
Parameter Estimation
Noah Arthurs

CS109, Stanford University



Four Prototypical Trajectories

Review



Four Prototypical Trajectories

Bootstrapping for p values



Null Hypothesis Test

Nepal Happiness
4.44
3.36
5.87
2.31

...
3.70

Bhutan Happiness
2.15
3.01
2.02
1.43

...
1.83

Claim: The difference in happiness between Nepal and Bhutan is 0.7 
happiness points.

µ1 = 3.1 µ2 = 2.4



Null hypothesis: even if 
there is no pattern (ie the 
two samples are identically 
distributed) your claim might 
have arisen by chance.



Bhutan PMF
Nepal PMF

Universal Sample

Universal PMF
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def pvalueBootstrap(bhutanSample,nepalSample):
N = size of the bhutanSample
M = size of the nepalSample

uniSamples = combine bhutanSamples and nepalSamples
count = 0   

repeat 10,000 times:
bhutanResample = draw N resamples from the uniSamples
nepalResample = draw M resamples from the uniSamples
muBhutan = sample mean of the bhutanResample
muNepal = sample mean of the nepalResample
meanDiff = |muNepal - muBhutan|
if meanDiff > observedDifference:

count += 1

pValue = count / 10,000

Bootstrap for P Values



Null Hypothesis Test

Nepal Happiness
4.44
3.36
5.87
2.31

...
3.70

Bhutan Happiness
2.15
3.01
2.02
1.43

...
1.83

Claim: The difference in happiness between Nepal and Bhutan is 
0.7 happiness points (p < 0.008).

µ1 = 3.1 µ2 = 2.4



General “Inference”

Nausea

Fever
Tired

Chest Pain

Flu

Cold Cancer Undergrad

Sore 
Throat



General “Inference”

Nausea

Fever
Tired

Chest Pain

Flu

Cold Cancer Undergrad

P (F = 1|N = 1, T = 1)
<latexit sha1_base64="aPC79N0PMO+WpzUCBxYweQDKcWQ=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMsQgUpMyLoQqEgiCup0Be0Q8mkmTY0kxmSjFDGbvwVNy4UcetnuPNvzLRdaPVAuIdz7uXmHj/mTGnH+bJyC4tLyyv51cLa+sbmlr2901BRIgmtk4hHsuVjRTkTtK6Z5rQVS4pDn9OmP7zK/OY9lYpFoqZHMfVC3BcsYARrI3XtvWrpGl0iFz2g26weo1pWjrp20Sk7E6C/xJ2RIsxQ7dqfnV5EkpAKTThWqu06sfZSLDUjnI4LnUTRGJMh7tO2oQKHVHnp5IAxOjRKDwWRNE9oNFF/TqQ4VGoU+qYzxHqg5r1M/M9rJzo491Im4kRTQaaLgoQjHaEsDdRjkhLNR4ZgIpn5KyIDLDHRJrOCCcGdP/kvaZyUXafs3p0WKxezOPKwDwdQAhfOoAI3UIU6EBjDE7zAq/VoPVtv1vu0NWfNZnbhF6yPbwVDkiY=</latexit><latexit sha1_base64="aPC79N0PMO+WpzUCBxYweQDKcWQ=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMsQgUpMyLoQqEgiCup0Be0Q8mkmTY0kxmSjFDGbvwVNy4UcetnuPNvzLRdaPVAuIdz7uXmHj/mTGnH+bJyC4tLyyv51cLa+sbmlr2901BRIgmtk4hHsuVjRTkTtK6Z5rQVS4pDn9OmP7zK/OY9lYpFoqZHMfVC3BcsYARrI3XtvWrpGl0iFz2g26weo1pWjrp20Sk7E6C/xJ2RIsxQ7dqfnV5EkpAKTThWqu06sfZSLDUjnI4LnUTRGJMh7tO2oQKHVHnp5IAxOjRKDwWRNE9oNFF/TqQ4VGoU+qYzxHqg5r1M/M9rJzo491Im4kRTQaaLgoQjHaEsDdRjkhLNR4ZgIpn5KyIDLDHRJrOCCcGdP/kvaZyUXafs3p0WKxezOPKwDwdQAhfOoAI3UIU6EBjDE7zAq/VoPVtv1vu0NWfNZnbhF6yPbwVDkiY=</latexit><latexit sha1_base64="aPC79N0PMO+WpzUCBxYweQDKcWQ=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMsQgUpMyLoQqEgiCup0Be0Q8mkmTY0kxmSjFDGbvwVNy4UcetnuPNvzLRdaPVAuIdz7uXmHj/mTGnH+bJyC4tLyyv51cLa+sbmlr2901BRIgmtk4hHsuVjRTkTtK6Z5rQVS4pDn9OmP7zK/OY9lYpFoqZHMfVC3BcsYARrI3XtvWrpGl0iFz2g26weo1pWjrp20Sk7E6C/xJ2RIsxQ7dqfnV5EkpAKTThWqu06sfZSLDUjnI4LnUTRGJMh7tO2oQKHVHnp5IAxOjRKDwWRNE9oNFF/TqQ4VGoU+qYzxHqg5r1M/M9rJzo491Im4kRTQaaLgoQjHaEsDdRjkhLNR4ZgIpn5KyIDLDHRJrOCCcGdP/kvaZyUXafs3p0WKxezOPKwDwdQAhfOoAI3UIU6EBjDE7zAq/VoPVtv1vu0NWfNZnbhF6yPbwVDkiY=</latexit><latexit sha1_base64="aPC79N0PMO+WpzUCBxYweQDKcWQ=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMsQgUpMyLoQqEgiCup0Be0Q8mkmTY0kxmSjFDGbvwVNy4UcetnuPNvzLRdaPVAuIdz7uXmHj/mTGnH+bJyC4tLyyv51cLa+sbmlr2901BRIgmtk4hHsuVjRTkTtK6Z5rQVS4pDn9OmP7zK/OY9lYpFoqZHMfVC3BcsYARrI3XtvWrpGl0iFz2g26weo1pWjrp20Sk7E6C/xJ2RIsxQ7dqfnV5EkpAKTThWqu06sfZSLDUjnI4LnUTRGJMh7tO2oQKHVHnp5IAxOjRKDwWRNE9oNFF/TqQ4VGoU+qYzxHqg5r1M/M9rJzo491Im4kRTQaaLgoQjHaEsDdRjkhLNR4ZgIpn5KyIDLDHRJrOCCcGdP/kvaZyUXafs3p0WKxezOPKwDwdQAhfOoAI3UIU6EBjDE7zAq/VoPVtv1vu0NWfNZnbhF6yPbwVDkiY=</latexit>

One inference question:

Sore 
Throat



General “Inference”

Nausea

Fever Sore 
Throat

Tired

Chest Pain

Flu

Cold Cancer Undergrad

Another inference question:

P (Co = 1, F l = 1|S = 1, Fe = 0)
<latexit sha1_base64="BcYAEZ7xGuvFMkoWOI+KihyVXaE=">AAACCnicbVDLSgMxFM3UV62vUZduokWoIGVGBF0oFArisqJ9QDuUTJppQzPJkGSEMnbtxl9x40IRt36BO//GTDsLbT0Q7sk595Lc40eMKu0431ZuYXFpeSW/Wlhb39jcsrd3GkrEEpM6FkzIlo8UYZSTuqaakVYkCQp9Rpr+sJr6zXsiFRX8To8i4oWoz2lAMdJG6tr7tVJVwEvoHsMrllb4AG+zOzHVOeraRafsTADniZuRIshQ69pfnZ7AcUi4xgwp1XadSHsJkppiRsaFTqxIhPAQ9UnbUI5CorxkssoYHhqlBwMhzeEaTtTfEwkKlRqFvukMkR6oWS8V//PasQ7OvYTyKNaE4+lDQcygFjDNBfaoJFizkSEIS2r+CvEASYS1Sa9gQnBnV54njZOy65Tdm9Ni5SKLIw/2wAEoARecgQq4BjVQBxg8gmfwCt6sJ+vFerc+pq05K5vZBX9gff4AcHKU/Q==</latexit><latexit sha1_base64="BcYAEZ7xGuvFMkoWOI+KihyVXaE=">AAACCnicbVDLSgMxFM3UV62vUZduokWoIGVGBF0oFArisqJ9QDuUTJppQzPJkGSEMnbtxl9x40IRt36BO//GTDsLbT0Q7sk595Lc40eMKu0431ZuYXFpeSW/Wlhb39jcsrd3GkrEEpM6FkzIlo8UYZSTuqaakVYkCQp9Rpr+sJr6zXsiFRX8To8i4oWoz2lAMdJG6tr7tVJVwEvoHsMrllb4AG+zOzHVOeraRafsTADniZuRIshQ69pfnZ7AcUi4xgwp1XadSHsJkppiRsaFTqxIhPAQ9UnbUI5CorxkssoYHhqlBwMhzeEaTtTfEwkKlRqFvukMkR6oWS8V//PasQ7OvYTyKNaE4+lDQcygFjDNBfaoJFizkSEIS2r+CvEASYS1Sa9gQnBnV54njZOy65Tdm9Ni5SKLIw/2wAEoARecgQq4BjVQBxg8gmfwCt6sJ+vFerc+pq05K5vZBX9gff4AcHKU/Q==</latexit><latexit sha1_base64="BcYAEZ7xGuvFMkoWOI+KihyVXaE=">AAACCnicbVDLSgMxFM3UV62vUZduokWoIGVGBF0oFArisqJ9QDuUTJppQzPJkGSEMnbtxl9x40IRt36BO//GTDsLbT0Q7sk595Lc40eMKu0431ZuYXFpeSW/Wlhb39jcsrd3GkrEEpM6FkzIlo8UYZSTuqaakVYkCQp9Rpr+sJr6zXsiFRX8To8i4oWoz2lAMdJG6tr7tVJVwEvoHsMrllb4AG+zOzHVOeraRafsTADniZuRIshQ69pfnZ7AcUi4xgwp1XadSHsJkppiRsaFTqxIhPAQ9UnbUI5CorxkssoYHhqlBwMhzeEaTtTfEwkKlRqFvukMkR6oWS8V//PasQ7OvYTyKNaE4+lDQcygFjDNBfaoJFizkSEIS2r+CvEASYS1Sa9gQnBnV54njZOy65Tdm9Ni5SKLIw/2wAEoARecgQq4BjVQBxg8gmfwCt6sJ+vFerc+pq05K5vZBX9gff4AcHKU/Q==</latexit><latexit sha1_base64="BcYAEZ7xGuvFMkoWOI+KihyVXaE=">AAACCnicbVDLSgMxFM3UV62vUZduokWoIGVGBF0oFArisqJ9QDuUTJppQzPJkGSEMnbtxl9x40IRt36BO//GTDsLbT0Q7sk595Lc40eMKu0431ZuYXFpeSW/Wlhb39jcsrd3GkrEEpM6FkzIlo8UYZSTuqaakVYkCQp9Rpr+sJr6zXsiFRX8To8i4oWoz2lAMdJG6tr7tVJVwEvoHsMrllb4AG+zOzHVOeraRafsTADniZuRIshQ69pfnZ7AcUi4xgwp1XadSHsJkppiRsaFTqxIhPAQ9UnbUI5CorxkssoYHhqlBwMhzeEaTtTfEwkKlRqFvukMkR6oWS8V//PasQ7OvYTyKNaE4+lDQcygFjDNBfaoJFizkSEIS2r+CvEASYS1Sa9gQnBnV54njZOy65Tdm9Ni5SKLIw/2wAEoARecgQq4BjVQBxg8gmfwCt6sJ+vFerc+pq05K5vZBX9gff4AcHKU/Q==</latexit>



How Many Things Can You Condition On?

Nausea

Fever
Tired

Chest Pain

Flu

Cold Cancer Undergrad

Sore 
Throat

N things:

3N
<latexit sha1_base64="PQnW9rLlvER+GKAu7nt6A4xVTMI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRiyepaD+gjWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjq6nfekSleSzvzThBP6IDyUPOqLHS3enDTa9ccavuDOQv8XJSgRz1Xvmz249ZGqE0TFCtO56bGD+jynAmcFLqphoTykZ0gB1LJY1Q+9ns1Ak5skqfhLGyJQ2ZqT8nMhppPY4C2xlRM9SL3lT8z+ukJrzwMy6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2RD8BZf/kuaJ1XPrXq3Z5XaZR5HEQ7gEI7Bg3OowTXUoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BzPKNdw==</latexit><latexit sha1_base64="PQnW9rLlvER+GKAu7nt6A4xVTMI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRiyepaD+gjWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjq6nfekSleSzvzThBP6IDyUPOqLHS3enDTa9ccavuDOQv8XJSgRz1Xvmz249ZGqE0TFCtO56bGD+jynAmcFLqphoTykZ0gB1LJY1Q+9ns1Ak5skqfhLGyJQ2ZqT8nMhppPY4C2xlRM9SL3lT8z+ukJrzwMy6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2RD8BZf/kuaJ1XPrXq3Z5XaZR5HEQ7gEI7Bg3OowTXUoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BzPKNdw==</latexit><latexit sha1_base64="PQnW9rLlvER+GKAu7nt6A4xVTMI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRiyepaD+gjWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjq6nfekSleSzvzThBP6IDyUPOqLHS3enDTa9ccavuDOQv8XJSgRz1Xvmz249ZGqE0TFCtO56bGD+jynAmcFLqphoTykZ0gB1LJY1Q+9ns1Ak5skqfhLGyJQ2ZqT8nMhppPY4C2xlRM9SL3lT8z+ukJrzwMy6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2RD8BZf/kuaJ1XPrXq3Z5XaZR5HEQ7gEI7Bg3OowTXUoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BzPKNdw==</latexit><latexit sha1_base64="PQnW9rLlvER+GKAu7nt6A4xVTMI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRiyepaD+gjWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20OWn0w8Hhvhpl5QSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjq6nfekSleSzvzThBP6IDyUPOqLHS3enDTa9ccavuDOQv8XJSgRz1Xvmz249ZGqE0TFCtO56bGD+jynAmcFLqphoTykZ0gB1LJY1Q+9ns1Ak5skqfhLGyJQ2ZqT8nMhppPY4C2xlRM9SL3lT8z+ukJrzwMy6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2RD8BZf/kuaJ1XPrXq3Z5XaZR5HEQ7gEI7Bg3OowTXUoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BzPKNdw==</latexit>

possible conditionals



Bayesian Network

Fever
Tired

Flu Undergrad

P (Fl = a, Fe = b, U = c, T = d)?
<latexit sha1_base64="zxBniPUpyaExNesgQ/u9rjQGPzA=">AAACCXicbVDLSgMxFM3UV62vUZdugkWoUMqMCLoRi0JxWaHTFtqhZDK3bWjmQZIRytCtG3/FjQtF3PoH7vwb03YW2nohnMM593JzjxdzJpVlfRu5ldW19Y38ZmFre2d3z9w/aMooERQcGvFItD0igbMQHMUUh3YsgAQeh5Y3up36rQcQkkVhQ41jcAMyCFmfUaK01DNxvVTj+AqTMq6BRq+MHQ20jBsa/NPrnlm0Ktas8DKxM1JEWdV75lfXj2gSQKgoJ1J2bCtWbkqEYpTDpNBNJMSEjsgAOpqGJADpprNLJvhEKz7uR0K/UOGZ+nsiJYGU48DTnQFRQ7noTcX/vE6i+pduysI4URDS+aJ+wrGK8DQW7DMBVPGxJoQKpv+K6ZAIQpUOr6BDsBdPXibNs4ptVez782L1Josjj47QMSohG12gKrpDdeQgih7RM3pFb8aT8WK8Gx/z1pyRzRyiP2V8/gCjL5Uz</latexit><latexit sha1_base64="zxBniPUpyaExNesgQ/u9rjQGPzA=">AAACCXicbVDLSgMxFM3UV62vUZdugkWoUMqMCLoRi0JxWaHTFtqhZDK3bWjmQZIRytCtG3/FjQtF3PoH7vwb03YW2nohnMM593JzjxdzJpVlfRu5ldW19Y38ZmFre2d3z9w/aMooERQcGvFItD0igbMQHMUUh3YsgAQeh5Y3up36rQcQkkVhQ41jcAMyCFmfUaK01DNxvVTj+AqTMq6BRq+MHQ20jBsa/NPrnlm0Ktas8DKxM1JEWdV75lfXj2gSQKgoJ1J2bCtWbkqEYpTDpNBNJMSEjsgAOpqGJADpprNLJvhEKz7uR0K/UOGZ+nsiJYGU48DTnQFRQ7noTcX/vE6i+pduysI4URDS+aJ+wrGK8DQW7DMBVPGxJoQKpv+K6ZAIQpUOr6BDsBdPXibNs4ptVez782L1Josjj47QMSohG12gKrpDdeQgih7RM3pFb8aT8WK8Gx/z1pyRzRyiP2V8/gCjL5Uz</latexit><latexit sha1_base64="zxBniPUpyaExNesgQ/u9rjQGPzA=">AAACCXicbVDLSgMxFM3UV62vUZdugkWoUMqMCLoRi0JxWaHTFtqhZDK3bWjmQZIRytCtG3/FjQtF3PoH7vwb03YW2nohnMM593JzjxdzJpVlfRu5ldW19Y38ZmFre2d3z9w/aMooERQcGvFItD0igbMQHMUUh3YsgAQeh5Y3up36rQcQkkVhQ41jcAMyCFmfUaK01DNxvVTj+AqTMq6BRq+MHQ20jBsa/NPrnlm0Ktas8DKxM1JEWdV75lfXj2gSQKgoJ1J2bCtWbkqEYpTDpNBNJMSEjsgAOpqGJADpprNLJvhEKz7uR0K/UOGZ+nsiJYGU48DTnQFRQ7noTcX/vE6i+pduysI4URDS+aJ+wrGK8DQW7DMBVPGxJoQKpv+K6ZAIQpUOr6BDsBdPXibNs4ptVez782L1Josjj47QMSohG12gKrpDdeQgih7RM3pFb8aT8WK8Gx/z1pyRzRyiP2V8/gCjL5Uz</latexit><latexit sha1_base64="zxBniPUpyaExNesgQ/u9rjQGPzA=">AAACCXicbVDLSgMxFM3UV62vUZdugkWoUMqMCLoRi0JxWaHTFtqhZDK3bWjmQZIRytCtG3/FjQtF3PoH7vwb03YW2nohnMM593JzjxdzJpVlfRu5ldW19Y38ZmFre2d3z9w/aMooERQcGvFItD0igbMQHMUUh3YsgAQeh5Y3up36rQcQkkVhQ41jcAMyCFmfUaK01DNxvVTj+AqTMq6BRq+MHQ20jBsa/NPrnlm0Ktas8DKxM1JEWdV75lfXj2gSQKgoJ1J2bCtWbkqEYpTDpNBNJMSEjsgAOpqGJADpprNLJvhEKz7uR0K/UOGZ+nsiJYGU48DTnQFRQ7noTcX/vE6i+pduysI4URDS+aJ+wrGK8DQW7DMBVPGxJoQKpv+K6ZAIQpUOr6BDsBdPXibNs4ptVez782L1Josjj47QMSohG12gKrpDdeQgih7RM3pFb8aT8WK8Gx/z1pyRzRyiP2V8/gCjL5Uz</latexit>

P (U = 1) = 0.8
<latexit sha1_base64="q04hXdQRTNZ67G98iEl4KWqq7YU=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkIihfYiFLx4rGDaQhvLZrtpl242YXejlND/4cWDIl79L978N27bHLT1wQyP92bY2RcknCntON9WYWNza3unuFva2z84PCofn7RVnEpCPRLzWHYDrChngnqaaU67iaQ4CjjtBJObud95pFKxWNzraUL9CI8ECxnB2kgPraqHrpF7aZpjNwblimM7C6B14uakAjlag/JXfxiTNKJCE46V6rlOov0MS80Ip7NSP1U0wWSCR7RnqMARVX62uHqGLowyRGEsTQmNFurvjQxHSk2jwExGWI/VqjcX//N6qQ4bfsZEkmoqyPKhMOVIx2geARoySYnmU0MwkczcisgYS0y0CapkQnBXv7xO2le269juXa3SrOVxFOEMzqEKLtShCbfQAg8ISHiGV3iznqwX6936WI4WrHznFP7A+vwBPNSPrw==</latexit><latexit sha1_base64="q04hXdQRTNZ67G98iEl4KWqq7YU=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkIihfYiFLx4rGDaQhvLZrtpl242YXejlND/4cWDIl79L978N27bHLT1wQyP92bY2RcknCntON9WYWNza3unuFva2z84PCofn7RVnEpCPRLzWHYDrChngnqaaU67iaQ4CjjtBJObud95pFKxWNzraUL9CI8ECxnB2kgPraqHrpF7aZpjNwblimM7C6B14uakAjlag/JXfxiTNKJCE46V6rlOov0MS80Ip7NSP1U0wWSCR7RnqMARVX62uHqGLowyRGEsTQmNFurvjQxHSk2jwExGWI/VqjcX//N6qQ4bfsZEkmoqyPKhMOVIx2geARoySYnmU0MwkczcisgYS0y0CapkQnBXv7xO2le269juXa3SrOVxFOEMzqEKLtShCbfQAg8ISHiGV3iznqwX6936WI4WrHznFP7A+vwBPNSPrw==</latexit><latexit sha1_base64="q04hXdQRTNZ67G98iEl4KWqq7YU=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkIihfYiFLx4rGDaQhvLZrtpl242YXejlND/4cWDIl79L978N27bHLT1wQyP92bY2RcknCntON9WYWNza3unuFva2z84PCofn7RVnEpCPRLzWHYDrChngnqaaU67iaQ4CjjtBJObud95pFKxWNzraUL9CI8ECxnB2kgPraqHrpF7aZpjNwblimM7C6B14uakAjlag/JXfxiTNKJCE46V6rlOov0MS80Ip7NSP1U0wWSCR7RnqMARVX62uHqGLowyRGEsTQmNFurvjQxHSk2jwExGWI/VqjcX//N6qQ4bfsZEkmoqyPKhMOVIx2geARoySYnmU0MwkczcisgYS0y0CapkQnBXv7xO2le269juXa3SrOVxFOEMzqEKLtShCbfQAg8ISHiGV3iznqwX6936WI4WrHznFP7A+vwBPNSPrw==</latexit><latexit sha1_base64="q04hXdQRTNZ67G98iEl4KWqq7YU=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkIihfYiFLx4rGDaQhvLZrtpl242YXejlND/4cWDIl79L978N27bHLT1wQyP92bY2RcknCntON9WYWNza3unuFva2z84PCofn7RVnEpCPRLzWHYDrChngnqaaU67iaQ4CjjtBJObud95pFKxWNzraUL9CI8ECxnB2kgPraqHrpF7aZpjNwblimM7C6B14uakAjlag/JXfxiTNKJCE46V6rlOov0MS80Ip7NSP1U0wWSCR7RnqMARVX62uHqGLowyRGEsTQmNFurvjQxHSk2jwExGWI/VqjcX//N6qQ4bfsZEkmoqyPKhMOVIx2geARoySYnmU0MwkczcisgYS0y0CapkQnBXv7xO2le269juXa3SrOVxFOEMzqEKLtShCbfQAg8ISHiGV3iznqwX6936WI4WrHznFP7A+vwBPNSPrw==</latexit>

P (Fl = 1) = 0.1
<latexit sha1_base64="2j89fAK6mAT2kD86ZmEJr3Jwugw=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRgm6EgiAuK9gHtKFMppN26GQS5iHU0C9x40IRt36KO//GaZuFth64l8M59zJ3TphyprTnfTtr6xubW9uFneLu3v5ByT08aqnESEKbJOGJ7IRYUc4EbWqmOe2kkuI45LQdjm9mfvuRSsUS8aAnKQ1iPBQsYgRrK/XdUqNyy9E18s9t86p+3y17VW8OtEr8nJQhR6PvfvUGCTExFZpwrFTX91IdZFhqRjidFntG0RSTMR7SrqUCx1QF2fzwKTqzygBFibQlNJqrvzcyHCs1iUM7GWM9UsveTPzP6xodXQUZE6nRVJDFQ5HhSCdolgIaMEmJ5hNLMJHM3orICEtMtM2qaEPwl7+8SloXVd8mdl8r12t5HAU4gVOogA+XUIc7aEATCBh4hld4c56cF+fd+ViMrjn5zjH8gfP5A2CrkEA=</latexit><latexit sha1_base64="2j89fAK6mAT2kD86ZmEJr3Jwugw=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRgm6EgiAuK9gHtKFMppN26GQS5iHU0C9x40IRt36KO//GaZuFth64l8M59zJ3TphyprTnfTtr6xubW9uFneLu3v5ByT08aqnESEKbJOGJ7IRYUc4EbWqmOe2kkuI45LQdjm9mfvuRSsUS8aAnKQ1iPBQsYgRrK/XdUqNyy9E18s9t86p+3y17VW8OtEr8nJQhR6PvfvUGCTExFZpwrFTX91IdZFhqRjidFntG0RSTMR7SrqUCx1QF2fzwKTqzygBFibQlNJqrvzcyHCs1iUM7GWM9UsveTPzP6xodXQUZE6nRVJDFQ5HhSCdolgIaMEmJ5hNLMJHM3orICEtMtM2qaEPwl7+8SloXVd8mdl8r12t5HAU4gVOogA+XUIc7aEATCBh4hld4c56cF+fd+ViMrjn5zjH8gfP5A2CrkEA=</latexit><latexit sha1_base64="2j89fAK6mAT2kD86ZmEJr3Jwugw=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRgm6EgiAuK9gHtKFMppN26GQS5iHU0C9x40IRt36KO//GaZuFth64l8M59zJ3TphyprTnfTtr6xubW9uFneLu3v5ByT08aqnESEKbJOGJ7IRYUc4EbWqmOe2kkuI45LQdjm9mfvuRSsUS8aAnKQ1iPBQsYgRrK/XdUqNyy9E18s9t86p+3y17VW8OtEr8nJQhR6PvfvUGCTExFZpwrFTX91IdZFhqRjidFntG0RSTMR7SrqUCx1QF2fzwKTqzygBFibQlNJqrvzcyHCs1iUM7GWM9UsveTPzP6xodXQUZE6nRVJDFQ5HhSCdolgIaMEmJ5hNLMJHM3orICEtMtM2qaEPwl7+8SloXVd8mdl8r12t5HAU4gVOogA+XUIc7aEATCBh4hld4c56cF+fd+ViMrjn5zjH8gfP5A2CrkEA=</latexit><latexit sha1_base64="2j89fAK6mAT2kD86ZmEJr3Jwugw=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRgm6EgiAuK9gHtKFMppN26GQS5iHU0C9x40IRt36KO//GaZuFth64l8M59zJ3TphyprTnfTtr6xubW9uFneLu3v5ByT08aqnESEKbJOGJ7IRYUc4EbWqmOe2kkuI45LQdjm9mfvuRSsUS8aAnKQ1iPBQsYgRrK/XdUqNyy9E18s9t86p+3y17VW8OtEr8nJQhR6PvfvUGCTExFZpwrFTX91IdZFhqRjidFntG0RSTMR7SrqUCx1QF2fzwKTqzygBFibQlNJqrvzcyHCs1iUM7GWM9UsveTPzP6xodXQUZE6nRVJDFQ5HhSCdolgIaMEmJ5hNLMJHM3orICEtMtM2qaEPwl7+8SloXVd8mdl8r12t5HAU4gVOogA+XUIc7aEATCBh4hld4c56cF+fd+ViMrjn5zjH8gfP5A2CrkEA=</latexit>

P (Fev = 1|Flu = 1) = 0.9
<latexit sha1_base64="4QSw0DtHoAUC/gdIGzqoP0lp3zs=">AAACA3icbZDLSgMxFIbP1Futt1F3ugkWoW7KjBTUhVAQissK9gLtUDJppg3NXEgyhTIW3Pgqblwo4taXcOfbmGlnoa0HEj7+/xyS87sRZ1JZ1reRW1ldW9/Ibxa2tnd298z9g6YMY0Fog4Q8FG0XS8pZQBuKKU7bkaDYdzltuaOb1G+NqZAsDO7VJKKOjwcB8xjBSks986heqtExukY2ekA1Hqd0pi+rfNUzi1bZmhVaBjuDImRV75lf3X5IYp8GinAsZce2IuUkWChGOJ0WurGkESYjPKAdjQH2qXSS2Q5TdKqVPvJCoU+g0Ez9PZFgX8qJ7+pOH6uhXPRS8T+vEyvv0klYEMWKBmT+kBdzpEKUBoL6TFCi+EQDJoLpvyIyxAITpWMr6BDsxZWXoXletq2yfVcpVitZHHk4hhMogQ0XUIVbqEMDCDzCM7zCm/FkvBjvxse8NWdkM4fwp4zPH8z7k7Y=</latexit><latexit sha1_base64="4QSw0DtHoAUC/gdIGzqoP0lp3zs=">AAACA3icbZDLSgMxFIbP1Futt1F3ugkWoW7KjBTUhVAQissK9gLtUDJppg3NXEgyhTIW3Pgqblwo4taXcOfbmGlnoa0HEj7+/xyS87sRZ1JZ1reRW1ldW9/Ibxa2tnd298z9g6YMY0Fog4Q8FG0XS8pZQBuKKU7bkaDYdzltuaOb1G+NqZAsDO7VJKKOjwcB8xjBSks986heqtExukY2ekA1Hqd0pi+rfNUzi1bZmhVaBjuDImRV75lf3X5IYp8GinAsZce2IuUkWChGOJ0WurGkESYjPKAdjQH2qXSS2Q5TdKqVPvJCoU+g0Ez9PZFgX8qJ7+pOH6uhXPRS8T+vEyvv0klYEMWKBmT+kBdzpEKUBoL6TFCi+EQDJoLpvyIyxAITpWMr6BDsxZWXoXletq2yfVcpVitZHHk4hhMogQ0XUIVbqEMDCDzCM7zCm/FkvBjvxse8NWdkM4fwp4zPH8z7k7Y=</latexit><latexit sha1_base64="4QSw0DtHoAUC/gdIGzqoP0lp3zs=">AAACA3icbZDLSgMxFIbP1Futt1F3ugkWoW7KjBTUhVAQissK9gLtUDJppg3NXEgyhTIW3Pgqblwo4taXcOfbmGlnoa0HEj7+/xyS87sRZ1JZ1reRW1ldW9/Ibxa2tnd298z9g6YMY0Fog4Q8FG0XS8pZQBuKKU7bkaDYdzltuaOb1G+NqZAsDO7VJKKOjwcB8xjBSks986heqtExukY2ekA1Hqd0pi+rfNUzi1bZmhVaBjuDImRV75lf3X5IYp8GinAsZce2IuUkWChGOJ0WurGkESYjPKAdjQH2qXSS2Q5TdKqVPvJCoU+g0Ez9PZFgX8qJ7+pOH6uhXPRS8T+vEyvv0klYEMWKBmT+kBdzpEKUBoL6TFCi+EQDJoLpvyIyxAITpWMr6BDsxZWXoXletq2yfVcpVitZHHk4hhMogQ0XUIVbqEMDCDzCM7zCm/FkvBjvxse8NWdkM4fwp4zPH8z7k7Y=</latexit><latexit sha1_base64="4QSw0DtHoAUC/gdIGzqoP0lp3zs=">AAACA3icbZDLSgMxFIbP1Futt1F3ugkWoW7KjBTUhVAQissK9gLtUDJppg3NXEgyhTIW3Pgqblwo4taXcOfbmGlnoa0HEj7+/xyS87sRZ1JZ1reRW1ldW9/Ibxa2tnd298z9g6YMY0Fog4Q8FG0XS8pZQBuKKU7bkaDYdzltuaOb1G+NqZAsDO7VJKKOjwcB8xjBSks986heqtExukY2ekA1Hqd0pi+rfNUzi1bZmhVaBjuDImRV75lf3X5IYp8GinAsZce2IuUkWChGOJ0WurGkESYjPKAdjQH2qXSS2Q5TdKqVPvJCoU+g0Ez9PZFgX8qJ7+pOH6uhXPRS8T+vEyvv0klYEMWKBmT+kBdzpEKUBoL6TFCi+EQDJoLpvyIyxAITpWMr6BDsxZWXoXletq2yfVcpVitZHHk4hhMogQ0XUIVbqEMDCDzCM7zCm/FkvBjvxse8NWdkM4fwp4zPH8z7k7Y=</latexit>

P (Fev = 1|Flu = 0) = 0.05
<latexit sha1_base64="iKhnTIDAax4SslStv8YZTbOTiQA=">AAACBHicbVDLSgMxFL1TX7W+Rl12EyxC3ZQZqehGKAjFZQX7gHYomTTThmYeJJlCGbtw46+4caGIWz/CnX9jpp2Fth5I7uGce0nucSPOpLKsbyO3tr6xuZXfLuzs7u0fmIdHLRnGgtAmCXkoOi6WlLOANhVTnHYiQbHvctp2xzep355QIVkY3KtpRB0fDwPmMYKVlvpmsVGu0wm6RjZ6QHUea2adpVfFuuibJV3mQKvEzkgJMjT65ldvEJLYp4EiHEvZta1IOQkWihFOZ4VeLGmEyRgPaVfTAPtUOsl8iRk61coAeaHQJ1Borv6eSLAv5dR3daeP1Ugue6n4n9eNlXflJCyIYkUDsnjIizlSIUoTQQMmKFF8qgkmgum/IjLCAhOlcyvoEOzllVdJ67xiWxX7rlqqVbM48lCEEyiDDZdQg1toQBMIPMIzvMKb8WS8GO/Gx6I1Z2Qzx/AHxucPOW+T6w==</latexit><latexit sha1_base64="iKhnTIDAax4SslStv8YZTbOTiQA=">AAACBHicbVDLSgMxFL1TX7W+Rl12EyxC3ZQZqehGKAjFZQX7gHYomTTThmYeJJlCGbtw46+4caGIWz/CnX9jpp2Fth5I7uGce0nucSPOpLKsbyO3tr6xuZXfLuzs7u0fmIdHLRnGgtAmCXkoOi6WlLOANhVTnHYiQbHvctp2xzep355QIVkY3KtpRB0fDwPmMYKVlvpmsVGu0wm6RjZ6QHUea2adpVfFuuibJV3mQKvEzkgJMjT65ldvEJLYp4EiHEvZta1IOQkWihFOZ4VeLGmEyRgPaVfTAPtUOsl8iRk61coAeaHQJ1Borv6eSLAv5dR3daeP1Ugue6n4n9eNlXflJCyIYkUDsnjIizlSIUoTQQMmKFF8qgkmgum/IjLCAhOlcyvoEOzllVdJ67xiWxX7rlqqVbM48lCEEyiDDZdQg1toQBMIPMIzvMKb8WS8GO/Gx6I1Z2Qzx/AHxucPOW+T6w==</latexit><latexit sha1_base64="iKhnTIDAax4SslStv8YZTbOTiQA=">AAACBHicbVDLSgMxFL1TX7W+Rl12EyxC3ZQZqehGKAjFZQX7gHYomTTThmYeJJlCGbtw46+4caGIWz/CnX9jpp2Fth5I7uGce0nucSPOpLKsbyO3tr6xuZXfLuzs7u0fmIdHLRnGgtAmCXkoOi6WlLOANhVTnHYiQbHvctp2xzep355QIVkY3KtpRB0fDwPmMYKVlvpmsVGu0wm6RjZ6QHUea2adpVfFuuibJV3mQKvEzkgJMjT65ldvEJLYp4EiHEvZta1IOQkWihFOZ4VeLGmEyRgPaVfTAPtUOsl8iRk61coAeaHQJ1Borv6eSLAv5dR3daeP1Ugue6n4n9eNlXflJCyIYkUDsnjIizlSIUoTQQMmKFF8qgkmgum/IjLCAhOlcyvoEOzllVdJ67xiWxX7rlqqVbM48lCEEyiDDZdQg1toQBMIPMIzvMKb8WS8GO/Gx6I1Z2Qzx/AHxucPOW+T6w==</latexit><latexit sha1_base64="iKhnTIDAax4SslStv8YZTbOTiQA=">AAACBHicbVDLSgMxFL1TX7W+Rl12EyxC3ZQZqehGKAjFZQX7gHYomTTThmYeJJlCGbtw46+4caGIWz/CnX9jpp2Fth5I7uGce0nucSPOpLKsbyO3tr6xuZXfLuzs7u0fmIdHLRnGgtAmCXkoOi6WlLOANhVTnHYiQbHvctp2xzep355QIVkY3KtpRB0fDwPmMYKVlvpmsVGu0wm6RjZ6QHUea2adpVfFuuibJV3mQKvEzkgJMjT65ldvEJLYp4EiHEvZta1IOQkWihFOZ4VeLGmEyRgPaVfTAPtUOsl8iRk61coAeaHQJ1Borv6eSLAv5dR3daeP1Ugue6n4n9eNlXflJCyIYkUDsnjIizlSIUoTQQMmKFF8qgkmgum/IjLCAhOlcyvoEOzllVdJ67xiWxX7rlqqVbM48lCEEyiDDZdQg1toQBMIPMIzvMKb8WS8GO/Gx6I1Z2Qzx/AHxucPOW+T6w==</latexit>

P (T = 1|Flu = 0, U = 0) = 0.1

P (T = 1|Flu = 0, U = 1) = 0.8

P (T = 1|Flu = 1, U = 0) = 0.9

P (T = 1|Flu = 1, U = 1) = 1.0
<latexit sha1_base64="E9irS0BZrGtwwIEWh0XFeh9uocs="></latexit><latexit sha1_base64="E9irS0BZrGtwwIEWh0XFeh9uocs="></latexit><latexit sha1_base64="E9irS0BZrGtwwIEWh0XFeh9uocs="></latexit><latexit sha1_base64="E9irS0BZrGtwwIEWh0XFeh9uocs="></latexit>

Describe the joint using causality!



Bayesian Network:
If you know causality, 

Make a network of assumed 
direct causality for your 
random vars. 

You simply need to give:
P(values | parents) 
for each random variable.

Prob can be a conditional probability table or 
an equation!



Alg #1: Joint Sampling



If you can sample enough 
from the joint distribution, 

you can answer any 
probability question

Each one of 
these is one 
joint sample:

[Flu, Undergrad, Fever, Tired]



P(B | A E) P(A | E)
P(B | E)P(A | B E) =

BAE’s Theorem?



P(F = 1 | all other rvs)
Know: P(symptom | flu, undergrad) P(flu)

Flu is independent of undergrad

Tired and fever are conditionally independent given flu, undergrad

P(undergrad)

P (F = 1|all other rvs)
= P (F = 1|symptoms, U = u)

=
P (symptoms|F = 1, U = u)P (F = 1|U = u)

P (symptoms|U = u)

/ P (symptoms|F = 1, U = u)P (F = 1|U = u)

/ P (symptoms|F = 1, U = u)P (F = 1)

/
Y

i

P (symptomi|F = 1, U = u)P (F = 1)
<latexit sha1_base64="eMl48iAjQ81yhv3bUMlRz+BiOYo="></latexit><latexit sha1_base64="eMl48iAjQ81yhv3bUMlRz+BiOYo="></latexit><latexit sha1_base64="eMl48iAjQ81yhv3bUMlRz+BiOYo="></latexit><latexit sha1_base64="eMl48iAjQ81yhv3bUMlRz+BiOYo="></latexit>

P (F = 1|all other rvs)
= P (F = 1|symptoms, U = u)

=
P (symptoms|F = 1, U = u)P (F = 1|U = u)

P (symptoms|U = u)

/ P (symptoms|F = 1, U = u)P (F = 1|U = u)

/ P (symptoms|F = 1, U = u)P (F = 1)

/
Y

i

P (symptomi|F = 1, U = u)P (F = 1)
<latexit sha1_base64="eMl48iAjQ81yhv3bUMlRz+BiOYo="></latexit><latexit sha1_base64="eMl48iAjQ81yhv3bUMlRz+BiOYo="></latexit><latexit sha1_base64="eMl48iAjQ81yhv3bUMlRz+BiOYo="></latexit><latexit sha1_base64="eMl48iAjQ81yhv3bUMlRz+BiOYo="></latexit>

P (F = 1|all other rvs)
= P (F = 1|symptoms, U = u)

=
P (symptoms|F = 1, U = u)P (F = 1|U = u)

P (symptoms|U = u)

/ P (symptoms|F = 1, U = u)P (F = 1|U = u)

/ P (symptoms|F = 1, U = u)P (F = 1)

/
Y

i

P (symptomi|F = 1, U = u)P (F = 1)
<latexit sha1_base64="eMl48iAjQ81yhv3bUMlRz+BiOYo="></latexit><latexit sha1_base64="eMl48iAjQ81yhv3bUMlRz+BiOYo="></latexit><latexit sha1_base64="eMl48iAjQ81yhv3bUMlRz+BiOYo="></latexit><latexit sha1_base64="eMl48iAjQ81yhv3bUMlRz+BiOYo="></latexit>

P (F = 1|all other rvs)
= P (F = 1|symptoms, U = u)

=
P (symptoms|F = 1, U = u)P (F = 1|U = u)

P (symptoms|U = u)

/ P (symptoms|F = 1, U = u)P (F = 1|U = u)

/ P (F = 1)P (symptoms|F = 1, U = u)

/ P (F = 1)
Y

i

P (symptomi|F = 1, U = u)
<latexit sha1_base64="U1qODF55o07v2hHuuqycIRtumY4="></latexit><latexit sha1_base64="U1qODF55o07v2hHuuqycIRtumY4="></latexit><latexit sha1_base64="U1qODF55o07v2hHuuqycIRtumY4="></latexit><latexit sha1_base64="U1qODF55o07v2hHuuqycIRtumY4="></latexit>

P (F = 1|all other rvs)
= P (F = 1|symptoms, U = u)

=
P (symptoms|F = 1, U = u)P (F = 1|U = u)

P (symptoms|U = u)

/ P (symptoms|F = 1, U = u)P (F = 1|U = u)

/ P (F = 1)P (symptoms|F = 1, U = u)

/ P (F = 1)
Y

i

P (symptomi|F = 1, U = u)
<latexit sha1_base64="U1qODF55o07v2hHuuqycIRtumY4="></latexit><latexit sha1_base64="U1qODF55o07v2hHuuqycIRtumY4="></latexit><latexit sha1_base64="U1qODF55o07v2hHuuqycIRtumY4="></latexit><latexit sha1_base64="U1qODF55o07v2hHuuqycIRtumY4="></latexit>



General Inference Summary

• Straight Math is fast, but can 
be prohibitively hard for 
complex models (see hw).

• Joint Sampling is really easy to 
program but fails for continuous 
variables (and when what you 
are conditioning on is rare)

• Take CS228 to learn about 
many, many more algorithms!





Where Do The Numbers Come From?

Fever
Tired

Flu Undergrad

P (U = 1) = 0.8
<latexit sha1_base64="q04hXdQRTNZ67G98iEl4KWqq7YU=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkIihfYiFLx4rGDaQhvLZrtpl242YXejlND/4cWDIl79L978N27bHLT1wQyP92bY2RcknCntON9WYWNza3unuFva2z84PCofn7RVnEpCPRLzWHYDrChngnqaaU67iaQ4CjjtBJObud95pFKxWNzraUL9CI8ECxnB2kgPraqHrpF7aZpjNwblimM7C6B14uakAjlag/JXfxiTNKJCE46V6rlOov0MS80Ip7NSP1U0wWSCR7RnqMARVX62uHqGLowyRGEsTQmNFurvjQxHSk2jwExGWI/VqjcX//N6qQ4bfsZEkmoqyPKhMOVIx2geARoySYnmU0MwkczcisgYS0y0CapkQnBXv7xO2le269juXa3SrOVxFOEMzqEKLtShCbfQAg8ISHiGV3iznqwX6936WI4WrHznFP7A+vwBPNSPrw==</latexit><latexit sha1_base64="q04hXdQRTNZ67G98iEl4KWqq7YU=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkIihfYiFLx4rGDaQhvLZrtpl242YXejlND/4cWDIl79L978N27bHLT1wQyP92bY2RcknCntON9WYWNza3unuFva2z84PCofn7RVnEpCPRLzWHYDrChngnqaaU67iaQ4CjjtBJObud95pFKxWNzraUL9CI8ECxnB2kgPraqHrpF7aZpjNwblimM7C6B14uakAjlag/JXfxiTNKJCE46V6rlOov0MS80Ip7NSP1U0wWSCR7RnqMARVX62uHqGLowyRGEsTQmNFurvjQxHSk2jwExGWI/VqjcX//N6qQ4bfsZEkmoqyPKhMOVIx2geARoySYnmU0MwkczcisgYS0y0CapkQnBXv7xO2le269juXa3SrOVxFOEMzqEKLtShCbfQAg8ISHiGV3iznqwX6936WI4WrHznFP7A+vwBPNSPrw==</latexit><latexit sha1_base64="q04hXdQRTNZ67G98iEl4KWqq7YU=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkIihfYiFLx4rGDaQhvLZrtpl242YXejlND/4cWDIl79L978N27bHLT1wQyP92bY2RcknCntON9WYWNza3unuFva2z84PCofn7RVnEpCPRLzWHYDrChngnqaaU67iaQ4CjjtBJObud95pFKxWNzraUL9CI8ECxnB2kgPraqHrpF7aZpjNwblimM7C6B14uakAjlag/JXfxiTNKJCE46V6rlOov0MS80Ip7NSP1U0wWSCR7RnqMARVX62uHqGLowyRGEsTQmNFurvjQxHSk2jwExGWI/VqjcX//N6qQ4bfsZEkmoqyPKhMOVIx2geARoySYnmU0MwkczcisgYS0y0CapkQnBXv7xO2le269juXa3SrOVxFOEMzqEKLtShCbfQAg8ISHiGV3iznqwX6936WI4WrHznFP7A+vwBPNSPrw==</latexit><latexit sha1_base64="q04hXdQRTNZ67G98iEl4KWqq7YU=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkIihfYiFLx4rGDaQhvLZrtpl242YXejlND/4cWDIl79L978N27bHLT1wQyP92bY2RcknCntON9WYWNza3unuFva2z84PCofn7RVnEpCPRLzWHYDrChngnqaaU67iaQ4CjjtBJObud95pFKxWNzraUL9CI8ECxnB2kgPraqHrpF7aZpjNwblimM7C6B14uakAjlag/JXfxiTNKJCE46V6rlOov0MS80Ip7NSP1U0wWSCR7RnqMARVX62uHqGLowyRGEsTQmNFurvjQxHSk2jwExGWI/VqjcX//N6qQ4bfsZEkmoqyPKhMOVIx2geARoySYnmU0MwkczcisgYS0y0CapkQnBXv7xO2le269juXa3SrOVxFOEMzqEKLtShCbfQAg8ISHiGV3iznqwX6936WI4WrHznFP7A+vwBPNSPrw==</latexit>

P (Fl = 1) = 0.1
<latexit sha1_base64="2j89fAK6mAT2kD86ZmEJr3Jwugw=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRgm6EgiAuK9gHtKFMppN26GQS5iHU0C9x40IRt36KO//GaZuFth64l8M59zJ3TphyprTnfTtr6xubW9uFneLu3v5ByT08aqnESEKbJOGJ7IRYUc4EbWqmOe2kkuI45LQdjm9mfvuRSsUS8aAnKQ1iPBQsYgRrK/XdUqNyy9E18s9t86p+3y17VW8OtEr8nJQhR6PvfvUGCTExFZpwrFTX91IdZFhqRjidFntG0RSTMR7SrqUCx1QF2fzwKTqzygBFibQlNJqrvzcyHCs1iUM7GWM9UsveTPzP6xodXQUZE6nRVJDFQ5HhSCdolgIaMEmJ5hNLMJHM3orICEtMtM2qaEPwl7+8SloXVd8mdl8r12t5HAU4gVOogA+XUIc7aEATCBh4hld4c56cF+fd+ViMrjn5zjH8gfP5A2CrkEA=</latexit><latexit sha1_base64="2j89fAK6mAT2kD86ZmEJr3Jwugw=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRgm6EgiAuK9gHtKFMppN26GQS5iHU0C9x40IRt36KO//GaZuFth64l8M59zJ3TphyprTnfTtr6xubW9uFneLu3v5ByT08aqnESEKbJOGJ7IRYUc4EbWqmOe2kkuI45LQdjm9mfvuRSsUS8aAnKQ1iPBQsYgRrK/XdUqNyy9E18s9t86p+3y17VW8OtEr8nJQhR6PvfvUGCTExFZpwrFTX91IdZFhqRjidFntG0RSTMR7SrqUCx1QF2fzwKTqzygBFibQlNJqrvzcyHCs1iUM7GWM9UsveTPzP6xodXQUZE6nRVJDFQ5HhSCdolgIaMEmJ5hNLMJHM3orICEtMtM2qaEPwl7+8SloXVd8mdl8r12t5HAU4gVOogA+XUIc7aEATCBh4hld4c56cF+fd+ViMrjn5zjH8gfP5A2CrkEA=</latexit><latexit sha1_base64="2j89fAK6mAT2kD86ZmEJr3Jwugw=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRgm6EgiAuK9gHtKFMppN26GQS5iHU0C9x40IRt36KO//GaZuFth64l8M59zJ3TphyprTnfTtr6xubW9uFneLu3v5ByT08aqnESEKbJOGJ7IRYUc4EbWqmOe2kkuI45LQdjm9mfvuRSsUS8aAnKQ1iPBQsYgRrK/XdUqNyy9E18s9t86p+3y17VW8OtEr8nJQhR6PvfvUGCTExFZpwrFTX91IdZFhqRjidFntG0RSTMR7SrqUCx1QF2fzwKTqzygBFibQlNJqrvzcyHCs1iUM7GWM9UsveTPzP6xodXQUZE6nRVJDFQ5HhSCdolgIaMEmJ5hNLMJHM3orICEtMtM2qaEPwl7+8SloXVd8mdl8r12t5HAU4gVOogA+XUIc7aEATCBh4hld4c56cF+fd+ViMrjn5zjH8gfP5A2CrkEA=</latexit><latexit sha1_base64="2j89fAK6mAT2kD86ZmEJr3Jwugw=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRgm6EgiAuK9gHtKFMppN26GQS5iHU0C9x40IRt36KO//GaZuFth64l8M59zJ3TphyprTnfTtr6xubW9uFneLu3v5ByT08aqnESEKbJOGJ7IRYUc4EbWqmOe2kkuI45LQdjm9mfvuRSsUS8aAnKQ1iPBQsYgRrK/XdUqNyy9E18s9t86p+3y17VW8OtEr8nJQhR6PvfvUGCTExFZpwrFTX91IdZFhqRjidFntG0RSTMR7SrqUCx1QF2fzwKTqzygBFibQlNJqrvzcyHCs1iUM7GWM9UsveTPzP6xodXQUZE6nRVJDFQ5HhSCdolgIaMEmJ5hNLMJHM3orICEtMtM2qaEPwl7+8SloXVd8mdl8r12t5HAU4gVOogA+XUIc7aEATCBh4hld4c56cF+fd+ViMrjn5zjH8gfP5A2CrkEA=</latexit>

P (T = 1|Flu = 0, U = 0) = 0.1

P (T = 1|Flu = 0, U = 1) = 0.8

P (T = 1|Flu = 1, U = 0) = 0.9

P (T = 1|Flu = 1, U = 1) = 1.0
<latexit sha1_base64="E9irS0BZrGtwwIEWh0XFeh9uocs="></latexit><latexit sha1_base64="E9irS0BZrGtwwIEWh0XFeh9uocs="></latexit><latexit sha1_base64="E9irS0BZrGtwwIEWh0XFeh9uocs="></latexit><latexit sha1_base64="E9irS0BZrGtwwIEWh0XFeh9uocs="></latexit>

Fev|Flu = 0 ⇠ N(100.0, 1.81)

Fev|Flu = 1 ⇠ N(98.25, 0.73)
<latexit sha1_base64="GM6v6EgG97ANBMSgpW0zkom2WTE="></latexit><latexit sha1_base64="GM6v6EgG97ANBMSgpW0zkom2WTE="></latexit><latexit sha1_base64="GM6v6EgG97ANBMSgpW0zkom2WTE="></latexit><latexit sha1_base64="GM6v6EgG97ANBMSgpW0zkom2WTE="></latexit>
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• Consider some probability distributions:
§ Ber(p)
§ Poi(λ)
§ Uni(⍺, β)
§ Normal(μ, s2)
§ Y = mX + b
§ etc…

• Call these “parametric models”
• Given model, parameters yield actual distribution

§ Usually refer to parameters of distribution as q
§ Note that q that can be a vector of parameters

q = p
q = l
q = (a, b)
q = (µ, s2)
q = (m, b)

What are Parameters?



• In real world, don’t know “true” parameters
§ But, we do get to observe data

o E.g., number of times coin comes up heads, lifetimes of disk 
drives produced, number of visitors to web site per day, etc.

§ Need to estimate model parameters from data
§ “Estimator” is random variable estimating parameter

• Estimate of parameters allows:
§ Better understanding of process producing data
§ Future predictions based on model
§ Simulation of processes

Why Do We Care?
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Four Prototypical Trajectories

End Review



Basis for learning from data
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• Consider n I.I.D. random variables X1, X2, ... Xn

§ Xi have distribution F with E[Xi] = µ and Var(Xi) = s2

§ We call sequence of Xi a sample from distribution F

§ Recall sample mean:                     where

§ Recall sample variance:
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Limited tool: how could we use that for 
fitting a “Mixture of Gaussians”?



Great idea in Machine Learning



• Consider n I.I.D. random variables X1, X2, ..., Xn

§ Xi is a sample from density function f(Xi | q)
o Note: now explicitly specify parameter q of distribution

§ We want to determine how “likely” the observed data  
(x1, x2, ..., xn) is based on density f(Xi | q)

§ Define the Likelihood function, L(q):

o This is just a product since Xi are I.I.D.

§ Intuitively: what is probability of observed data using 
density function f(Xi | q), for some choice of q
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Likelihood of Data



• The Maximum Likelihood Estimator (MLE) of q, 
is the value of q that maximizes L(q)
§ More formally: )(maxarg qq

q
LMLE =

Maximum Likelihood Estimator



Likelihood (of data given 
parameters):
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Likelihood (of data given 
parameters):

Õ
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Either the 
PDF (continuous) or 

PMF (discrete)



Argmax

f(x) = �x2 + 5

max
x

� x2 + 5 = 5

argmax
x

� x2 + 5 = 0



Argmax of Log

Claim:

Log is monotonic

argmax
x

f(x) = argmax
x

log f(x)

x ≤ y Û log(x) ≤ log(y) for all x, y > 0



Argmax of Log

argmax
x

f(x) = argmax
x

log f(x)



log(ab) = log(a) + log(b)

Log I Love You



Natural Log



• The Maximum Likelihood Estimator (MLE) of q, 
is the value of q that maximizes L(q)
§ More formally:
§ More convenient to use log-likelihood function, LL(q):

§ q that maximizes LL(q) also maximizes L(q)
o Formally:

o Similarly, for any positive constant  c (not dependent on q):
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Maximum Likelihood Estimator



Story so far: We can chose parameters by 
finding the argmax of the log likelihood of our 

data



Maximum Likelihood
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But how do we compute argmax?



Option #1: Straight optimization



• General approach for finding MLE of q
§ Determine formula for LL(q)

§ Differentiate LL(q) w.r.t. (each) q :

§ To maximize, set

§ Solve resulting (simultaneous) equations to get qMLE
o Make sure that derived         is actually a maximum (and not a 

minimum or saddle point).  E.g., check LL(qMLE ± e) < LL(qMLE) 
• This step often ignored in expository derivations
• So, we’ll ignore it here too (and won’t require it in this class)
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Computing the MLE



Maximizing Likelihood with Bernoulli

• Consider I.I.D. random variables X1, X2, ..., Xn
§ Xi ~ Ber(p)

§ Probability mass function, f(Xi | p): 



• Consider I.I.D. random variables X1, X2, ..., Xn
§ Xi ~ Ber(p)

§ Probability mass function, f(Xi | p): 

Maximizing Likelihood with Bernoulli

0 1

p

1 - p

PMF of Bernoulli
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PMF of Bernoulli (p = 0.2)

f(x) = 0.2x(1� 0.2)1�x



Bernoulli PMF

f(X = x|p) = px(1� p)1�x

X ⇠ Ber(p)



• Consider I.I.D. random variables X1, X2, ..., Xn
§ Xi ~ Ber(p)
§ Probability mass function, f(Xi | p), can be written as: 

§ Likelihood:

§ Log-likelihood:

§ Differentiate w.r.t. p, and set to 0:
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Maximizing Likelihood with Bernoulli



Isn’t that the same as 
unbiased estimator?



Yes. For Bernoulli.



Maximum Likelihood Algorithm

4. Use an optimization algorithm to calculate argmax

1. Decide on a model for the distribution of 
your samples. Define the PMF / PDF for 
your sample.

2. Write out the log likelihood function.

3. State that the optimal 
parameters are the argmax of 
the log likelihood function.



• Consider I.I.D. random variables X1, X2, ..., Xn
§ Xi ~ Poi(l)

§ PMF: Likelihood:

§ Log-likelihood:

§ Differentiate w.r.t. l, and set to 0:
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Maximizing Likelihood with Poisson



It’s so general!



• Consider I.I.D. random variables X1, X2, ..., Xn
§ Xi ~ N(µ, s2)

§ PDF:

§ Log-likelihood:

§ First, differentiate w.r.t. µ, and set to 0:

§ Then, differentiate w.r.t. s, and set to 0:
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Maximizing Likelihood with Normal



§ Now have two equations, two unknowns:

§ First, solve for µMLE:

§ Then, solve for s2
MLE:

§ Note: µMLE unbiased, but s2
MLE biased 
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Being Normal, Simultaneously



• Consider I.I.D. random variables X1, X2, ..., Xn
§ Xi ~ Uni(a, b)

§ PDF:

§ Likelihood:

o Constraint a ≤ x1, x2, …, xn ≤ b makes differentiation tricky

o Intuition: want interval size (b – a) to be as small as possible to 
maximize likelihood function for each data point

o But need to make sure all observed data contained in interval
• If all observed data not in interval, then L(q) = 0

§ Solution: aMLE = min(x1, …, xn)    bMLE = max(x1, …, xn)
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Maximizing Likelihood with Uniform



• Consider I.I.D. random variables X1, X2, ..., Xn
§ Xi ~ Uni(0, 1)

§ Observe data:
o 0.15, 0.20, 0.30, 0.40, 0.65, 0.70, 0.75

Likelihood: L(a,1)

a

L(a,1)

Likelihood: L(0, b)

b

L(0, b)

Understanding MLE with Uniform



• How do small samples affect MLE?

§ In many cases,                      = sample mean 

o Unbiased.  Not too shabby…

§ As seen with Normal,

o Biased.  Underestimates for small n (e.g., 0 for n = 1)

§ As seen with Uniform, aMLE ≥ a and bMLE ≤ b
o Biased.  Problematic for small n (e.g., a = b when n = 1)

§ Small sample phenomena intuitively make sense:
o Maximum likelihood Þ best explain data we’ve seen
o Does not attempt to generalize to unseen data
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Small Samples = Problems



• Maximum Likelihood Estimators are generally:
§ Consistent:                                      for e > 0

§ Potentially biased (though asymptotically less so)
§ Asymptotically optimal

o Has smallest variance of “good” estimators for large samples

§ Often used in practice where sample size is large 
relative to parameter space
o But be careful, there are some very large parameter spaces
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Properties of MLE



Machine Learning: 
Learn parameters (mostly with MLE) for 

probabilistic models.



Stretch! SCPD Code:
gradient

Noah




Gradient Ascent
Noah Arthurs

CS109, Stanford University



Argmax
Option #1: Straight optimization



Argmax
Option #2: Gradient Ascent



Gradient Ascent

Walk uphill and you will find a local maxima 
(if your step size is small enough)
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Gradient Ascent

Walk uphill and you will find a local maxima 
(if your step size is small enough)
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Gradient Ascent

Walk uphill and you will find a local maxima 
(if your step size is small enough)

Especially good if 
function is convex
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✓ new
j = ✓ old

j + ⌘ · @LL(✓
old)

@✓ old
j

Gradient Ascent

Repeat many times

Walk uphill and you will find a local maxima 
(if your step size is small enough)

This is some profound life philosophy



Gradient ascent is your 
bread and butter 
algorithm for optimization 
(eg argmax)


