zCH6A+vzB41rlQg=</latexit><latexit sha1_base64="X7FJKkXH+K6LYbqv5nNAhOKZgTQ=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYJpK00pm+22XbrZhN2JWEIu/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMviAXX4DjfVmFldW19o7hZ2tre2d2z9w+aOkoUZR6NRKTaAdFMcMk84CBYO1aMhIFgrWB8PfVbD0xpHsk7mMSsG5Kh5ANOCRipZx/dY1/zEPvAHiH1JM8qzjl2z3p22ak6M+Bl4uakjHI0evaX349oEjIJVBCtO64TQzclCjgVLCv5iWYxoWMyZB1DJQmZ7qazBzJ8apQ+HkTKlAQ8U39PpCTUehIGpjMkMNKL3lT8z+skMKh1Uy7jBJik80WDRGCI8DQN3OeKURATQwhV3NyK6YgoQsFkVjIhuIsvL5PmRdV1qu7tZbley+MoomN0girIRVeojm5QA3mIogw9o1f0Zj1ZL9a79TFvLVj5zCH6A+vzB41rlQg=</latexit><latexit sha1_base64="X7FJKkXH+K6LYbqv5nNAhOKZgTQ=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYJpK00pm+22XbrZhN2JWEIu/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMviAXX4DjfVmFldW19o7hZ2tre2d2z9w+aOkoUZR6NRKTaAdFMcMk84CBYO1aMhIFgrWB8PfVbD0xpHsk7mMSsG5Kh5ANOCRipZx/dY1/zEPvAHiH1JM8qzjl2z3p22ak6M+Bl4uakjHI0evaX349oEjIJVBCtO64TQzclCjgVLCv5iWYxoWMyZB1DJQmZ7qazBzJ8apQ+HkTKlAQ8U39PpCTUehIGpjMkMNKL3lT8z+skMKh1Uy7jBJik80WDRGCI8DQN3OeKURATQwhV3NyK6YgoQsFkVjIhuIsvL5PmRdV1qu7tZbley+MoomN0girIRVeojm5QA3mIogw9o1f0Zj1ZL9a79TFvLVj5zCH6A+vzB41rlQg=</latexit><latexit sha1_base64="X7FJKkXH+K6LYbqv5nNAhOKZgTQ=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYJpK00pm+22XbrZhN2JWEIu/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMviAXX4DjfVmFldW19o7hZ2tre2d2z9w+aOkoUZR6NRKTaAdFMcMk84CBYO1aMhIFgrWB8PfVbD0xpHsk7mMSsG5Kh5ANOCRipZx/dY1/zEPvAHiH1JM8qzjl2z3p22ak6M+Bl4uakjHI0evaX349oEjIJVBCtO64TQzclCjgVLCv5iWYxoWMyZB1DJQmZ7qazBzJ8apQ+HkTKlAQ8U39PpCTUehIGpjMkMNKL3lT8z+skMKh1Uy7jBJik80WDRGCI8DQN3OeKURATQwhV3NyK6YgoQsFkVjIhuIsvL5PmRdV1qu7tZbley+MoomN0girIRVeojm5QA3mIogw9o1f0Zj1ZL9a79TFvLVj5zCH6A+vzB41rlQg=</latexit>

X and Y are independent
fX+Y (↵)?

<latexit sha1_base64="gba80T0/0hoMts6tPTMB4P+uZlg=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBEqQklEsDcLXjxWsB/ShjLZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g8O7aPjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Ww77GXty6dpuYs8GeLFbc8uuRV3DmeVeDkpQY56z/7q9mOSRlRowlGpjucm2s9QakY4nRa7qaIJkhEOaMdQgRFVfja/fOqcG6XvhLE0JbQzV39PZBgpNYkC0xmhHqplbyb+53VSHVb9jIkk1VSQxaIw5Y6OnVkMTp9JSjSfGIJEMnOrQ4YokWgTVtGE4C2/vEqaVxXPrXgP16VaNY+jAKdwBmXw4AZqcA91aACBMTzDK7xZmfVivVsfi9Y1K585gT+wPn8AYfaSzA==</latexit><latexit sha1_base64="gba80T0/0hoMts6tPTMB4P+uZlg=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBEqQklEsDcLXjxWsB/ShjLZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g8O7aPjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Ww77GXty6dpuYs8GeLFbc8uuRV3DmeVeDkpQY56z/7q9mOSRlRowlGpjucm2s9QakY4nRa7qaIJkhEOaMdQgRFVfja/fOqcG6XvhLE0JbQzV39PZBgpNYkC0xmhHqplbyb+53VSHVb9jIkk1VSQxaIw5Y6OnVkMTp9JSjSfGIJEMnOrQ4YokWgTVtGE4C2/vEqaVxXPrXgP16VaNY+jAKdwBmXw4AZqcA91aACBMTzDK7xZmfVivVsfi9Y1K585gT+wPn8AYfaSzA==</latexit><latexit sha1_base64="gba80T0/0hoMts6tPTMB4P+uZlg=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBEqQklEsDcLXjxWsB/ShjLZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g8O7aPjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Ww77GXty6dpuYs8GeLFbc8uuRV3DmeVeDkpQY56z/7q9mOSRlRowlGpjucm2s9QakY4nRa7qaIJkhEOaMdQgRFVfja/fOqcG6XvhLE0JbQzV39PZBgpNYkC0xmhHqplbyb+53VSHVb9jIkk1VSQxaIw5Y6OnVkMTp9JSjSfGIJEMnOrQ4YokWgTVtGE4C2/vEqaVxXPrXgP16VaNY+jAKdwBmXw4AZqcA91aACBMTzDK7xZmfVivVsfi9Y1K585gT+wPn8AYfaSzA==</latexit><latexit sha1_base64="gba80T0/0hoMts6tPTMB4P+uZlg=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBEqQklEsDcLXjxWsB/ShjLZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g8O7aPjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Ww77GXty6dpuYs8GeLFbc8uuRV3DmeVeDkpQY56z/7q9mOSRlRowlGpjucm2s9QakY4nRa7qaIJkhEOaMdQgRFVfja/fOqcG6XvhLE0JbQzV39PZBgpNYkC0xmhHqplbyb+53VSHVb9jIkk1VSQxaIw5Y6OnVkMTp9JSjSfGIJEMnOrQ4YokWgTVtGE4C2/vEqaVxXPrXgP16VaNY+jAKdwBmXw4AZqcA91aACBMTzDK7xZmfVivVsfi9Y1K585gT+wPn8AYfaSzA==</latexit>

fX+Y (↵) =

1Z

k=�1

f(X = k)f(Y = ↵� k) dk

<latexit sha1_base64="m4WGHvW9JLRtQg7jDcDkug+clz8="></latexit><latexit sha1_base64="m4WGHvW9JLRtQg7jDcDkug+clz8="></latexit><latexit sha1_base64="m4WGHvW9JLRtQg7jDcDkug+clz8="></latexit><latexit sha1_base64="m4WGHvW9JLRtQg7jDcDkug+clz8="></latexit>

0 < k < 1
<latexit sha1_base64="yLUwUeIzS3M2LeVe7SwmA8tAxZw=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhCswl0QtLAI2FhGMB+SHGFvs5cs2d07dueEEPIrbCwUsfXn2Plv3CRXaOKDgcd7M8zMi1IpLPr+t7e2vrG5tV3YKe7u7R8clo6OmzbJDOMNlsjEtCNquRSaN1Cg5O3UcKoiyVvR6Hbmt564sSLRDzhOeajoQItYMIpOevTJDRm5Cnqlsl/x5yCrJMhJGXLUe6Wvbj9hmeIamaTWdgI/xXBCDQom+bTYzSxPKRvRAe84qqniNpzMD56Sc6f0SZwYVxrJXP09MaHK2rGKXKeiOLTL3kz8z+tkGF+HE6HTDLlmi0VxJgkmZPY96QvDGcqxI5QZ4W4lbEgNZegyKroQguWXV0mzWgn8SnB/Wa5V8zgKcApncAEBXEEN7qAODWCg4Ble4c0z3ov37n0sWte8fOYE/sD7/AEHOY6I</latexit><latexit sha1_base64="yLUwUeIzS3M2LeVe7SwmA8tAxZw=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhCswl0QtLAI2FhGMB+SHGFvs5cs2d07dueEEPIrbCwUsfXn2Plv3CRXaOKDgcd7M8zMi1IpLPr+t7e2vrG5tV3YKe7u7R8clo6OmzbJDOMNlsjEtCNquRSaN1Cg5O3UcKoiyVvR6Hbmt564sSLRDzhOeajoQItYMIpOevTJDRm5Cnqlsl/x5yCrJMhJGXLUe6Wvbj9hmeIamaTWdgI/xXBCDQom+bTYzSxPKRvRAe84qqniNpzMD56Sc6f0SZwYVxrJXP09MaHK2rGKXKeiOLTL3kz8z+tkGF+HE6HTDLlmi0VxJgkmZPY96QvDGcqxI5QZ4W4lbEgNZegyKroQguWXV0mzWgn8SnB/Wa5V8zgKcApncAEBXEEN7qAODWCg4Ble4c0z3ov37n0sWte8fOYE/sD7/AEHOY6I</latexit><latexit sha1_base64="yLUwUeIzS3M2LeVe7SwmA8tAxZw=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhCswl0QtLAI2FhGMB+SHGFvs5cs2d07dueEEPIrbCwUsfXn2Plv3CRXaOKDgcd7M8zMi1IpLPr+t7e2vrG5tV3YKe7u7R8clo6OmzbJDOMNlsjEtCNquRSaN1Cg5O3UcKoiyVvR6Hbmt564sSLRDzhOeajoQItYMIpOevTJDRm5Cnqlsl/x5yCrJMhJGXLUe6Wvbj9hmeIamaTWdgI/xXBCDQom+bTYzSxPKRvRAe84qqniNpzMD56Sc6f0SZwYVxrJXP09MaHK2rGKXKeiOLTL3kz8z+tkGF+HE6HTDLlmi0VxJgkmZPY96QvDGcqxI5QZ4W4lbEgNZegyKroQguWXV0mzWgn8SnB/Wa5V8zgKcApncAEBXEEN7qAODWCg4Ble4c0z3ov37n0sWte8fOYE/sD7/AEHOY6I</latexit><latexit sha1_base64="yLUwUeIzS3M2LeVe7SwmA8tAxZw=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhCswl0QtLAI2FhGMB+SHGFvs5cs2d07dueEEPIrbCwUsfXn2Plv3CRXaOKDgcd7M8zMi1IpLPr+t7e2vrG5tV3YKe7u7R8clo6OmzbJDOMNlsjEtCNquRSaN1Cg5O3UcKoiyVvR6Hbmt564sSLRDzhOeajoQItYMIpOevTJDRm5Cnqlsl/x5yCrJMhJGXLUe6Wvbj9hmeIamaTWdgI/xXBCDQom+bTYzSxPKRvRAe84qqniNpzMD56Sc6f0SZwYVxrJXP09MaHK2rGKXKeiOLTL3kz8z+tkGF+HE6HTDLlmi0VxJgkmZPY96QvDGcqxI5QZ4W4lbEgNZegyKroQguWXV0mzWgn8SnB/Wa5V8zgKcApncAEBXEEN7qAODWCg4Ble4c0z3ov37n0sWte8fOYE/sD7/AEHOY6I</latexit> ↵� 1 < k < ↵

<latexit sha1_base64="YExd6URt+Pf4LeQk0zuXJNOJr3o=">AAACAHicbVA9SwNBEJ2LXzF+nVpY2CwGwcZwFwQtUgRsLCOYD0iOMLfZS5bsfbC7J4QjjX/FxkIRW3+Gnf/GTXKFJj4YeLw3w8w8PxFcacf5tgpr6xubW8Xt0s7u3v6BfXjUUnEqKWvSWMSy46NigkesqbkWrJNIhqEvWNsf38789iOTisfRg54kzAtxGPGAU9RG6tsnPRTJCMklcWuEjEmNLIS+XXYqzhxklbg5KUOORt/+6g1imoYs0lSgUl3XSbSXodScCjYt9VLFEqRjHLKuoRGGTHnZ/IEpOTfKgASxNBVpMld/T2QYKjUJfdMZoh6pZW8m/ud1Ux3ceBmPklSziC4WBakgOiazNMiAS0a1mBiCVHJzK6EjlEi1yaxkQnCXX14lrWrFdSru/VW5Xs3jKMIpnMEFuHANdbiDBjSBwhSe4RXerCfrxXq3PhatBSufOYY/sD5/AF6zlEY=</latexit><latexit sha1_base64="YExd6URt+Pf4LeQk0zuXJNOJr3o=">AAACAHicbVA9SwNBEJ2LXzF+nVpY2CwGwcZwFwQtUgRsLCOYD0iOMLfZS5bsfbC7J4QjjX/FxkIRW3+Gnf/GTXKFJj4YeLw3w8w8PxFcacf5tgpr6xubW8Xt0s7u3v6BfXjUUnEqKWvSWMSy46NigkesqbkWrJNIhqEvWNsf38789iOTisfRg54kzAtxGPGAU9RG6tsnPRTJCMklcWuEjEmNLIS+XXYqzhxklbg5KUOORt/+6g1imoYs0lSgUl3XSbSXodScCjYt9VLFEqRjHLKuoRGGTHnZ/IEpOTfKgASxNBVpMld/T2QYKjUJfdMZoh6pZW8m/ud1Ux3ceBmPklSziC4WBakgOiazNMiAS0a1mBiCVHJzK6EjlEi1yaxkQnCXX14lrWrFdSru/VW5Xs3jKMIpnMEFuHANdbiDBjSBwhSe4RXerCfrxXq3PhatBSufOYY/sD5/AF6zlEY=</latexit><latexit sha1_base64="YExd6URt+Pf4LeQk0zuXJNOJr3o=">AAACAHicbVA9SwNBEJ2LXzF+nVpY2CwGwcZwFwQtUgRsLCOYD0iOMLfZS5bsfbC7J4QjjX/FxkIRW3+Gnf/GTXKFJj4YeLw3w8w8PxFcacf5tgpr6xubW8Xt0s7u3v6BfXjUUnEqKWvSWMSy46NigkesqbkWrJNIhqEvWNsf38789iOTisfRg54kzAtxGPGAU9RG6tsnPRTJCMklcWuEjEmNLIS+XXYqzhxklbg5KUOORt/+6g1imoYs0lSgUl3XSbSXodScCjYt9VLFEqRjHLKuoRGGTHnZ/IEpOTfKgASxNBVpMld/T2QYKjUJfdMZoh6pZW8m/ud1Ux3ceBmPklSziC4WBakgOiazNMiAS0a1mBiCVHJzK6EjlEi1yaxkQnCXX14lrWrFdSru/VW5Xs3jKMIpnMEFuHANdbiDBjSBwhSe4RXerCfrxXq3PhatBSufOYY/sD5/AF6zlEY=</latexit><latexit sha1_base64="YExd6URt+Pf4LeQk0zuXJNOJr3o=">AAACAHicbVA9SwNBEJ2LXzF+nVpY2CwGwcZwFwQtUgRsLCOYD0iOMLfZS5bsfbC7J4QjjX/FxkIRW3+Gnf/GTXKFJj4YeLw3w8w8PxFcacf5tgpr6xubW8Xt0s7u3v6BfXjUUnEqKWvSWMSy46NigkesqbkWrJNIhqEvWNsf38789iOTisfRg54kzAtxGPGAU9RG6tsnPRTJCMklcWuEjEmNLIS+XXYqzhxklbg5KUOORt/+6g1imoYs0lSgUl3XSbSXodScCjYt9VLFEqRjHLKuoRGGTHnZ/IEpOTfKgASxNBVpMld/T2QYKjUJfdMZoh6pZW8m/ud1Ux3ceBmPklSziC4WBakgOiazNMiAS0a1mBiCVHJzK6EjlEi1yaxkQnCXX14lrWrFdSru/VW5Xs3jKMIpnMEFuHANdbiDBjSBwhSe4RXerCfrxXq3PhatBSufOYY/sD5/AF6zlEY=</latexit>

For these values 
of k, the 

densities are 1

0 ½ 1 ½3 2

f X
+
Y
(↵

)
<latexit sha1_base64="jOvp5uOaOeKHF2svPUBMepQUeGM=">AAAB+HicbVBNS8NAEJ34WetHox69BItQEUoigj0WvHisYD+kDWWy3bRLN5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g9K9uFRS8WpJLRJYh7LToCKciZoUzPNaSeRFKOA03Ywvpn57UcqFYvFvZ4k1I9wKFjICGoj9e1S2M86Fw/TSg95MsLzvl12q+4czirxclKGHI2+/dUbxCSNqNCEo1Jdz020n6HUjHA6LfZSRRMkYxzSrqECI6r8bH741DkzysAJY2lKaGeu/p7IMFJqEgWmM0I9UsveTPzP66Y6rPkZE0mqqSCLRWHKHR07sxScAZOUaD4xBIlk5laHjFAi0SarognBW355lbQuq55b9e6uyvVaHkcBTuAUKuDBNdThFhrQBAIpPMMrvFlP1ov1bn0sWtesfOYY/sD6/AHYAJKD</latexit><latexit sha1_base64="jOvp5uOaOeKHF2svPUBMepQUeGM=">AAAB+HicbVBNS8NAEJ34WetHox69BItQEUoigj0WvHisYD+kDWWy3bRLN5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g9K9uFRS8WpJLRJYh7LToCKciZoUzPNaSeRFKOA03Ywvpn57UcqFYvFvZ4k1I9wKFjICGoj9e1S2M86Fw/TSg95MsLzvl12q+4czirxclKGHI2+/dUbxCSNqNCEo1Jdz020n6HUjHA6LfZSRRMkYxzSrqECI6r8bH741DkzysAJY2lKaGeu/p7IMFJqEgWmM0I9UsveTPzP66Y6rPkZE0mqqSCLRWHKHR07sxScAZOUaD4xBIlk5laHjFAi0SarognBW355lbQuq55b9e6uyvVaHkcBTuAUKuDBNdThFhrQBAIpPMMrvFlP1ov1bn0sWtesfOYY/sD6/AHYAJKD</latexit><latexit sha1_base64="jOvp5uOaOeKHF2svPUBMepQUeGM=">AAAB+HicbVBNS8NAEJ34WetHox69BItQEUoigj0WvHisYD+kDWWy3bRLN5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g9K9uFRS8WpJLRJYh7LToCKciZoUzPNaSeRFKOA03Ywvpn57UcqFYvFvZ4k1I9wKFjICGoj9e1S2M86Fw/TSg95MsLzvl12q+4czirxclKGHI2+/dUbxCSNqNCEo1Jdz020n6HUjHA6LfZSRRMkYxzSrqECI6r8bH741DkzysAJY2lKaGeu/p7IMFJqEgWmM0I9UsveTPzP66Y6rPkZE0mqqSCLRWHKHR07sxScAZOUaD4xBIlk5laHjFAi0SarognBW355lbQuq55b9e6uyvVaHkcBTuAUKuDBNdThFhrQBAIpPMMrvFlP1ov1bn0sWtesfOYY/sD6/AHYAJKD</latexit><latexit sha1_base64="jOvp5uOaOeKHF2svPUBMepQUeGM=">AAAB+HicbVBNS8NAEJ34WetHox69BItQEUoigj0WvHisYD+kDWWy3bRLN5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g9K9uFRS8WpJLRJYh7LToCKciZoUzPNaSeRFKOA03Ywvpn57UcqFYvFvZ4k1I9wKFjICGoj9e1S2M86Fw/TSg95MsLzvl12q+4czirxclKGHI2+/dUbxCSNqNCEo1Jdz020n6HUjHA6LfZSRRMkYxzSrqECI6r8bH741DkzysAJY2lKaGeu/p7IMFJqEgWmM0I9UsveTPzP66Y6rPkZE0mqqSCLRWHKHR07sxScAZOUaD4xBIlk5laHjFAi0SarognBW355lbQuq55b9e6uyvVaHkcBTuAUKuDBNdThFhrQBAIpPMMrvFlP1ov1bn0sWtesfOYY/sD6/AHYAJKD</latexit>

1 < ⍺ < 2



fX+Y (↵) =

1Z

k=↵�1

1 dk = 2� ↵

<latexit sha1_base64="0cacvva06na0hAkFDNkjyq6taso="></latexit><latexit sha1_base64="0cacvva06na0hAkFDNkjyq6taso="></latexit><latexit sha1_base64="0cacvva06na0hAkFDNkjyq6taso="></latexit><latexit sha1_base64="0cacvva06na0hAkFDNkjyq6taso="></latexit>

X ⇠ Uni(0, 1)
<latexit sha1_base64="bsfwAExZQAi/e/aUXOtd20ENOZM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYKphSaUzXbTLt1swu5ELKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXpoJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtnWSKMo8mIlGdkGgmuGQecBCskypG4lCw+3B0PfXvH5jSPJF3ME5ZEJOB5BGnBIzUs4862Nc8xj6wR8g9ySc15xy7Zz276tSdGfAycQtSRQVaPf vL7yc0i5kEKojWXddJIciJAk4Fm1T8TLOU0BEZsK6hksRMB/nsgQk+NUofR4kyJQHP1N8TOYm1Hseh6YwJDPWiNxX/87oZRI0g5zLNgEk6XxRlAkOCp2ngPleMghgbQqji5lZMh0QRCiazignBXXx5mbQv6q5Td28vq81GEUcZHaMTVEMuukJNdINayEMUTdAzekVv1pP1Yr1bH/PWklXMHKI/sD5/AIvRlQc=</latexit><latexit sha1_base64="bsfwAExZQAi/e/aUXOtd20ENOZM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYKphSaUzXbTLt1swu5ELKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXpoJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtnWSKMo8mIlGdkGgmuGQecBCskypG4lCw+3B0PfXvH5jSPJF3ME5ZEJOB5BGnBIzUs4862Nc8xj6wR8g9ySc15xy7Zz276tSdGfAycQtSRQVaPf vL7yc0i5kEKojWXddJIciJAk4Fm1T8TLOU0BEZsK6hksRMB/nsgQk+NUofR4kyJQHP1N8TOYm1Hseh6YwJDPWiNxX/87oZRI0g5zLNgEk6XxRlAkOCp2ngPleMghgbQqji5lZMh0QRCiazignBXXx5mbQv6q5Td28vq81GEUcZHaMTVEMuukJNdINayEMUTdAzekVv1pP1Yr1bH/PWklXMHKI/sD5/AIvRlQc=</latexit><latexit sha1_base64="bsfwAExZQAi/e/aUXOtd20ENOZM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYKphSaUzXbTLt1swu5ELKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXpoJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtnWSKMo8mIlGdkGgmuGQecBCskypG4lCw+3B0PfXvH5jSPJF3ME5ZEJOB5BGnBIzUs4862Nc8xj6wR8g9ySc15xy7Zz276tSdGfAycQtSRQVaPf vL7yc0i5kEKojWXddJIciJAk4Fm1T8TLOU0BEZsK6hksRMB/nsgQk+NUofR4kyJQHP1N8TOYm1Hseh6YwJDPWiNxX/87oZRI0g5zLNgEk6XxRlAkOCp2ngPleMghgbQqji5lZMh0QRCiazignBXXx5mbQv6q5Td28vq81GEUcZHaMTVEMuukJNdINayEMUTdAzekVv1pP1Yr1bH/PWklXMHKI/sD5/AIvRlQc=</latexit><latexit sha1_base64="bsfwAExZQAi/e/aUXOtd20ENOZM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYKphSaUzXbTLt1swu5ELKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXpoJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtnWSKMo8mIlGdkGgmuGQecBCskypG4lCw+3B0PfXvH5jSPJF3ME5ZEJOB5BGnBIzUs4862Nc8xj6wR8g9ySc15xy7Zz276tSdGfAycQtSRQVaPf vL7yc0i5kEKojWXddJIciJAk4Fm1T8TLOU0BEZsK6hksRMB/nsgQk+NUofR4kyJQHP1N8TOYm1Hseh6YwJDPWiNxX/87oZRI0g5zLNgEk6XxRlAkOCp2ngPleMghgbQqji5lZMh0QRCiazignBXXx5mbQv6q5Td28vq81GEUcZHaMTVEMuukJNdINayEMUTdAzekVv1pP1Yr1bH/PWklXMHKI/sD5/AIvRlQc=</latexit>

Y ⇠ Uni(0, 1)
<latexit sha1_base64="X7FJKkXH+K6LYbqv5nNAhOKZgTQ=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYJpK00pm+22XbrZhN2JWEIu/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMviAXX4DjfVmFldW19o7hZ2tre2d2z9w+aOkoUZR6NRKTaAdFMcMk84CBYO1aMhIFgrWB8PfVbD0xpHsk7mMSsG5Kh5ANOCRipZx/dY1/zEPvAHiH1JM8qzjl2z3p22ak6M+Bl4uakjHI0evaX349oEjIJVBCtO64TQzclCjgVLCv5iWYxoWMyZB1DJQmZ7qazBzJ8apQ+HkTKlAQ8U39PpCTUehIGpjMkMNKL3lT8z+skMKh1Uy7jBJik80WDRGCI8DQN3OeKURATQwhV3NyK6YgoQsFkVjIhuIsvL5PmRdV1qu7tZbley+MoomN0girIRVeojm5QA3mIogw9o1f0Zj1ZL9a79TFvLVj5zCH6A+vzB41rlQg=</latexit><latexit sha1_base64="X7FJKkXH+K6LYbqv5nNAhOKZgTQ=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYJpK00pm+22XbrZhN2JWEIu/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMviAXX4DjfVmFldW19o7hZ2tre2d2z9w+aOkoUZR6NRKTaAdFMcMk84CBYO1aMhIFgrWB8PfVbD0xpHsk7mMSsG5Kh5ANOCRipZx/dY1/zEPvAHiH1JM8qzjl2z3p22ak6M+Bl4uakjHI0evaX349oEjIJVBCtO64TQzclCjgVLCv5iWYxoWMyZB1DJQmZ7qazBzJ8apQ+HkTKlAQ8U39PpCTUehIGpjMkMNKL3lT8z+skMKh1Uy7jBJik80WDRGCI8DQN3OeKURATQwhV3NyK6YgoQsFkVjIhuIsvL5PmRdV1qu7tZbley+MoomN0girIRVeojm5QA3mIogw9o1f0Zj1ZL9a79TFvLVj5zCH6A+vzB41rlQg=</latexit><latexit sha1_base64="X7FJKkXH+K6LYbqv5nNAhOKZgTQ=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYJpK00pm+22XbrZhN2JWEIu/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMviAXX4DjfVmFldW19o7hZ2tre2d2z9w+aOkoUZR6NRKTaAdFMcMk84CBYO1aMhIFgrWB8PfVbD0xpHsk7mMSsG5Kh5ANOCRipZx/dY1/zEPvAHiH1JM8qzjl2z3p22ak6M+Bl4uakjHI0evaX349oEjIJVBCtO64TQzclCjgVLCv5iWYxoWMyZB1DJQmZ7qazBzJ8apQ+HkTKlAQ8U39PpCTUehIGpjMkMNKL3lT8z+skMKh1Uy7jBJik80WDRGCI8DQN3OeKURATQwhV3NyK6YgoQsFkVjIhuIsvL5PmRdV1qu7tZbley+MoomN0girIRVeojm5QA3mIogw9o1f0Zj1ZL9a79TFvLVj5zCH6A+vzB41rlQg=</latexit><latexit sha1_base64="X7FJKkXH+K6LYbqv5nNAhOKZgTQ=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYJpK00pm+22XbrZhN2JWEIu/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMviAXX4DjfVmFldW19o7hZ2tre2d2z9w+aOkoUZR6NRKTaAdFMcMk84CBYO1aMhIFgrWB8PfVbD0xpHsk7mMSsG5Kh5ANOCRipZx/dY1/zEPvAHiH1JM8qzjl2z3p22ak6M+Bl4uakjHI0evaX349oEjIJVBCtO64TQzclCjgVLCv5iWYxoWMyZB1DJQmZ7qazBzJ8apQ+HkTKlAQ8U39PpCTUehIGpjMkMNKL3lT8z+skMKh1Uy7jBJik80WDRGCI8DQN3OeKURATQwhV3NyK6YgoQsFkVjIhuIsvL5PmRdV1qu7tZbley+MoomN0girIRVeojm5QA3mIogw9o1f0Zj1ZL9a79TFvLVj5zCH6A+vzB41rlQg=</latexit>

X and Y are independent
fX+Y (↵)?

<latexit sha1_base64="gba80T0/0hoMts6tPTMB4P+uZlg=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBEqQklEsDcLXjxWsB/ShjLZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g8O7aPjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Ww77GXty6dpuYs8GeLFbc8uuRV3DmeVeDkpQY56z/7q9mOSRlRowlGpjucm2s9QakY4nRa7qaIJkhEOaMdQgRFVfja/fOqcG6XvhLE0JbQzV39PZBgpNYkC0xmhHqplbyb+53VSHVb9jIkk1VSQxaIw5Y6OnVkMTp9JSjSfGIJEMnOrQ4YokWgTVtGE4C2/vEqaVxXPrXgP16VaNY+jAKdwBmXw4AZqcA91aACBMTzDK7xZmfVivVsfi9Y1K585gT+wPn8AYfaSzA==</latexit><latexit sha1_base64="gba80T0/0hoMts6tPTMB4P+uZlg=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBEqQklEsDcLXjxWsB/ShjLZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g8O7aPjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Ww77GXty6dpuYs8GeLFbc8uuRV3DmeVeDkpQY56z/7q9mOSRlRowlGpjucm2s9QakY4nRa7qaIJkhEOaMdQgRFVfja/fOqcG6XvhLE0JbQzV39PZBgpNYkC0xmhHqplbyb+53VSHVb9jIkk1VSQxaIw5Y6OnVkMTp9JSjSfGIJEMnOrQ4YokWgTVtGE4C2/vEqaVxXPrXgP16VaNY+jAKdwBmXw4AZqcA91aACBMTzDK7xZmfVivVsfi9Y1K585gT+wPn8AYfaSzA==</latexit><latexit sha1_base64="gba80T0/0hoMts6tPTMB4P+uZlg=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBEqQklEsDcLXjxWsB/ShjLZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g8O7aPjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Ww77GXty6dpuYs8GeLFbc8uuRV3DmeVeDkpQY56z/7q9mOSRlRowlGpjucm2s9QakY4nRa7qaIJkhEOaMdQgRFVfja/fOqcG6XvhLE0JbQzV39PZBgpNYkC0xmhHqplbyb+53VSHVb9jIkk1VSQxaIw5Y6OnVkMTp9JSjSfGIJEMnOrQ4YokWgTVtGE4C2/vEqaVxXPrXgP16VaNY+jAKdwBmXw4AZqcA91aACBMTzDK7xZmfVivVsfi9Y1K585gT+wPn8AYfaSzA==</latexit><latexit sha1_base64="gba80T0/0hoMts6tPTMB4P+uZlg=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBEqQklEsDcLXjxWsB/ShjLZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g8O7aPjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Ww77GXty6dpuYs8GeLFbc8uuRV3DmeVeDkpQY56z/7q9mOSRlRowlGpjucm2s9QakY4nRa7qaIJkhEOaMdQgRFVfja/fOqcG6XvhLE0JbQzV39PZBgpNYkC0xmhHqplbyb+53VSHVb9jIkk1VSQxaIw5Y6OnVkMTp9JSjSfGIJEMnOrQ4YokWgTVtGE4C2/vEqaVxXPrXgP16VaNY+jAKdwBmXw4AZqcA91aACBMTzDK7xZmfVivVsfi9Y1K585gT+wPn8AYfaSzA==</latexit>

For these values 
of k, the 

densities are 1
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)
<latexit sha1_base64="jOvp5uOaOeKHF2svPUBMepQUeGM=">AAAB+HicbVBNS8NAEJ34WetHox69BItQEUoigj0WvHisYD+kDWWy3bRLN5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g9K9uFRS8WpJLRJYh7LToCKciZoUzPNaSeRFKOA03Ywvpn57UcqFYvFvZ4k1I9wKFjICGoj9e1S2M86Fw/TSg95MsLzvl12q+4czirxclKGHI2+/dUbxCSNqNCEo1Jdz020n6HUjHA6LfZSRRMkYxzSrqECI6r8bH741DkzysAJY2lKaGeu/p7IMFJqEgWmM0I9UsveTPzP66Y6rPkZE0mqqSCLRWHKHR07sxScAZOUaD4xBIlk5laHjFAi0SarognBW355lbQuq55b9e6uyvVaHkcBTuAUKuDBNdThFhrQBAIpPMMrvFlP1ov1bn0sWtesfOYY/sD6/AHYAJKD</latexit><latexit sha1_base64="jOvp5uOaOeKHF2svPUBMepQUeGM=">AAAB+HicbVBNS8NAEJ34WetHox69BItQEUoigj0WvHisYD+kDWWy3bRLN5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g9K9uFRS8WpJLRJYh7LToCKciZoUzPNaSeRFKOA03Ywvpn57UcqFYvFvZ4k1I9wKFjICGoj9e1S2M86Fw/TSg95MsLzvl12q+4czirxclKGHI2+/dUbxCSNqNCEo1Jdz020n6HUjHA6LfZSRRMkYxzSrqECI6r8bH741DkzysAJY2lKaGeu/p7IMFJqEgWmM0I9UsveTPzP66Y6rPkZE0mqqSCLRWHKHR07sxScAZOUaD4xBIlk5laHjFAi0SarognBW355lbQuq55b9e6uyvVaHkcBTuAUKuDBNdThFhrQBAIpPMMrvFlP1ov1bn0sWtesfOYY/sD6/AHYAJKD</latexit><latexit sha1_base64="jOvp5uOaOeKHF2svPUBMepQUeGM=">AAAB+HicbVBNS8NAEJ34WetHox69BItQEUoigj0WvHisYD+kDWWy3bRLN5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g9K9uFRS8WpJLRJYh7LToCKciZoUzPNaSeRFKOA03Ywvpn57UcqFYvFvZ4k1I9wKFjICGoj9e1S2M86Fw/TSg95MsLzvl12q+4czirxclKGHI2+/dUbxCSNqNCEo1Jdz020n6HUjHA6LfZSRRMkYxzSrqECI6r8bH741DkzysAJY2lKaGeu/p7IMFJqEgWmM0I9UsveTPzP66Y6rPkZE0mqqSCLRWHKHR07sxScAZOUaD4xBIlk5laHjFAi0SarognBW355lbQuq55b9e6uyvVaHkcBTuAUKuDBNdThFhrQBAIpPMMrvFlP1ov1bn0sWtesfOYY/sD6/AHYAJKD</latexit><latexit sha1_base64="jOvp5uOaOeKHF2svPUBMepQUeGM=">AAAB+HicbVBNS8NAEJ34WetHox69BItQEUoigj0WvHisYD+kDWWy3bRLN5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g9K9uFRS8WpJLRJYh7LToCKciZoUzPNaSeRFKOA03Ywvpn57UcqFYvFvZ4k1I9wKFjICGoj9e1S2M86Fw/TSg95MsLzvl12q+4czirxclKGHI2+/dUbxCSNqNCEo1Jdz020n6HUjHA6LfZSRRMkYxzSrqECI6r8bH741DkzysAJY2lKaGeu/p7IMFJqEgWmM0I9UsveTPzP66Y6rPkZE0mqqSCLRWHKHR07sxScAZOUaD4xBIlk5laHjFAi0SarognBW355lbQuq55b9e6uyvVaHkcBTuAUKuDBNdThFhrQBAIpPMMrvFlP1ov1bn0sWtesfOYY/sD6/AHYAJKD</latexit>

↵� 1 < k < 1
<latexit sha1_base64="tLbxvV9/Do32Pdpdu1jjOUw0TjQ=">AAAB+3icbVA9SwNBEJ3zM8avM5Y2i0GwMdwFQQuLgI1lBPMByRHmNptkyd7esbsnhiN/xcZCEVv/iJ3/xk1yhSY+GHi8N8PMvDARXBvP+3bW1jc2t7YLO8Xdvf2DQ/eo1NRxqihr0FjEqh2iZoJL1jDcCNZOFMMoFKwVjm9nfuuRKc1j+WAmCQsiHEo+4BSNlXpuqYsiGSG5ID65IWNbfs8texVvDrJK/JyUIUe95351+zFNIyYNFah1x/cSE2SoDKeCTYvdVLME6RiHrGOpxIjpIJvfPiVnVumTQaxsSUPm6u+JDCOtJ1FoOyM0I73szcT/vE5qBtdBxmWSGibpYtEgFcTEZBYE6XPFqBETS5Aqbm8ldIQKqbFxFW0I/vLLq6RZrfhexb+/LNeqeRwFOIFTOAcfrqAGd1CHBlB4gmd4hTdn6rw4787HonXNyWeO4Q+czx82f5Hj</latexit><latexit sha1_base64="tLbxvV9/Do32Pdpdu1jjOUw0TjQ=">AAAB+3icbVA9SwNBEJ3zM8avM5Y2i0GwMdwFQQuLgI1lBPMByRHmNptkyd7esbsnhiN/xcZCEVv/iJ3/xk1yhSY+GHi8N8PMvDARXBvP+3bW1jc2t7YLO8Xdvf2DQ/eo1NRxqihr0FjEqh2iZoJL1jDcCNZOFMMoFKwVjm9nfuuRKc1j+WAmCQsiHEo+4BSNlXpuqYsiGSG5ID65IWNbfs8texVvDrJK/JyUIUe95351+zFNIyYNFah1x/cSE2SoDKeCTYvdVLME6RiHrGOpxIjpIJvfPiVnVumTQaxsSUPm6u+JDCOtJ1FoOyM0I73szcT/vE5qBtdBxmWSGibpYtEgFcTEZBYE6XPFqBETS5Aqbm8ldIQKqbFxFW0I/vLLq6RZrfhexb+/LNeqeRwFOIFTOAcfrqAGd1CHBlB4gmd4hTdn6rw4787HonXNyWeO4Q+czx82f5Hj</latexit><latexit sha1_base64="tLbxvV9/Do32Pdpdu1jjOUw0TjQ=">AAAB+3icbVA9SwNBEJ3zM8avM5Y2i0GwMdwFQQuLgI1lBPMByRHmNptkyd7esbsnhiN/xcZCEVv/iJ3/xk1yhSY+GHi8N8PMvDARXBvP+3bW1jc2t7YLO8Xdvf2DQ/eo1NRxqihr0FjEqh2iZoJL1jDcCNZOFMMoFKwVjm9nfuuRKc1j+WAmCQsiHEo+4BSNlXpuqYsiGSG5ID65IWNbfs8texVvDrJK/JyUIUe95351+zFNIyYNFah1x/cSE2SoDKeCTYvdVLME6RiHrGOpxIjpIJvfPiVnVumTQaxsSUPm6u+JDCOtJ1FoOyM0I73szcT/vE5qBtdBxmWSGibpYtEgFcTEZBYE6XPFqBETS5Aqbm8ldIQKqbFxFW0I/vLLq6RZrfhexb+/LNeqeRwFOIFTOAcfrqAGd1CHBlB4gmd4hTdn6rw4787HonXNyWeO4Q+czx82f5Hj</latexit><latexit sha1_base64="tLbxvV9/Do32Pdpdu1jjOUw0TjQ=">AAAB+3icbVA9SwNBEJ3zM8avM5Y2i0GwMdwFQQuLgI1lBPMByRHmNptkyd7esbsnhiN/xcZCEVv/iJ3/xk1yhSY+GHi8N8PMvDARXBvP+3bW1jc2t7YLO8Xdvf2DQ/eo1NRxqihr0FjEqh2iZoJL1jDcCNZOFMMoFKwVjm9nfuuRKc1j+WAmCQsiHEo+4BSNlXpuqYsiGSG5ID65IWNbfs8texVvDrJK/JyUIUe95351+zFNIyYNFah1x/cSE2SoDKeCTYvdVLME6RiHrGOpxIjpIJvfPiVnVumTQaxsSUPm6u+JDCOtJ1FoOyM0I73szcT/vE5qBtdBxmWSGibpYtEgFcTEZBYE6XPFqBETS5Aqbm8ldIQKqbFxFW0I/vLLq6RZrfhexb+/LNeqeRwFOIFTOAcfrqAGd1CHBlB4gmd4hTdn6rw4787HonXNyWeO4Q+czx82f5Hj</latexit>

0 < k < 1
<latexit sha1_base64="yLUwUeIzS3M2LeVe7SwmA8tAxZw=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhCswl0QtLAI2FhGMB+SHGFvs5cs2d07dueEEPIrbCwUsfXn2Plv3CRXaOKDgcd7M8zMi1IpLPr+t7e2vrG5tV3YKe7u7R8clo6OmzbJDOMNlsjEtCNquRSaN1Cg5O3UcKoiyVvR6Hbmt564sSLRDzhOeajoQItYMIpOevTJDRm5Cnqlsl/x5yCrJMhJGXLUe6Wvbj9hmeIamaTWdgI/xXBCDQom+bTYzSxPKRvRAe84qqniNpzMD56Sc6f0SZwYVxrJXP09MaHK2rGKXKeiOLTL3kz8z+tkGF+HE6HTDLlmi0VxJgkmZPY96QvDGcqxI5QZ4W4lbEgNZegyKroQguWXV0mzWgn8SnB/Wa5V8zgKcApncAEBXEEN7qAODWCg4Ble4c0z3ov37n0sWte8fOYE/sD7/AEHOY6I</latexit><latexit sha1_base64="yLUwUeIzS3M2LeVe7SwmA8tAxZw=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhCswl0QtLAI2FhGMB+SHGFvs5cs2d07dueEEPIrbCwUsfXn2Plv3CRXaOKDgcd7M8zMi1IpLPr+t7e2vrG5tV3YKe7u7R8clo6OmzbJDOMNlsjEtCNquRSaN1Cg5O3UcKoiyVvR6Hbmt564sSLRDzhOeajoQItYMIpOevTJDRm5Cnqlsl/x5yCrJMhJGXLUe6Wvbj9hmeIamaTWdgI/xXBCDQom+bTYzSxPKRvRAe84qqniNpzMD56Sc6f0SZwYVxrJXP09MaHK2rGKXKeiOLTL3kz8z+tkGF+HE6HTDLlmi0VxJgkmZPY96QvDGcqxI5QZ4W4lbEgNZegyKroQguWXV0mzWgn8SnB/Wa5V8zgKcApncAEBXEEN7qAODWCg4Ble4c0z3ov37n0sWte8fOYE/sD7/AEHOY6I</latexit><latexit sha1_base64="yLUwUeIzS3M2LeVe7SwmA8tAxZw=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhCswl0QtLAI2FhGMB+SHGFvs5cs2d07dueEEPIrbCwUsfXn2Plv3CRXaOKDgcd7M8zMi1IpLPr+t7e2vrG5tV3YKe7u7R8clo6OmzbJDOMNlsjEtCNquRSaN1Cg5O3UcKoiyVvR6Hbmt564sSLRDzhOeajoQItYMIpOevTJDRm5Cnqlsl/x5yCrJMhJGXLUe6Wvbj9hmeIamaTWdgI/xXBCDQom+bTYzSxPKRvRAe84qqniNpzMD56Sc6f0SZwYVxrJXP09MaHK2rGKXKeiOLTL3kz8z+tkGF+HE6HTDLlmi0VxJgkmZPY96QvDGcqxI5QZ4W4lbEgNZegyKroQguWXV0mzWgn8SnB/Wa5V8zgKcApncAEBXEEN7qAODWCg4Ble4c0z3ov37n0sWte8fOYE/sD7/AEHOY6I</latexit><latexit sha1_base64="yLUwUeIzS3M2LeVe7SwmA8tAxZw=">AAAB8HicbVA9SwNBEJ3zM8avqKXNYhCswl0QtLAI2FhGMB+SHGFvs5cs2d07dueEEPIrbCwUsfXn2Plv3CRXaOKDgcd7M8zMi1IpLPr+t7e2vrG5tV3YKe7u7R8clo6OmzbJDOMNlsjEtCNquRSaN1Cg5O3UcKoiyVvR6Hbmt564sSLRDzhOeajoQItYMIpOevTJDRm5Cnqlsl/x5yCrJMhJGXLUe6Wvbj9hmeIamaTWdgI/xXBCDQom+bTYzSxPKRvRAe84qqniNpzMD56Sc6f0SZwYVxrJXP09MaHK2rGKXKeiOLTL3kz8z+tkGF+HE6HTDLlmi0VxJgkmZPY96QvDGcqxI5QZ4W4lbEgNZegyKroQguWXV0mzWgn8SnB/Wa5V8zgKcApncAEBXEEN7qAODWCg4Ble4c0z3ov37n0sWte8fOYE/sD7/AEHOY6I</latexit> ↵� 1 < k < ↵

<latexit sha1_base64="YExd6URt+Pf4LeQk0zuXJNOJr3o=">AAACAHicbVA9SwNBEJ2LXzF+nVpY2CwGwcZwFwQtUgRsLCOYD0iOMLfZS5bsfbC7J4QjjX/FxkIRW3+Gnf/GTXKFJj4YeLw3w8w8PxFcacf5tgpr6xubW8Xt0s7u3v6BfXjUUnEqKWvSWMSy46NigkesqbkWrJNIhqEvWNsf38789iOTisfRg54kzAtxGPGAU9RG6tsnPRTJCMklcWuEjEmNLIS+XXYqzhxklbg5KUOORt/+6g1imoYs0lSgUl3XSbSXodScCjYt9VLFEqRjHLKuoRGGTHnZ/IEpOTfKgASxNBVpMld/T2QYKjUJfdMZoh6pZW8m/ud1Ux3ceBmPklSziC4WBakgOiazNMiAS0a1mBiCVHJzK6EjlEi1yaxkQnCXX14lrWrFdSru/VW5Xs3jKMIpnMEFuHANdbiDBjSBwhSe4RXerCfrxXq3PhatBSufOYY/sD5/AF6zlEY=</latexit><latexit sha1_base64="YExd6URt+Pf4LeQk0zuXJNOJr3o=">AAACAHicbVA9SwNBEJ2LXzF+nVpY2CwGwcZwFwQtUgRsLCOYD0iOMLfZS5bsfbC7J4QjjX/FxkIRW3+Gnf/GTXKFJj4YeLw3w8w8PxFcacf5tgpr6xubW8Xt0s7u3v6BfXjUUnEqKWvSWMSy46NigkesqbkWrJNIhqEvWNsf38789iOTisfRg54kzAtxGPGAU9RG6tsnPRTJCMklcWuEjEmNLIS+XXYqzhxklbg5KUOORt/+6g1imoYs0lSgUl3XSbSXodScCjYt9VLFEqRjHLKuoRGGTHnZ/IEpOTfKgASxNBVpMld/T2QYKjUJfdMZoh6pZW8m/ud1Ux3ceBmPklSziC4WBakgOiazNMiAS0a1mBiCVHJzK6EjlEi1yaxkQnCXX14lrWrFdSru/VW5Xs3jKMIpnMEFuHANdbiDBjSBwhSe4RXerCfrxXq3PhatBSufOYY/sD5/AF6zlEY=</latexit><latexit sha1_base64="YExd6URt+Pf4LeQk0zuXJNOJr3o=">AAACAHicbVA9SwNBEJ2LXzF+nVpY2CwGwcZwFwQtUgRsLCOYD0iOMLfZS5bsfbC7J4QjjX/FxkIRW3+Gnf/GTXKFJj4YeLw3w8w8PxFcacf5tgpr6xubW8Xt0s7u3v6BfXjUUnEqKWvSWMSy46NigkesqbkWrJNIhqEvWNsf38789iOTisfRg54kzAtxGPGAU9RG6tsnPRTJCMklcWuEjEmNLIS+XXYqzhxklbg5KUOORt/+6g1imoYs0lSgUl3XSbSXodScCjYt9VLFEqRjHLKuoRGGTHnZ/IEpOTfKgASxNBVpMld/T2QYKjUJfdMZoh6pZW8m/ud1Ux3ceBmPklSziC4WBakgOiazNMiAS0a1mBiCVHJzK6EjlEi1yaxkQnCXX14lrWrFdSru/VW5Xs3jKMIpnMEFuHANdbiDBjSBwhSe4RXerCfrxXq3PhatBSufOYY/sD5/AF6zlEY=</latexit><latexit sha1_base64="YExd6URt+Pf4LeQk0zuXJNOJr3o=">AAACAHicbVA9SwNBEJ2LXzF+nVpY2CwGwcZwFwQtUgRsLCOYD0iOMLfZS5bsfbC7J4QjjX/FxkIRW3+Gnf/GTXKFJj4YeLw3w8w8PxFcacf5tgpr6xubW8Xt0s7u3v6BfXjUUnEqKWvSWMSy46NigkesqbkWrJNIhqEvWNsf38789iOTisfRg54kzAtxGPGAU9RG6tsnPRTJCMklcWuEjEmNLIS+XXYqzhxklbg5KUOORt/+6g1imoYs0lSgUl3XSbSXodScCjYt9VLFEqRjHLKuoRGGTHnZ/IEpOTfKgASxNBVpMld/T2QYKjUJfdMZoh6pZW8m/ud1Ux3ceBmPklSziC4WBakgOiazNMiAS0a1mBiCVHJzK6EjlEi1yaxkQnCXX14lrWrFdSru/VW5Xs3jKMIpnMEFuHANdbiDBjSBwhSe4RXerCfrxXq3PhatBSufOYY/sD5/AF6zlEY=</latexit>

1 < ⍺ < 2



X ⇠ Uni(0, 1)
<latexit sha1_base64="bsfwAExZQAi/e/aUXOtd20ENOZM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYKphSaUzXbTLt1swu5ELKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXpoJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtnWSKMo8mIlGdkGgmuGQecBCskypG4lCw+3B0PfXvH5jSPJF3ME5ZEJOB5BGnBIzUs4862Nc8xj6wR8g9ySc15xy7Zz276tSdGfAycQtSRQVaPf vL7yc0i5kEKojWXddJIciJAk4Fm1T8TLOU0BEZsK6hksRMB/nsgQk+NUofR4kyJQHP1N8TOYm1Hseh6YwJDPWiNxX/87oZRI0g5zLNgEk6XxRlAkOCp2ngPleMghgbQqji5lZMh0QRCiazignBXXx5mbQv6q5Td28vq81GEUcZHaMTVEMuukJNdINayEMUTdAzekVv1pP1Yr1bH/PWklXMHKI/sD5/AIvRlQc=</latexit><latexit sha1_base64="bsfwAExZQAi/e/aUXOtd20ENOZM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYKphSaUzXbTLt1swu5ELKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXpoJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtnWSKMo8mIlGdkGgmuGQecBCskypG4lCw+3B0PfXvH5jSPJF3ME5ZEJOB5BGnBIzUs4862Nc8xj6wR8g9ySc15xy7Zz276tSdGfAycQtSRQVaPf vL7yc0i5kEKojWXddJIciJAk4Fm1T8TLOU0BEZsK6hksRMB/nsgQk+NUofR4kyJQHP1N8TOYm1Hseh6YwJDPWiNxX/87oZRI0g5zLNgEk6XxRlAkOCp2ngPleMghgbQqji5lZMh0QRCiazignBXXx5mbQv6q5Td28vq81GEUcZHaMTVEMuukJNdINayEMUTdAzekVv1pP1Yr1bH/PWklXMHKI/sD5/AIvRlQc=</latexit><latexit sha1_base64="bsfwAExZQAi/e/aUXOtd20ENOZM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYKphSaUzXbTLt1swu5ELKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXpoJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtnWSKMo8mIlGdkGgmuGQecBCskypG4lCw+3B0PfXvH5jSPJF3ME5ZEJOB5BGnBIzUs4862Nc8xj6wR8g9ySc15xy7Zz276tSdGfAycQtSRQVaPf vL7yc0i5kEKojWXddJIciJAk4Fm1T8TLOU0BEZsK6hksRMB/nsgQk+NUofR4kyJQHP1N8TOYm1Hseh6YwJDPWiNxX/87oZRI0g5zLNgEk6XxRlAkOCp2ngPleMghgbQqji5lZMh0QRCiazignBXXx5mbQv6q5Td28vq81GEUcZHaMTVEMuukJNdINayEMUTdAzekVv1pP1Yr1bH/PWklXMHKI/sD5/AIvRlQc=</latexit><latexit sha1_base64="bsfwAExZQAi/e/aUXOtd20ENOZM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYKphSaUzXbTLt1swu5ELKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXpoJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtnWSKMo8mIlGdkGgmuGQecBCskypG4lCw+3B0PfXvH5jSPJF3ME5ZEJOB5BGnBIzUs4862Nc8xj6wR8g9ySc15xy7Zz276tSdGfAycQtSRQVaPf vL7yc0i5kEKojWXddJIciJAk4Fm1T8TLOU0BEZsK6hksRMB/nsgQk+NUofR4kyJQHP1N8TOYm1Hseh6YwJDPWiNxX/87oZRI0g5zLNgEk6XxRlAkOCp2ngPleMghgbQqji5lZMh0QRCiazignBXXx5mbQv6q5Td28vq81GEUcZHaMTVEMuukJNdINayEMUTdAzekVv1pP1Yr1bH/PWklXMHKI/sD5/AIvRlQc=</latexit>

Y ⇠ Uni(0, 1)
<latexit sha1_base64="X7FJKkXH+K6LYbqv5nNAhOKZgTQ=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYJpK00pm+22XbrZhN2JWEIu/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMviAXX4DjfVmFldW19o7hZ2tre2d2z9w+aOkoUZR6NRKTaAdFMcMk84CBYO1aMhIFgrWB8PfVbD0xpHsk7mMSsG5Kh5ANOCRipZx/dY1/zEPvAHiH1JM8qzjl2z3p22ak6M+Bl4uakjHI0evaX349oEjIJVBCtO64TQzclCjgVLCv5iWYxoWMyZB1DJQmZ7qazBzJ8apQ+HkTKlAQ8U39PpCTUehIGpjMkMNKL3lT8z+skMKh1Uy7jBJik80WDRGCI8DQN3OeKURATQwhV3NyK6YgoQsFkVjIhuIsvL5PmRdV1qu7tZbley+MoomN0girIRVeojm5QA3mIogw9o1f0Zj1ZL9a79TFvLVj5zCH6A+vzB41rlQg=</latexit><latexit sha1_base64="X7FJKkXH+K6LYbqv5nNAhOKZgTQ=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYJpK00pm+22XbrZhN2JWEIu/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMviAXX4DjfVmFldW19o7hZ2tre2d2z9w+aOkoUZR6NRKTaAdFMcMk84CBYO1aMhIFgrWB8PfVbD0xpHsk7mMSsG5Kh5ANOCRipZx/dY1/zEPvAHiH1JM8qzjl2z3p22ak6M+Bl4uakjHI0evaX349oEjIJVBCtO64TQzclCjgVLCv5iWYxoWMyZB1DJQmZ7qazBzJ8apQ+HkTKlAQ8U39PpCTUehIGpjMkMNKL3lT8z+skMKh1Uy7jBJik80WDRGCI8DQN3OeKURATQwhV3NyK6YgoQsFkVjIhuIsvL5PmRdV1qu7tZbley+MoomN0girIRVeojm5QA3mIogw9o1f0Zj1ZL9a79TFvLVj5zCH6A+vzB41rlQg=</latexit><latexit sha1_base64="X7FJKkXH+K6LYbqv5nNAhOKZgTQ=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYJpK00pm+22XbrZhN2JWEIu/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMviAXX4DjfVmFldW19o7hZ2tre2d2z9w+aOkoUZR6NRKTaAdFMcMk84CBYO1aMhIFgrWB8PfVbD0xpHsk7mMSsG5Kh5ANOCRipZx/dY1/zEPvAHiH1JM8qzjl2z3p22ak6M+Bl4uakjHI0evaX349oEjIJVBCtO64TQzclCjgVLCv5iWYxoWMyZB1DJQmZ7qazBzJ8apQ+HkTKlAQ8U39PpCTUehIGpjMkMNKL3lT8z+skMKh1Uy7jBJik80WDRGCI8DQN3OeKURATQwhV3NyK6YgoQsFkVjIhuIsvL5PmRdV1qu7tZbley+MoomN0girIRVeojm5QA3mIogw9o1f0Zj1ZL9a79TFvLVj5zCH6A+vzB41rlQg=</latexit><latexit sha1_base64="X7FJKkXH+K6LYbqv5nNAhOKZgTQ=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYJpK00pm+22XbrZhN2JWEIu/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMviAXX4DjfVmFldW19o7hZ2tre2d2z9w+aOkoUZR6NRKTaAdFMcMk84CBYO1aMhIFgrWB8PfVbD0xpHsk7mMSsG5Kh5ANOCRipZx/dY1/zEPvAHiH1JM8qzjl2z3p22ak6M+Bl4uakjHI0evaX349oEjIJVBCtO64TQzclCjgVLCv5iWYxoWMyZB1DJQmZ7qazBzJ8apQ+HkTKlAQ8U39PpCTUehIGpjMkMNKL3lT8z+skMKh1Uy7jBJik80WDRGCI8DQN3OeKURATQwhV3NyK6YgoQsFkVjIhuIsvL5PmRdV1qu7tZbley+MoomN0girIRVeojm5QA3mIogw9o1f0Zj1ZL9a79TFvLVj5zCH6A+vzB41rlQg=</latexit>

X and Y are independent
fX+Y (↵)?

<latexit sha1_base64="gba80T0/0hoMts6tPTMB4P+uZlg=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBEqQklEsDcLXjxWsB/ShjLZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g8O7aPjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Ww77GXty6dpuYs8GeLFbc8uuRV3DmeVeDkpQY56z/7q9mOSRlRowlGpjucm2s9QakY4nRa7qaIJkhEOaMdQgRFVfja/fOqcG6XvhLE0JbQzV39PZBgpNYkC0xmhHqplbyb+53VSHVb9jIkk1VSQxaIw5Y6OnVkMTp9JSjSfGIJEMnOrQ4YokWgTVtGE4C2/vEqaVxXPrXgP16VaNY+jAKdwBmXw4AZqcA91aACBMTzDK7xZmfVivVsfi9Y1K585gT+wPn8AYfaSzA==</latexit><latexit sha1_base64="gba80T0/0hoMts6tPTMB4P+uZlg=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBEqQklEsDcLXjxWsB/ShjLZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g8O7aPjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Ww77GXty6dpuYs8GeLFbc8uuRV3DmeVeDkpQY56z/7q9mOSRlRowlGpjucm2s9QakY4nRa7qaIJkhEOaMdQgRFVfja/fOqcG6XvhLE0JbQzV39PZBgpNYkC0xmhHqplbyb+53VSHVb9jIkk1VSQxaIw5Y6OnVkMTp9JSjSfGIJEMnOrQ4YokWgTVtGE4C2/vEqaVxXPrXgP16VaNY+jAKdwBmXw4AZqcA91aACBMTzDK7xZmfVivVsfi9Y1K585gT+wPn8AYfaSzA==</latexit><latexit sha1_base64="gba80T0/0hoMts6tPTMB4P+uZlg=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBEqQklEsDcLXjxWsB/ShjLZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g8O7aPjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Ww77GXty6dpuYs8GeLFbc8uuRV3DmeVeDkpQY56z/7q9mOSRlRowlGpjucm2s9QakY4nRa7qaIJkhEOaMdQgRFVfja/fOqcG6XvhLE0JbQzV39PZBgpNYkC0xmhHqplbyb+53VSHVb9jIkk1VSQxaIw5Y6OnVkMTp9JSjSfGIJEMnOrQ4YokWgTVtGE4C2/vEqaVxXPrXgP16VaNY+jAKdwBmXw4AZqcA91aACBMTzDK7xZmfVivVsfi9Y1K585gT+wPn8AYfaSzA==</latexit><latexit sha1_base64="gba80T0/0hoMts6tPTMB4P+uZlg=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBEqQklEsDcLXjxWsB/ShjLZbtqlm03Y3RRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g8O7aPjpopTSWiDxDyW7QAV5UzQhmaa03YiKUYBp61gdDfzW2MqFYvFo54k1I9wIFjICGoj9Ww77GXty6dpuYs8GeLFbc8uuRV3DmeVeDkpQY56z/7q9mOSRlRowlGpjucm2s9QakY4nRa7qaIJkhEOaMdQgRFVfja/fOqcG6XvhLE0JbQzV39PZBgpNYkC0xmhHqplbyb+53VSHVb9jIkk1VSQxaIw5Y6OnVkMTp9JSjSfGIJEMnOrQ4YokWgTVtGE4C2/vEqaVxXPrXgP16VaNY+jAKdwBmXw4AZqcA91aACBMTzDK7xZmfVivVsfi9Y1K585gT+wPn8AYfaSzA==</latexit>
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<latexit sha1_base64="jOvp5uOaOeKHF2svPUBMepQUeGM=">AAAB+HicbVBNS8NAEJ34WetHox69BItQEUoigj0WvHisYD+kDWWy3bRLN5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g9K9uFRS8WpJLRJYh7LToCKciZoUzPNaSeRFKOA03Ywvpn57UcqFYvFvZ4k1I9wKFjICGoj9e1S2M86Fw/TSg95MsLzvl12q+4czirxclKGHI2+/dUbxCSNqNCEo1Jdz020n6HUjHA6LfZSRRMkYxzSrqECI6r8bH741DkzysAJY2lKaGeu/p7IMFJqEgWmM0I9UsveTPzP66Y6rPkZE0mqqSCLRWHKHR07sxScAZOUaD4xBIlk5laHjFAi0SarognBW355lbQuq55b9e6uyvVaHkcBTuAUKuDBNdThFhrQBAIpPMMrvFlP1ov1bn0sWtesfOYY/sD6/AHYAJKD</latexit><latexit sha1_base64="jOvp5uOaOeKHF2svPUBMepQUeGM=">AAAB+HicbVBNS8NAEJ34WetHox69BItQEUoigj0WvHisYD+kDWWy3bRLN5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g9K9uFRS8WpJLRJYh7LToCKciZoUzPNaSeRFKOA03Ywvpn57UcqFYvFvZ4k1I9wKFjICGoj9e1S2M86Fw/TSg95MsLzvl12q+4czirxclKGHI2+/dUbxCSNqNCEo1Jdz020n6HUjHA6LfZSRRMkYxzSrqECI6r8bH741DkzysAJY2lKaGeu/p7IMFJqEgWmM0I9UsveTPzP66Y6rPkZE0mqqSCLRWHKHR07sxScAZOUaD4xBIlk5laHjFAi0SarognBW355lbQuq55b9e6uyvVaHkcBTuAUKuDBNdThFhrQBAIpPMMrvFlP1ov1bn0sWtesfOYY/sD6/AHYAJKD</latexit><latexit sha1_base64="jOvp5uOaOeKHF2svPUBMepQUeGM=">AAAB+HicbVBNS8NAEJ34WetHox69BItQEUoigj0WvHisYD+kDWWy3bRLN5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g9K9uFRS8WpJLRJYh7LToCKciZoUzPNaSeRFKOA03Ywvpn57UcqFYvFvZ4k1I9wKFjICGoj9e1S2M86Fw/TSg95MsLzvl12q+4czirxclKGHI2+/dUbxCSNqNCEo1Jdz020n6HUjHA6LfZSRRMkYxzSrqECI6r8bH741DkzysAJY2lKaGeu/p7IMFJqEgWmM0I9UsveTPzP66Y6rPkZE0mqqSCLRWHKHR07sxScAZOUaD4xBIlk5laHjFAi0SarognBW355lbQuq55b9e6uyvVaHkcBTuAUKuDBNdThFhrQBAIpPMMrvFlP1ov1bn0sWtesfOYY/sD6/AHYAJKD</latexit><latexit sha1_base64="jOvp5uOaOeKHF2svPUBMepQUeGM=">AAAB+HicbVBNS8NAEJ34WetHox69BItQEUoigj0WvHisYD+kDWWy3bRLN5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g9K9uFRS8WpJLRJYh7LToCKciZoUzPNaSeRFKOA03Ywvpn57UcqFYvFvZ4k1I9wKFjICGoj9e1S2M86Fw/TSg95MsLzvl12q+4czirxclKGHI2+/dUbxCSNqNCEo1Jdz020n6HUjHA6LfZSRRMkYxzSrqECI6r8bH741DkzysAJY2lKaGeu/p7IMFJqEgWmM0I9UsveTPzP66Y6rPkZE0mqqSCLRWHKHR07sxScAZOUaD4xBIlk5laHjFAi0SarognBW355lbQuq55b9e6uyvVaHkcBTuAUKuDBNdThFhrQBAIpPMMrvFlP1ov1bn0sWtesfOYY/sD6/AHYAJKD</latexit>
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<latexit sha1_base64="jOvp5uOaOeKHF2svPUBMepQUeGM=">AAAB+HicbVBNS8NAEJ34WetHox69BItQEUoigj0WvHisYD+kDWWy3bRLN5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g9K9uFRS8WpJLRJYh7LToCKciZoUzPNaSeRFKOA03Ywvpn57UcqFYvFvZ4k1I9wKFjICGoj9e1S2M86Fw/TSg95MsLzvl12q+4czirxclKGHI2+/dUbxCSNqNCEo1Jdz020n6HUjHA6LfZSRRMkYxzSrqECI6r8bH741DkzysAJY2lKaGeu/p7IMFJqEgWmM0I9UsveTPzP66Y6rPkZE0mqqSCLRWHKHR07sxScAZOUaD4xBIlk5laHjFAi0SarognBW355lbQuq55b9e6uyvVaHkcBTuAUKuDBNdThFhrQBAIpPMMrvFlP1ov1bn0sWtesfOYY/sD6/AHYAJKD</latexit><latexit sha1_base64="jOvp5uOaOeKHF2svPUBMepQUeGM=">AAAB+HicbVBNS8NAEJ34WetHox69BItQEUoigj0WvHisYD+kDWWy3bRLN5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g9K9uFRS8WpJLRJYh7LToCKciZoUzPNaSeRFKOA03Ywvpn57UcqFYvFvZ4k1I9wKFjICGoj9e1S2M86Fw/TSg95MsLzvl12q+4czirxclKGHI2+/dUbxCSNqNCEo1Jdz020n6HUjHA6LfZSRRMkYxzSrqECI6r8bH741DkzysAJY2lKaGeu/p7IMFJqEgWmM0I9UsveTPzP66Y6rPkZE0mqqSCLRWHKHR07sxScAZOUaD4xBIlk5laHjFAi0SarognBW355lbQuq55b9e6uyvVaHkcBTuAUKuDBNdThFhrQBAIpPMMrvFlP1ov1bn0sWtesfOYY/sD6/AHYAJKD</latexit><latexit sha1_base64="jOvp5uOaOeKHF2svPUBMepQUeGM=">AAAB+HicbVBNS8NAEJ34WetHox69BItQEUoigj0WvHisYD+kDWWy3bRLN5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g9K9uFRS8WpJLRJYh7LToCKciZoUzPNaSeRFKOA03Ywvpn57UcqFYvFvZ4k1I9wKFjICGoj9e1S2M86Fw/TSg95MsLzvl12q+4czirxclKGHI2+/dUbxCSNqNCEo1Jdz020n6HUjHA6LfZSRRMkYxzSrqECI6r8bH741DkzysAJY2lKaGeu/p7IMFJqEgWmM0I9UsveTPzP66Y6rPkZE0mqqSCLRWHKHR07sxScAZOUaD4xBIlk5laHjFAi0SarognBW355lbQuq55b9e6uyvVaHkcBTuAUKuDBNdThFhrQBAIpPMMrvFlP1ov1bn0sWtesfOYY/sD6/AHYAJKD</latexit><latexit sha1_base64="jOvp5uOaOeKHF2svPUBMepQUeGM=">AAAB+HicbVBNS8NAEJ34WetHox69BItQEUoigj0WvHisYD+kDWWy3bRLN5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g9K9uFRS8WpJLRJYh7LToCKciZoUzPNaSeRFKOA03Ywvpn57UcqFYvFvZ4k1I9wKFjICGoj9e1S2M86Fw/TSg95MsLzvl12q+4czirxclKGHI2+/dUbxCSNqNCEo1Jdz020n6HUjHA6LfZSRRMkYxzSrqECI6r8bH741DkzysAJY2lKaGeu/p7IMFJqEgWmM0I9UsveTPzP66Y6rPkZE0mqqSCLRWHKHR07sxScAZOUaD4xBIlk5laHjFAi0SarognBW355lbQuq55b9e6uyvVaHkcBTuAUKuDBNdThFhrQBAIpPMMrvFlP1ov1bn0sWtesfOYY/sD6/AHYAJKD</latexit>

Sum of Uniforms and Sum of Dice



Flip a Coin With Unknown Probability



We are going to think of 
probabilities as random 

variables!!!



• Flip a coin (n + m) times, comes up with n heads
§ We don’t know probability X that coin comes up heads

Flip a Coin With Unknown Probability

Frequentist Bayesian

X = lim
n+m!1

n

n+m

⇡ n

n+m

fX|N (x|n) =
P (N = n|X = x)fX(x)

P (N = n)

X is a single value X is a random variable



• Flip a coin (n + m) times, comes up with n heads
§ We don’t know probability X that coin comes up heads

§ Our belief before flipping coins is that: X ~ Uni(0, 1)

§ Let N = number of heads

§ Given X = x, coin flips independent: (N | X) ~ Bin(n + m, x)

Flip a Coin With Unknown Probability

fX|N (x|n) = P (N = n|X = x)fX(x)

P (N = n)

=

�n+m
n

�
xn(1� x)m

P (N = n)

=

�n+m
n

�

P (N = n)
xn(1� x)m

=
1

c
· xn(1� x)m where c =

Z 1

0
xn(1� x)mdx

fX|N (x|n) = P (N = n|X = x)fX(x)

P (N = n)

=

�n+m
n

�
xn(1� x)m

P (N = n)

=

�n+m
n

�

P (N = n)
xn(1� x)m

=
1

c
· xn(1� x)m where c =

Z 1

0
xn(1� x)mdx

fX|N (x|n) = P (N = n|X = x)fX(x)

P (N = n)

=

�n+m
n

�
xn(1� x)m

P (N = n)

=

�n+m
n

�

P (N = n)
xn(1� x)m

=
1

c
· xn(1� x)m where c =

Z 1

0
xn(1� x)mdx

fX|N (x|n) = P (N = n|X = x)fX(x)

P (N = n)

=

�n+m
n

�
xn(1� x)m

P (N = n)

=

�n+m
n

�

P (N = n)
xn(1� x)m

=
1

c
· xn(1� x)m where c =

Z 1

0
xn(1� x)mdx

fX|N (x|n) = P (N = n|X = x)fX(x)

P (N = n)

=

�n+m
n

�
xn(1� x)m

P (N = n)

=

�n+m
n

�

P (N = n)
xn(1� x)m

=
1

c
· xn(1� x)m where c =

Z 1

0
xn(1� x)mdx

1 (Uniform assumption)

Binomial Move terms around



• X is a Beta Random Variable: X ~ Beta(a, b)
§ Probability Density Function (PDF):      (where a, b > 0)

where 

§ Symmetric when a = b

§
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Beta Random Variable



Beta is a distribution for 
probabilities



Beta Parameters can
come from experiments:

a = “successes” + 1

b = “failures” + 1



• X | (N = n, M = m) ~ Beta(a = n + 1, b = m + 1)
§ Prior X ~ Uni(0, 1)

§ Check this out, boss:
o Beta(a = 1, b = 1) =?

o Beta(a = 1, b = 1) = Uni(0, 1)

§ So, prior X ~ Beta(a = 1, b = 1)
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Understanding Beta

N successes
M failures



If the Prior was a Beta…

fX(x) =
1

B(a, b)
xa�1(1� x)b�1

If our prior belief about X was beta

What is our posterior belief about X after observing n heads 
(and m tails)?

f(X = x|N = n) = ???

f(X = x)

X is our random variable for probability



If the Prior was a Beta…
fX|N (x, n) =

P (N = n|X = x)fX(x)

P (N = n)
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n
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xn(1� x)mfX(x)
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=
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✓
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B(a, b)
xa�1(1� x)b�1

= K2 · xn(1� x)mxa�1(1� x)b�1

= K2 · xn+a�1(1� x)m+b�1

X|N ⇠ Beta(n+ a,m+ b)

fX|N (x, n) =
P (N = n|X = x)fX(x)
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X|N ⇠ Beta(n+ a,m+ b)
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X|N ⇠ Beta(n+ a,m+ b)

f(X = x|N = n)fX|N (x, n) =
P (N = n|X = x)fX(x)
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§ If “Prior” distribution of X (before seeing flips) is Beta

§ Then “Posterior” distribution of X (after flips) is Beta

• Beta is a conjugate distribution for Beta
§ Prior and posterior parametric forms are the same! 

§ Practically, conjugate means easy update:
o Add number of “heads” and “tails” seen to Beta parameters

Understanding Beta



• Can set X ~ Beta(a, b) as prior to reflect how 
biased you think coin is apriori
§ This is a subjective probability!

§ Prior probability for X based on seeing (a + b – 2) 
“imaginary” trials, where 

(a – 1) of them were heads.

(b – 1) of them were tails.

§ Beta(1, 1) = Uni(0, 1)  à we haven’t seen any 
“imaginary trials”, so apriori know nothing about coin

• Update to get posterior probability
§ X | (n heads and m tails) ~ Beta(a + n, b + m)

Further Understanding Beta



Four Prototypical Trajectories

End Review



Enchanted Die

Let X be the probability of rolling a “6” 
on Noah’s die.

Prior: Imagine 5 die rolls where 
only showed up as a “6”

What is the updated probability density 
function of X after our observations?

Observation: Roll it a few times…



Check out Demo!



Beta Example
Before being tested, a medicine is believed to “work” about 80% of 
the time. The medicine is tried on 20 patients. It “works” for 14 and 
“doesn’t work” for 6. What is your new belief that the drug works?

Frequentist:

p ⇡ 14

20
= 0.7

<latexit sha1_base64="8Owlbf/Yt1OySQicbfe6LLt2EDk=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFchaQU2o1QcOOygn1AE8pkOmmHTjLDzEQsISs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89oWBUadf9ttbWNza3tks75d29/YND++i4o3gqMWljzrjshUgRRhPS1lQz0hOSoDhkpBtOrmd+955IRXlyp6eCBDEaJTSiGGkjDewzAX0khOQP0I8kwplXy7Oqm8Mr6Dr1gV1xHXcOuEq8glRAgdbA/vKHHKcxSTRmSKm+5wodZEhqihnJy36qiEB4gkakb2iCYqKCbP5GDi+MMoQRl6YSDefq74kMxUpN49B0xkiP1bI3E//z+qmOGkFGE5FqkuDFoihlUHM4ywQOqSRYs6khCEtqboV4jEwa2iRXNiF4yy+vkk7V8VzHu61Vmo0ijhI4BefgEnigDprgBrRAG2DwCJ7BK3iznqwX6936WLSuWcXMCfgD6/MHhUaXKg==</latexit><latexit sha1_base64="8Owlbf/Yt1OySQicbfe6LLt2EDk=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFchaQU2o1QcOOygn1AE8pkOmmHTjLDzEQsISs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89oWBUadf9ttbWNza3tks75d29/YND++i4o3gqMWljzrjshUgRRhPS1lQz0hOSoDhkpBtOrmd+955IRXlyp6eCBDEaJTSiGGkjDewzAX0khOQP0I8kwplXy7Oqm8Mr6Dr1gV1xHXcOuEq8glRAgdbA/vKHHKcxSTRmSKm+5wodZEhqihnJy36qiEB4gkakb2iCYqKCbP5GDi+MMoQRl6YSDefq74kMxUpN49B0xkiP1bI3E//z+qmOGkFGE5FqkuDFoihlUHM4ywQOqSRYs6khCEtqboV4jEwa2iRXNiF4yy+vkk7V8VzHu61Vmo0ijhI4BefgEnigDprgBrRAG2DwCJ7BK3iznqwX6936WLSuWcXMCfgD6/MHhUaXKg==</latexit><latexit sha1_base64="8Owlbf/Yt1OySQicbfe6LLt2EDk=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFchaQU2o1QcOOygn1AE8pkOmmHTjLDzEQsISs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89oWBUadf9ttbWNza3tks75d29/YND++i4o3gqMWljzrjshUgRRhPS1lQz0hOSoDhkpBtOrmd+955IRXlyp6eCBDEaJTSiGGkjDewzAX0khOQP0I8kwplXy7Oqm8Mr6Dr1gV1xHXcOuEq8glRAgdbA/vKHHKcxSTRmSKm+5wodZEhqihnJy36qiEB4gkakb2iCYqKCbP5GDi+MMoQRl6YSDefq74kMxUpN49B0xkiP1bI3E//z+qmOGkFGE5FqkuDFoihlUHM4ywQOqSRYs6khCEtqboV4jEwa2iRXNiF4yy+vkk7V8VzHu61Vmo0ijhI4BefgEnigDprgBrRAG2DwCJ7BK3iznqwX6936WLSuWcXMCfgD6/MHhUaXKg==</latexit><latexit sha1_base64="8Owlbf/Yt1OySQicbfe6LLt2EDk=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFchaQU2o1QcOOygn1AE8pkOmmHTjLDzEQsISs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89oWBUadf9ttbWNza3tks75d29/YND++i4o3gqMWljzrjshUgRRhPS1lQz0hOSoDhkpBtOrmd+955IRXlyp6eCBDEaJTSiGGkjDewzAX0khOQP0I8kwplXy7Oqm8Mr6Dr1gV1xHXcOuEq8glRAgdbA/vKHHKcxSTRmSKm+5wodZEhqihnJy36qiEB4gkakb2iCYqKCbP5GDi+MMoQRl6YSDefq74kMxUpN49B0xkiP1bI3E//z+qmOGkFGE5FqkuDFoihlUHM4ywQOqSRYs6khCEtqboV4jEwa2iRXNiF4yy+vkk7V8VzHu61Vmo0ijhI4BefgEnigDprgBrRAG2DwCJ7BK3iznqwX6936WLSuWcXMCfgD6/MHhUaXKg==</latexit>



Beta Example
Before being tested, a medicine is believed to “work” about 80% of 
the time. The medicine is tried on 20 patients. It “works” for 14 and 
“doesn’t work” for 6. What is your new belief that the drug works?

Prior:

X ⇠ Beta(a = 81, b = 21)
<latexit sha1_base64="rwgAkjFonTcZGagoyYQ4b8yaJGY=">AAACCnicbVDJSgNBEO1xjXGLevTSGoQIEmaCYC5C0IvHCGaBzBB6OpWkSc9Cd40Yhpy9+CtePCji1S/w5t/YWQ6a+KCox3tVdNfzYyk02va3tbS8srq2ntnIbm5t7+zm9vbrOkoUhxqPZKSaPtMgRQg1FCihGStggS+h4Q+ux37jHpQWUXiHwxi8gPVC0RWcoZHauaMmdbUIqIvwgOkVIBsVGL2kZefMN63knLZzebtoT0AXiTMjeTJDtZ37cjsRTwIIkUumdcuxY/RSplBwCaOsm2iIGR+wHrQMDVkA2ksnp4zoiVE6tBspUyHSifp7I2WB1sPAN5MBw76e98bif14rwW7ZS0UYJwghnz7UTSTFiI5zoR2hgKMcGsK4EuavlPeZYhxNelkTgjN/8iKpl4qOXXRuz/OV8iyODDkkx6RAHHJBKuSGVEmNcPJInskrebOerBfr3fqYji5Zs50D8gfW5w/mi5fD</latexit><latexit sha1_base64="rwgAkjFonTcZGagoyYQ4b8yaJGY=">AAACCnicbVDJSgNBEO1xjXGLevTSGoQIEmaCYC5C0IvHCGaBzBB6OpWkSc9Cd40Yhpy9+CtePCji1S/w5t/YWQ6a+KCox3tVdNfzYyk02va3tbS8srq2ntnIbm5t7+zm9vbrOkoUhxqPZKSaPtMgRQg1FCihGStggS+h4Q+ux37jHpQWUXiHwxi8gPVC0RWcoZHauaMmdbUIqIvwgOkVIBsVGL2kZefMN63knLZzebtoT0AXiTMjeTJDtZ37cjsRTwIIkUumdcuxY/RSplBwCaOsm2iIGR+wHrQMDVkA2ksnp4zoiVE6tBspUyHSifp7I2WB1sPAN5MBw76e98bif14rwW7ZS0UYJwghnz7UTSTFiI5zoR2hgKMcGsK4EuavlPeZYhxNelkTgjN/8iKpl4qOXXRuz/OV8iyODDkkx6RAHHJBKuSGVEmNcPJInskrebOerBfr3fqYji5Zs50D8gfW5w/mi5fD</latexit><latexit sha1_base64="rwgAkjFonTcZGagoyYQ4b8yaJGY=">AAACCnicbVDJSgNBEO1xjXGLevTSGoQIEmaCYC5C0IvHCGaBzBB6OpWkSc9Cd40Yhpy9+CtePCji1S/w5t/YWQ6a+KCox3tVdNfzYyk02va3tbS8srq2ntnIbm5t7+zm9vbrOkoUhxqPZKSaPtMgRQg1FCihGStggS+h4Q+ux37jHpQWUXiHwxi8gPVC0RWcoZHauaMmdbUIqIvwgOkVIBsVGL2kZefMN63knLZzebtoT0AXiTMjeTJDtZ37cjsRTwIIkUumdcuxY/RSplBwCaOsm2iIGR+wHrQMDVkA2ksnp4zoiVE6tBspUyHSifp7I2WB1sPAN5MBw76e98bif14rwW7ZS0UYJwghnz7UTSTFiI5zoR2hgKMcGsK4EuavlPeZYhxNelkTgjN/8iKpl4qOXXRuz/OV8iyODDkkx6RAHHJBKuSGVEmNcPJInskrebOerBfr3fqYji5Zs50D8gfW5w/mi5fD</latexit><latexit sha1_base64="rwgAkjFonTcZGagoyYQ4b8yaJGY=">AAACCnicbVDJSgNBEO1xjXGLevTSGoQIEmaCYC5C0IvHCGaBzBB6OpWkSc9Cd40Yhpy9+CtePCji1S/w5t/YWQ6a+KCox3tVdNfzYyk02va3tbS8srq2ntnIbm5t7+zm9vbrOkoUhxqPZKSaPtMgRQg1FCihGStggS+h4Q+ux37jHpQWUXiHwxi8gPVC0RWcoZHauaMmdbUIqIvwgOkVIBsVGL2kZefMN63knLZzebtoT0AXiTMjeTJDtZ37cjsRTwIIkUumdcuxY/RSplBwCaOsm2iIGR+wHrQMDVkA2ksnp4zoiVE6tBspUyHSifp7I2WB1sPAN5MBw76e98bif14rwW7ZS0UYJwghnz7UTSTFiI5zoR2hgKMcGsK4EuavlPeZYhxNelkTgjN/8iKpl4qOXXRuz/OV8iyODDkkx6RAHHJBKuSGVEmNcPJInskrebOerBfr3fqYji5Zs50D8gfW5w/mi5fD</latexit>

X ⇠ Beta(a = 9, b = 3)
<latexit sha1_base64="21siJOQuSV3qKx7DhKt6hMn0UW4=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoQZFYwHIejFYwSzQBJCT6eSNOlZ6K4Rw5CjF3/FiwdFvPoJ3vwbO8tBEx9U8Xiviu56XiSFRsf5tlILi0vLK+nVzNr6xuaWvb1T0WGsOJR5KENV85gGKQIoo0AJtUgB8z0JVa9/PfKr96C0CIM7HETQ9Fk3EB3BGRqpZe/XaEMLnzYQHjC5AmTDHKOX9OLYM/30qGVnnbwzBp0n7pRkyRSllv3VaIc89iFALpnWddeJsJkwhYJLGGYasYaI8T7rQt3QgPmgm8n4kCE9NEqbdkJlKkA6Vn9vJMzXeuB7ZtJn2NOz3kj8z6vH2Ck0ExFEMULAJw91YkkxpKNUaFso4CgHhjCuhPkr5T2mGEeTXcaE4M6ePE8qJ3nXybu3Z9liYRpHmuyRA5IjLjknRXJDSqRMOHkkz+SVvFlP1ov1bn1MRlPWdGeX/IH1+QP3bpdP</latexit><latexit sha1_base64="21siJOQuSV3qKx7DhKt6hMn0UW4=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoQZFYwHIejFYwSzQBJCT6eSNOlZ6K4Rw5CjF3/FiwdFvPoJ3vwbO8tBEx9U8Xiviu56XiSFRsf5tlILi0vLK+nVzNr6xuaWvb1T0WGsOJR5KENV85gGKQIoo0AJtUgB8z0JVa9/PfKr96C0CIM7HETQ9Fk3EB3BGRqpZe/XaEMLnzYQHjC5AmTDHKOX9OLYM/30qGVnnbwzBp0n7pRkyRSllv3VaIc89iFALpnWddeJsJkwhYJLGGYasYaI8T7rQt3QgPmgm8n4kCE9NEqbdkJlKkA6Vn9vJMzXeuB7ZtJn2NOz3kj8z6vH2Ck0ExFEMULAJw91YkkxpKNUaFso4CgHhjCuhPkr5T2mGEeTXcaE4M6ePE8qJ3nXybu3Z9liYRpHmuyRA5IjLjknRXJDSqRMOHkkz+SVvFlP1ov1bn1MRlPWdGeX/IH1+QP3bpdP</latexit><latexit sha1_base64="21siJOQuSV3qKx7DhKt6hMn0UW4=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoQZFYwHIejFYwSzQBJCT6eSNOlZ6K4Rw5CjF3/FiwdFvPoJ3vwbO8tBEx9U8Xiviu56XiSFRsf5tlILi0vLK+nVzNr6xuaWvb1T0WGsOJR5KENV85gGKQIoo0AJtUgB8z0JVa9/PfKr96C0CIM7HETQ9Fk3EB3BGRqpZe/XaEMLnzYQHjC5AmTDHKOX9OLYM/30qGVnnbwzBp0n7pRkyRSllv3VaIc89iFALpnWddeJsJkwhYJLGGYasYaI8T7rQt3QgPmgm8n4kCE9NEqbdkJlKkA6Vn9vJMzXeuB7ZtJn2NOz3kj8z6vH2Ck0ExFEMULAJw91YkkxpKNUaFso4CgHhjCuhPkr5T2mGEeTXcaE4M6ePE8qJ3nXybu3Z9liYRpHmuyRA5IjLjknRXJDSqRMOHkkz+SVvFlP1ov1bn1MRlPWdGeX/IH1+QP3bpdP</latexit><latexit sha1_base64="21siJOQuSV3qKx7DhKt6hMn0UW4=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoQZFYwHIejFYwSzQBJCT6eSNOlZ6K4Rw5CjF3/FiwdFvPoJ3vwbO8tBEx9U8Xiviu56XiSFRsf5tlILi0vLK+nVzNr6xuaWvb1T0WGsOJR5KENV85gGKQIoo0AJtUgB8z0JVa9/PfKr96C0CIM7HETQ9Fk3EB3BGRqpZe/XaEMLnzYQHjC5AmTDHKOX9OLYM/30qGVnnbwzBp0n7pRkyRSllv3VaIc89iFALpnWddeJsJkwhYJLGGYasYaI8T7rQt3QgPmgm8n4kCE9NEqbdkJlKkA6Vn9vJMzXeuB7ZtJn2NOz3kj8z6vH2Ck0ExFEMULAJw91YkkxpKNUaFso4CgHhjCuhPkr5T2mGEeTXcaE4M6ePE8qJ3nXybu3Z9liYRpHmuyRA5IjLjknRXJDSqRMOHkkz+SVvFlP1ov1bn1MRlPWdGeX/IH1+QP3bpdP</latexit>

80 successes / 100 trials

Interpretation:

8 successes / 10 trials

4 successes / 5 trials

Bayesian: X ⇠ Beta
<latexit sha1_base64="9wLqzdSyc4L2WlRbJjgxSUX7cdA=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHZFMMegF48RzAOyS5id9CZDZh/M9ErCkl/x4kERr/6IN//GSbIHTSxoKKq66e4KUik0Os63tbG5tb2zW9or7x8cHh3bJ5W2TjLFocUTmahuwDRIEUMLBUropgpYFEjoBOO7ud95AqVFEj/iNAU/YsNYhIIzNFLfrnSpp0VEPYQJ5reAbNa3q07NWYCuE7cgVVKg2be/vEHCswhi5JJp3XOdFP2cKRRcwqzsZRpSxsdsCD1DYxaB9vPF7TN6YZQBDRNlKka6UH9P5CzSehoFpjNiONKr3lz8z+tlGNb9XMRphhDz5aIwkxQTOg+CDoQCjnJqCONKmFspHzHFOJq4yiYEd/XlddK+qrlOzX24rjbqRRwlckbOySVxyQ1pkHvSJC3CyYQ8k1fyZs2sF+vd+li2bljFzCn5A+vzB6a6lCc=</latexit><latexit sha1_base64="9wLqzdSyc4L2WlRbJjgxSUX7cdA=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHZFMMegF48RzAOyS5id9CZDZh/M9ErCkl/x4kERr/6IN//GSbIHTSxoKKq66e4KUik0Os63tbG5tb2zW9or7x8cHh3bJ5W2TjLFocUTmahuwDRIEUMLBUropgpYFEjoBOO7ud95AqVFEj/iNAU/YsNYhIIzNFLfrnSpp0VEPYQJ5reAbNa3q07NWYCuE7cgVVKg2be/vEHCswhi5JJp3XOdFP2cKRRcwqzsZRpSxsdsCD1DYxaB9vPF7TN6YZQBDRNlKka6UH9P5CzSehoFpjNiONKr3lz8z+tlGNb9XMRphhDz5aIwkxQTOg+CDoQCjnJqCONKmFspHzHFOJq4yiYEd/XlddK+qrlOzX24rjbqRRwlckbOySVxyQ1pkHvSJC3CyYQ8k1fyZs2sF+vd+li2bljFzCn5A+vzB6a6lCc=</latexit><latexit sha1_base64="9wLqzdSyc4L2WlRbJjgxSUX7cdA=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHZFMMegF48RzAOyS5id9CZDZh/M9ErCkl/x4kERr/6IN//GSbIHTSxoKKq66e4KUik0Os63tbG5tb2zW9or7x8cHh3bJ5W2TjLFocUTmahuwDRIEUMLBUropgpYFEjoBOO7ud95AqVFEj/iNAU/YsNYhIIzNFLfrnSpp0VEPYQJ5reAbNa3q07NWYCuE7cgVVKg2be/vEHCswhi5JJp3XOdFP2cKRRcwqzsZRpSxsdsCD1DYxaB9vPF7TN6YZQBDRNlKka6UH9P5CzSehoFpjNiONKr3lz8z+tlGNb9XMRphhDz5aIwkxQTOg+CDoQCjnJqCONKmFspHzHFOJq4yiYEd/XlddK+qrlOzX24rjbqRRwlckbOySVxyQ1pkHvSJC3CyYQ8k1fyZs2sF+vd+li2bljFzCn5A+vzB6a6lCc=</latexit><latexit sha1_base64="9wLqzdSyc4L2WlRbJjgxSUX7cdA=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHZFMMegF48RzAOyS5id9CZDZh/M9ErCkl/x4kERr/6IN//GSbIHTSxoKKq66e4KUik0Os63tbG5tb2zW9or7x8cHh3bJ5W2TjLFocUTmahuwDRIEUMLBUropgpYFEjoBOO7ud95AqVFEj/iNAU/YsNYhIIzNFLfrnSpp0VEPYQJ5reAbNa3q07NWYCuE7cgVVKg2be/vEHCswhi5JJp3XOdFP2cKRRcwqzsZRpSxsdsCD1DYxaB9vPF7TN6YZQBDRNlKka6UH9P5CzSehoFpjNiONKr3lz8z+tlGNb9XMRphhDz5aIwkxQTOg+CDoQCjnJqCONKmFspHzHFOJq4yiYEd/XlddK+qrlOzX24rjbqRRwlckbOySVxyQ1pkHvSJC3CyYQ8k1fyZs2sF+vd+li2bljFzCn5A+vzB6a6lCc=</latexit>

X ⇠ Beta(a = 5, b = 2)
<latexit sha1_base64="/C4EdBjT+ksOyDc2tqATe+MyJaA=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoSZoJiLEPTiMYJZIAmhp1NJmvQsdNeIYcjRi7/ixYMiXv0Eb/6NneWgiQ+qeLxXRXc9L5JCo+N8W6ml5ZXVtfR6ZmNza3vH3t2r6jBWHCo8lKGqe0yDFAFUUKCEeqSA+Z6Emje4Hvu1e1BahMEdDiNo+awXiK7gDI3Utg/rtKmFT5sID5hcAbJRjtFLen7qmV44adtZJ+9MQBeJOyNZMkO5bX81OyGPfQiQS6Z1w3UibCVMoeASRplmrCFifMB60DA0YD7oVjI5ZESPjdKh3VCZCpBO1N8bCfO1HvqemfQZ9vW8Nxb/8xoxdoutRARRjBDw6UPdWFIM6TgV2hEKOMqhIYwrYf5KeZ8pxtFklzEhuPMnL5JqIe86eff2LFsqzuJIkwNyRHLEJRekRG5ImVQIJ4/kmbySN+vJerHerY/paMqa7eyTP7A+fwDvvZdK</latexit><latexit sha1_base64="/C4EdBjT+ksOyDc2tqATe+MyJaA=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoSZoJiLEPTiMYJZIAmhp1NJmvQsdNeIYcjRi7/ixYMiXv0Eb/6NneWgiQ+qeLxXRXc9L5JCo+N8W6ml5ZXVtfR6ZmNza3vH3t2r6jBWHCo8lKGqe0yDFAFUUKCEeqSA+Z6Emje4Hvu1e1BahMEdDiNo+awXiK7gDI3Utg/rtKmFT5sID5hcAbJRjtFLen7qmV44adtZJ+9MQBeJOyNZMkO5bX81OyGPfQiQS6Z1w3UibCVMoeASRplmrCFifMB60DA0YD7oVjI5ZESPjdKh3VCZCpBO1N8bCfO1HvqemfQZ9vW8Nxb/8xoxdoutRARRjBDw6UPdWFIM6TgV2hEKOMqhIYwrYf5KeZ8pxtFklzEhuPMnL5JqIe86eff2LFsqzuJIkwNyRHLEJRekRG5ImVQIJ4/kmbySN+vJerHerY/paMqa7eyTP7A+fwDvvZdK</latexit><latexit sha1_base64="/C4EdBjT+ksOyDc2tqATe+MyJaA=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoSZoJiLEPTiMYJZIAmhp1NJmvQsdNeIYcjRi7/ixYMiXv0Eb/6NneWgiQ+qeLxXRXc9L5JCo+N8W6ml5ZXVtfR6ZmNza3vH3t2r6jBWHCo8lKGqe0yDFAFUUKCEeqSA+Z6Emje4Hvu1e1BahMEdDiNo+awXiK7gDI3Utg/rtKmFT5sID5hcAbJRjtFLen7qmV44adtZJ+9MQBeJOyNZMkO5bX81OyGPfQiQS6Z1w3UibCVMoeASRplmrCFifMB60DA0YD7oVjI5ZESPjdKh3VCZCpBO1N8bCfO1HvqemfQZ9vW8Nxb/8xoxdoutRARRjBDw6UPdWFIM6TgV2hEKOMqhIYwrYf5KeZ8pxtFklzEhuPMnL5JqIe86eff2LFsqzuJIkwNyRHLEJRekRG5ImVQIJ4/kmbySN+vJerHerY/paMqa7eyTP7A+fwDvvZdK</latexit><latexit sha1_base64="/C4EdBjT+ksOyDc2tqATe+MyJaA=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoSZoJiLEPTiMYJZIAmhp1NJmvQsdNeIYcjRi7/ixYMiXv0Eb/6NneWgiQ+qeLxXRXc9L5JCo+N8W6ml5ZXVtfR6ZmNza3vH3t2r6jBWHCo8lKGqe0yDFAFUUKCEeqSA+Z6Emje4Hvu1e1BahMEdDiNo+awXiK7gDI3Utg/rtKmFT5sID5hcAbJRjtFLen7qmV44adtZJ+9MQBeJOyNZMkO5bX81OyGPfQiQS6Z1w3UibCVMoeASRplmrCFifMB60DA0YD7oVjI5ZESPjdKh3VCZCpBO1N8bCfO1HvqemfQZ9vW8Nxb/8xoxdoutRARRjBDw6UPdWFIM6TgV2hEKOMqhIYwrYf5KeZ8pxtFklzEhuPMnL5JqIe86eff2LFsqzuJIkwNyRHLEJRekRG5ImVQIJ4/kmbySN+vJerHerY/paMqa7eyTP7A+fwDvvZdK</latexit>



Beta Example
Before being tested, a medicine is believed to “work” about 80% of 
the time. The medicine is tried on 20 patients. It “works” for 14 and 
“doesn’t work” for 6. What is your new belief that the drug works?

Bayesian: X ⇠ Beta
<latexit sha1_base64="9wLqzdSyc4L2WlRbJjgxSUX7cdA=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHZFMMegF48RzAOyS5id9CZDZh/M9ErCkl/x4kERr/6IN//GSbIHTSxoKKq66e4KUik0Os63tbG5tb2zW9or7x8cHh3bJ5W2TjLFocUTmahuwDRIEUMLBUropgpYFEjoBOO7ud95AqVFEj/iNAU/YsNYhIIzNFLfrnSpp0VEPYQJ5reAbNa3q07NWYCuE7cgVVKg2be/vEHCswhi5JJp3XOdFP2cKRRcwqzsZRpSxsdsCD1DYxaB9vPF7TN6YZQBDRNlKka6UH9P5CzSehoFpjNiONKr3lz8z+tlGNb9XMRphhDz5aIwkxQTOg+CDoQCjnJqCONKmFspHzHFOJq4yiYEd/XlddK+qrlOzX24rjbqRRwlckbOySVxyQ1pkHvSJC3CyYQ8k1fyZs2sF+vd+li2bljFzCn5A+vzB6a6lCc=</latexit><latexit sha1_base64="9wLqzdSyc4L2WlRbJjgxSUX7cdA=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHZFMMegF48RzAOyS5id9CZDZh/M9ErCkl/x4kERr/6IN//GSbIHTSxoKKq66e4KUik0Os63tbG5tb2zW9or7x8cHh3bJ5W2TjLFocUTmahuwDRIEUMLBUropgpYFEjoBOO7ud95AqVFEj/iNAU/YsNYhIIzNFLfrnSpp0VEPYQJ5reAbNa3q07NWYCuE7cgVVKg2be/vEHCswhi5JJp3XOdFP2cKRRcwqzsZRpSxsdsCD1DYxaB9vPF7TN6YZQBDRNlKka6UH9P5CzSehoFpjNiONKr3lz8z+tlGNb9XMRphhDz5aIwkxQTOg+CDoQCjnJqCONKmFspHzHFOJq4yiYEd/XlddK+qrlOzX24rjbqRRwlckbOySVxyQ1pkHvSJC3CyYQ8k1fyZs2sF+vd+li2bljFzCn5A+vzB6a6lCc=</latexit><latexit sha1_base64="9wLqzdSyc4L2WlRbJjgxSUX7cdA=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHZFMMegF48RzAOyS5id9CZDZh/M9ErCkl/x4kERr/6IN//GSbIHTSxoKKq66e4KUik0Os63tbG5tb2zW9or7x8cHh3bJ5W2TjLFocUTmahuwDRIEUMLBUropgpYFEjoBOO7ud95AqVFEj/iNAU/YsNYhIIzNFLfrnSpp0VEPYQJ5reAbNa3q07NWYCuE7cgVVKg2be/vEHCswhi5JJp3XOdFP2cKRRcwqzsZRpSxsdsCD1DYxaB9vPF7TN6YZQBDRNlKka6UH9P5CzSehoFpjNiONKr3lz8z+tlGNb9XMRphhDz5aIwkxQTOg+CDoQCjnJqCONKmFspHzHFOJq4yiYEd/XlddK+qrlOzX24rjbqRRwlckbOySVxyQ1pkHvSJC3CyYQ8k1fyZs2sF+vd+li2bljFzCn5A+vzB6a6lCc=</latexit><latexit sha1_base64="9wLqzdSyc4L2WlRbJjgxSUX7cdA=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHZFMMegF48RzAOyS5id9CZDZh/M9ErCkl/x4kERr/6IN//GSbIHTSxoKKq66e4KUik0Os63tbG5tb2zW9or7x8cHh3bJ5W2TjLFocUTmahuwDRIEUMLBUropgpYFEjoBOO7ud95AqVFEj/iNAU/YsNYhIIzNFLfrnSpp0VEPYQJ5reAbNa3q07NWYCuE7cgVVKg2be/vEHCswhi5JJp3XOdFP2cKRRcwqzsZRpSxsdsCD1DYxaB9vPF7TN6YZQBDRNlKka6UH9P5CzSehoFpjNiONKr3lz8z+tlGNb9XMRphhDz5aIwkxQTOg+CDoQCjnJqCONKmFspHzHFOJq4yiYEd/XlddK+qrlOzX24rjbqRRwlckbOySVxyQ1pkHvSJC3CyYQ8k1fyZs2sF+vd+li2bljFzCn5A+vzB6a6lCc=</latexit>

Prior:
Posterior:

X ⇠ Beta(a = 5, b = 2)
<latexit sha1_base64="/C4EdBjT+ksOyDc2tqATe+MyJaA=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoSZoJiLEPTiMYJZIAmhp1NJmvQsdNeIYcjRi7/ixYMiXv0Eb/6NneWgiQ+qeLxXRXc9L5JCo+N8W6ml5ZXVtfR6ZmNza3vH3t2r6jBWHCo8lKGqe0yDFAFUUKCEeqSA+Z6Emje4Hvu1e1BahMEdDiNo+awXiK7gDI3Utg/rtKmFT5sID5hcAbJRjtFLen7qmV44adtZJ+9MQBeJOyNZMkO5bX81OyGPfQiQS6Z1w3UibCVMoeASRplmrCFifMB60DA0YD7oVjI5ZESPjdKh3VCZCpBO1N8bCfO1HvqemfQZ9vW8Nxb/8xoxdoutRARRjBDw6UPdWFIM6TgV2hEKOMqhIYwrYf5KeZ8pxtFklzEhuPMnL5JqIe86eff2LFsqzuJIkwNyRHLEJRekRG5ImVQIJ4/kmbySN+vJerHerY/paMqa7eyTP7A+fwDvvZdK</latexit><latexit sha1_base64="/C4EdBjT+ksOyDc2tqATe+MyJaA=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoSZoJiLEPTiMYJZIAmhp1NJmvQsdNeIYcjRi7/ixYMiXv0Eb/6NneWgiQ+qeLxXRXc9L5JCo+N8W6ml5ZXVtfR6ZmNza3vH3t2r6jBWHCo8lKGqe0yDFAFUUKCEeqSA+Z6Emje4Hvu1e1BahMEdDiNo+awXiK7gDI3Utg/rtKmFT5sID5hcAbJRjtFLen7qmV44adtZJ+9MQBeJOyNZMkO5bX81OyGPfQiQS6Z1w3UibCVMoeASRplmrCFifMB60DA0YD7oVjI5ZESPjdKh3VCZCpBO1N8bCfO1HvqemfQZ9vW8Nxb/8xoxdoutRARRjBDw6UPdWFIM6TgV2hEKOMqhIYwrYf5KeZ8pxtFklzEhuPMnL5JqIe86eff2LFsqzuJIkwNyRHLEJRekRG5ImVQIJ4/kmbySN+vJerHerY/paMqa7eyTP7A+fwDvvZdK</latexit><latexit sha1_base64="/C4EdBjT+ksOyDc2tqATe+MyJaA=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoSZoJiLEPTiMYJZIAmhp1NJmvQsdNeIYcjRi7/ixYMiXv0Eb/6NneWgiQ+qeLxXRXc9L5JCo+N8W6ml5ZXVtfR6ZmNza3vH3t2r6jBWHCo8lKGqe0yDFAFUUKCEeqSA+Z6Emje4Hvu1e1BahMEdDiNo+awXiK7gDI3Utg/rtKmFT5sID5hcAbJRjtFLen7qmV44adtZJ+9MQBeJOyNZMkO5bX81OyGPfQiQS6Z1w3UibCVMoeASRplmrCFifMB60DA0YD7oVjI5ZESPjdKh3VCZCpBO1N8bCfO1HvqemfQZ9vW8Nxb/8xoxdoutRARRjBDw6UPdWFIM6TgV2hEKOMqhIYwrYf5KeZ8pxtFklzEhuPMnL5JqIe86eff2LFsqzuJIkwNyRHLEJRekRG5ImVQIJ4/kmbySN+vJerHerY/paMqa7eyTP7A+fwDvvZdK</latexit><latexit sha1_base64="/C4EdBjT+ksOyDc2tqATe+MyJaA=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoSZoJiLEPTiMYJZIAmhp1NJmvQsdNeIYcjRi7/ixYMiXv0Eb/6NneWgiQ+qeLxXRXc9L5JCo+N8W6ml5ZXVtfR6ZmNza3vH3t2r6jBWHCo8lKGqe0yDFAFUUKCEeqSA+Z6Emje4Hvu1e1BahMEdDiNo+awXiK7gDI3Utg/rtKmFT5sID5hcAbJRjtFLen7qmV44adtZJ+9MQBeJOyNZMkO5bX81OyGPfQiQS6Z1w3UibCVMoeASRplmrCFifMB60DA0YD7oVjI5ZESPjdKh3VCZCpBO1N8bCfO1HvqemfQZ9vW8Nxb/8xoxdoutRARRjBDw6UPdWFIM6TgV2hEKOMqhIYwrYf5KeZ8pxtFklzEhuPMnL5JqIe86eff2LFsqzuJIkwNyRHLEJRekRG5ImVQIJ4/kmbySN+vJerHerY/paMqa7eyTP7A+fwDvvZdK</latexit>

X ⇠ Beta(a = 5 + 14, b = 2 + 6)

⇠ Beta(a = 19, b = 8)
<latexit sha1_base64="oVcZQE/7OUCHJnbsQ1uZq66zWrA="></latexit><latexit sha1_base64="oVcZQE/7OUCHJnbsQ1uZq66zWrA="></latexit><latexit sha1_base64="oVcZQE/7OUCHJnbsQ1uZq66zWrA="></latexit><latexit sha1_base64="oVcZQE/7OUCHJnbsQ1uZq66zWrA="></latexit>

Prio
r

Posterior
E[X] =

a

a+ b
=

19

19 + 8
⇡ 0.70

<latexit sha1_base64="Pm4n5EacaEa93mSDA2FWTlFwWFE=">AAACHHicbVDLSgMxFM34rPVVdekmWApCYZhRoXUhFERwWcE+oDOUO2mmDc08SDJiGeZD3Pgrblwo4saF4N+YPhBtPXDh5Jxc7r3HizmTyrK+jKXlldW19dxGfnNre2e3sLfflFEiCG2QiEei7YGknIW0oZjitB0LCoHHacsbXo791h0VkkXhrRrF1A2gHzKfEVBa6hZOrzptF19gxxdAUshSKHvZz9s+z3SVqxl2II5FdI8ts2J1C0XLtCbAi8SekSKaod4tfDi9iCQBDRXhIGXHtmLlpiAUI5xmeSeRNAYyhD7taBpCQKWbTo7LcEkrPexHQleo8ET93ZFCIOUo0FuXAlADOe+Nxf+8TqL8qpuyME4UDcl0kJ9wrCI8Tgr3mKBE8ZEmQATTu2IyAB2L0nnmdQj2/MmLpHli2pZp35wVa9VZHDl0iI7QMbJRBdXQNaqjBiLoAT2hF/RqPBrPxpvxPv26ZMx6DtAfGJ/fxQyfPw==</latexit><latexit sha1_base64="Pm4n5EacaEa93mSDA2FWTlFwWFE=">AAACHHicbVDLSgMxFM34rPVVdekmWApCYZhRoXUhFERwWcE+oDOUO2mmDc08SDJiGeZD3Pgrblwo4saF4N+YPhBtPXDh5Jxc7r3HizmTyrK+jKXlldW19dxGfnNre2e3sLfflFEiCG2QiEei7YGknIW0oZjitB0LCoHHacsbXo791h0VkkXhrRrF1A2gHzKfEVBa6hZOrzptF19gxxdAUshSKHvZz9s+z3SVqxl2II5FdI8ts2J1C0XLtCbAi8SekSKaod4tfDi9iCQBDRXhIGXHtmLlpiAUI5xmeSeRNAYyhD7taBpCQKWbTo7LcEkrPexHQleo8ET93ZFCIOUo0FuXAlADOe+Nxf+8TqL8qpuyME4UDcl0kJ9wrCI8Tgr3mKBE8ZEmQATTu2IyAB2L0nnmdQj2/MmLpHli2pZp35wVa9VZHDl0iI7QMbJRBdXQNaqjBiLoAT2hF/RqPBrPxpvxPv26ZMx6DtAfGJ/fxQyfPw==</latexit><latexit sha1_base64="Pm4n5EacaEa93mSDA2FWTlFwWFE=">AAACHHicbVDLSgMxFM34rPVVdekmWApCYZhRoXUhFERwWcE+oDOUO2mmDc08SDJiGeZD3Pgrblwo4saF4N+YPhBtPXDh5Jxc7r3HizmTyrK+jKXlldW19dxGfnNre2e3sLfflFEiCG2QiEei7YGknIW0oZjitB0LCoHHacsbXo791h0VkkXhrRrF1A2gHzKfEVBa6hZOrzptF19gxxdAUshSKHvZz9s+z3SVqxl2II5FdI8ts2J1C0XLtCbAi8SekSKaod4tfDi9iCQBDRXhIGXHtmLlpiAUI5xmeSeRNAYyhD7taBpCQKWbTo7LcEkrPexHQleo8ET93ZFCIOUo0FuXAlADOe+Nxf+8TqL8qpuyME4UDcl0kJ9wrCI8Tgr3mKBE8ZEmQATTu2IyAB2L0nnmdQj2/MmLpHli2pZp35wVa9VZHDl0iI7QMbJRBdXQNaqjBiLoAT2hF/RqPBrPxpvxPv26ZMx6DtAfGJ/fxQyfPw==</latexit><latexit sha1_base64="Pm4n5EacaEa93mSDA2FWTlFwWFE=">AAACHHicbVDLSgMxFM34rPVVdekmWApCYZhRoXUhFERwWcE+oDOUO2mmDc08SDJiGeZD3Pgrblwo4saF4N+YPhBtPXDh5Jxc7r3HizmTyrK+jKXlldW19dxGfnNre2e3sLfflFEiCG2QiEei7YGknIW0oZjitB0LCoHHacsbXo791h0VkkXhrRrF1A2gHzKfEVBa6hZOrzptF19gxxdAUshSKHvZz9s+z3SVqxl2II5FdI8ts2J1C0XLtCbAi8SekSKaod4tfDi9iCQBDRXhIGXHtmLlpiAUI5xmeSeRNAYyhD7taBpCQKWbTo7LcEkrPexHQleo8ET93ZFCIOUo0FuXAlADOe+Nxf+8TqL8qpuyME4UDcl0kJ9wrCI8Tgr3mKBE8ZEmQATTu2IyAB2L0nnmdQj2/MmLpHli2pZp35wVa9VZHDl0iI7QMbJRBdXQNaqjBiLoAT2hF/RqPBrPxpvxPv26ZMx6DtAfGJ/fxQyfPw==</latexit>

mode(X) =
a� 1

a+ b� 2
=

19

18 + 7
⇡ 0.72

<latexit sha1_base64="R9MKOkr0/qTQEd8QI4eiEht94Xo="></latexit><latexit sha1_base64="R9MKOkr0/qTQEd8QI4eiEht94Xo="></latexit><latexit sha1_base64="R9MKOkr0/qTQEd8QI4eiEht94Xo="></latexit><latexit sha1_base64="R9MKOkr0/qTQEd8QI4eiEht94Xo="></latexit>

mode(X) =
a� 1

a+ b� 2
=

19

18 + 7
⇡ 0.72

<latexit sha1_base64="R9MKOkr0/qTQEd8QI4eiEht94Xo="></latexit><latexit sha1_base64="R9MKOkr0/qTQEd8QI4eiEht94Xo="></latexit><latexit sha1_base64="R9MKOkr0/qTQEd8QI4eiEht94Xo="></latexit><latexit sha1_base64="R9MKOkr0/qTQEd8QI4eiEht94Xo="></latexit>

m
od

e



Multi Armed Bandit



Multi Armed Bandit

Drug A Drug B

Which one do you give to a patient?



Lets Play!

Drug A Drug B

Which one do you give to a patient?



Lets Play!



You try drug B, 5 times. It is successful 2 times.

If you had a uniform prior, what is your posterior belief about 
the likelihood of success?

X ⇠ Beta(a = 3, b = 4)
<latexit sha1_base64="9J+frozFQfYlWGgDRwHWpkzdzh0=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBAiSNjVgF6EEC8eI5gHZEOYnXSSIbMPZnrFsOTqxV/x4kERr/6BN//GSbIHTSxouqjqZqbLi6TQaNvf1tLyyuraemYju7m1vbOb29uv6zBWHGo8lKFqekyDFAHUUKCEZqSA+Z6Ehje8nviNe1BahMEdjiJo+6wfiJ7gDI3UydEmdbXwqYvwgEkFkI0LjF7R81PqmVY66eTydtGegi4SJyV5kqLayX253ZDHPgTIJdO65dgRthOmUHAJ46wba4gYH7I+tAwNmA+6nUwvGdNjo3RpL1SmAqRT9fdGwnytR75nJn2GAz3vTcT/vFaMvct2IoIoRgj47KFeLCmGdBIL7QoFHOXIEMaVMH+lfMAU42jCy5oQnPmTF0n9rOjYRee2lC9X0jgy5JAckQJxyAUpkxtSJTXCySN5Jq/kzXqyXqx362M2umSlOwfkD6zPH1F4l34=</latexit><latexit sha1_base64="9J+frozFQfYlWGgDRwHWpkzdzh0=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBAiSNjVgF6EEC8eI5gHZEOYnXSSIbMPZnrFsOTqxV/x4kERr/6BN//GSbIHTSxouqjqZqbLi6TQaNvf1tLyyuraemYju7m1vbOb29uv6zBWHGo8lKFqekyDFAHUUKCEZqSA+Z6Ehje8nviNe1BahMEdjiJo+6wfiJ7gDI3UydEmdbXwqYvwgEkFkI0LjF7R81PqmVY66eTydtGegi4SJyV5kqLayX253ZDHPgTIJdO65dgRthOmUHAJ46wba4gYH7I+tAwNmA+6nUwvGdNjo3RpL1SmAqRT9fdGwnytR75nJn2GAz3vTcT/vFaMvct2IoIoRgj47KFeLCmGdBIL7QoFHOXIEMaVMH+lfMAU42jCy5oQnPmTF0n9rOjYRee2lC9X0jgy5JAckQJxyAUpkxtSJTXCySN5Jq/kzXqyXqx362M2umSlOwfkD6zPH1F4l34=</latexit><latexit sha1_base64="9J+frozFQfYlWGgDRwHWpkzdzh0=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBAiSNjVgF6EEC8eI5gHZEOYnXSSIbMPZnrFsOTqxV/x4kERr/6BN//GSbIHTSxouqjqZqbLi6TQaNvf1tLyyuraemYju7m1vbOb29uv6zBWHGo8lKFqekyDFAHUUKCEZqSA+Z6Ehje8nviNe1BahMEdjiJo+6wfiJ7gDI3UydEmdbXwqYvwgEkFkI0LjF7R81PqmVY66eTydtGegi4SJyV5kqLayX253ZDHPgTIJdO65dgRthOmUHAJ46wba4gYH7I+tAwNmA+6nUwvGdNjo3RpL1SmAqRT9fdGwnytR75nJn2GAz3vTcT/vFaMvct2IoIoRgj47KFeLCmGdBIL7QoFHOXIEMaVMH+lfMAU42jCy5oQnPmTF0n9rOjYRee2lC9X0jgy5JAckQJxyAUpkxtSJTXCySN5Jq/kzXqyXqx362M2umSlOwfkD6zPH1F4l34=</latexit><latexit sha1_base64="9J+frozFQfYlWGgDRwHWpkzdzh0=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBAiSNjVgF6EEC8eI5gHZEOYnXSSIbMPZnrFsOTqxV/x4kERr/6BN//GSbIHTSxouqjqZqbLi6TQaNvf1tLyyuraemYju7m1vbOb29uv6zBWHGo8lKFqekyDFAHUUKCEZqSA+Z6Ehje8nviNe1BahMEdjiJo+6wfiJ7gDI3UydEmdbXwqYvwgEkFkI0LjF7R81PqmVY66eTydtGegi4SJyV5kqLayX253ZDHPgTIJdO65dgRthOmUHAJ46wba4gYH7I+tAwNmA+6nUwvGdNjo3RpL1SmAqRT9fdGwnytR75nJn2GAz3vTcT/vFaMvct2IoIoRgj47KFeLCmGdBIL7QoFHOXIEMaVMH+lfMAU42jCy5oQnPmTF0n9rOjYRee2lC9X0jgy5JAckQJxyAUpkxtSJTXCySN5Jq/kzXqyXqx362M2umSlOwfkD6zPH1F4l34=</latexit>

2 successes
3 failures

Optimal Decision Making



You try drug B, 5 times. It is successful 2 times.
X is the probability of success.

X ⇠ Beta(a = 3, b = 4)
<latexit sha1_base64="9J+frozFQfYlWGgDRwHWpkzdzh0=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBAiSNjVgF6EEC8eI5gHZEOYnXSSIbMPZnrFsOTqxV/x4kERr/6BN//GSbIHTSxouqjqZqbLi6TQaNvf1tLyyuraemYju7m1vbOb29uv6zBWHGo8lKFqekyDFAHUUKCEZqSA+Z6Ehje8nviNe1BahMEdjiJo+6wfiJ7gDI3UydEmdbXwqYvwgEkFkI0LjF7R81PqmVY66eTydtGegi4SJyV5kqLayX253ZDHPgTIJdO65dgRthOmUHAJ46wba4gYH7I+tAwNmA+6nUwvGdNjo3RpL1SmAqRT9fdGwnytR75nJn2GAz3vTcT/vFaMvct2IoIoRgj47KFeLCmGdBIL7QoFHOXIEMaVMH+lfMAU42jCy5oQnPmTF0n9rOjYRee2lC9X0jgy5JAckQJxyAUpkxtSJTXCySN5Jq/kzXqyXqx362M2umSlOwfkD6zPH1F4l34=</latexit><latexit sha1_base64="9J+frozFQfYlWGgDRwHWpkzdzh0=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBAiSNjVgF6EEC8eI5gHZEOYnXSSIbMPZnrFsOTqxV/x4kERr/6BN//GSbIHTSxouqjqZqbLi6TQaNvf1tLyyuraemYju7m1vbOb29uv6zBWHGo8lKFqekyDFAHUUKCEZqSA+Z6Ehje8nviNe1BahMEdjiJo+6wfiJ7gDI3UydEmdbXwqYvwgEkFkI0LjF7R81PqmVY66eTydtGegi4SJyV5kqLayX253ZDHPgTIJdO65dgRthOmUHAJ46wba4gYH7I+tAwNmA+6nUwvGdNjo3RpL1SmAqRT9fdGwnytR75nJn2GAz3vTcT/vFaMvct2IoIoRgj47KFeLCmGdBIL7QoFHOXIEMaVMH+lfMAU42jCy5oQnPmTF0n9rOjYRee2lC9X0jgy5JAckQJxyAUpkxtSJTXCySN5Jq/kzXqyXqx362M2umSlOwfkD6zPH1F4l34=</latexit><latexit sha1_base64="9J+frozFQfYlWGgDRwHWpkzdzh0=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBAiSNjVgF6EEC8eI5gHZEOYnXSSIbMPZnrFsOTqxV/x4kERr/6BN//GSbIHTSxouqjqZqbLi6TQaNvf1tLyyuraemYju7m1vbOb29uv6zBWHGo8lKFqekyDFAHUUKCEZqSA+Z6Ehje8nviNe1BahMEdjiJo+6wfiJ7gDI3UydEmdbXwqYvwgEkFkI0LjF7R81PqmVY66eTydtGegi4SJyV5kqLayX253ZDHPgTIJdO65dgRthOmUHAJ46wba4gYH7I+tAwNmA+6nUwvGdNjo3RpL1SmAqRT9fdGwnytR75nJn2GAz3vTcT/vFaMvct2IoIoRgj47KFeLCmGdBIL7QoFHOXIEMaVMH+lfMAU42jCy5oQnPmTF0n9rOjYRee2lC9X0jgy5JAckQJxyAUpkxtSJTXCySN5Jq/kzXqyXqx362M2umSlOwfkD6zPH1F4l34=</latexit><latexit sha1_base64="9J+frozFQfYlWGgDRwHWpkzdzh0=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBAiSNjVgF6EEC8eI5gHZEOYnXSSIbMPZnrFsOTqxV/x4kERr/6BN//GSbIHTSxouqjqZqbLi6TQaNvf1tLyyuraemYju7m1vbOb29uv6zBWHGo8lKFqekyDFAHUUKCEZqSA+Z6Ehje8nviNe1BahMEdjiJo+6wfiJ7gDI3UydEmdbXwqYvwgEkFkI0LjF7R81PqmVY66eTydtGegi4SJyV5kqLayX253ZDHPgTIJdO65dgRthOmUHAJ46wba4gYH7I+tAwNmA+6nUwvGdNjo3RpL1SmAqRT9fdGwnytR75nJn2GAz3vTcT/vFaMvct2IoIoRgj47KFeLCmGdBIL7QoFHOXIEMaVMH+lfMAU42jCy5oQnPmTF0n9rOjYRee2lC9X0jgy5JAckQJxyAUpkxtSJTXCySN5Jq/kzXqyXqx362M2umSlOwfkD6zPH1F4l34=</latexit>

Optimal Decision Making

E[X] =
a

a+ b
=

3

3 + 4
⇡ 0.43

<latexit sha1_base64="YpElogpjGUvzSzms0nb7Ldk/K2E=">AAACHnicbZDLSsNAFIYnXmu9VV26GSwFQQiJrdiNUBDBZQV7gSaUk+mkHTq5MDMRS8iTuPFV3LhQRHClb+P0gmjrDwM/35nDOef3Ys6ksqwvY2l5ZXVtPbeR39za3tkt7O03ZZQIQhsk4pFoeyApZyFtKKY4bceCQuBx2vKGl+N6644KyaLwVo1i6gbQD5nPCCiNuoWzq07bxRfY8QWQFLIU8An2sh9SztKyJpUMOxDHIrrHllkpdwtFy7QmwovGnpkimqneLXw4vYgkAQ0V4SBlx7Zi5aYgFCOcZnknkTQGMoQ+7WgbQkClm07Oy3BJkx72I6FfqPCE/u5IIZByFOitSwGogZyvjeF/tU6i/KqbsjBOFA3JdJCfcKwiPM4K95igRPGRNkAE07tiMgAdi9KJ5nUI9vzJi6Z5atqWad9UirXqLI4cOkRH6BjZ6BzV0DWqowYi6AE9oRf0ajwaz8ab8T79umTMeg7QHxmf3zcvn2E=</latexit><latexit sha1_base64="YpElogpjGUvzSzms0nb7Ldk/K2E=">AAACHnicbZDLSsNAFIYnXmu9VV26GSwFQQiJrdiNUBDBZQV7gSaUk+mkHTq5MDMRS8iTuPFV3LhQRHClb+P0gmjrDwM/35nDOef3Ys6ksqwvY2l5ZXVtPbeR39za3tkt7O03ZZQIQhsk4pFoeyApZyFtKKY4bceCQuBx2vKGl+N6644KyaLwVo1i6gbQD5nPCCiNuoWzq07bxRfY8QWQFLIU8An2sh9SztKyJpUMOxDHIrrHllkpdwtFy7QmwovGnpkimqneLXw4vYgkAQ0V4SBlx7Zi5aYgFCOcZnknkTQGMoQ+7WgbQkClm07Oy3BJkx72I6FfqPCE/u5IIZByFOitSwGogZyvjeF/tU6i/KqbsjBOFA3JdJCfcKwiPM4K95igRPGRNkAE07tiMgAdi9KJ5nUI9vzJi6Z5atqWad9UirXqLI4cOkRH6BjZ6BzV0DWqowYi6AE9oRf0ajwaz8ab8T79umTMeg7QHxmf3zcvn2E=</latexit><latexit sha1_base64="YpElogpjGUvzSzms0nb7Ldk/K2E=">AAACHnicbZDLSsNAFIYnXmu9VV26GSwFQQiJrdiNUBDBZQV7gSaUk+mkHTq5MDMRS8iTuPFV3LhQRHClb+P0gmjrDwM/35nDOef3Ys6ksqwvY2l5ZXVtPbeR39za3tkt7O03ZZQIQhsk4pFoeyApZyFtKKY4bceCQuBx2vKGl+N6644KyaLwVo1i6gbQD5nPCCiNuoWzq07bxRfY8QWQFLIU8An2sh9SztKyJpUMOxDHIrrHllkpdwtFy7QmwovGnpkimqneLXw4vYgkAQ0V4SBlx7Zi5aYgFCOcZnknkTQGMoQ+7WgbQkClm07Oy3BJkx72I6FfqPCE/u5IIZByFOitSwGogZyvjeF/tU6i/KqbsjBOFA3JdJCfcKwiPM4K95igRPGRNkAE07tiMgAdi9KJ5nUI9vzJi6Z5atqWad9UirXqLI4cOkRH6BjZ6BzV0DWqowYi6AE9oRf0ajwaz8ab8T79umTMeg7QHxmf3zcvn2E=</latexit><latexit sha1_base64="YpElogpjGUvzSzms0nb7Ldk/K2E=">AAACHnicbZDLSsNAFIYnXmu9VV26GSwFQQiJrdiNUBDBZQV7gSaUk+mkHTq5MDMRS8iTuPFV3LhQRHClb+P0gmjrDwM/35nDOef3Ys6ksqwvY2l5ZXVtPbeR39za3tkt7O03ZZQIQhsk4pFoeyApZyFtKKY4bceCQuBx2vKGl+N6644KyaLwVo1i6gbQD5nPCCiNuoWzq07bxRfY8QWQFLIU8An2sh9SztKyJpUMOxDHIrrHllkpdwtFy7QmwovGnpkimqneLXw4vYgkAQ0V4SBlx7Zi5aYgFCOcZnknkTQGMoQ+7WgbQkClm07Oy3BJkx72I6FfqPCE/u5IIZByFOitSwGogZyvjeF/tU6i/KqbsjBOFA3JdJCfcKwiPM4K95igRPGRNkAE07tiMgAdi9KJ5nUI9vzJi6Z5atqWad9UirXqLI4cOkRH6BjZ6BzV0DWqowYi6AE9oRf0ajwaz8ab8T79umTMeg7QHxmf3zcvn2E=</latexit>

What is expectation of X?



You try drug B, 5 times. It is successful 2 times.
X is the probability of success.

X ⇠ Beta(a = 3, b = 4)
<latexit sha1_base64="9J+frozFQfYlWGgDRwHWpkzdzh0=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBAiSNjVgF6EEC8eI5gHZEOYnXSSIbMPZnrFsOTqxV/x4kERr/6BN//GSbIHTSxouqjqZqbLi6TQaNvf1tLyyuraemYju7m1vbOb29uv6zBWHGo8lKFqekyDFAHUUKCEZqSA+Z6Ehje8nviNe1BahMEdjiJo+6wfiJ7gDI3UydEmdbXwqYvwgEkFkI0LjF7R81PqmVY66eTydtGegi4SJyV5kqLayX253ZDHPgTIJdO65dgRthOmUHAJ46wba4gYH7I+tAwNmA+6nUwvGdNjo3RpL1SmAqRT9fdGwnytR75nJn2GAz3vTcT/vFaMvct2IoIoRgj47KFeLCmGdBIL7QoFHOXIEMaVMH+lfMAU42jCy5oQnPmTF0n9rOjYRee2lC9X0jgy5JAckQJxyAUpkxtSJTXCySN5Jq/kzXqyXqx362M2umSlOwfkD6zPH1F4l34=</latexit><latexit sha1_base64="9J+frozFQfYlWGgDRwHWpkzdzh0=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBAiSNjVgF6EEC8eI5gHZEOYnXSSIbMPZnrFsOTqxV/x4kERr/6BN//GSbIHTSxouqjqZqbLi6TQaNvf1tLyyuraemYju7m1vbOb29uv6zBWHGo8lKFqekyDFAHUUKCEZqSA+Z6Ehje8nviNe1BahMEdjiJo+6wfiJ7gDI3UydEmdbXwqYvwgEkFkI0LjF7R81PqmVY66eTydtGegi4SJyV5kqLayX253ZDHPgTIJdO65dgRthOmUHAJ46wba4gYH7I+tAwNmA+6nUwvGdNjo3RpL1SmAqRT9fdGwnytR75nJn2GAz3vTcT/vFaMvct2IoIoRgj47KFeLCmGdBIL7QoFHOXIEMaVMH+lfMAU42jCy5oQnPmTF0n9rOjYRee2lC9X0jgy5JAckQJxyAUpkxtSJTXCySN5Jq/kzXqyXqx362M2umSlOwfkD6zPH1F4l34=</latexit><latexit sha1_base64="9J+frozFQfYlWGgDRwHWpkzdzh0=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBAiSNjVgF6EEC8eI5gHZEOYnXSSIbMPZnrFsOTqxV/x4kERr/6BN//GSbIHTSxouqjqZqbLi6TQaNvf1tLyyuraemYju7m1vbOb29uv6zBWHGo8lKFqekyDFAHUUKCEZqSA+Z6Ehje8nviNe1BahMEdjiJo+6wfiJ7gDI3UydEmdbXwqYvwgEkFkI0LjF7R81PqmVY66eTydtGegi4SJyV5kqLayX253ZDHPgTIJdO65dgRthOmUHAJ46wba4gYH7I+tAwNmA+6nUwvGdNjo3RpL1SmAqRT9fdGwnytR75nJn2GAz3vTcT/vFaMvct2IoIoRgj47KFeLCmGdBIL7QoFHOXIEMaVMH+lfMAU42jCy5oQnPmTF0n9rOjYRee2lC9X0jgy5JAckQJxyAUpkxtSJTXCySN5Jq/kzXqyXqx362M2umSlOwfkD6zPH1F4l34=</latexit><latexit sha1_base64="9J+frozFQfYlWGgDRwHWpkzdzh0=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBAiSNjVgF6EEC8eI5gHZEOYnXSSIbMPZnrFsOTqxV/x4kERr/6BN//GSbIHTSxouqjqZqbLi6TQaNvf1tLyyuraemYju7m1vbOb29uv6zBWHGo8lKFqekyDFAHUUKCEZqSA+Z6Ehje8nviNe1BahMEdjiJo+6wfiJ7gDI3UydEmdbXwqYvwgEkFkI0LjF7R81PqmVY66eTydtGegi4SJyV5kqLayX253ZDHPgTIJdO65dgRthOmUHAJ46wba4gYH7I+tAwNmA+6nUwvGdNjo3RpL1SmAqRT9fdGwnytR75nJn2GAz3vTcT/vFaMvct2IoIoRgj47KFeLCmGdBIL7QoFHOXIEMaVMH+lfMAU42jCy5oQnPmTF0n9rOjYRee2lC9X0jgy5JAckQJxyAUpkxtSJTXCySN5Jq/kzXqyXqx362M2umSlOwfkD6zPH1F4l34=</latexit>

Optimal Decision Making

What is the probability that X > 0.6

P (X > 0.6) = 1� P (X < 0.6) = 1� FX(0.6)
<latexit sha1_base64="zi0CBcCabXlrXAsxiGo5H9HBsrE=">AAACE3icbZBPS8MwGMbT+W/Of1WPXoJDmIKlFdEdVAaCeJzgtsJWSpqlW1ialiQVxth38OJX8eJBEa9evPltTLce5vSBwJPf+74k7xMkjEpl299GYWFxaXmluFpaW9/Y3DK3d5oyTgUmDRyzWLgBkoRRThqKKkbcRBAUBYy0gsF1Vm89ECFpzO/VMCFehHqchhQjpZFvHtUrLryCtnV2CC+hA49hBi5mwY3vVrKrb5Zty54I/jVObsogV903vzrdGKcR4QozJGXbsRPljZBQFDMyLnVSSRKEB6hH2tpyFBHpjSY7jeGBJl0YxkIfruCEzk6MUCTlMAp0Z4RUX87XMvhfrZ2qsOqNKE9SRTiePhSmDKoYZgHBLhUEKzbUBmFB9V8h7iOBsNIxlnQIzvzKf03zxHJsy7k7LdeqeRxFsAf2QQU44BzUwC2ogwbA4BE8g1fwZjwZL8a78TFtLRj5zC74JePzB6IClnE=</latexit><latexit sha1_base64="zi0CBcCabXlrXAsxiGo5H9HBsrE=">AAACE3icbZBPS8MwGMbT+W/Of1WPXoJDmIKlFdEdVAaCeJzgtsJWSpqlW1ialiQVxth38OJX8eJBEa9evPltTLce5vSBwJPf+74k7xMkjEpl299GYWFxaXmluFpaW9/Y3DK3d5oyTgUmDRyzWLgBkoRRThqKKkbcRBAUBYy0gsF1Vm89ECFpzO/VMCFehHqchhQjpZFvHtUrLryCtnV2CC+hA49hBi5mwY3vVrKrb5Zty54I/jVObsogV903vzrdGKcR4QozJGXbsRPljZBQFDMyLnVSSRKEB6hH2tpyFBHpjSY7jeGBJl0YxkIfruCEzk6MUCTlMAp0Z4RUX87XMvhfrZ2qsOqNKE9SRTiePhSmDKoYZgHBLhUEKzbUBmFB9V8h7iOBsNIxlnQIzvzKf03zxHJsy7k7LdeqeRxFsAf2QQU44BzUwC2ogwbA4BE8g1fwZjwZL8a78TFtLRj5zC74JePzB6IClnE=</latexit><latexit sha1_base64="zi0CBcCabXlrXAsxiGo5H9HBsrE=">AAACE3icbZBPS8MwGMbT+W/Of1WPXoJDmIKlFdEdVAaCeJzgtsJWSpqlW1ialiQVxth38OJX8eJBEa9evPltTLce5vSBwJPf+74k7xMkjEpl299GYWFxaXmluFpaW9/Y3DK3d5oyTgUmDRyzWLgBkoRRThqKKkbcRBAUBYy0gsF1Vm89ECFpzO/VMCFehHqchhQjpZFvHtUrLryCtnV2CC+hA49hBi5mwY3vVrKrb5Zty54I/jVObsogV903vzrdGKcR4QozJGXbsRPljZBQFDMyLnVSSRKEB6hH2tpyFBHpjSY7jeGBJl0YxkIfruCEzk6MUCTlMAp0Z4RUX87XMvhfrZ2qsOqNKE9SRTiePhSmDKoYZgHBLhUEKzbUBmFB9V8h7iOBsNIxlnQIzvzKf03zxHJsy7k7LdeqeRxFsAf2QQU44BzUwC2ogwbA4BE8g1fwZjwZL8a78TFtLRj5zC74JePzB6IClnE=</latexit><latexit sha1_base64="zi0CBcCabXlrXAsxiGo5H9HBsrE=">AAACE3icbZBPS8MwGMbT+W/Of1WPXoJDmIKlFdEdVAaCeJzgtsJWSpqlW1ialiQVxth38OJX8eJBEa9evPltTLce5vSBwJPf+74k7xMkjEpl299GYWFxaXmluFpaW9/Y3DK3d5oyTgUmDRyzWLgBkoRRThqKKkbcRBAUBYy0gsF1Vm89ECFpzO/VMCFehHqchhQjpZFvHtUrLryCtnV2CC+hA49hBi5mwY3vVrKrb5Zty54I/jVObsogV903vzrdGKcR4QozJGXbsRPljZBQFDMyLnVSSRKEB6hH2tpyFBHpjSY7jeGBJl0YxkIfruCEzk6MUCTlMAp0Z4RUX87XMvhfrZ2qsOqNKE9SRTiePhSmDKoYZgHBLhUEKzbUBmFB9V8h7iOBsNIxlnQIzvzKf03zxHJsy7k7LdeqeRxFsAf2QQU44BzUwC2ogwbA4BE8g1fwZjwZL8a78TFtLRj5zC74JePzB6IClnE=</latexit>

Wait! What’s the Beta CDF??

stats.beta.cdf(x, a, b)

P (X > 0.6) = 1� FX(0.6) = 0.1792
<latexit sha1_base64="dFnWFpQ1OMe0sNHyXhRXzyUHSM4=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQF4akiK0LpSCIywq2DbQhTKbTduhkEmYmQgndu/FX3LhQxK0/4M6/cdpmoa0HLpw5517m3hPEjEpl299GbmV1bX0jv1nY2t7Z3TP3D1oySgQmTRyxSLgBkoRRTpqKKkbcWBAUBoy0g9H11G8/ECFpxO/VOCZeiAac9ilGSku+WWyUXXgFbev8BF5CB57CG98tZ0/bcqoXFd8s2ZY9A1wmTkZKIEPDN7+6vQgnIeEKMyRlx7Fj5aVIKIoZmRS6iSQxwiM0IB1NOQqJ9NLZLRN4rJUe7EdCF1dwpv6eSFEo5TgMdGeI1FAuelPxP6+TqH7NSymPE0U4nn/UTxhUEZwGA3tUEKzYWBOEBdW7QjxEAmGl4yvoEJzFk5dJq2I5OrS7s1K9lsWRB0egCMrAAVVQB7egAZoAg0fwDF7Bm/FkvBjvxse8NWdkM4fgD4zPHwnWlKs=</latexit><latexit sha1_base64="dFnWFpQ1OMe0sNHyXhRXzyUHSM4=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQF4akiK0LpSCIywq2DbQhTKbTduhkEmYmQgndu/FX3LhQxK0/4M6/cdpmoa0HLpw5517m3hPEjEpl299GbmV1bX0jv1nY2t7Z3TP3D1oySgQmTRyxSLgBkoRRTpqKKkbcWBAUBoy0g9H11G8/ECFpxO/VOCZeiAac9ilGSku+WWyUXXgFbev8BF5CB57CG98tZ0/bcqoXFd8s2ZY9A1wmTkZKIEPDN7+6vQgnIeEKMyRlx7Fj5aVIKIoZmRS6iSQxwiM0IB1NOQqJ9NLZLRN4rJUe7EdCF1dwpv6eSFEo5TgMdGeI1FAuelPxP6+TqH7NSymPE0U4nn/UTxhUEZwGA3tUEKzYWBOEBdW7QjxEAmGl4yvoEJzFk5dJq2I5OrS7s1K9lsWRB0egCMrAAVVQB7egAZoAg0fwDF7Bm/FkvBjvxse8NWdkM4fgD4zPHwnWlKs=</latexit><latexit sha1_base64="dFnWFpQ1OMe0sNHyXhRXzyUHSM4=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQF4akiK0LpSCIywq2DbQhTKbTduhkEmYmQgndu/FX3LhQxK0/4M6/cdpmoa0HLpw5517m3hPEjEpl299GbmV1bX0jv1nY2t7Z3TP3D1oySgQmTRyxSLgBkoRRTpqKKkbcWBAUBoy0g9H11G8/ECFpxO/VOCZeiAac9ilGSku+WWyUXXgFbev8BF5CB57CG98tZ0/bcqoXFd8s2ZY9A1wmTkZKIEPDN7+6vQgnIeEKMyRlx7Fj5aVIKIoZmRS6iSQxwiM0IB1NOQqJ9NLZLRN4rJUe7EdCF1dwpv6eSFEo5TgMdGeI1FAuelPxP6+TqH7NSymPE0U4nn/UTxhUEZwGA3tUEKzYWBOEBdW7QjxEAmGl4yvoEJzFk5dJq2I5OrS7s1K9lsWRB0egCMrAAVVQB7egAZoAg0fwDF7Bm/FkvBjvxse8NWdkM4fgD4zPHwnWlKs=</latexit><latexit sha1_base64="dFnWFpQ1OMe0sNHyXhRXzyUHSM4=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQF4akiK0LpSCIywq2DbQhTKbTduhkEmYmQgndu/FX3LhQxK0/4M6/cdpmoa0HLpw5517m3hPEjEpl299GbmV1bX0jv1nY2t7Z3TP3D1oySgQmTRyxSLgBkoRRTpqKKkbcWBAUBoy0g9H11G8/ECFpxO/VOCZeiAac9ilGSku+WWyUXXgFbev8BF5CB57CG98tZ0/bcqoXFd8s2ZY9A1wmTkZKIEPDN7+6vQgnIeEKMyRlx7Fj5aVIKIoZmRS6iSQxwiM0IB1NOQqJ9NLZLRN4rJUe7EdCF1dwpv6eSFEo5TgMdGeI1FAuelPxP6+TqH7NSymPE0U4nn/UTxhUEZwGA3tUEKzYWBOEBdW7QjxEAmGl4yvoEJzFk5dJq2I5OrS7s1K9lsWRB0egCMrAAVVQB7egAZoAg0fwDF7Bm/FkvBjvxse8NWdkM4fgD4zPHwnWlKs=</latexit>



How can we choose a drug?
We have a big problem! There is a tradeoff between:

Exploration – trying new drugs in order to find out if
they work well

Exploitation – giving the drugs that have been proven to 
be successful.

Thompson Sampling addresses this issue by choosing 
drugs probabilistically based on your current beliefs 
(higher chance of choosing a drug the more strongly you 
believe it works well).

You will learn more on PS5, but check out the Wikipedia 
article if you’re impatient!



Four Prototypical Trajectories

e

Stretch!

SCPD Code:
Thompson

Which Tycho are you
today?

Noah




Central Theorem
Noah Arthurs

CS109, Stanford University



As n approaches infinity, The sum of n 
independent, identically distributed variables:

Y ⇠ N(nµ, n�2)

Y =
nX

i=0

Xi

<latexit sha1_base64="uYDVuRJBbfczdMhsQ3y+/g7D7Fs=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURwW4KBTcuK9iHtDFMppN26GQSZiZCDcVfceNCEbf+hzv/xmmbhbYeuHA4517uvSdIOFPacb6twsrq2vpGcbO0tb2zu2fvH7RUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYyupn77gUrFYnGrxwn1IjwQLGQEayP59tEdqqGeSiM/YzVnci9Qx2e+XXYqzgxombg5KUOOhm9/9foxSSMqNOFYqa7rJNrLsNSMcDop9VJFE0xGeEC7hgocUeVls+sn6NQofRTG0pTQaKb+nshwpNQ4CkxnhPVQLXpT8T+vm+qw6mVMJKmmgswXhSlHOkbTKFCfSUo0HxuCiWTmVkSGWGKiTWAlE4K7+PIyaZ1XXKfi3lyU69U8jiIcwwmcgQuXUIdraEATCDzCM7zCm/VkvVjv1se8tWDlM4fwB9bnD90GlCk=</latexit><latexit sha1_base64="uYDVuRJBbfczdMhsQ3y+/g7D7Fs=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURwW4KBTcuK9iHtDFMppN26GQSZiZCDcVfceNCEbf+hzv/xmmbhbYeuHA4517uvSdIOFPacb6twsrq2vpGcbO0tb2zu2fvH7RUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYyupn77gUrFYnGrxwn1IjwQLGQEayP59tEdqqGeSiM/YzVnci9Qx2e+XXYqzgxombg5KUOOhm9/9foxSSMqNOFYqa7rJNrLsNSMcDop9VJFE0xGeEC7hgocUeVls+sn6NQofRTG0pTQaKb+nshwpNQ4CkxnhPVQLXpT8T+vm+qw6mVMJKmmgswXhSlHOkbTKFCfSUo0HxuCiWTmVkSGWGKiTWAlE4K7+PIyaZ1XXKfi3lyU69U8jiIcwwmcgQuXUIdraEATCDzCM7zCm/VkvVjv1se8tWDlM4fwB9bnD90GlCk=</latexit><latexit sha1_base64="uYDVuRJBbfczdMhsQ3y+/g7D7Fs=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURwW4KBTcuK9iHtDFMppN26GQSZiZCDcVfceNCEbf+hzv/xmmbhbYeuHA4517uvSdIOFPacb6twsrq2vpGcbO0tb2zu2fvH7RUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYyupn77gUrFYnGrxwn1IjwQLGQEayP59tEdqqGeSiM/YzVnci9Qx2e+XXYqzgxombg5KUOOhm9/9foxSSMqNOFYqa7rJNrLsNSMcDop9VJFE0xGeEC7hgocUeVls+sn6NQofRTG0pTQaKb+nshwpNQ4CkxnhPVQLXpT8T+vm+qw6mVMJKmmgswXhSlHOkbTKFCfSUo0HxuCiWTmVkSGWGKiTWAlE4K7+PIyaZ1XXKfi3lyU69U8jiIcwwmcgQuXUIdraEATCDzCM7zCm/VkvVjv1se8tWDlM4fwB9bnD90GlCk=</latexit><latexit sha1_base64="uYDVuRJBbfczdMhsQ3y+/g7D7Fs=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURwW4KBTcuK9iHtDFMppN26GQSZiZCDcVfceNCEbf+hzv/xmmbhbYeuHA4517uvSdIOFPacb6twsrq2vpGcbO0tb2zu2fvH7RUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYyupn77gUrFYnGrxwn1IjwQLGQEayP59tEdqqGeSiM/YzVnci9Qx2e+XXYqzgxombg5KUOOhm9/9foxSSMqNOFYqa7rJNrLsNSMcDop9VJFE0xGeEC7hgocUeVls+sn6NQofRTG0pTQaKb+nshwpNQ4CkxnhPVQLXpT8T+vm+qw6mVMJKmmgswXhSlHOkbTKFCfSUo0HxuCiWTmVkSGWGKiTWAlE4K7+PIyaZ1XXKfi3lyU69U8jiIcwwmcgQuXUIdraEATCDzCM7zCm/VkvVjv1se8tWDlM4fwB9bnD90GlCk=</latexit>

where µ = E[Xi]
<latexit sha1_base64="NOY5LD7OtUjaN8jQFu9+bWfgduE=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzEUIiOAxgnnA7hJmJ7PJkJnZZR5CCPkNLx4U8erPePNvnCR70MSChqKqm+6uJOdMG9//9tbWNza3tks75d29/YPDytFxW2dWEdoiGc9UN8GaciZpyzDDaTdXFIuE004yup35nSeqNMvkoxnnNBZ4IFnKCDZOiiJh0Q26C7s9FvcqVb/mz4FWSVCQKhRo9ipfUT8jVlBpCMdah4Gfm3iClWGE02k5sprmmIzwgIaOSiyojifzm6fo3Cl9lGbKlTRorv6emGCh9VgkrlNgM9TL3kz8zwutSevxhMncGirJYlFqOTIZmgWA+kxRYvjYEUwUc7ciMsQKE+NiKrsQguWXV0n7shb4teDhqtqoF3GU4BTO4AICuIYG3EMTWkAgh2d4hTfPei/eu/exaF3zipkT+APv8wesDJDA</latexit><latexit sha1_base64="NOY5LD7OtUjaN8jQFu9+bWfgduE=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzEUIiOAxgnnA7hJmJ7PJkJnZZR5CCPkNLx4U8erPePNvnCR70MSChqKqm+6uJOdMG9//9tbWNza3tks75d29/YPDytFxW2dWEdoiGc9UN8GaciZpyzDDaTdXFIuE004yup35nSeqNMvkoxnnNBZ4IFnKCDZOiiJh0Q26C7s9FvcqVb/mz4FWSVCQKhRo9ipfUT8jVlBpCMdah4Gfm3iClWGE02k5sprmmIzwgIaOSiyojifzm6fo3Cl9lGbKlTRorv6emGCh9VgkrlNgM9TL3kz8zwutSevxhMncGirJYlFqOTIZmgWA+kxRYvjYEUwUc7ciMsQKE+NiKrsQguWXV0n7shb4teDhqtqoF3GU4BTO4AICuIYG3EMTWkAgh2d4hTfPei/eu/exaF3zipkT+APv8wesDJDA</latexit><latexit sha1_base64="NOY5LD7OtUjaN8jQFu9+bWfgduE=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzEUIiOAxgnnA7hJmJ7PJkJnZZR5CCPkNLx4U8erPePNvnCR70MSChqKqm+6uJOdMG9//9tbWNza3tks75d29/YPDytFxW2dWEdoiGc9UN8GaciZpyzDDaTdXFIuE004yup35nSeqNMvkoxnnNBZ4IFnKCDZOiiJh0Q26C7s9FvcqVb/mz4FWSVCQKhRo9ipfUT8jVlBpCMdah4Gfm3iClWGE02k5sprmmIzwgIaOSiyojifzm6fo3Cl9lGbKlTRorv6emGCh9VgkrlNgM9TL3kz8zwutSevxhMncGirJYlFqOTIZmgWA+kxRYvjYEUwUc7ciMsQKE+NiKrsQguWXV0n7shb4teDhqtqoF3GU4BTO4AICuIYG3EMTWkAgh2d4hTfPei/eu/exaF3zipkT+APv8wesDJDA</latexit><latexit sha1_base64="NOY5LD7OtUjaN8jQFu9+bWfgduE=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzEUIiOAxgnnA7hJmJ7PJkJnZZR5CCPkNLx4U8erPePNvnCR70MSChqKqm+6uJOdMG9//9tbWNza3tks75d29/YPDytFxW2dWEdoiGc9UN8GaciZpyzDDaTdXFIuE004yup35nSeqNMvkoxnnNBZ4IFnKCDZOiiJh0Q26C7s9FvcqVb/mz4FWSVCQKhRo9ipfUT8jVlBpCMdah4Gfm3iClWGE02k5sprmmIzwgIaOSiyojifzm6fo3Cl9lGbKlTRorv6emGCh9VgkrlNgM9TL3kz8zwutSevxhMncGirJYlFqOTIZmgWA+kxRYvjYEUwUc7ciMsQKE+NiKrsQguWXV0n7shb4teDhqtqoF3GU4BTO4AICuIYG3EMTWkAgh2d4hTfPei/eu/exaF3zipkT+APv8wesDJDA</latexit>

�2 = Var(Xi)
<latexit sha1_base64="GJsLx2makHeUuEVOwtbUqjC273Q=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahbkpSBLsRCm5cVrAPaGKYTCft0MmDmRuxhIIbf8WNC0Xc+hPu/BunbRbaeuDC4Zx7ufcePxFcgWV9G4WV1bX1jeJmaWt7Z3fP3D9oqziVlLVoLGLZ9YligkesBRwE6yaSkdAXrOOPrqZ+555JxePoFsYJc0MyiHjAKQEteeaRo/ggJHc1fIkdYA+QtYmcVLoeP/PMslW1ZsDLxM5JGeVoeuaX049pGrIIqCBK9WwrATcjEjgVbFJyUsUSQkdkwHqaRiRkys1mP0zwqVb6OIilrgjwTP09kZFQqXHo686QwFAtelPxP6+XQlB3Mx4lKbCIzhcFqcAQ42kguM8loyDGmhAqub4V0yGRhIKOraRDsBdfXibtWtW2qvbNeblRz+MoomN0girIRheoga5RE7UQRY/oGb2iN+PJeDHejY95a8HIZw7RHxifP6ANltI=</latexit><latexit sha1_base64="GJsLx2makHeUuEVOwtbUqjC273Q=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahbkpSBLsRCm5cVrAPaGKYTCft0MmDmRuxhIIbf8WNC0Xc+hPu/BunbRbaeuDC4Zx7ufcePxFcgWV9G4WV1bX1jeJmaWt7Z3fP3D9oqziVlLVoLGLZ9YligkesBRwE6yaSkdAXrOOPrqZ+555JxePoFsYJc0MyiHjAKQEteeaRo/ggJHc1fIkdYA+QtYmcVLoeP/PMslW1ZsDLxM5JGeVoeuaX049pGrIIqCBK9WwrATcjEjgVbFJyUsUSQkdkwHqaRiRkys1mP0zwqVb6OIilrgjwTP09kZFQqXHo686QwFAtelPxP6+XQlB3Mx4lKbCIzhcFqcAQ42kguM8loyDGmhAqub4V0yGRhIKOraRDsBdfXibtWtW2qvbNeblRz+MoomN0girIRheoga5RE7UQRY/oGb2iN+PJeDHejY95a8HIZw7RHxifP6ANltI=</latexit><latexit sha1_base64="GJsLx2makHeUuEVOwtbUqjC273Q=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahbkpSBLsRCm5cVrAPaGKYTCft0MmDmRuxhIIbf8WNC0Xc+hPu/BunbRbaeuDC4Zx7ufcePxFcgWV9G4WV1bX1jeJmaWt7Z3fP3D9oqziVlLVoLGLZ9YligkesBRwE6yaSkdAXrOOPrqZ+555JxePoFsYJc0MyiHjAKQEteeaRo/ggJHc1fIkdYA+QtYmcVLoeP/PMslW1ZsDLxM5JGeVoeuaX049pGrIIqCBK9WwrATcjEjgVbFJyUsUSQkdkwHqaRiRkys1mP0zwqVb6OIilrgjwTP09kZFQqXHo686QwFAtelPxP6+XQlB3Mx4lKbCIzhcFqcAQ42kguM8loyDGmhAqub4V0yGRhIKOraRDsBdfXibtWtW2qvbNeblRz+MoomN0girIRheoga5RE7UQRY/oGb2iN+PJeDHejY95a8HIZw7RHxifP6ANltI=</latexit><latexit sha1_base64="GJsLx2makHeUuEVOwtbUqjC273Q=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahbkpSBLsRCm5cVrAPaGKYTCft0MmDmRuxhIIbf8WNC0Xc+hPu/BunbRbaeuDC4Zx7ufcePxFcgWV9G4WV1bX1jeJmaWt7Z3fP3D9oqziVlLVoLGLZ9YligkesBRwE6yaSkdAXrOOPrqZ+555JxePoFsYJc0MyiHjAKQEteeaRo/ggJHc1fIkdYA+QtYmcVLoeP/PMslW1ZsDLxM5JGeVoeuaX049pGrIIqCBK9WwrATcjEjgVbFJyUsUSQkdkwHqaRiRkys1mP0zwqVb6OIilrgjwTP09kZFQqXHo686QwFAtelPxP6+XQlB3Mx4lKbCIzhcFqcAQ42kguM8loyDGmhAqub4V0yGRhIKOraRDsBdfXibtWtW2qvbNeblRz+MoomN0girIRheoga5RE7UQRY/oGb2iN+PJeDHejY95a8HIZw7RHxifP6ANltI=</latexit>

Is normally distributed:





• Consider n random variables X1, X2, ... Xn

§ Xi are all independently and identically distributed (I.I.D.)

§ All have the same PMF (if discrete) or PDF (if continuous)

§ All have the same expectation

§ All have the same variance

IID Random Variables

IID iid



Sum of Two Dice

Y =
2X

i=0

Xi

<latexit sha1_base64="UJGg5iVnsksgWiflT0EMR4O5Hv8=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiRFsJtCwY3LCvYhbQyT6aQdOpmEmYlQQ/FX3LhQxK3/4c6/cdpmoa0HLhzOuZd77wkSzpR2nG9rZXVtfWOzsFXc3tnd27cPDlsqTiWhTRLzWHYCrChngjY105x2EklxFHDaDkZXU7/9QKVisbjV44R6ER4IFjKCtZF8+/gO1VBPpZGfsZozua+gjs98u+SUnRnQMnFzUoIcDd/+6vVjkkZUaMKxUl3XSbSXYakZ4XRS7KWKJpiM8IB2DRU4osrLZtdP0JlR+iiMpSmh0Uz9PZHhSKlxFJjOCOuhWvSm4n9eN9Vh1cuYSFJNBZkvClOOdIymUaA+k5RoPjYEE8nMrYgMscREm8CKJgR38eVl0qqUXafs3lyU6tU8jgKcwCmcgwuXUIdraEATCDzCM7zCm/VkvVjv1se8dcXKZ47gD6zPH4Emk+0=</latexit><latexit sha1_base64="UJGg5iVnsksgWiflT0EMR4O5Hv8=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiRFsJtCwY3LCvYhbQyT6aQdOpmEmYlQQ/FX3LhQxK3/4c6/cdpmoa0HLhzOuZd77wkSzpR2nG9rZXVtfWOzsFXc3tnd27cPDlsqTiWhTRLzWHYCrChngjY105x2EklxFHDaDkZXU7/9QKVisbjV44R6ER4IFjKCtZF8+/gO1VBPpZGfsZozua+gjs98u+SUnRnQMnFzUoIcDd/+6vVjkkZUaMKxUl3XSbSXYakZ4XRS7KWKJpiM8IB2DRU4osrLZtdP0JlR+iiMpSmh0Uz9PZHhSKlxFJjOCOuhWvSm4n9eN9Vh1cuYSFJNBZkvClOOdIymUaA+k5RoPjYEE8nMrYgMscREm8CKJgR38eVl0qqUXafs3lyU6tU8jgKcwCmcgwuXUIdraEATCDzCM7zCm/VkvVjv1se8dcXKZ47gD6zPH4Emk+0=</latexit><latexit sha1_base64="UJGg5iVnsksgWiflT0EMR4O5Hv8=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiRFsJtCwY3LCvYhbQyT6aQdOpmEmYlQQ/FX3LhQxK3/4c6/cdpmoa0HLhzOuZd77wkSzpR2nG9rZXVtfWOzsFXc3tnd27cPDlsqTiWhTRLzWHYCrChngjY105x2EklxFHDaDkZXU7/9QKVisbjV44R6ER4IFjKCtZF8+/gO1VBPpZGfsZozua+gjs98u+SUnRnQMnFzUoIcDd/+6vVjkkZUaMKxUl3XSbSXYakZ4XRS7KWKJpiM8IB2DRU4osrLZtdP0JlR+iiMpSmh0Uz9PZHhSKlxFJjOCOuhWvSm4n9eN9Vh1cuYSFJNBZkvClOOdIymUaA+k5RoPjYEE8nMrYgMscREm8CKJgR38eVl0qqUXafs3lyU6tU8jgKcwCmcgwuXUIdraEATCDzCM7zCm/VkvVjv1se8dcXKZ47gD6zPH4Emk+0=</latexit><latexit sha1_base64="UJGg5iVnsksgWiflT0EMR4O5Hv8=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiRFsJtCwY3LCvYhbQyT6aQdOpmEmYlQQ/FX3LhQxK3/4c6/cdpmoa0HLhzOuZd77wkSzpR2nG9rZXVtfWOzsFXc3tnd27cPDlsqTiWhTRLzWHYCrChngjY105x2EklxFHDaDkZXU7/9QKVisbjV44R6ER4IFjKCtZF8+/gO1VBPpZGfsZozua+gjs98u+SUnRnQMnFzUoIcDd/+6vVjkkZUaMKxUl3XSbSXYakZ4XRS7KWKJpiM8IB2DRU4osrLZtdP0JlR+iiMpSmh0Uz9PZHhSKlxFJjOCOuhWvSm4n9eN9Vh1cuYSFJNBZkvClOOdIymUaA+k5RoPjYEE8nMrYgMscREm8CKJgR38eVl0qqUXafs3lyU6tU8jgKcwCmcgwuXUIdraEATCDzCM7zCm/VkvVjv1se8dcXKZ47gD6zPH4Emk+0=</latexit>

Xi is the outcome of dice roll i

Xi s are 
iid



Sum of Three Dice

Xi is the outcome of dice roll i

Xi s are 
iid

Y =
3X

i=0

Xi

<latexit sha1_base64="tOTYB5md1IfHAd16I63dMOKJ8KM=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiQq2E2h4MZlBfuQNobJdNIOnUnCzESoofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99wQJZ0o7zre1tLyyurZe2Chubm3v7Np7+00Vp5LQBol5LNsBVpSziDY005y2E0mxCDhtBcOrid96oFKxOLrVo4R6AvcjFjKCtZF8+/AOVVFXpcLPWNUZ35+jts98u+SUnSnQInFzUoIcdd/+6vZikgoaacKxUh3XSbSXYakZ4XRc7KaKJpgMcZ92DI2woMrLpteP0YlReiiMpalIo6n6eyLDQqmRCEynwHqg5r2J+J/XSXVY8TIWJammEZktClOOdIwmUaAek5RoPjIEE8nMrYgMsMREm8CKJgR3/uVF0jwru07Zvbko1Sp5HAU4gmM4BRcuoQbXUIcGEHiEZ3iFN+vJerHerY9Z65KVzxzAH1ifP4Kuk+4=</latexit><latexit sha1_base64="tOTYB5md1IfHAd16I63dMOKJ8KM=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiQq2E2h4MZlBfuQNobJdNIOnUnCzESoofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99wQJZ0o7zre1tLyyurZe2Chubm3v7Np7+00Vp5LQBol5LNsBVpSziDY005y2E0mxCDhtBcOrid96oFKxOLrVo4R6AvcjFjKCtZF8+/AOVVFXpcLPWNUZ35+jts98u+SUnSnQInFzUoIcdd/+6vZikgoaacKxUh3XSbSXYakZ4XRc7KaKJpgMcZ92DI2woMrLpteP0YlReiiMpalIo6n6eyLDQqmRCEynwHqg5r2J+J/XSXVY8TIWJammEZktClOOdIwmUaAek5RoPjIEE8nMrYgMsMREm8CKJgR3/uVF0jwru07Zvbko1Sp5HAU4gmM4BRcuoQbXUIcGEHiEZ3iFN+vJerHerY9Z65KVzxzAH1ifP4Kuk+4=</latexit><latexit sha1_base64="tOTYB5md1IfHAd16I63dMOKJ8KM=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiQq2E2h4MZlBfuQNobJdNIOnUnCzESoofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99wQJZ0o7zre1tLyyurZe2Chubm3v7Np7+00Vp5LQBol5LNsBVpSziDY005y2E0mxCDhtBcOrid96oFKxOLrVo4R6AvcjFjKCtZF8+/AOVVFXpcLPWNUZ35+jts98u+SUnSnQInFzUoIcdd/+6vZikgoaacKxUh3XSbSXYakZ4XRc7KaKJpgMcZ92DI2woMrLpteP0YlReiiMpalIo6n6eyLDQqmRCEynwHqg5r2J+J/XSXVY8TIWJammEZktClOOdIwmUaAek5RoPjIEE8nMrYgMsMREm8CKJgR3/uVF0jwru07Zvbko1Sp5HAU4gmM4BRcuoQbXUIcGEHiEZ3iFN+vJerHerY9Z65KVzxzAH1ifP4Kuk+4=</latexit><latexit sha1_base64="tOTYB5md1IfHAd16I63dMOKJ8KM=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiQq2E2h4MZlBfuQNobJdNIOnUnCzESoofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99wQJZ0o7zre1tLyyurZe2Chubm3v7Np7+00Vp5LQBol5LNsBVpSziDY005y2E0mxCDhtBcOrid96oFKxOLrVo4R6AvcjFjKCtZF8+/AOVVFXpcLPWNUZ35+jts98u+SUnSnQInFzUoIcdd/+6vZikgoaacKxUh3XSbSXYakZ4XRc7KaKJpgMcZ92DI2woMrLpteP0YlReiiMpalIo6n6eyLDQqmRCEynwHqg5r2J+J/XSXVY8TIWJammEZktClOOdIwmUaAek5RoPjIEE8nMrYgMsMREm8CKJgR3/uVF0jwru07Zvbko1Sp5HAU4gmM4BRcuoQbXUIcGEHiEZ3iFN+vJerHerY9Z65KVzxzAH1ifP4Kuk+4=</latexit>



Four Prototypical Trajectories

Demo



C.L.T. Intuition
This is the PMF of the sum of one dice



C.L.T. Intuition
This is the PMF of the sum of two dice

Why is there more mass in the middle?



C.L.T. Intuition
This is the PMF of the sum of three dice

Why is there more mass in the middle?



Four Prototypical Trajectories

Other Functions?



sum of 
samples 

of size 15
sum of 
samples 

of size 15

C.L.T. Explains This



C.L.T. Explains This
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X ⇠ Bin(n = 200, p = 0.6)



• Consider I.I.D. Bernoulli variables X1, X2, ... With 
probability p
§ Xi have E[Xi] = p and Var(Xi) = p(1-p)

Binomial Approximation

X̄ ⇠ N(µ,�2) as n ! 1

Y ⇠ N(np, np(1� p)) Substituting mean and 

variance of Be
rnoilli

Central Limit Theorem
Y ⇠ N(nµ, n�2)

Y is the sum of 
the Bernoulli

s
Y =

nX

i=0

Xi
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Calculate the probability of a 
marble landing in a bucket.

PDF

We can define an indicator 
random variable (B) which 
represents what bucket a marble 
lands in. 

C.L.T. Explains This

0 1 2 3 4 5



As n approaches infinity, The sum of n 
independent, identically distributed variables:

Y ⇠ N(nµ, n�2)

Y =
nX

i=0

Xi
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where µ = E[Xi]
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�2 = Var(Xi)
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Is normally distributed:



Since n is never actually 
infinite, the CLT is always 
an approximation. It’s a 
very good one though!



• The proof of the CLT uses the Fourier transform of the 
probability mass of the sample distance from the mean, 
divided by standard deviation, and shows that this 
approaches an exponential function in the limit:

• That exponential function is in turn the Fourier transform 
of the Standard Normal. The Fourier transform of a 
probability density function is called a Characteristic 
Function.

• The proof is beyond the scope of CS109.

On the Proof of the CLT

f(x) = e�
x2

2



• CLT is why some things in “real world” appear 
Normally distributed

§ Many quantities are sum of independent variables

§ Exams scores

o Sum of individual problems on the SAT

o Why does the CLT not apply to our midterm?

§ Election polling

o Ask 100 people if they will vote for candidate X (p1 = # “yes”/100)

o Repeat this process with different groups to get p1, ... , pn

o Will have a normal distribution over pi

o Can produce a “confidence interval”

• How likely is it that estimate for true p is correct

Central Limit Theorem in the Real World



What about other functions?

Sum of iid? Normal

Average of iid? 

Max of iid? 



• Consider I.I.D. random variables X1, X2, ...

§ Xi have same distribution with E[Xi] = µ and Var(Xi) = s
2

§ Let: 

§ Central Limit Theorem:
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The Central Limit Theorem

http://onlinestatbook.com/stat_sim/sampling_dist/

http://onlinestatbook.com/stat_sim/sampling_dist/


• Consider I.I.D. random variables X1, X2, ...

§ Xi have distribution F with E[Xi] = µ and Var(Xi) = s2

But Wait! There is More

Y =
nX

i

XiX̄ =
1

n

nX

i

Xi

Y ⇠ N(nµ, n�2)

Linear transform of a normal

X̄ =
1

n
Y
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By CLT

X̄ ⇠ N(µ,
�2

n
)



By the Central Limit 
Theorem, the sample 
mean of IID variables are 
distributed normally.

X̄ ⇠ N(µ,
�2

n
)



What about other functions?

Sum of iid? Normal

Average of iid? Normal 

Max of iid? 



What about other functions?

Sum of iid? Normal

Average of iid? Normal 

Max of iid? Gumbel 
See Fisher Trippett Gnedenko Theorem
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Once Upon a Time…
Abraham De Moivre



• History of the Central Limit Theorem

§ 1733: CLT for X ~ Ber(1/2) postulated by           
Abraham de Moivre

§ 1823: Pierre-Simon Laplace extends de Moivre’s
work to approximating Bin(n, p) with Normal

§ 1901: Aleksandr Lyapunov provides precise                   
definition and rigorous proof of CLT

§ 2017: Tycho is born

§ The average of the sizes of the Siberian cats in a litter is 
normally distributed (probably)

Once Upon a Time…



• Have new algorithm to test for running time
§ Mean (clock) running time: µ = t sec.

§ Variance of running time: s2 = 4 sec2.

§ Run algorithm repeatedly (I.I.D. trials), measure time
o How many trials s.t. estimated time = t ± 0.5 with 95% certainty?

o Xi = running time of i-th run (for 1 £ i £ n),      is the mean

Estimating Clock Running Time

X̄

By CLT

By linear transform of a normal

0.95 = P (�0.5 < X̄ � t < 0.5)

X̄ ⇠ N(µ,
�2

n
) ⇠ N(t,

4

n
)

X̄ � t ⇠ N(0,
4

n
)



0.95 = P (�0.5 < X̄ � t < 0.5) X̄ � t ⇠ N(0,
4

n
)
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0.95 = FX̄�t(0.5)� FX̄�t(�0.5)
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William Sealy Gosset
(aka Student)



It’s play time!



• You will roll 10 6-sided dice (X1, X2, …, X10)
§ X = total value of all 10 dice = X1 + X2 + … + X10

§ Win if:  X £ 25  or  X ³ 45

§ Roll!

• And now the truth (according to the CLT)…

Sum of Dice



• You will roll 10 6-sided dice (X1, X2, …, X10)
§ X = total value of all 10 dice = X1 + X2 + … + X10

§ Win if:  X £ 25  or  X ³ 45

• Recall CLT:

§ Determine P(X £ 25 or X ³ 45) using CLT:

0784.0)9608.01(2)1)76.1(2(1 =-»-F-»

[ ]
12
35)(Var                  5.3 2 ==== ii XXE sµ

Sum of Dice

Y =
X

i

Xi ! N(nE[Xi], nVar(Xi)) As n ! 1X =
nX

i

Xi ! N(nµ, n�2)

X ⇡ N(35, 29.2)

1� P (25.5 < X < 44.5) = 1� P (
25.5� 35p

29.2
< Z <

44.5� 35p
29.2

)



I know of scarcely anything so apt to impress the 
imagination as the wonderful form of cosmic order 
expressed by the ”[Central limit theorem]". The law 
would have been personified by the Greeks and 
deified, if they had known of it. It reigns with serenity 
and in complete self-effacement, amidst the wildest 
confusion. The huger the mob, and the greater the 
apparent anarchy, the more perfect is its sway. It is 
the supreme law of Unreason. Whenever a large 
sample of chaotic elements are taken in hand and 
marshalled in the order of their magnitude, an 
unsuspected and most beautiful form of regularity 
proves to have been latent all along.

-Sir Francis Galton

Wonderful Form of Cosmic Order


