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Problem Set 6

Naïve Bayes: Need today’s lecture

Logistic Regression: Need Wednesday

Neural Net (EC): Need Friday

Mini-Project (EC): Whatever you’d like! Start early!



Four Prototypical Trajectories

Review



Review: Maximum Likelihood Algorithm

4. Use an optimization algorithm to calculate argmax

1. Decide on a model for the likelihood of 
your samples. This is often using a PMF 
or PDF.

2. Write out the log likelihood function.

3. State that the optimal 
parameters are the argmax of 
the log likelihood function.



Gradient Ascent

Walk uphill and you will find a local maxima 
(if your step size is small enough)

Especially good if 
function is convex
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Gradient Ascent

Repeat many times

Walk uphill and you will find a local maxima 
(if your step size is small enough)

This is some profound life philosophy



§ Training data: set of N pre-classified data instances
o N training pairs: (x(1),y(1)), (x(2),y(2)), …, (x(n), y(n))

• Use superscripts to denote i-th training instance
§ Learning algorithm: method for determining g(X)

o Given a new input observation of x = x1, x2, …, xm
o Use g(x) to compute a corresponding output (prediction)

Output
(Class)

Training
data

Learning
algorithm

g(X)
(Classifier)

X

The Machine Learning Process



• I have two envelopes, will allow you to have one
§ One contains $X, the other contains $2X

§ Select an envelope
o Open it!

§ Now, would you like to switch for other envelope?
§ To help you decide, compute E[$ in other envelope]

o Let Y = $ in envelope you selected

§ Before opening envelope, think either equally good

§ So, what happened by opening envelope?
o And does it really make sense to switch?
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Subjectivity of Probability

X

p(X)
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Maximum A Posteriori
✓̂MAP = argmax

✓
f(✓|x(1), . . . , x(n))
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monotonic



Maximum A Posteriori

Estimated
parameter

Sum of 
log likelihood

Log prior

Chose the value of theta
that maximizes:
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Maximum Likelihood Estimation

Maximum A Posteriori
✓̂MAP = argmax

✓
f(✓|x(1), . . . , x(n))
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l Prior: q ~ Beta(a, b);  data = {n heads, m tails}
l Estimate p, aka q

P(θ | D) For Bernoulli

= argmax
✓

log
1

�
+ (a� 1) log ✓ + (b� 1) log(1� ✓) + n log ✓ +m log(1� ✓)

= argmax
✓

log
h 1
�
✓a�1(1� ✓)b�1

i

+n log f(heads|✓)
+m log f(tails|✓)

= argmax
✓

(a� 1 + n) log ✓ + (b� 1 +m) log(1� ✓)
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Product of thetas and (1-theta)s



l Prior: q ~ Beta(a, b);  D = {n heads, m tails}
l Estimate p, aka q

P(θ | D) For Bernoulli

✓MAP =
n+ a� 1

n+m+ a+ b� 2

That’s th
e mode of t

he 

updated
 beta

✓̂MAP = argmax
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Hyper Parameters

X1

X2
Xn

p

a b

p ⇠ Beta(a, b)

Xi ⇠ Bern(p)

a, b are fixed

Prior

Hyperparameter

Data distribution

MAP will estimate the most likely value of p for this model



l q is the probability a coin turns up heads
l Model q with 2 different priors:

l P1(q) is Beta(3,8) (blue)
l P2(q) is Beta(7,4) (red)

l They look pretty different!

l Now flip 100 coins; get 58 heads and 42 tails
l What do posteriors look like?

Where’d Ya Get Them P(!)?



l As long as we collect enough data, posteriors will 
converge to the true value!

It’s Like Having Twins
argmax returns the mode



• Just for review…
• Have coin with unknown probability q of heads

§ Our prior (subjective) belief is that q ~ Beta(a, b)
§ Now flip coin k = n + m times, getting n heads, m tails
§ Posterior density: (q | n heads, m tails) ~ Beta(a+n,b+\m)

o Beta is conjugate for Bernoulli, Binomial, Geometric, and 
Negative Binomial

§ a and b are called “hyperparameters”
o Saw (a + b – 2) imaginary trials, of those (a – 1) are “successes”

§ For a coin you never flipped before, use Beta(x, x) to 
denote you think coin likely to be fair
o How strongly you feel coin is fair is a function of x

Conjugate Distributions Without Tears



Four Prototypical Trajectories

End Review



Gonna Need Priors

Bernoulli p Beta

Binomial p Beta

Poisson � Gamma

Exponential � Gamma

Multinomial pi Dirichlet

Normal µ Normal

Normal �2 Inverse Gamma

Parameter Distribution for Parameter

Know

Familiarity

Not necessary but 
good to know of



• Gamma(k, !) distribution
§ Conjugate for Poisson Rate

o Also conjugate for Exponential, but we won’t delve into that

§ Intuitive understanding of hyperparameters:
o Saw k total imaginary events during ! prior time periods

Good Times with Gamma

2.0

4.0
4.0
4.0



• Gamma(k, !) distribution
§ Conjugate for Poisson Rate

o Also conjugate for Exponential, but we won’t delve into that

§ Intuitive understanding of hyperparameters:
o Saw k total imaginary events during ! prior time periods

§ Updating with observations
o After observing n events during next t time periods...

o ... posterior distribution is Gamma(k + n, ! + t)

o …MAP estimator for Poisson with Gamma prior is (k+n)/(! + t)

o Example: Prior for rate is Gamma(10, 5) 
o Saw 10 events in 5 time periods.  Like observing at rate = 2
o Now see 11 events in next 2 time periods à Gamma(21, 7)
o MAP rate = 3

Good Times with Gamma



Reviving an Old Story Line

The Multinomial Distribution Mult(p1, … , pk)

p(x1, . . . , xk) =
n!

x1! . . . xk!
px1
1 . . . pxk

k



• Dirichlet(a1, a2, ..., am) distribution
§ Conjugate for Multinomial

o Dirichlet generalizes Beta in same way Multinomial generalizes 
Bernoulli

§ Intuitive understanding of hyperparameters:
o Saw             imaginary trials, with (ai – 1) of outcome i

§ Updating to get the posterior distribution
o After observing n1 + n2 + ... + nm, new trials with ni of outcome i...
o ... posterior distribution is Dirichlet(a1 + n1, a2 + n2, ..., am + nm)

mai -å
=

m

i 1

f(X1 = x1, X2 = x2, . . . , Xm = xm) = K
mY

i=1

xai�1
i

Multinomial is Multiple Times the Fun



Example: Estimating Die Parameters



• Recall example of 6-sides die rolls:
§ X ~ Multinomial(p1, p2, p3, p4, p5, p6)
§ Roll n = 12 times

§ Result: 3 ones, 2 twos, 0 threes, 3 fours, 1 fives, 3 sixes
o MLE: p1=3/12, p2=2/12, p3=0/12, p4=3/12, p5=1/12, p6=3/12

§ Dirichlet prior allows us to pretend we saw each 
outcome k times before.  MAP estimate:
o Laplace’s “law of succession”: idea above with k = 1

o Laplace estimate:

o Laplace: p1=4/18, p2=3/18, p3=1/18, p4=4/18, p5=2/18, p6=4/18

o No longer have 0 probability of rolling a three!

mkn
kXp i

i +
+

=

mn
Xp i

i +
+

=
1

Your Happy Laplace



MLE for Multinomial

MLE esti
mate of 

the pro
bability

 of 

outcom
e i

number of 
observed outcomes 

of type i

number of 
observations

pi =
ni

n
<latexit sha1_base64="UnLKBNcabuqfweLbbNwWmY5mOk0=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuRksgquSFEE3QsGNywr2Am0Ik+mkHTqZhJmJUELAV3HjQhG3Poc738ZJm4W2/jDw8Z9zOGf+IOFMacf5tipr6xubW9Xt2s7u3v6BfXjUVXEqCe2QmMeyH2BFORO0o5nmtJ9IiqOA014wvS3qvUcqFYvFg54l1IvwWLCQEayN5dsnic/QDRqGEpNMGM4zgXLfrjsNZy60Cm4JdSjV9u2v4SgmaUSFJhwrNXCdRHsZlpoRTvPaMFU0wWSKx3RgUOCIKi+bn5+jc+OMUBhL84RGc/f3RIYjpWZRYDojrCdquVaY/9UGqQ6vvYyJJNVUkMWiMOVIx6jIAo2YpETzmQFMJDO3IjLBJgltEquZENzlL69Ct9lwnYZ7f1lvNcs4qnAKZ3ABLlxBC+6gDR0gkMEzvMKb9WS9WO/Wx6K1YpUzx/BH1ucPMBKU7g==</latexit><latexit sha1_base64="UnLKBNcabuqfweLbbNwWmY5mOk0=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuRksgquSFEE3QsGNywr2Am0Ik+mkHTqZhJmJUELAV3HjQhG3Poc738ZJm4W2/jDw8Z9zOGf+IOFMacf5tipr6xubW9Xt2s7u3v6BfXjUVXEqCe2QmMeyH2BFORO0o5nmtJ9IiqOA014wvS3qvUcqFYvFg54l1IvwWLCQEayN5dsnic/QDRqGEpNMGM4zgXLfrjsNZy60Cm4JdSjV9u2v4SgmaUSFJhwrNXCdRHsZlpoRTvPaMFU0wWSKx3RgUOCIKi+bn5+jc+OMUBhL84RGc/f3RIYjpWZRYDojrCdquVaY/9UGqQ6vvYyJJNVUkMWiMOVIx6jIAo2YpETzmQFMJDO3IjLBJgltEquZENzlL69Ct9lwnYZ7f1lvNcs4qnAKZ3ABLlxBC+6gDR0gkMEzvMKb9WS9WO/Wx6K1YpUzx/BH1ucPMBKU7g==</latexit><latexit sha1_base64="UnLKBNcabuqfweLbbNwWmY5mOk0=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuRksgquSFEE3QsGNywr2Am0Ik+mkHTqZhJmJUELAV3HjQhG3Poc738ZJm4W2/jDw8Z9zOGf+IOFMacf5tipr6xubW9Xt2s7u3v6BfXjUVXEqCe2QmMeyH2BFORO0o5nmtJ9IiqOA014wvS3qvUcqFYvFg54l1IvwWLCQEayN5dsnic/QDRqGEpNMGM4zgXLfrjsNZy60Cm4JdSjV9u2v4SgmaUSFJhwrNXCdRHsZlpoRTvPaMFU0wWSKx3RgUOCIKi+bn5+jc+OMUBhL84RGc/f3RIYjpWZRYDojrCdquVaY/9UGqQ6vvYyJJNVUkMWiMOVIx6jIAo2YpETzmQFMJDO3IjLBJgltEquZENzlL69Ct9lwnYZ7f1lvNcs4qnAKZ3ABLlxBC+6gDR0gkMEzvMKb9WS9WO/Wx6K1YpUzx/BH1ucPMBKU7g==</latexit><latexit sha1_base64="UnLKBNcabuqfweLbbNwWmY5mOk0=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuRksgquSFEE3QsGNywr2Am0Ik+mkHTqZhJmJUELAV3HjQhG3Poc738ZJm4W2/jDw8Z9zOGf+IOFMacf5tipr6xubW9Xt2s7u3v6BfXjUVXEqCe2QmMeyH2BFORO0o5nmtJ9IiqOA014wvS3qvUcqFYvFg54l1IvwWLCQEayN5dsnic/QDRqGEpNMGM4zgXLfrjsNZy60Cm4JdSjV9u2v4SgmaUSFJhwrNXCdRHsZlpoRTvPaMFU0wWSKx3RgUOCIKi+bn5+jc+OMUBhL84RGc/f3RIYjpWZRYDojrCdquVaY/9UGqQ6vvYyJJNVUkMWiMOVIx6jIAo2YpETzmQFMJDO3IjLBJgltEquZENzlL69Ct9lwnYZ7f1lvNcs4qnAKZ3ABLlxBC+6gDR0gkMEzvMKb9WS9WO/Wx6K1YpUzx/BH1ucPMBKU7g==</latexit>

✓i and pi
<latexit sha1_base64="DGpmvZSX9UEwj6citT5IawVssH8=">AAACAnicbVDLSgNBEJz1GeMr6km8DAbBU9gNgh4DXjxGMA9IlmV2tpMMmZ1dZnrFsAQv/ooXD4p49Su8+TdOHgdNLGgoqrrp7gpTKQy67rezsrq2vrFZ2Cpu7+zu7ZcODpsmyTSHBk9kotshMyCFggYKlNBONbA4lNAKh9cTv3UP2ohE3eEoBT9mfSV6gjO0UlA67uIAkAWCdhEeMKdMRXRM00AEpbJbcaegy8SbkzKZox6UvrpRwrMYFHLJjOl4bop+zjQKLmFc7GYGUsaHrA8dSxWLwfj59IUxPbNKRHuJtqWQTtXfEzmLjRnFoe2MGQ7MojcR//M6Gfau/FyoNENQfLaol0mKCZ3kQSOhgaMcWcK4FvZWygdMM442taINwVt8eZk0qxXPrXi3F+VadR5HgZyQU3JOPHJJauSG1EmDcPJInskreXOenBfn3fmYta4485kj8gfO5w+RLZbT</latexit><latexit sha1_base64="DGpmvZSX9UEwj6citT5IawVssH8=">AAACAnicbVDLSgNBEJz1GeMr6km8DAbBU9gNgh4DXjxGMA9IlmV2tpMMmZ1dZnrFsAQv/ooXD4p49Su8+TdOHgdNLGgoqrrp7gpTKQy67rezsrq2vrFZ2Cpu7+zu7ZcODpsmyTSHBk9kotshMyCFggYKlNBONbA4lNAKh9cTv3UP2ohE3eEoBT9mfSV6gjO0UlA67uIAkAWCdhEeMKdMRXRM00AEpbJbcaegy8SbkzKZox6UvrpRwrMYFHLJjOl4bop+zjQKLmFc7GYGUsaHrA8dSxWLwfj59IUxPbNKRHuJtqWQTtXfEzmLjRnFoe2MGQ7MojcR//M6Gfau/FyoNENQfLaol0mKCZ3kQSOhgaMcWcK4FvZWygdMM442taINwVt8eZk0qxXPrXi3F+VadR5HgZyQU3JOPHJJauSG1EmDcPJInskreXOenBfn3fmYta4485kj8gfO5w+RLZbT</latexit><latexit sha1_base64="DGpmvZSX9UEwj6citT5IawVssH8=">AAACAnicbVDLSgNBEJz1GeMr6km8DAbBU9gNgh4DXjxGMA9IlmV2tpMMmZ1dZnrFsAQv/ooXD4p49Su8+TdOHgdNLGgoqrrp7gpTKQy67rezsrq2vrFZ2Cpu7+zu7ZcODpsmyTSHBk9kotshMyCFggYKlNBONbA4lNAKh9cTv3UP2ohE3eEoBT9mfSV6gjO0UlA67uIAkAWCdhEeMKdMRXRM00AEpbJbcaegy8SbkzKZox6UvrpRwrMYFHLJjOl4bop+zjQKLmFc7GYGUsaHrA8dSxWLwfj59IUxPbNKRHuJtqWQTtXfEzmLjRnFoe2MGQ7MojcR//M6Gfau/FyoNENQfLaol0mKCZ3kQSOhgaMcWcK4FvZWygdMM442taINwVt8eZk0qxXPrXi3F+VadR5HgZyQU3JOPHJJauSG1EmDcPJInskreXOenBfn3fmYta4485kj8gfO5w+RLZbT</latexit><latexit sha1_base64="DGpmvZSX9UEwj6citT5IawVssH8=">AAACAnicbVDLSgNBEJz1GeMr6km8DAbBU9gNgh4DXjxGMA9IlmV2tpMMmZ1dZnrFsAQv/ooXD4p49Su8+TdOHgdNLGgoqrrp7gpTKQy67rezsrq2vrFZ2Cpu7+zu7ZcODpsmyTSHBk9kotshMyCFggYKlNBONbA4lNAKh9cTv3UP2ohE3eEoBT9mfSV6gjO0UlA67uIAkAWCdhEeMKdMRXRM00AEpbJbcaegy8SbkzKZox6UvrpRwrMYFHLJjOl4bop+zjQKLmFc7GYGUsaHrA8dSxWLwfj59IUxPbNKRHuJtqWQTtXfEzmLjRnFoe2MGQ7MojcR//M6Gfau/FyoNENQfLaol0mKCZ3kQSOhgaMcWcK4FvZWygdMM442taINwVt8eZk0qxXPrXi3F+VadR5HgZyQU3JOPHJJauSG1EmDcPJInskreXOenBfn3fmYta4485kj8gfO5w+RLZbT</latexit>

✓i and pi
<latexit sha1_base64="DGpmvZSX9UEwj6citT5IawVssH8=">AAACAnicbVDLSgNBEJz1GeMr6km8DAbBU9gNgh4DXjxGMA9IlmV2tpMMmZ1dZnrFsAQv/ooXD4p49Su8+TdOHgdNLGgoqrrp7gpTKQy67rezsrq2vrFZ2Cpu7+zu7ZcODpsmyTSHBk9kotshMyCFggYKlNBONbA4lNAKh9cTv3UP2ohE3eEoBT9mfSV6gjO0UlA67uIAkAWCdhEeMKdMRXRM00AEpbJbcaegy8SbkzKZox6UvrpRwrMYFHLJjOl4bop+zjQKLmFc7GYGUsaHrA8dSxWLwfj59IUxPbNKRHuJtqWQTtXfEzmLjRnFoe2MGQ7MojcR//M6Gfau/FyoNENQfLaol0mKCZ3kQSOhgaMcWcK4FvZWygdMM442taINwVt8eZk0qxXPrXi3F+VadR5HgZyQU3JOPHJJauSG1EmDcPJInskreXOenBfn3fmYta4485kj8gfO5w+RLZbT</latexit><latexit sha1_base64="DGpmvZSX9UEwj6citT5IawVssH8=">AAACAnicbVDLSgNBEJz1GeMr6km8DAbBU9gNgh4DXjxGMA9IlmV2tpMMmZ1dZnrFsAQv/ooXD4p49Su8+TdOHgdNLGgoqrrp7gpTKQy67rezsrq2vrFZ2Cpu7+zu7ZcODpsmyTSHBk9kotshMyCFggYKlNBONbA4lNAKh9cTv3UP2ohE3eEoBT9mfSV6gjO0UlA67uIAkAWCdhEeMKdMRXRM00AEpbJbcaegy8SbkzKZox6UvrpRwrMYFHLJjOl4bop+zjQKLmFc7GYGUsaHrA8dSxWLwfj59IUxPbNKRHuJtqWQTtXfEzmLjRnFoe2MGQ7MojcR//M6Gfau/FyoNENQfLaol0mKCZ3kQSOhgaMcWcK4FvZWygdMM442taINwVt8eZk0qxXPrXi3F+VadR5HgZyQU3JOPHJJauSG1EmDcPJInskreXOenBfn3fmYta4485kj8gfO5w+RLZbT</latexit><latexit sha1_base64="DGpmvZSX9UEwj6citT5IawVssH8=">AAACAnicbVDLSgNBEJz1GeMr6km8DAbBU9gNgh4DXjxGMA9IlmV2tpMMmZ1dZnrFsAQv/ooXD4p49Su8+TdOHgdNLGgoqrrp7gpTKQy67rezsrq2vrFZ2Cpu7+zu7ZcODpsmyTSHBk9kotshMyCFggYKlNBONbA4lNAKh9cTv3UP2ohE3eEoBT9mfSV6gjO0UlA67uIAkAWCdhEeMKdMRXRM00AEpbJbcaegy8SbkzKZox6UvrpRwrMYFHLJjOl4bop+zjQKLmFc7GYGUsaHrA8dSxWLwfj59IUxPbNKRHuJtqWQTtXfEzmLjRnFoe2MGQ7MojcR//M6Gfau/FyoNENQfLaol0mKCZ3kQSOhgaMcWcK4FvZWygdMM442taINwVt8eZk0qxXPrXi3F+VadR5HgZyQU3JOPHJJauSG1EmDcPJInskreXOenBfn3fmYta4485kj8gfO5w+RLZbT</latexit><latexit sha1_base64="DGpmvZSX9UEwj6citT5IawVssH8=">AAACAnicbVDLSgNBEJz1GeMr6km8DAbBU9gNgh4DXjxGMA9IlmV2tpMMmZ1dZnrFsAQv/ooXD4p49Su8+TdOHgdNLGgoqrrp7gpTKQy67rezsrq2vrFZ2Cpu7+zu7ZcODpsmyTSHBk9kotshMyCFggYKlNBONbA4lNAKh9cTv3UP2ohE3eEoBT9mfSV6gjO0UlA67uIAkAWCdhEeMKdMRXRM00AEpbJbcaegy8SbkzKZox6UvrpRwrMYFHLJjOl4bop+zjQKLmFc7GYGUsaHrA8dSxWLwfj59IUxPbNKRHuJtqWQTtXfEzmLjRnFoe2MGQ7MojcR//M6Gfau/FyoNENQfLaol0mKCZ3kQSOhgaMcWcK4FvZWygdMM442taINwVt8eZk0qxXPrXi3F+VadR5HgZyQU3JOPHJJauSG1EmDcPJInskreXOenBfn3fmYta4485kj8gfO5w+RLZbT</latexit>
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<latexit sha1_base64="nui6JmxABcgx8cJ9c6qX1wGhgbY=">AAACBHicbZDLSsNAFIZP6q3WW9RlN4NFEISSFEE3QsGNywr2Am0Ik+mkHTqZhJmJUEIWbnwVNy4UcetDuPNtnLZZaOuBYT7+/xxmzh8knCntON9WaW19Y3OrvF3Z2d3bP7APjzoqTiWhbRLzWPYCrChngrY105z2EklxFHDaDSY3M7/7QKVisbjX04R6ER4JFjKCtZF8u5r4DF2jQSgxyYThc+TmmTBXlPt2zak780Kr4BZQg6Javv01GMYkjajQhGOl+q6TaC/DUjPCaV4ZpIommEzwiPYNChxR5WXzJXJ0apQhCmNpjtBorv6eyHCk1DQKTGeE9VgtezPxP6+f6vDKy5hIUk0FWTwUphzpGM0SQUMmKdF8agATycxfERljk4c2uVVMCO7yyqvQadRdp+7eXdSajSKOMlThBM7AhUtowi20oA0EHuEZXuHNerJerHfrY9FasoqZY/hT1ucPDTmWXg==</latexit><latexit sha1_base64="nui6JmxABcgx8cJ9c6qX1wGhgbY=">AAACBHicbZDLSsNAFIZP6q3WW9RlN4NFEISSFEE3QsGNywr2Am0Ik+mkHTqZhJmJUEIWbnwVNy4UcetDuPNtnLZZaOuBYT7+/xxmzh8knCntON9WaW19Y3OrvF3Z2d3bP7APjzoqTiWhbRLzWPYCrChngrY105z2EklxFHDaDSY3M7/7QKVisbjX04R6ER4JFjKCtZF8u5r4DF2jQSgxyYThc+TmmTBXlPt2zak780Kr4BZQg6Javv01GMYkjajQhGOl+q6TaC/DUjPCaV4ZpIommEzwiPYNChxR5WXzJXJ0apQhCmNpjtBorv6eyHCk1DQKTGeE9VgtezPxP6+f6vDKy5hIUk0FWTwUphzpGM0SQUMmKdF8agATycxfERljk4c2uVVMCO7yyqvQadRdp+7eXdSajSKOMlThBM7AhUtowi20oA0EHuEZXuHNerJerHfrY9FasoqZY/hT1ucPDTmWXg==</latexit><latexit sha1_base64="nui6JmxABcgx8cJ9c6qX1wGhgbY=">AAACBHicbZDLSsNAFIZP6q3WW9RlN4NFEISSFEE3QsGNywr2Am0Ik+mkHTqZhJmJUEIWbnwVNy4UcetDuPNtnLZZaOuBYT7+/xxmzh8knCntON9WaW19Y3OrvF3Z2d3bP7APjzoqTiWhbRLzWPYCrChngrY105z2EklxFHDaDSY3M7/7QKVisbjX04R6ER4JFjKCtZF8u5r4DF2jQSgxyYThc+TmmTBXlPt2zak780Kr4BZQg6Javv01GMYkjajQhGOl+q6TaC/DUjPCaV4ZpIommEzwiPYNChxR5WXzJXJ0apQhCmNpjtBorv6eyHCk1DQKTGeE9VgtezPxP6+f6vDKy5hIUk0FWTwUphzpGM0SQUMmKdF8agATycxfERljk4c2uVVMCO7yyqvQadRdp+7eXdSajSKOMlThBM7AhUtowi20oA0EHuEZXuHNerJerHfrY9FasoqZY/hT1ucPDTmWXg==</latexit><latexit sha1_base64="nui6JmxABcgx8cJ9c6qX1wGhgbY=">AAACBHicbZDLSsNAFIZP6q3WW9RlN4NFEISSFEE3QsGNywr2Am0Ik+mkHTqZhJmJUEIWbnwVNy4UcetDuPNtnLZZaOuBYT7+/xxmzh8knCntON9WaW19Y3OrvF3Z2d3bP7APjzoqTiWhbRLzWPYCrChngrY105z2EklxFHDaDSY3M7/7QKVisbjX04R6ER4JFjKCtZF8u5r4DF2jQSgxyYThc+TmmTBXlPt2zak780Kr4BZQg6Javv01GMYkjajQhGOl+q6TaC/DUjPCaV4ZpIommEzwiPYNChxR5WXzJXJ0apQhCmNpjtBorv6eyHCk1DQKTGeE9VgtezPxP6+f6vDKy5hIUk0FWTwUphzpGM0SQUMmKdF8agATycxfERljk4c2uVVMCO7yyqvQadRdp+7eXdSajSKOMlThBM7AhUtowi20oA0EHuEZXuHNerJerHfrY9FasoqZY/hT1ucPDTmWXg==</latexit>

MAP for Multinomial, Laplace Prior

✓i and pi
<latexit sha1_base64="DGpmvZSX9UEwj6citT5IawVssH8=">AAACAnicbVDLSgNBEJz1GeMr6km8DAbBU9gNgh4DXjxGMA9IlmV2tpMMmZ1dZnrFsAQv/ooXD4p49Su8+TdOHgdNLGgoqrrp7gpTKQy67rezsrq2vrFZ2Cpu7+zu7ZcODpsmyTSHBk9kotshMyCFggYKlNBONbA4lNAKh9cTv3UP2ohE3eEoBT9mfSV6gjO0UlA67uIAkAWCdhEeMKdMRXRM00AEpbJbcaegy8SbkzKZox6UvrpRwrMYFHLJjOl4bop+zjQKLmFc7GYGUsaHrA8dSxWLwfj59IUxPbNKRHuJtqWQTtXfEzmLjRnFoe2MGQ7MojcR//M6Gfau/FyoNENQfLaol0mKCZ3kQSOhgaMcWcK4FvZWygdMM442taINwVt8eZk0qxXPrXi3F+VadR5HgZyQU3JOPHJJauSG1EmDcPJInskreXOenBfn3fmYta4485kj8gfO5w+RLZbT</latexit><latexit sha1_base64="DGpmvZSX9UEwj6citT5IawVssH8=">AAACAnicbVDLSgNBEJz1GeMr6km8DAbBU9gNgh4DXjxGMA9IlmV2tpMMmZ1dZnrFsAQv/ooXD4p49Su8+TdOHgdNLGgoqrrp7gpTKQy67rezsrq2vrFZ2Cpu7+zu7ZcODpsmyTSHBk9kotshMyCFggYKlNBONbA4lNAKh9cTv3UP2ohE3eEoBT9mfSV6gjO0UlA67uIAkAWCdhEeMKdMRXRM00AEpbJbcaegy8SbkzKZox6UvrpRwrMYFHLJjOl4bop+zjQKLmFc7GYGUsaHrA8dSxWLwfj59IUxPbNKRHuJtqWQTtXfEzmLjRnFoe2MGQ7MojcR//M6Gfau/FyoNENQfLaol0mKCZ3kQSOhgaMcWcK4FvZWygdMM442taINwVt8eZk0qxXPrXi3F+VadR5HgZyQU3JOPHJJauSG1EmDcPJInskreXOenBfn3fmYta4485kj8gfO5w+RLZbT</latexit><latexit sha1_base64="DGpmvZSX9UEwj6citT5IawVssH8=">AAACAnicbVDLSgNBEJz1GeMr6km8DAbBU9gNgh4DXjxGMA9IlmV2tpMMmZ1dZnrFsAQv/ooXD4p49Su8+TdOHgdNLGgoqrrp7gpTKQy67rezsrq2vrFZ2Cpu7+zu7ZcODpsmyTSHBk9kotshMyCFggYKlNBONbA4lNAKh9cTv3UP2ohE3eEoBT9mfSV6gjO0UlA67uIAkAWCdhEeMKdMRXRM00AEpbJbcaegy8SbkzKZox6UvrpRwrMYFHLJjOl4bop+zjQKLmFc7GYGUsaHrA8dSxWLwfj59IUxPbNKRHuJtqWQTtXfEzmLjRnFoe2MGQ7MojcR//M6Gfau/FyoNENQfLaol0mKCZ3kQSOhgaMcWcK4FvZWygdMM442taINwVt8eZk0qxXPrXi3F+VadR5HgZyQU3JOPHJJauSG1EmDcPJInskreXOenBfn3fmYta4485kj8gfO5w+RLZbT</latexit><latexit sha1_base64="DGpmvZSX9UEwj6citT5IawVssH8=">AAACAnicbVDLSgNBEJz1GeMr6km8DAbBU9gNgh4DXjxGMA9IlmV2tpMMmZ1dZnrFsAQv/ooXD4p49Su8+TdOHgdNLGgoqrrp7gpTKQy67rezsrq2vrFZ2Cpu7+zu7ZcODpsmyTSHBk9kotshMyCFggYKlNBONbA4lNAKh9cTv3UP2ohE3eEoBT9mfSV6gjO0UlA67uIAkAWCdhEeMKdMRXRM00AEpbJbcaegy8SbkzKZox6UvrpRwrMYFHLJjOl4bop+zjQKLmFc7GYGUsaHrA8dSxWLwfj59IUxPbNKRHuJtqWQTtXfEzmLjRnFoe2MGQ7MojcR//M6Gfau/FyoNENQfLaol0mKCZ3kQSOhgaMcWcK4FvZWygdMM442taINwVt8eZk0qxXPrXi3F+VadR5HgZyQU3JOPHJJauSG1EmDcPJInskreXOenBfn3fmYta4485kj8gfO5w+RLZbT</latexit>

✓i and pi
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Supervised Learning

Real World Problem

Formal Model !

Prediction 
Function !*

Model the problem

Learning Algorithm

Training 
Data

New
Data

Predictions



Modelling

Real World Problem

Formal Model !

Prediction 
Function !*

Model the problem

Learning Algorithm

Training 
Data

New
Data

Predictions



Training*

Real World Problem

Formal Model !

Prediction 
Function !*

Model the problem

Learning Algorithm

Training 
Data

New
Data

Predictions



Make Predictions*

Real World Problem

Formal Model !

Prediction 
Function !*

Model the problem

Learning Algorithm

New
Data

Training 
Data

Predictions



• Many different forms of “Machine Learning”
§ We focus on the problem of prediction

• Want to make a prediction based on observations
§ Vector X of m observed variables: 

§ Based on observed X, want to predict unseen variable Y
o Y called “output feature/variable” (or the “dependent variable”)

§ Seek to “learn” a function g(X) to predict Y:
o

o When Y is discrete, prediction of Y is called “classification”
o When Y is continuous, prediction of Y is called “regression”

Machine Learning: Formally

X = [X1 . . . Xm]

Ŷ = g(X)



Training Data

(x(1), y(1)), (x(2), y(2)), . . . (x(n), y(n))

Assume IID data:

m = |x(i)|

n training datapoints

Each datapoint has m features and a single output

Training Data: assignments all random variables X and Y



Regression



Regression: Predicting Real Numbers

Game 1

Game 2

Game n

Opposing team
ELO

Points in 
last game

At Home? Output

84 105 1 120

90 102 0 95

74 120 0 115

…

… …
# Points



Game 1

Game 2

Game n

Opposing team
ELO

Points in 
last game

At Home? Output

84 105 1 120

90 102 0 95

74 120 0 115

…

… …
# Points

Linear Regression



X1 = Opposing team ELO

X2 = Points in last game

X3 = Curry playing?

X4 = Playing at home?

Y = Warriors points

Linear Regression



Linear Regression
Y = Warriors points

X1 = Opposing team ELO

X2 = Points in last game

X3 = Curry playing?

X4 = Playing at home?

!1 = -2.3

!2 = +1.2

!3 = +10.2

!4 = +3.3

!5 = +95.4

Y = ✓1X1 + ✓2X2 + . . . ✓n�1Xn�1 + ✓n1 + Z

= ✓TX+ Z

X5 = 1



Classification



Classification is Building a Harry Potter Hat

ŷ = 1

x = [0, 1, . . . , 1]



Example Datasets
Heart Ancestry

Netflix



Target Movie “Like” Classification

User 1

User 2

User n

Movie 1 Movie 2 Movie m Output

1 0 1 1

1 1 0 0

0 0 1 1

…

… …



Single Instance

User 1

User 2

User n

Movie 1 Movie 2 Movie m Output

1 0 1 1

1 1 0 0

0 0 1 1

…

… …

(x(i), y(i)) such that 1  i  n



Feature Vector

User 1

User 2

User n

Movie 1 Movie 2 Movie m Output

1 0 1 1

1 1 0 0

0 0 1 1

…

… …

(x(i), y(i)) such that 1  i  n



Output Value

User 1

User 2

User n

Movie 1 Movie 2 Movie m Output

1 0 1 1

1 1 0 0

0 0 1 1

…

… …

(x(i), y(i)) such that 1  i  n



Single Feature Value

User 1

User 2

User n

Movie 1 Movie 2 Movie m Output

1 0 1 1

1 1 0 0

0 0 1 1

…

… …

In general: In this case: x(2)
mx(i)

j



Healthy Heart Classifier

Heart 1

Heart 2

Heart n

ROI 1 ROI 2 ROI m Output

0 1 1 0

1 1 1 0

0 0 0 1

…

… …



Ancestry Classifier

User 1

User 2

User n

SNP 1 SNP 2 SNP m Output

1 0 1 0

0 0 1 1

1 1 0 1

…

… …
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And Learn



Target Movie “Like” Classification

User 1

User 2

User n

Feature 1 Output

1 1

1 0

0 1

…

x(i)
j 2 {0, 1} y(i) 2 {0, 1}



How could we predict the class label:
will the user like life is beautiful?



Fake Algorithm:
Brute Bayes Classifier



ŷ

x

Brute Force Bayes



ŷ

[0, 1, 1, 0]
x

Brute Force Bayes



ŷ
argmax
y={0,1}

P (y|x)

[0, 1, 1, 0]
x

Brute Force Bayes



ŷ
P (y|x)y = 0

0.62

[0, 1, 1, 0]
x

Brute Force Bayes



ŷ
P (y|x)

y = 1

0.38

[0, 1, 1, 0]
x

Brute Force Bayes



ŷ
argmax
y={0,1}

P (y|x)

[0, 1, 1, 0]
x

Brute Force Bayes



Brute Force Bayes

Simply chose the class label that is the most 
likely given the data

ŷ = argmax
y={0,1}

P (y|x)

= argmax
y={0,1}

P (x|y)P (y)

P (x)

= argmax
y={0,1}

P (x|y)P (y)

This is for one user

Predic
tion: w

ill they
 

like L.I
.B.?

If y = 1, they like 
L.I.B.?

Whether or not they 

liked Independence day



Brute Force Bayes

Simply chose the class label that is the most 
likely given the data

ŷ = argmax
y={0,1}

P (y|x)

= argmax
y={0,1}

P (x|y)P (y)

P (x)

= argmax
y={0,1}

P (x|y)P (y)

This is for one user



Brute Force Bayes

Simply chose the class label that is the most 
likely given the data

ŷ = argmax
y={0,1}

P (y|x)

= argmax
y={0,1}

P (x|y)P (y)

P (x)

= argmax
y={0,1}

P (x|y)P (y)

* Note how similar this is to Hamilton example J
This is for one user



What are the Parameters?



Brute Force Bayes
ŷ = argmax

y={0,1}
P (x|y)P (y)

Learn these during training

Conditional 
probability 

table

X1 = 0 θ0

X1 = 1 θ1

Y = 0

X1 = 0 θ2

X1 = 1 θ3

Y = 1

Y = 0 θ4

Y = 1 θ5



Brute Force Bayes
ŷ = argmax

y={0,1}
P (x|y)P (y)

Y
X1

0 1

0 θ0 θ2

1 θ1 θ3

Learn these during training

Conditional 
probability 

table

Y = 0 θ4

Y = 1 θ5



Training

User 1

User 2

User n

x1 y

1 1

0 0

0 1
…

Y
X1

0 1

0 θ0 θ2

1 θ1 θ3

What is P(X1 |Y = 0)?
What is P(X1 |Y = 1)?

ŷ = argmax
y={0,1}

P (x|y)P (y)



MLE Estimate

User 1

User 2

User n

x1 y

1 1

0 0

0 1
…

Y
X1

0 1

0 0.0 0.4

1 1.0 0.6

MLE: Just count

ŷ = argmax
y={0,1}

P (x|y)P (y)



MAP Estimate

User 1

User 2

User n

x1 y

1 1

0 0

0 1
…

MAP: Just count 
and add imaginary 

trials

ŷ = argmax
y={0,1}

P (x|y)P (y)

Y
X1

0 1

0 0.01 0.42

1 0.99 0.58



Testing
ŷ = argmax

y={0,1}
P (x|y)P (y)

Test user: Likes independence day

vs

P (x1 = 1|y = 1)P (y = 1)

P (x1 = 1|y = 0)P (y = 0)

Y
X1

0 1

0 0.01 0.42

1 0.99 0.58

Y = 0 0.21

Y = 1 0.79



Testing
ŷ = argmax

y={0,1}
P (x|y)P (y)

Test user: Likes independence day

vs

P (x1 = 1|y = 1)P (y = 1)

P (x1 = 1|y = 0)P (y = 0)

Y
X1

0 1

0 0.01 0.42

1 0.99 0.58

Y = 0 0.21

Y = 1 0.79

0.208



Testing
ŷ = argmax

y={0,1}
P (x|y)P (y)

Test user: Likes independence day

vs

P (x1 = 1|y = 1)P (y = 1)

P (x1 = 1|y = 0)P (y = 0)

Y
X1

0 1

0 0.01 0.42

1 0.99 0.58

Y = 0 0.21

Y = 1 0.79

0.208

0.458



That was pretty good!



Brute Force Bayes m = 2

User 1

User 2

User n

x1 y

1 1

1 0

0 1

…

x2

0

0

1



Simply chose the class label that is the most 
likely given the data

ŷ = argmax
y={0,1}

P (y|x)

= argmax
y={0,1}

P (x|y)P (y)

P (x)

= argmax
y={0,1}

P (x|y)P (y)

P (x1, x2|y)

Brute Force Bayes m = 2



Brute Force Bayes
ŷ = argmax

y={0,1}
P (x|y)P (y)

X1

X2
0 1

0 θ0 θ1

1 θ2 θ3

X1

X2
0 1

0 θ4 θ5

1 θ6 θ7

Y = 0 Y = 1

x1 yx2



Fine



Brute Force Bayes m = 3

User 1

User 2

User n

x1 y

1 1

1 0

0 1

…

x2

0

0

1

x3

1

1

1



Simply chose the class label that is the most 
likely given the data

ŷ = argmax
y={0,1}

P (y|x)

= argmax
y={0,1}

P (x|y)P (y)

P (x)

= argmax
y={0,1}

P (x|y)P (y)

Brute Force Bayes m = 3

P (x1, x2, x3|y)



Brute Force Bayes
ŷ = argmax

y={0,1}
P (x|y)P (y)

X1
X2

0 1

0 θ0 θ1

1 θ2 θ3

X1
X2

0 1

0 θ8 θ9

1 θ10 θ11

Y = 0 Y = 1

X1
X2

0 1

0 θ4 θ5

1 θ6 θ7

X1
X2

0 1

0 θ12 θ13

1 θ14 θ15

X2 = 0 X2 = 1

X
3

= 
0

X
3

= 
1



And if m=100?



Simply chose the class label that is the most 
likely given the data

ŷ = argmax
y={0,1}

P (y|x)

= argmax
y={0,1}

P (x|y)P (y)

P (x)

= argmax
y={0,1}

P (x|y)P (y)

Brute Force Bayes m = 100

P (x1, x2, x3, . . . , x100|y)



Oops… Number of atoms in the univserse



What is the big O for # parameters?
m = # features.



Big O of Brute Force Joint

What is the big O for # parameters?
m = # features.

Assuming each featu
re 

is binary…

O(2m)



Not going to cut it!



ŷ = argmax
y={0,1}

P (y|x)

= argmax
y={0,1}

P (x|y)P (y)

P (x)

= argmax
y={0,1}

P (x|y)P (y)

What is the problem here?

P (x|y) = P (x1, x2, . . . , xm|y)

=
Y

i

P (xi|y)



Naïve Bayes Assumption
ŷ = argmax

y={0,1}
P (y|x)

= argmax
y={0,1}

P (x|y)P (y)

P (x)

= argmax
y={0,1}

P (x|y)P (y)

P (x|y) = P (x1, x2, . . . , xm|y)

=
Y

i

P (xi|y)

The Naïve Ba
yes 

assumption



Naïve Bayes Assumption:

P (x|y) =
Y

i

P (xi|y)



Naïve Bayes Classifier



Naïve Bayes

ŷ = g(x) = argmax
y2{0,1}

P̂ (y|x)

= argmax
y2{0,1}

P̂ (x|y)P̂ (y)

= argmax
y

⇣ nY

i=1

P̂ (xi|y)
⌘
P̂ (y)

= argmax
y

log P̂ (y) +
mX

i=1

log P̂ (xi|y)
<latexit sha1_base64="gbUz8V0jau825vsRPRC7hwrpv7A="></latexit><latexit sha1_base64="gbUz8V0jau825vsRPRC7hwrpv7A="></latexit><latexit sha1_base64="gbUz8V0jau825vsRPRC7hwrpv7A="></latexit><latexit sha1_base64="gbUz8V0jau825vsRPRC7hwrpv7A="></latexit>

Our 

pred
ictio

n 

for 
y

Is a function 
of x

That choses the 
best value of y 

given x

Bayes rule! 

Naïve Bayes
Assumption 

This log version is useful for 
numerical stability

ŷ = g(x) = argmax
y2{0,1}

P̂ (y|x)

= argmax
y2{0,1}

P̂ (x|y)P̂ (y)

= argmax
y

⇣ nY

i=1

P̂ (xi|y)
⌘
P̂ (y)

= argmax
y

log P̂ (y) +
mX

i=1

log P̂ (xi|y)
<latexit sha1_base64="gbUz8V0jau825vsRPRC7hwrpv7A="></latexit><latexit sha1_base64="gbUz8V0jau825vsRPRC7hwrpv7A="></latexit><latexit sha1_base64="gbUz8V0jau825vsRPRC7hwrpv7A="></latexit><latexit sha1_base64="gbUz8V0jau825vsRPRC7hwrpv7A="></latexit>

ŷ = g(x) = argmax
y2{0,1}

P̂ (y|x)

= argmax
y2{0,1}

P̂ (x|y)P̂ (y)

= argmax
y

⇣ nY

i=1

P̂ (xi|y)
⌘
P̂ (y)

= argmax
y

log P̂ (y) +
mX

i=1

log P̂ (xi|y)
<latexit sha1_base64="gbUz8V0jau825vsRPRC7hwrpv7A="></latexit><latexit sha1_base64="gbUz8V0jau825vsRPRC7hwrpv7A="></latexit><latexit sha1_base64="gbUz8V0jau825vsRPRC7hwrpv7A="></latexit><latexit sha1_base64="gbUz8V0jau825vsRPRC7hwrpv7A="></latexit>

ŷ = g(x) = argmax
y2{0,1}

P̂ (y|x)

= argmax
y2{0,1}

P̂ (x|y)P̂ (y)

= argmax
y

⇣ nY

i=1

P̂ (xi|y)
⌘
P̂ (y)

= argmax
y

log P̂ (y) +
mX

i=1

log P̂ (xi|y)
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• Predict Y based on observing variables X1 and X2

§ X1 and X2 are both indicator variables
o X1 denotes “likes Star Wars”, X2 denotes “likes Harry Potter”

§ Y is indicator variable: “likes Lord of the Rings”
o Use training data to estimate params:

§ Say someone likes Star Wars (X1 = 1), but not Harry Potter (X2 = 0)

§ Will they like “Lord of the Rings”?  Need to predict Y:

X1

Y
0 1

MLE 
estimates

0 3 10 0.23 0.77

1 4 13 0.24 0.76

Y #
MLE 
est.

0 13 0.43

1 17 0.57

X2

Y
0 1

MLE 
estimates

0 5 8 0.38 0.62

1 7 10 0.41 0.59

Naïve Bayes Example

P̂ (xi|y)
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P̂ (y)
<latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit><latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit><latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit><latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit>

ŷ = argmax
y2{0,1}

P̂ (x|y)P̂ (y) = argmax
y2{0,1}

P̂ (x1|y)P̂ (x2|y)P̂ (y)
<latexit sha1_base64="5nd1B89oecg1y53yxZxFNtjcBBQ="></latexit><latexit sha1_base64="5nd1B89oecg1y53yxZxFNtjcBBQ="></latexit><latexit sha1_base64="5nd1B89oecg1y53yxZxFNtjcBBQ="></latexit><latexit sha1_base64="5nd1B89oecg1y53yxZxFNtjcBBQ="></latexit>



• Predict Y based on observing variables X1 and X2

§ X1 and X2 are both indicator variables
o X1 denotes “likes Star Wars”, X2 denotes “likes Harry Potter”

§ Y is indicator variable: “likes Lord of the Rings”
o Use training data to estimate params:

§ Say someone likes Star Wars (X1 = 1), but not Harry Potter (X2 = 0)

§ Will they like “Lord of the Rings”?  Need to predict Y:

X1

Y
0 1

MLE 
estimates

0 3 10 0.23 0.77

1 4 13 0.24 0.76

Y #
MLE 
est.

0 13 0.43

1 17 0.57

X2

Y
0 1

MLE 
estimates

0 5 8 0.38 0.62

1 7 10 0.41 0.59

Naïve Bayes Example

P̂ (xi|y)
<latexit sha1_base64="p1xxh5tF/C0KXJ5V5BD3jKScM2s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCLosuHFZwT6gLWEynbRDJ5MwcyPGWPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH19N/fYdU5pH8hbSmPVDMpQ84JSAkTz7qDcikDUmlXuP40ecnmEDzy47VWcGvEzcnJRRjoZnf/UGEU1CJoEKonXXdWLoZ0QBp4JNSr1Es5jQMRmyrqGShEz3s9n1E3xqlAEOImVKAp6pvycyEmqdhr7pDAmM9KI3Ff/zugkEl/2MyzgBJul8UZAIDBGeRoEHXDEKIjWEUMXNrZiOiCIUTGAlE4K7+PIyadWqrlN1b87L9VoeRxEdoxNUQS66QHV0jRqoiSh6QM/oFb1ZT9aL9W59zFsLVj5ziP7A+vwB+wKTig==</latexit><latexit sha1_base64="p1xxh5tF/C0KXJ5V5BD3jKScM2s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCLosuHFZwT6gLWEynbRDJ5MwcyPGWPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH19N/fYdU5pH8hbSmPVDMpQ84JSAkTz7qDcikDUmlXuP40ecnmEDzy47VWcGvEzcnJRRjoZnf/UGEU1CJoEKonXXdWLoZ0QBp4JNSr1Es5jQMRmyrqGShEz3s9n1E3xqlAEOImVKAp6pvycyEmqdhr7pDAmM9KI3Ff/zugkEl/2MyzgBJul8UZAIDBGeRoEHXDEKIjWEUMXNrZiOiCIUTGAlE4K7+PIyadWqrlN1b87L9VoeRxEdoxNUQS66QHV0jRqoiSh6QM/oFb1ZT9aL9W59zFsLVj5ziP7A+vwB+wKTig==</latexit><latexit sha1_base64="p1xxh5tF/C0KXJ5V5BD3jKScM2s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCLosuHFZwT6gLWEynbRDJ5MwcyPGWPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH19N/fYdU5pH8hbSmPVDMpQ84JSAkTz7qDcikDUmlXuP40ecnmEDzy47VWcGvEzcnJRRjoZnf/UGEU1CJoEKonXXdWLoZ0QBp4JNSr1Es5jQMRmyrqGShEz3s9n1E3xqlAEOImVKAp6pvycyEmqdhr7pDAmM9KI3Ff/zugkEl/2MyzgBJul8UZAIDBGeRoEHXDEKIjWEUMXNrZiOiCIUTGAlE4K7+PIyadWqrlN1b87L9VoeRxEdoxNUQS66QHV0jRqoiSh6QM/oFb1ZT9aL9W59zFsLVj5ziP7A+vwB+wKTig==</latexit><latexit sha1_base64="p1xxh5tF/C0KXJ5V5BD3jKScM2s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCLosuHFZwT6gLWEynbRDJ5MwcyPGWPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH19N/fYdU5pH8hbSmPVDMpQ84JSAkTz7qDcikDUmlXuP40ecnmEDzy47VWcGvEzcnJRRjoZnf/UGEU1CJoEKonXXdWLoZ0QBp4JNSr1Es5jQMRmyrqGShEz3s9n1E3xqlAEOImVKAp6pvycyEmqdhr7pDAmM9KI3Ff/zugkEl/2MyzgBJul8UZAIDBGeRoEHXDEKIjWEUMXNrZiOiCIUTGAlE4K7+PIyadWqrlN1b87L9VoeRxEdoxNUQS66QHV0jRqoiSh6QM/oFb1ZT9aL9W59zFsLVj5ziP7A+vwB+wKTig==</latexit>

P̂ (y)
<latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit><latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit><latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit><latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit>

ŷ = argmax
y2{0,1}

P̂ (X1 = x1|Y = y)P̂ (X2 = x2|Y = y)P̂ (Y = y)
<latexit sha1_base64="3VHlZFdkJRUGUNlIcINbzWt3LiY="></latexit><latexit sha1_base64="3VHlZFdkJRUGUNlIcINbzWt3LiY="></latexit><latexit sha1_base64="3VHlZFdkJRUGUNlIcINbzWt3LiY="></latexit><latexit sha1_base64="3VHlZFdkJRUGUNlIcINbzWt3LiY="></latexit>



ŷ = argmax
y2{0,1}

P̂ (X1 = 1|Y = y)P̂ (X2 = 0|Y = y)P̂ (Y = y)
<latexit sha1_base64="blWfDAtQPNv+1QMjkYA+RCi418w="></latexit><latexit sha1_base64="blWfDAtQPNv+1QMjkYA+RCi418w="></latexit><latexit sha1_base64="blWfDAtQPNv+1QMjkYA+RCi418w="></latexit><latexit sha1_base64="blWfDAtQPNv+1QMjkYA+RCi418w="></latexit>

• Predict Y based on observing variables X1 and X2

§ X1 and X2 are both indicator variables
o X1 denotes “likes Star Wars”, X2 denotes “likes Harry Potter”

§ Y is indicator variable: “likes Lord of the Rings”
o Use training data to estimate params:

§ Say someone likes Star Wars (X1 = 1), but not Harry Potter (X2 = 0)

§ Will they like “Lord of the Rings”?  Need to predict Y:

X1

Y
0 1

MLE 
estimates

0 3 10 0.23 0.77

1 4 13 0.24 0.76

Y #
MLE 
est.

0 13 0.43

1 17 0.57

X2

Y
0 1

MLE 
estimates

0 5 8 0.38 0.62

1 7 10 0.41 0.59

Naïve Bayes Example

P̂ (xi|y)
<latexit sha1_base64="p1xxh5tF/C0KXJ5V5BD3jKScM2s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCLosuHFZwT6gLWEynbRDJ5MwcyPGWPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH19N/fYdU5pH8hbSmPVDMpQ84JSAkTz7qDcikDUmlXuP40ecnmEDzy47VWcGvEzcnJRRjoZnf/UGEU1CJoEKonXXdWLoZ0QBp4JNSr1Es5jQMRmyrqGShEz3s9n1E3xqlAEOImVKAp6pvycyEmqdhr7pDAmM9KI3Ff/zugkEl/2MyzgBJul8UZAIDBGeRoEHXDEKIjWEUMXNrZiOiCIUTGAlE4K7+PIyadWqrlN1b87L9VoeRxEdoxNUQS66QHV0jRqoiSh6QM/oFb1ZT9aL9W59zFsLVj5ziP7A+vwB+wKTig==</latexit><latexit sha1_base64="p1xxh5tF/C0KXJ5V5BD3jKScM2s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCLosuHFZwT6gLWEynbRDJ5MwcyPGWPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH19N/fYdU5pH8hbSmPVDMpQ84JSAkTz7qDcikDUmlXuP40ecnmEDzy47VWcGvEzcnJRRjoZnf/UGEU1CJoEKonXXdWLoZ0QBp4JNSr1Es5jQMRmyrqGShEz3s9n1E3xqlAEOImVKAp6pvycyEmqdhr7pDAmM9KI3Ff/zugkEl/2MyzgBJul8UZAIDBGeRoEHXDEKIjWEUMXNrZiOiCIUTGAlE4K7+PIyadWqrlN1b87L9VoeRxEdoxNUQS66QHV0jRqoiSh6QM/oFb1ZT9aL9W59zFsLVj5ziP7A+vwB+wKTig==</latexit><latexit sha1_base64="p1xxh5tF/C0KXJ5V5BD3jKScM2s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCLosuHFZwT6gLWEynbRDJ5MwcyPGWPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH19N/fYdU5pH8hbSmPVDMpQ84JSAkTz7qDcikDUmlXuP40ecnmEDzy47VWcGvEzcnJRRjoZnf/UGEU1CJoEKonXXdWLoZ0QBp4JNSr1Es5jQMRmyrqGShEz3s9n1E3xqlAEOImVKAp6pvycyEmqdhr7pDAmM9KI3Ff/zugkEl/2MyzgBJul8UZAIDBGeRoEHXDEKIjWEUMXNrZiOiCIUTGAlE4K7+PIyadWqrlN1b87L9VoeRxEdoxNUQS66QHV0jRqoiSh6QM/oFb1ZT9aL9W59zFsLVj5ziP7A+vwB+wKTig==</latexit><latexit sha1_base64="p1xxh5tF/C0KXJ5V5BD3jKScM2s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCLosuHFZwT6gLWEynbRDJ5MwcyPGWPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH19N/fYdU5pH8hbSmPVDMpQ84JSAkTz7qDcikDUmlXuP40ecnmEDzy47VWcGvEzcnJRRjoZnf/UGEU1CJoEKonXXdWLoZ0QBp4JNSr1Es5jQMRmyrqGShEz3s9n1E3xqlAEOImVKAp6pvycyEmqdhr7pDAmM9KI3Ff/zugkEl/2MyzgBJul8UZAIDBGeRoEHXDEKIjWEUMXNrZiOiCIUTGAlE4K7+PIyadWqrlN1b87L9VoeRxEdoxNUQS66QHV0jRqoiSh6QM/oFb1ZT9aL9W59zFsLVj5ziP7A+vwB+wKTig==</latexit>

P̂ (y)
<latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit><latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit><latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit><latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit>



Naïve Bayes Example
X1

Y
0 1

MLE 
estimates

0 3 10 0.23 0.77

1 4 13 0.24 0.76

Y #
MLE 
est.

0 13 0.43

1 17 0.57

X2

Y
0 1

MLE 
estimates

0 5 8 0.38 0.62

1 7 10 0.41 0.59

ŷ = argmax
y2{0,1}

P̂ (X1 = 1|Y = y)P̂ (X2 = 0|Y = y)P̂ (Y = y)
<latexit sha1_base64="blWfDAtQPNv+1QMjkYA+RCi418w="></latexit><latexit sha1_base64="blWfDAtQPNv+1QMjkYA+RCi418w="></latexit><latexit sha1_base64="blWfDAtQPNv+1QMjkYA+RCi418w="></latexit><latexit sha1_base64="blWfDAtQPNv+1QMjkYA+RCi418w="></latexit>

P̂ (X1 = 1|Y = 0)P̂ (X2 = 0|Y = 0)P̂ (Y = 0)

= (0.77)(0.38)(0.43) = 0.126
<latexit sha1_base64="M+o8sulyVSEn/IuPzLNXzh6oTPI="></latexit><latexit sha1_base64="M+o8sulyVSEn/IuPzLNXzh6oTPI="></latexit><latexit sha1_base64="M+o8sulyVSEn/IuPzLNXzh6oTPI="></latexit><latexit sha1_base64="M+o8sulyVSEn/IuPzLNXzh6oTPI="></latexit>

P̂ (X1 = 1|Y = 1)P̂ (X2 = 0|Y = 1)P̂ (Y = 1)

= (0.76)(0.41)(0.57) = 0.178
<latexit sha1_base64="lVsom+3VYuA1l7s21Myg2Ua3DcQ="></latexit><latexit sha1_base64="lVsom+3VYuA1l7s21Myg2Ua3DcQ="></latexit><latexit sha1_base64="lVsom+3VYuA1l7s21Myg2Ua3DcQ="></latexit><latexit sha1_base64="lVsom+3VYuA1l7s21Myg2Ua3DcQ="></latexit>

P (Y = 1) = K · 0.178
<latexit sha1_base64="1pCHhoIndyrd3G4DhwUnDw2tt4E=">AAACAXicbVDLSgMxFL1TX7W+Rt0IboJFqJsyI0K7EQpuBDcV7EPaoWQymTY0kxmSjFBK3fgrblwo4ta/cOffmLaz0NYD93I4516Se/yEM6Ud59vKrayurW/kNwtb2zu7e/b+QVPFqSS0QWIey7aPFeVM0IZmmtN2IimOfE5b/vBq6rceqFQsFnd6lFAvwn3BQkawNlLPPqqX7tElcs9Mu0FdEsQaOWW3Uu3ZRafszICWiZuRImSo9+yvbhCTNKJCE46V6rhOor0xlpoRTieFbqpogskQ92nHUIEjqrzx7IIJOjVKgMJYmhIazdTfG2McKTWKfDMZYT1Qi95U/M/rpDqsemMmklRTQeYPhSlHOkbTOFDAJCWajwzBRDLzV0QGWGKiTWgFE4K7ePIyaZ6XXZPZ7UWxVs3iyMMxnEAJXKhADa6hDg0g8AjP8Apv1pP1Yr1bH/PRnJXtHMIfWJ8/3VOTRQ==</latexit><latexit sha1_base64="1pCHhoIndyrd3G4DhwUnDw2tt4E=">AAACAXicbVDLSgMxFL1TX7W+Rt0IboJFqJsyI0K7EQpuBDcV7EPaoWQymTY0kxmSjFBK3fgrblwo4ta/cOffmLaz0NYD93I4516Se/yEM6Ud59vKrayurW/kNwtb2zu7e/b+QVPFqSS0QWIey7aPFeVM0IZmmtN2IimOfE5b/vBq6rceqFQsFnd6lFAvwn3BQkawNlLPPqqX7tElcs9Mu0FdEsQaOWW3Uu3ZRafszICWiZuRImSo9+yvbhCTNKJCE46V6rhOor0xlpoRTieFbqpogskQ92nHUIEjqrzx7IIJOjVKgMJYmhIazdTfG2McKTWKfDMZYT1Qi95U/M/rpDqsemMmklRTQeYPhSlHOkbTOFDAJCWajwzBRDLzV0QGWGKiTWgFE4K7ePIyaZ6XXZPZ7UWxVs3iyMMxnEAJXKhADa6hDg0g8AjP8Apv1pP1Yr1bH/PRnJXtHMIfWJ8/3VOTRQ==</latexit><latexit sha1_base64="1pCHhoIndyrd3G4DhwUnDw2tt4E=">AAACAXicbVDLSgMxFL1TX7W+Rt0IboJFqJsyI0K7EQpuBDcV7EPaoWQymTY0kxmSjFBK3fgrblwo4ta/cOffmLaz0NYD93I4516Se/yEM6Ud59vKrayurW/kNwtb2zu7e/b+QVPFqSS0QWIey7aPFeVM0IZmmtN2IimOfE5b/vBq6rceqFQsFnd6lFAvwn3BQkawNlLPPqqX7tElcs9Mu0FdEsQaOWW3Uu3ZRafszICWiZuRImSo9+yvbhCTNKJCE46V6rhOor0xlpoRTieFbqpogskQ92nHUIEjqrzx7IIJOjVKgMJYmhIazdTfG2McKTWKfDMZYT1Qi95U/M/rpDqsemMmklRTQeYPhSlHOkbTOFDAJCWajwzBRDLzV0QGWGKiTWgFE4K7ePIyaZ6XXZPZ7UWxVs3iyMMxnEAJXKhADa6hDg0g8AjP8Apv1pP1Yr1bH/PRnJXtHMIfWJ8/3VOTRQ==</latexit><latexit sha1_base64="1pCHhoIndyrd3G4DhwUnDw2tt4E=">AAACAXicbVDLSgMxFL1TX7W+Rt0IboJFqJsyI0K7EQpuBDcV7EPaoWQymTY0kxmSjFBK3fgrblwo4ta/cOffmLaz0NYD93I4516Se/yEM6Ud59vKrayurW/kNwtb2zu7e/b+QVPFqSS0QWIey7aPFeVM0IZmmtN2IimOfE5b/vBq6rceqFQsFnd6lFAvwn3BQkawNlLPPqqX7tElcs9Mu0FdEsQaOWW3Uu3ZRafszICWiZuRImSo9+yvbhCTNKJCE46V6rhOor0xlpoRTieFbqpogskQ92nHUIEjqrzx7IIJOjVKgMJYmhIazdTfG2McKTWKfDMZYT1Qi95U/M/rpDqsemMmklRTQeYPhSlHOkbTOFDAJCWajwzBRDLzV0QGWGKiTWgFE4K7ePIyaZ6XXZPZ7UWxVs3iyMMxnEAJXKhADa6hDg0g8AjP8Apv1pP1Yr1bH/PRnJXtHMIfWJ8/3VOTRQ==</latexit> P (Y = 0) = K · 0.126

<latexit sha1_base64="FlM57iAG1EIgKnn7KqhP97qKIlo=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR6qbMFNFuhIIbwU0F+5B2KJlMpg3NZIbkjlBK3fgrblwo4ta/cOffmLaz0OqBezmccy/JPX4iuAbH+bJyS8srq2v59cLG5tb2jr2719Rxqihr0FjEqu0TzQSXrAEcBGsnipHIF6zlDy+nfuueKc1jeQujhHkR6UseckrASD37oF66wxfYOTHtGndpEAN2ym7lrGcXnbIzA/5L3IwUUYZ6z/7sBjFNIyaBCqJ1x3US8MZEAaeCTQrdVLOE0CHps46hkkRMe+PZBRN8bJQAh7EyJQHP1J8bYxJpPYp8MxkRGOhFbyr+53VSCKvemMskBSbp/KEwFRhiPI0DB1wxCmJkCKGKm79iOiCKUDChFUwI7uLJf0mzUnZNZjenxVo1iyOPDtERKiEXnaMaukJ11EAUPaAn9IJerUfr2Xqz3uejOSvb2Ue/YH18A9Edkz0=</latexit><latexit sha1_base64="FlM57iAG1EIgKnn7KqhP97qKIlo=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR6qbMFNFuhIIbwU0F+5B2KJlMpg3NZIbkjlBK3fgrblwo4ta/cOffmLaz0OqBezmccy/JPX4iuAbH+bJyS8srq2v59cLG5tb2jr2719Rxqihr0FjEqu0TzQSXrAEcBGsnipHIF6zlDy+nfuueKc1jeQujhHkR6UseckrASD37oF66wxfYOTHtGndpEAN2ym7lrGcXnbIzA/5L3IwUUYZ6z/7sBjFNIyaBCqJ1x3US8MZEAaeCTQrdVLOE0CHps46hkkRMe+PZBRN8bJQAh7EyJQHP1J8bYxJpPYp8MxkRGOhFbyr+53VSCKvemMskBSbp/KEwFRhiPI0DB1wxCmJkCKGKm79iOiCKUDChFUwI7uLJf0mzUnZNZjenxVo1iyOPDtERKiEXnaMaukJ11EAUPaAn9IJerUfr2Xqz3uejOSvb2Ue/YH18A9Edkz0=</latexit><latexit sha1_base64="FlM57iAG1EIgKnn7KqhP97qKIlo=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR6qbMFNFuhIIbwU0F+5B2KJlMpg3NZIbkjlBK3fgrblwo4ta/cOffmLaz0OqBezmccy/JPX4iuAbH+bJyS8srq2v59cLG5tb2jr2719Rxqihr0FjEqu0TzQSXrAEcBGsnipHIF6zlDy+nfuueKc1jeQujhHkR6UseckrASD37oF66wxfYOTHtGndpEAN2ym7lrGcXnbIzA/5L3IwUUYZ6z/7sBjFNIyaBCqJ1x3US8MZEAaeCTQrdVLOE0CHps46hkkRMe+PZBRN8bJQAh7EyJQHP1J8bYxJpPYp8MxkRGOhFbyr+53VSCKvemMskBSbp/KEwFRhiPI0DB1wxCmJkCKGKm79iOiCKUDChFUwI7uLJf0mzUnZNZjenxVo1iyOPDtERKiEXnaMaukJ11EAUPaAn9IJerUfr2Xqz3uejOSvb2Ue/YH18A9Edkz0=</latexit><latexit sha1_base64="FlM57iAG1EIgKnn7KqhP97qKIlo=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR6qbMFNFuhIIbwU0F+5B2KJlMpg3NZIbkjlBK3fgrblwo4ta/cOffmLaz0OqBezmccy/JPX4iuAbH+bJyS8srq2v59cLG5tb2jr2719Rxqihr0FjEqu0TzQSXrAEcBGsnipHIF6zlDy+nfuueKc1jeQujhHkR6UseckrASD37oF66wxfYOTHtGndpEAN2ym7lrGcXnbIzA/5L3IwUUYZ6z/7sBjFNIyaBCqJ1x3US8MZEAaeCTQrdVLOE0CHps46hkkRMe+PZBRN8bJQAh7EyJQHP1J8bYxJpPYp8MxkRGOhFbyr+53VSCKvemMskBSbp/KEwFRhiPI0DB1wxCmJkCKGKm79iOiCKUDChFUwI7uLJf0mzUnZNZjenxVo1iyOPDtERKiEXnaMaukJ11EAUPaAn9IJerUfr2Xqz3uejOSvb2Ue/YH18A9Edkz0=</latexit>

K =
1

0.126 + 0.178
<latexit sha1_base64="51ll1PnfSpfKJHNUbiikkn6InoA=">AAACBHicbZDLSgMxFIbP1Futt1GX3QSLIAhlpojtRii4EdxUsBdoh5JJM21oJjMkGaEMXbjxVdy4UMStD+HOtzFtZ6GtB0J+/v8ckvP5MWdKO863lVtb39jcym8Xdnb39g/sw6OWihJJaJNEPJIdHyvKmaBNzTSnnVhSHPqctv3x9SxvP1CpWCTu9SSmXoiHggWMYG2svl28RVe9QGKSutPUKbuVS3SOzF2tTVHfLjllZ15oVbiZKEFWjb791RtEJAmp0IRjpbquE2svxVIzwum00EsUjTEZ4yHtGilwSJWXzpeYolPjDFAQSXOERnP390SKQ6UmoW86Q6xHajmbmf9l3UQHNS9lIk40FWTxUJBwpCM0I4IGTFKi+cQITCQzf0VkhA0SbbgVDAR3eeVV0aqUXUPt7qJUr2U48lCEEzgDF6pQhxtoQBMIPMIzvMKb9WS9WO/Wx6I1Z2Uzx/CnrM8fz4CU8A==</latexit><latexit sha1_base64="51ll1PnfSpfKJHNUbiikkn6InoA=">AAACBHicbZDLSgMxFIbP1Futt1GX3QSLIAhlpojtRii4EdxUsBdoh5JJM21oJjMkGaEMXbjxVdy4UMStD+HOtzFtZ6GtB0J+/v8ckvP5MWdKO863lVtb39jcym8Xdnb39g/sw6OWihJJaJNEPJIdHyvKmaBNzTSnnVhSHPqctv3x9SxvP1CpWCTu9SSmXoiHggWMYG2svl28RVe9QGKSutPUKbuVS3SOzF2tTVHfLjllZ15oVbiZKEFWjb791RtEJAmp0IRjpbquE2svxVIzwum00EsUjTEZ4yHtGilwSJWXzpeYolPjDFAQSXOERnP390SKQ6UmoW86Q6xHajmbmf9l3UQHNS9lIk40FWTxUJBwpCM0I4IGTFKi+cQITCQzf0VkhA0SbbgVDAR3eeVV0aqUXUPt7qJUr2U48lCEEzgDF6pQhxtoQBMIPMIzvMKb9WS9WO/Wx6I1Z2Uzx/CnrM8fz4CU8A==</latexit><latexit sha1_base64="51ll1PnfSpfKJHNUbiikkn6InoA=">AAACBHicbZDLSgMxFIbP1Futt1GX3QSLIAhlpojtRii4EdxUsBdoh5JJM21oJjMkGaEMXbjxVdy4UMStD+HOtzFtZ6GtB0J+/v8ckvP5MWdKO863lVtb39jcym8Xdnb39g/sw6OWihJJaJNEPJIdHyvKmaBNzTSnnVhSHPqctv3x9SxvP1CpWCTu9SSmXoiHggWMYG2svl28RVe9QGKSutPUKbuVS3SOzF2tTVHfLjllZ15oVbiZKEFWjb791RtEJAmp0IRjpbquE2svxVIzwum00EsUjTEZ4yHtGilwSJWXzpeYolPjDFAQSXOERnP390SKQ6UmoW86Q6xHajmbmf9l3UQHNS9lIk40FWTxUJBwpCM0I4IGTFKi+cQITCQzf0VkhA0SbbgVDAR3eeVV0aqUXUPt7qJUr2U48lCEEzgDF6pQhxtoQBMIPMIzvMKb9WS9WO/Wx6I1Z2Uzx/CnrM8fz4CU8A==</latexit><latexit sha1_base64="51ll1PnfSpfKJHNUbiikkn6InoA=">AAACBHicbZDLSgMxFIbP1Futt1GX3QSLIAhlpojtRii4EdxUsBdoh5JJM21oJjMkGaEMXbjxVdy4UMStD+HOtzFtZ6GtB0J+/v8ckvP5MWdKO863lVtb39jcym8Xdnb39g/sw6OWihJJaJNEPJIdHyvKmaBNzTSnnVhSHPqctv3x9SxvP1CpWCTu9SSmXoiHggWMYG2svl28RVe9QGKSutPUKbuVS3SOzF2tTVHfLjllZ15oVbiZKEFWjb791RtEJAmp0IRjpbquE2svxVIzwum00EsUjTEZ4yHtGilwSJWXzpeYolPjDFAQSXOERnP390SKQ6UmoW86Q6xHajmbmf9l3UQHNS9lIk40FWTxUJBwpCM0I4IGTFKi+cQITCQzf0VkhA0SbbgVDAR3eeVV0aqUXUPt7qJUr2U48lCEEzgDF6pQhxtoQBMIPMIzvMKb9WS9WO/Wx6I1Z2Uzx/CnrM8fz4CU8A==</latexit>

Since term is greatest when Y = 1, we predict Ŷ = 1

§ Let Y = 0

§ Let Y = 1

P̂ (X1 = 1|Y = 0)P̂ (X2 = 0|Y = 0)P̂ (Y = 0)

= (0.77)(0.38)(0.43) = 0.126
<latexit sha1_base64="M+o8sulyVSEn/IuPzLNXzh6oTPI="></latexit><latexit sha1_base64="M+o8sulyVSEn/IuPzLNXzh6oTPI="></latexit><latexit sha1_base64="M+o8sulyVSEn/IuPzLNXzh6oTPI="></latexit><latexit sha1_base64="M+o8sulyVSEn/IuPzLNXzh6oTPI="></latexit>

P̂ (X1 = 1|Y = 1)P̂ (X2 = 0|Y = 1)P̂ (Y = 1)

= (0.76)(0.41)(0.57) = 0.178
<latexit sha1_base64="lVsom+3VYuA1l7s21Myg2Ua3DcQ="></latexit><latexit sha1_base64="lVsom+3VYuA1l7s21Myg2Ua3DcQ="></latexit><latexit sha1_base64="lVsom+3VYuA1l7s21Myg2Ua3DcQ="></latexit><latexit sha1_base64="lVsom+3VYuA1l7s21Myg2Ua3DcQ="></latexit>



• Predict Y based on observing variables X1 and X2

§ X1 and X2 are both indicator variables
o X1 denotes “likes Star Wars”, X2 denotes “likes Harry Potter”

§ Y is indicator variable: “likes Lord of the Rings”
o Use training data to estimate PMFs:

X1

Y
0 1

MAP 
estimates

0 3 10

1 4 13

Y #
MAP 
est.

0 13

1 17

X2

Y
0 1

MAP 
estimates

0 5 8

1 7 10

MAP Naïve Bayes

P̂ (xi|y)
<latexit sha1_base64="p1xxh5tF/C0KXJ5V5BD3jKScM2s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCLosuHFZwT6gLWEynbRDJ5MwcyPGWPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH19N/fYdU5pH8hbSmPVDMpQ84JSAkTz7qDcikDUmlXuP40ecnmEDzy47VWcGvEzcnJRRjoZnf/UGEU1CJoEKonXXdWLoZ0QBp4JNSr1Es5jQMRmyrqGShEz3s9n1E3xqlAEOImVKAp6pvycyEmqdhr7pDAmM9KI3Ff/zugkEl/2MyzgBJul8UZAIDBGeRoEHXDEKIjWEUMXNrZiOiCIUTGAlE4K7+PIyadWqrlN1b87L9VoeRxEdoxNUQS66QHV0jRqoiSh6QM/oFb1ZT9aL9W59zFsLVj5ziP7A+vwB+wKTig==</latexit><latexit sha1_base64="p1xxh5tF/C0KXJ5V5BD3jKScM2s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCLosuHFZwT6gLWEynbRDJ5MwcyPGWPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH19N/fYdU5pH8hbSmPVDMpQ84JSAkTz7qDcikDUmlXuP40ecnmEDzy47VWcGvEzcnJRRjoZnf/UGEU1CJoEKonXXdWLoZ0QBp4JNSr1Es5jQMRmyrqGShEz3s9n1E3xqlAEOImVKAp6pvycyEmqdhr7pDAmM9KI3Ff/zugkEl/2MyzgBJul8UZAIDBGeRoEHXDEKIjWEUMXNrZiOiCIUTGAlE4K7+PIyadWqrlN1b87L9VoeRxEdoxNUQS66QHV0jRqoiSh6QM/oFb1ZT9aL9W59zFsLVj5ziP7A+vwB+wKTig==</latexit><latexit sha1_base64="p1xxh5tF/C0KXJ5V5BD3jKScM2s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCLosuHFZwT6gLWEynbRDJ5MwcyPGWPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH19N/fYdU5pH8hbSmPVDMpQ84JSAkTz7qDcikDUmlXuP40ecnmEDzy47VWcGvEzcnJRRjoZnf/UGEU1CJoEKonXXdWLoZ0QBp4JNSr1Es5jQMRmyrqGShEz3s9n1E3xqlAEOImVKAp6pvycyEmqdhr7pDAmM9KI3Ff/zugkEl/2MyzgBJul8UZAIDBGeRoEHXDEKIjWEUMXNrZiOiCIUTGAlE4K7+PIyadWqrlN1b87L9VoeRxEdoxNUQS66QHV0jRqoiSh6QM/oFb1ZT9aL9W59zFsLVj5ziP7A+vwB+wKTig==</latexit><latexit sha1_base64="p1xxh5tF/C0KXJ5V5BD3jKScM2s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCLosuHFZwT6gLWEynbRDJ5MwcyPGWPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH19N/fYdU5pH8hbSmPVDMpQ84JSAkTz7qDcikDUmlXuP40ecnmEDzy47VWcGvEzcnJRRjoZnf/UGEU1CJoEKonXXdWLoZ0QBp4JNSr1Es5jQMRmyrqGShEz3s9n1E3xqlAEOImVKAp6pvycyEmqdhr7pDAmM9KI3Ff/zugkEl/2MyzgBJul8UZAIDBGeRoEHXDEKIjWEUMXNrZiOiCIUTGAlE4K7+PIyadWqrlN1b87L9VoeRxEdoxNUQS66QHV0jRqoiSh6QM/oFb1ZT9aL9W59zFsLVj5ziP7A+vwB+wKTig==</latexit>

P̂ (y)
<latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit><latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit><latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit><latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit>

What prior?



• Predict Y based on observing variables X1 and X2

§ X1 and X2 are both indicator variables
o X1 denotes “likes Star Wars”, X2 denotes “likes Harry Potter”

§ Y is indicator variable: “likes Lord of the Rings”
o Use training data to estimate PMFs:

X1

Y
0 1

MAP 
estimates

0 3 10 0.27 0.73

1 4 13

Y #
MAP 
est.

0 13

1 17

X2

Y
0 1

MAP 
estimates

0 5 8

1 7 10

P̂ (xi|y)
<latexit sha1_base64="p1xxh5tF/C0KXJ5V5BD3jKScM2s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCLosuHFZwT6gLWEynbRDJ5MwcyPGWPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH19N/fYdU5pH8hbSmPVDMpQ84JSAkTz7qDcikDUmlXuP40ecnmEDzy47VWcGvEzcnJRRjoZnf/UGEU1CJoEKonXXdWLoZ0QBp4JNSr1Es5jQMRmyrqGShEz3s9n1E3xqlAEOImVKAp6pvycyEmqdhr7pDAmM9KI3Ff/zugkEl/2MyzgBJul8UZAIDBGeRoEHXDEKIjWEUMXNrZiOiCIUTGAlE4K7+PIyadWqrlN1b87L9VoeRxEdoxNUQS66QHV0jRqoiSh6QM/oFb1ZT9aL9W59zFsLVj5ziP7A+vwB+wKTig==</latexit><latexit sha1_base64="p1xxh5tF/C0KXJ5V5BD3jKScM2s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCLosuHFZwT6gLWEynbRDJ5MwcyPGWPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH19N/fYdU5pH8hbSmPVDMpQ84JSAkTz7qDcikDUmlXuP40ecnmEDzy47VWcGvEzcnJRRjoZnf/UGEU1CJoEKonXXdWLoZ0QBp4JNSr1Es5jQMRmyrqGShEz3s9n1E3xqlAEOImVKAp6pvycyEmqdhr7pDAmM9KI3Ff/zugkEl/2MyzgBJul8UZAIDBGeRoEHXDEKIjWEUMXNrZiOiCIUTGAlE4K7+PIyadWqrlN1b87L9VoeRxEdoxNUQS66QHV0jRqoiSh6QM/oFb1ZT9aL9W59zFsLVj5ziP7A+vwB+wKTig==</latexit><latexit sha1_base64="p1xxh5tF/C0KXJ5V5BD3jKScM2s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCLosuHFZwT6gLWEynbRDJ5MwcyPGWPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH19N/fYdU5pH8hbSmPVDMpQ84JSAkTz7qDcikDUmlXuP40ecnmEDzy47VWcGvEzcnJRRjoZnf/UGEU1CJoEKonXXdWLoZ0QBp4JNSr1Es5jQMRmyrqGShEz3s9n1E3xqlAEOImVKAp6pvycyEmqdhr7pDAmM9KI3Ff/zugkEl/2MyzgBJul8UZAIDBGeRoEHXDEKIjWEUMXNrZiOiCIUTGAlE4K7+PIyadWqrlN1b87L9VoeRxEdoxNUQS66QHV0jRqoiSh6QM/oFb1ZT9aL9W59zFsLVj5ziP7A+vwB+wKTig==</latexit><latexit sha1_base64="p1xxh5tF/C0KXJ5V5BD3jKScM2s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCLosuHFZwT6gLWEynbRDJ5MwcyPGWPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH19N/fYdU5pH8hbSmPVDMpQ84JSAkTz7qDcikDUmlXuP40ecnmEDzy47VWcGvEzcnJRRjoZnf/UGEU1CJoEKonXXdWLoZ0QBp4JNSr1Es5jQMRmyrqGShEz3s9n1E3xqlAEOImVKAp6pvycyEmqdhr7pDAmM9KI3Ff/zugkEl/2MyzgBJul8UZAIDBGeRoEHXDEKIjWEUMXNrZiOiCIUTGAlE4K7+PIyadWqrlN1b87L9VoeRxEdoxNUQS66QHV0jRqoiSh6QM/oFb1ZT9aL9W59zFsLVj5ziP7A+vwB+wKTig==</latexit>

P̂ (y)
<latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit><latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit><latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit><latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit>

Laplace! pi =
ni + 1

n+m
<latexit sha1_base64="nui6JmxABcgx8cJ9c6qX1wGhgbY=">AAACBHicbZDLSsNAFIZP6q3WW9RlN4NFEISSFEE3QsGNywr2Am0Ik+mkHTqZhJmJUEIWbnwVNy4UcetDuPNtnLZZaOuBYT7+/xxmzh8knCntON9WaW19Y3OrvF3Z2d3bP7APjzoqTiWhbRLzWPYCrChngrY105z2EklxFHDaDSY3M7/7QKVisbjX04R6ER4JFjKCtZF8u5r4DF2jQSgxyYThc+TmmTBXlPt2zak780Kr4BZQg6Javv01GMYkjajQhGOl+q6TaC/DUjPCaV4ZpIommEzwiPYNChxR5WXzJXJ0apQhCmNpjtBorv6eyHCk1DQKTGeE9VgtezPxP6+f6vDKy5hIUk0FWTwUphzpGM0SQUMmKdF8agATycxfERljk4c2uVVMCO7yyqvQadRdp+7eXdSajSKOMlThBM7AhUtowi20oA0EHuEZXuHNerJerHfrY9FasoqZY/hT1ucPDTmWXg==</latexit><latexit sha1_base64="nui6JmxABcgx8cJ9c6qX1wGhgbY=">AAACBHicbZDLSsNAFIZP6q3WW9RlN4NFEISSFEE3QsGNywr2Am0Ik+mkHTqZhJmJUEIWbnwVNy4UcetDuPNtnLZZaOuBYT7+/xxmzh8knCntON9WaW19Y3OrvF3Z2d3bP7APjzoqTiWhbRLzWPYCrChngrY105z2EklxFHDaDSY3M7/7QKVisbjX04R6ER4JFjKCtZF8u5r4DF2jQSgxyYThc+TmmTBXlPt2zak780Kr4BZQg6Javv01GMYkjajQhGOl+q6TaC/DUjPCaV4ZpIommEzwiPYNChxR5WXzJXJ0apQhCmNpjtBorv6eyHCk1DQKTGeE9VgtezPxP6+f6vDKy5hIUk0FWTwUphzpGM0SQUMmKdF8agATycxfERljk4c2uVVMCO7yyqvQadRdp+7eXdSajSKOMlThBM7AhUtowi20oA0EHuEZXuHNerJerHfrY9FasoqZY/hT1ucPDTmWXg==</latexit><latexit sha1_base64="nui6JmxABcgx8cJ9c6qX1wGhgbY=">AAACBHicbZDLSsNAFIZP6q3WW9RlN4NFEISSFEE3QsGNywr2Am0Ik+mkHTqZhJmJUEIWbnwVNy4UcetDuPNtnLZZaOuBYT7+/xxmzh8knCntON9WaW19Y3OrvF3Z2d3bP7APjzoqTiWhbRLzWPYCrChngrY105z2EklxFHDaDSY3M7/7QKVisbjX04R6ER4JFjKCtZF8u5r4DF2jQSgxyYThc+TmmTBXlPt2zak780Kr4BZQg6Javv01GMYkjajQhGOl+q6TaC/DUjPCaV4ZpIommEzwiPYNChxR5WXzJXJ0apQhCmNpjtBorv6eyHCk1DQKTGeE9VgtezPxP6+f6vDKy5hIUk0FWTwUphzpGM0SQUMmKdF8agATycxfERljk4c2uVVMCO7yyqvQadRdp+7eXdSajSKOMlThBM7AhUtowi20oA0EHuEZXuHNerJerHfrY9FasoqZY/hT1ucPDTmWXg==</latexit><latexit sha1_base64="nui6JmxABcgx8cJ9c6qX1wGhgbY=">AAACBHicbZDLSsNAFIZP6q3WW9RlN4NFEISSFEE3QsGNywr2Am0Ik+mkHTqZhJmJUEIWbnwVNy4UcetDuPNtnLZZaOuBYT7+/xxmzh8knCntON9WaW19Y3OrvF3Z2d3bP7APjzoqTiWhbRLzWPYCrChngrY105z2EklxFHDaDSY3M7/7QKVisbjX04R6ER4JFjKCtZF8u5r4DF2jQSgxyYThc+TmmTBXlPt2zak780Kr4BZQg6Javv01GMYkjajQhGOl+q6TaC/DUjPCaV4ZpIommEzwiPYNChxR5WXzJXJ0apQhCmNpjtBorv6eyHCk1DQKTGeE9VgtezPxP6+f6vDKy5hIUk0FWTwUphzpGM0SQUMmKdF8agATycxfERljk4c2uVVMCO7yyqvQadRdp+7eXdSajSKOMlThBM7AhUtowi20oA0EHuEZXuHNerJerHfrY9FasoqZY/hT1ucPDTmWXg==</latexit>

pi =
ni + 1

n+ 2
<latexit sha1_base64="DXXRcMZfDoJN7rGM4WUi9OwLfO4=">AAACBHicbZDLSsNAFIZPvNZ6i7rsZrAIglCSItiNUHDjsoK9QBvCZDpph04mYWYilJCFG1/FjQtF3PoQ7nwbp20W2npgmI//P4eZ8wcJZ0o7zre1tr6xubVd2inv7u0fHNpHxx0Vp5LQNol5LHsBVpQzQduaaU57iaQ4CjjtBpObmd99oFKxWNzraUK9CI8ECxnB2ki+XUl8hq7RIJSYZMLwBXLzTJirnvt21ak580Kr4BZQhaJavv01GMYkjajQhGOl+q6TaC/DUjPCaV4epIommEzwiPYNChxR5WXzJXJ0ZpQhCmNpjtBorv6eyHCk1DQKTGeE9VgtezPxP6+f6rDhZUwkqaaCLB4KU450jGaJoCGTlGg+NYCJZOaviIyxyUOb3MomBHd55VXo1GuuU3PvLqvNRhFHCSpwCufgwhU04RZa0AYCj/AMr/BmPVkv1rv1sWhds4qZE/hT1ucPtVGWKQ==</latexit><latexit sha1_base64="DXXRcMZfDoJN7rGM4WUi9OwLfO4=">AAACBHicbZDLSsNAFIZPvNZ6i7rsZrAIglCSItiNUHDjsoK9QBvCZDpph04mYWYilJCFG1/FjQtF3PoQ7nwbp20W2npgmI//P4eZ8wcJZ0o7zre1tr6xubVd2inv7u0fHNpHxx0Vp5LQNol5LHsBVpQzQduaaU57iaQ4CjjtBpObmd99oFKxWNzraUK9CI8ECxnB2ki+XUl8hq7RIJSYZMLwBXLzTJirnvt21ak580Kr4BZQhaJavv01GMYkjajQhGOl+q6TaC/DUjPCaV4epIommEzwiPYNChxR5WXzJXJ0ZpQhCmNpjtBorv6eyHCk1DQKTGeE9VgtezPxP6+f6rDhZUwkqaaCLB4KU450jGaJoCGTlGg+NYCJZOaviIyxyUOb3MomBHd55VXo1GuuU3PvLqvNRhFHCSpwCufgwhU04RZa0AYCj/AMr/BmPVkv1rv1sWhds4qZE/hT1ucPtVGWKQ==</latexit><latexit sha1_base64="DXXRcMZfDoJN7rGM4WUi9OwLfO4=">AAACBHicbZDLSsNAFIZPvNZ6i7rsZrAIglCSItiNUHDjsoK9QBvCZDpph04mYWYilJCFG1/FjQtF3PoQ7nwbp20W2npgmI//P4eZ8wcJZ0o7zre1tr6xubVd2inv7u0fHNpHxx0Vp5LQNol5LHsBVpQzQduaaU57iaQ4CjjtBpObmd99oFKxWNzraUK9CI8ECxnB2ki+XUl8hq7RIJSYZMLwBXLzTJirnvt21ak580Kr4BZQhaJavv01GMYkjajQhGOl+q6TaC/DUjPCaV4epIommEzwiPYNChxR5WXzJXJ0ZpQhCmNpjtBorv6eyHCk1DQKTGeE9VgtezPxP6+f6rDhZUwkqaaCLB4KU450jGaJoCGTlGg+NYCJZOaviIyxyUOb3MomBHd55VXo1GuuU3PvLqvNRhFHCSpwCufgwhU04RZa0AYCj/AMr/BmPVkv1rv1sWhds4qZE/hT1ucPtVGWKQ==</latexit><latexit sha1_base64="DXXRcMZfDoJN7rGM4WUi9OwLfO4=">AAACBHicbZDLSsNAFIZPvNZ6i7rsZrAIglCSItiNUHDjsoK9QBvCZDpph04mYWYilJCFG1/FjQtF3PoQ7nwbp20W2npgmI//P4eZ8wcJZ0o7zre1tr6xubVd2inv7u0fHNpHxx0Vp5LQNol5LHsBVpQzQduaaU57iaQ4CjjtBpObmd99oFKxWNzraUK9CI8ECxnB2ki+XUl8hq7RIJSYZMLwBXLzTJirnvt21ak580Kr4BZQhaJavv01GMYkjajQhGOl+q6TaC/DUjPCaV4epIommEzwiPYNChxR5WXzJXJ0ZpQhCmNpjtBorv6eyHCk1DQKTGeE9VgtezPxP6+f6rDhZUwkqaaCLB4KU450jGaJoCGTlGg+NYCJZOaviIyxyUOb3MomBHd55VXo1GuuU3PvLqvNRhFHCSpwCufgwhU04RZa0AYCj/AMr/BmPVkv1rv1sWhds4qZE/hT1ucPtVGWKQ==</latexit>

MAP Naïve Bayes



• Predict Y based on observing variables X1 and X2

§ X1 and X2 are both indicator variables
o X1 denotes “likes Star Wars”, X2 denotes “likes Harry Potter”

§ Y is indicator variable: “likes Lord of the Rings”
o Use training data to estimate PMFs:

X1

Y
0 1

MAP 
estimates

0 3 10 0.27 0.73

1 4 13 0.26 0.74

Y #
MAP 
est.

0 13 0.44

1 17 0.56

X2

Y
0 1

MAP 
estimates

0 5 8 0.4 0.6

1 7 10 0.42 0.58

P̂ (xi|y)
<latexit sha1_base64="p1xxh5tF/C0KXJ5V5BD3jKScM2s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCLosuHFZwT6gLWEynbRDJ5MwcyPGWPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH19N/fYdU5pH8hbSmPVDMpQ84JSAkTz7qDcikDUmlXuP40ecnmEDzy47VWcGvEzcnJRRjoZnf/UGEU1CJoEKonXXdWLoZ0QBp4JNSr1Es5jQMRmyrqGShEz3s9n1E3xqlAEOImVKAp6pvycyEmqdhr7pDAmM9KI3Ff/zugkEl/2MyzgBJul8UZAIDBGeRoEHXDEKIjWEUMXNrZiOiCIUTGAlE4K7+PIyadWqrlN1b87L9VoeRxEdoxNUQS66QHV0jRqoiSh6QM/oFb1ZT9aL9W59zFsLVj5ziP7A+vwB+wKTig==</latexit><latexit sha1_base64="p1xxh5tF/C0KXJ5V5BD3jKScM2s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCLosuHFZwT6gLWEynbRDJ5MwcyPGWPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH19N/fYdU5pH8hbSmPVDMpQ84JSAkTz7qDcikDUmlXuP40ecnmEDzy47VWcGvEzcnJRRjoZnf/UGEU1CJoEKonXXdWLoZ0QBp4JNSr1Es5jQMRmyrqGShEz3s9n1E3xqlAEOImVKAp6pvycyEmqdhr7pDAmM9KI3Ff/zugkEl/2MyzgBJul8UZAIDBGeRoEHXDEKIjWEUMXNrZiOiCIUTGAlE4K7+PIyadWqrlN1b87L9VoeRxEdoxNUQS66QHV0jRqoiSh6QM/oFb1ZT9aL9W59zFsLVj5ziP7A+vwB+wKTig==</latexit><latexit sha1_base64="p1xxh5tF/C0KXJ5V5BD3jKScM2s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCLosuHFZwT6gLWEynbRDJ5MwcyPGWPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH19N/fYdU5pH8hbSmPVDMpQ84JSAkTz7qDcikDUmlXuP40ecnmEDzy47VWcGvEzcnJRRjoZnf/UGEU1CJoEKonXXdWLoZ0QBp4JNSr1Es5jQMRmyrqGShEz3s9n1E3xqlAEOImVKAp6pvycyEmqdhr7pDAmM9KI3Ff/zugkEl/2MyzgBJul8UZAIDBGeRoEHXDEKIjWEUMXNrZiOiCIUTGAlE4K7+PIyadWqrlN1b87L9VoeRxEdoxNUQS66QHV0jRqoiSh6QM/oFb1ZT9aL9W59zFsLVj5ziP7A+vwB+wKTig==</latexit><latexit sha1_base64="p1xxh5tF/C0KXJ5V5BD3jKScM2s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCLosuHFZwT6gLWEynbRDJ5MwcyPGWPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH19N/fYdU5pH8hbSmPVDMpQ84JSAkTz7qDcikDUmlXuP40ecnmEDzy47VWcGvEzcnJRRjoZnf/UGEU1CJoEKonXXdWLoZ0QBp4JNSr1Es5jQMRmyrqGShEz3s9n1E3xqlAEOImVKAp6pvycyEmqdhr7pDAmM9KI3Ff/zugkEl/2MyzgBJul8UZAIDBGeRoEHXDEKIjWEUMXNrZiOiCIUTGAlE4K7+PIyadWqrlN1b87L9VoeRxEdoxNUQS66QHV0jRqoiSh6QM/oFb1ZT9aL9W59zFsLVj5ziP7A+vwB+wKTig==</latexit>

P̂ (y)
<latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit><latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit><latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit><latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit>

Laplace! pi =
ni + 1

n+m
<latexit sha1_base64="nui6JmxABcgx8cJ9c6qX1wGhgbY=">AAACBHicbZDLSsNAFIZP6q3WW9RlN4NFEISSFEE3QsGNywr2Am0Ik+mkHTqZhJmJUEIWbnwVNy4UcetDuPNtnLZZaOuBYT7+/xxmzh8knCntON9WaW19Y3OrvF3Z2d3bP7APjzoqTiWhbRLzWPYCrChngrY105z2EklxFHDaDSY3M7/7QKVisbjX04R6ER4JFjKCtZF8u5r4DF2jQSgxyYThc+TmmTBXlPt2zak780Kr4BZQg6Javv01GMYkjajQhGOl+q6TaC/DUjPCaV4ZpIommEzwiPYNChxR5WXzJXJ0apQhCmNpjtBorv6eyHCk1DQKTGeE9VgtezPxP6+f6vDKy5hIUk0FWTwUphzpGM0SQUMmKdF8agATycxfERljk4c2uVVMCO7yyqvQadRdp+7eXdSajSKOMlThBM7AhUtowi20oA0EHuEZXuHNerJerHfrY9FasoqZY/hT1ucPDTmWXg==</latexit><latexit sha1_base64="nui6JmxABcgx8cJ9c6qX1wGhgbY=">AAACBHicbZDLSsNAFIZP6q3WW9RlN4NFEISSFEE3QsGNywr2Am0Ik+mkHTqZhJmJUEIWbnwVNy4UcetDuPNtnLZZaOuBYT7+/xxmzh8knCntON9WaW19Y3OrvF3Z2d3bP7APjzoqTiWhbRLzWPYCrChngrY105z2EklxFHDaDSY3M7/7QKVisbjX04R6ER4JFjKCtZF8u5r4DF2jQSgxyYThc+TmmTBXlPt2zak780Kr4BZQg6Javv01GMYkjajQhGOl+q6TaC/DUjPCaV4ZpIommEzwiPYNChxR5WXzJXJ0apQhCmNpjtBorv6eyHCk1DQKTGeE9VgtezPxP6+f6vDKy5hIUk0FWTwUphzpGM0SQUMmKdF8agATycxfERljk4c2uVVMCO7yyqvQadRdp+7eXdSajSKOMlThBM7AhUtowi20oA0EHuEZXuHNerJerHfrY9FasoqZY/hT1ucPDTmWXg==</latexit><latexit sha1_base64="nui6JmxABcgx8cJ9c6qX1wGhgbY=">AAACBHicbZDLSsNAFIZP6q3WW9RlN4NFEISSFEE3QsGNywr2Am0Ik+mkHTqZhJmJUEIWbnwVNy4UcetDuPNtnLZZaOuBYT7+/xxmzh8knCntON9WaW19Y3OrvF3Z2d3bP7APjzoqTiWhbRLzWPYCrChngrY105z2EklxFHDaDSY3M7/7QKVisbjX04R6ER4JFjKCtZF8u5r4DF2jQSgxyYThc+TmmTBXlPt2zak780Kr4BZQg6Javv01GMYkjajQhGOl+q6TaC/DUjPCaV4ZpIommEzwiPYNChxR5WXzJXJ0apQhCmNpjtBorv6eyHCk1DQKTGeE9VgtezPxP6+f6vDKy5hIUk0FWTwUphzpGM0SQUMmKdF8agATycxfERljk4c2uVVMCO7yyqvQadRdp+7eXdSajSKOMlThBM7AhUtowi20oA0EHuEZXuHNerJerHfrY9FasoqZY/hT1ucPDTmWXg==</latexit><latexit sha1_base64="nui6JmxABcgx8cJ9c6qX1wGhgbY=">AAACBHicbZDLSsNAFIZP6q3WW9RlN4NFEISSFEE3QsGNywr2Am0Ik+mkHTqZhJmJUEIWbnwVNy4UcetDuPNtnLZZaOuBYT7+/xxmzh8knCntON9WaW19Y3OrvF3Z2d3bP7APjzoqTiWhbRLzWPYCrChngrY105z2EklxFHDaDSY3M7/7QKVisbjX04R6ER4JFjKCtZF8u5r4DF2jQSgxyYThc+TmmTBXlPt2zak780Kr4BZQg6Javv01GMYkjajQhGOl+q6TaC/DUjPCaV4ZpIommEzwiPYNChxR5WXzJXJ0apQhCmNpjtBorv6eyHCk1DQKTGeE9VgtezPxP6+f6vDKy5hIUk0FWTwUphzpGM0SQUMmKdF8agATycxfERljk4c2uVVMCO7yyqvQadRdp+7eXdSajSKOMlThBM7AhUtowi20oA0EHuEZXuHNerJerHfrY9FasoqZY/hT1ucPDTmWXg==</latexit>

pi =
ni + 1

n+ 2
<latexit sha1_base64="DXXRcMZfDoJN7rGM4WUi9OwLfO4=">AAACBHicbZDLSsNAFIZPvNZ6i7rsZrAIglCSItiNUHDjsoK9QBvCZDpph04mYWYilJCFG1/FjQtF3PoQ7nwbp20W2npgmI//P4eZ8wcJZ0o7zre1tr6xubVd2inv7u0fHNpHxx0Vp5LQNol5LHsBVpQzQduaaU57iaQ4CjjtBpObmd99oFKxWNzraUK9CI8ECxnB2ki+XUl8hq7RIJSYZMLwBXLzTJirnvt21ak580Kr4BZQhaJavv01GMYkjajQhGOl+q6TaC/DUjPCaV4epIommEzwiPYNChxR5WXzJXJ0ZpQhCmNpjtBorv6eyHCk1DQKTGeE9VgtezPxP6+f6rDhZUwkqaaCLB4KU450jGaJoCGTlGg+NYCJZOaviIyxyUOb3MomBHd55VXo1GuuU3PvLqvNRhFHCSpwCufgwhU04RZa0AYCj/AMr/BmPVkv1rv1sWhds4qZE/hT1ucPtVGWKQ==</latexit><latexit sha1_base64="DXXRcMZfDoJN7rGM4WUi9OwLfO4=">AAACBHicbZDLSsNAFIZPvNZ6i7rsZrAIglCSItiNUHDjsoK9QBvCZDpph04mYWYilJCFG1/FjQtF3PoQ7nwbp20W2npgmI//P4eZ8wcJZ0o7zre1tr6xubVd2inv7u0fHNpHxx0Vp5LQNol5LHsBVpQzQduaaU57iaQ4CjjtBpObmd99oFKxWNzraUK9CI8ECxnB2ki+XUl8hq7RIJSYZMLwBXLzTJirnvt21ak580Kr4BZQhaJavv01GMYkjajQhGOl+q6TaC/DUjPCaV4epIommEzwiPYNChxR5WXzJXJ0ZpQhCmNpjtBorv6eyHCk1DQKTGeE9VgtezPxP6+f6rDhZUwkqaaCLB4KU450jGaJoCGTlGg+NYCJZOaviIyxyUOb3MomBHd55VXo1GuuU3PvLqvNRhFHCSpwCufgwhU04RZa0AYCj/AMr/BmPVkv1rv1sWhds4qZE/hT1ucPtVGWKQ==</latexit><latexit sha1_base64="DXXRcMZfDoJN7rGM4WUi9OwLfO4=">AAACBHicbZDLSsNAFIZPvNZ6i7rsZrAIglCSItiNUHDjsoK9QBvCZDpph04mYWYilJCFG1/FjQtF3PoQ7nwbp20W2npgmI//P4eZ8wcJZ0o7zre1tr6xubVd2inv7u0fHNpHxx0Vp5LQNol5LHsBVpQzQduaaU57iaQ4CjjtBpObmd99oFKxWNzraUK9CI8ECxnB2ki+XUl8hq7RIJSYZMLwBXLzTJirnvt21ak580Kr4BZQhaJavv01GMYkjajQhGOl+q6TaC/DUjPCaV4epIommEzwiPYNChxR5WXzJXJ0ZpQhCmNpjtBorv6eyHCk1DQKTGeE9VgtezPxP6+f6rDhZUwkqaaCLB4KU450jGaJoCGTlGg+NYCJZOaviIyxyUOb3MomBHd55VXo1GuuU3PvLqvNRhFHCSpwCufgwhU04RZa0AYCj/AMr/BmPVkv1rv1sWhds4qZE/hT1ucPtVGWKQ==</latexit><latexit sha1_base64="DXXRcMZfDoJN7rGM4WUi9OwLfO4=">AAACBHicbZDLSsNAFIZPvNZ6i7rsZrAIglCSItiNUHDjsoK9QBvCZDpph04mYWYilJCFG1/FjQtF3PoQ7nwbp20W2npgmI//P4eZ8wcJZ0o7zre1tr6xubVd2inv7u0fHNpHxx0Vp5LQNol5LHsBVpQzQduaaU57iaQ4CjjtBpObmd99oFKxWNzraUK9CI8ECxnB2ki+XUl8hq7RIJSYZMLwBXLzTJirnvt21ak580Kr4BZQhaJavv01GMYkjajQhGOl+q6TaC/DUjPCaV4epIommEzwiPYNChxR5WXzJXJ0ZpQhCmNpjtBorv6eyHCk1DQKTGeE9VgtezPxP6+f6rDhZUwkqaaCLB4KU450jGaJoCGTlGg+NYCJZOaviIyxyUOb3MomBHd55VXo1GuuU3PvLqvNRhFHCSpwCufgwhU04RZa0AYCj/AMr/BmPVkv1rv1sWhds4qZE/hT1ucPtVGWKQ==</latexit>

MAP Naïve Bayes



Training Naïve Bayes is just 
estimating conditional 
probabilities.

Thus training is just 
counting.



• This is spam:

Who was crazy enough to think of that?

Let’s get Bayesian on your spam:
Content analysis details:   (49.5 hits, 7.0 required)
0.9 RCVD_IN_PBL            RBL: Received via a relay in Spamhaus PBL

[93.40.189.29 listed in zen.spamhaus.org]
1.5 URIBL_WS_SURBL         Contains an URL listed in the WS SURBL blocklist

[URIs: recragas.cn]
5.0 URIBL_JP_SURBL         Contains an URL listed in the JP SURBL blocklist

[URIs: recragas.cn]
5.0 URIBL_OB_SURBL         Contains an URL listed in the OB SURBL blocklist

[URIs: recragas.cn]
5.0 URIBL_SC_SURBL         Contains an URL listed in the SC SURBL blocklist

[URIs: recragas.cn]
2.0 URIBL_BLACK            Contains an URL listed in the URIBL blacklist

[URIs: recragas.cn]
8.0 BAYES_99               BODY: Bayesian spam probability is 99 to 100%

[score: 1.0000]

What is Bayes Doing in my Mail Server



• The constant battle with spam

Source:  http://www.google.com/mail/help/fightspam/spamexplained.html

“And machine-learning algorithms developed to merge and rank large sets of 
Google search results allow us to combine hundreds of factors to classify spam.”

Spam, Spam… Go Away!



• Want to predict if an email is spam or not
§ Start with the input data

o Consider a lexicon of m words (Note: in English m » 100,000)

o Define m indicator variables X = <X1, X2, …, Xm>

o Each variable Xi denotes if word i appeared in a document or not

o Note: m is huge, so make “Naive Bayes” assumption

§ Define output classes Y to be: {spam, non-spam}

§ Given training set of N previous emails
o For each email message, we have a training instance:                  

X = <X1, X2, …, Xm> noting for each word, if it appeared in email

o Each email message is also marked as spam or not (value of Y)

Email Classification



• Given N training pairs:
(x(1),y(1)), (x(2),y(2)), …, (x(n), y(n)) 

• Learning
§ Estimate probabilities P(y) and P(xi | y) for all i

o Many words are likely to not appear at all in given set of email

§ Laplace estimate:

• Classification
§ For a new email, generate X = <X1, X2, …, Xm>
§ Classify as spam or not using:

§ Employ Naive Bayes assumption:

2emails spam # total
1)  with wordemails spam (#)|1(ˆ

+
+

===
ispamYXp Laplacei

Training the Classifier

P (x|y) =
Y

i

P (xi|y)

ŷ = argmax
y2{0,1}

P̂ (x|y)P̂ (y) = argmax
y2{0,1}

P̂ (x1|y)P̂ (x2|y)P̂ (y)
<latexit sha1_base64="5nd1B89oecg1y53yxZxFNtjcBBQ="></latexit><latexit sha1_base64="5nd1B89oecg1y53yxZxFNtjcBBQ="></latexit><latexit sha1_base64="5nd1B89oecg1y53yxZxFNtjcBBQ="></latexit><latexit sha1_base64="5nd1B89oecg1y53yxZxFNtjcBBQ="></latexit>



• After training, can test with another set of data
§ “Testing” set also has known values for Y, so we can 

see how often we were right/wrong in predictions for Y

§ Spam data
o Email data set: 1789 emails (1578 spam, 211 non-spam)
o First, 1538 email messages (by time) used for training
o Next 251 messages used to test learned classifier

§ Criteria:
o Precision = # correctly predicted class Y/ # predicted class Y
o Recall = # correctly predicted class Y / # real class Y messages

Spam Non-spam
Precision Recall Precision Recall

Words only 97.1% 94.3% 87.7% 93.4%
Words + add’l features 100% 98.3% 96.2% 100%

How Does This Do?



Naïve Bayes Classification



g!(x)?

ŷ

x



g!(x)?

ŷ

[0, 1, 1, 0]
x



g!(x)?

ŷ
argmax
y={0,1}

P (y|x)

[0, 1, 1, 0]
x



g!(x)?

ŷ
P (y|x)y = 0

0.62

[0, 1, 1, 0]
x



g!(x)?

ŷ
P (y|x)

y = 1

0.38

[0, 1, 1, 0]
x



g!(x)?

ŷ
argmax
y={0,1}

P (y|x)

[0, 1, 1, 0]
x



g!(x)?

argmax
y={0,1}

P (y|x)

[0, 1, 1, 0]
x

ŷ = 0
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Simply chose the class label that is the most likely 
given the data. Make Naïve Bayes assumption

ŷ = g(x)

= argmax
y={0,1}

P (Y = y|X = x)

= argmax
y={0,1}

P (Y = y)P (X = x|Y = y)

P (X = x)

= argmax
y={0,1}

P (Y = y)P (X = x|Y = y)

= argmax
y={0,1}

P (Y = y)
Y

i

P (Xi = xi|Y = y)

= argmax
y={0,1}

logP (Y = y) +
X

i

logP (Xi = xi|Y = y)
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Simply chose the class label that is the most likely 
given the data. Make Naïve Bayes assumption

ŷ = g(x)

= argmax
y={0,1}

P (Y = y|X = x)

= argmax
y={0,1}

P (Y = y)P (X = x|Y = y)

P (X = x)

= argmax
y={0,1}

P (Y = y)P (X = x|Y = y)

= argmax
y={0,1}

P (Y = y)
Y

i

P (Xi = xi|Y = y)

= argmax
y={0,1}

logP (Y = y) +
X

i

logP (Xi = xi|Y = y)
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Simply chose the class label that is the most likely 
given the data. Make Naïve Bayes assumption

Woot, Bayes!
ŷ = g(x)

= argmax
y={0,1}

P (Y = y|X = x)

= argmax
y={0,1}

P (Y = y)P (X = x|Y = y)

P (X = x)

= argmax
y={0,1}

P (Y = y)P (X = x|Y = y)

= argmax
y={0,1}

P (Y = y)
Y

i

P (Xi = xi|Y = y)

= argmax
y={0,1}

logP (Y = y) +
X

i

logP (Xi = xi|Y = y)
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Simply chose the class label that is the most likely 
given the data. Make Naïve Bayes assumption

argmax is 
unaffected 
by P(X)

ŷ = g(x)

= argmax
y={0,1}

P (Y = y|X = x)

= argmax
y={0,1}

P (Y = y)P (X = x|Y = y)

P (X = x)

= argmax
y={0,1}

P (Y = y)P (X = x|Y = y)

= argmax
y={0,1}

P (Y = y)
Y

i

P (Xi = xi|Y = y)

= argmax
y={0,1}

logP (Y = y) +
X

i

logP (Xi = xi|Y = y)
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Simply chose the class label that is the most likely 
given the data. Make Naïve Bayes assumption

Naïve Bayes 
Assumption

ŷ = g(x)

= argmax
y={0,1}

P (Y = y|X = x)

= argmax
y={0,1}

P (Y = y)P (X = x|Y = y)

P (X = x)

= argmax
y={0,1}

P (Y = y)P (X = x|Y = y)

= argmax
y={0,1}

P (Y = y)
Y

i

P (Xi = xi|Y = y)

= argmax
y={0,1}

logP (Y = y) +
X

i

logP (Xi = xi|Y = y)
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Simply chose the class label that is the most likely 
given the data. Make Naïve Bayes assumption

Argmax of log

ŷ = g(x)

= argmax
y={0,1}

P (Y = y|X = x)

= argmax
y={0,1}

P (Y = y)P (X = x|Y = y)

P (X = x)

= argmax
y={0,1}

P (Y = y)P (X = x|Y = y)

= argmax
y={0,1}

P (Y = y)
Y

i

P (Xi = xi|Y = y)

= argmax
y={0,1}

logP (Y = y) +
X

i

logP (Xi = xi|Y = y)



• Various probabilities you will need to compute for 
Naive Bayesian Classifier (using MLE here):

Computing Probabilities from Data

p̂(Xi = 1|Y = 0) =
(# training examples where Xi = 1 and Y = 0)

(# training examples where Y = 0)

p̂(Y = 1) =
(# training examples where Y = 1)

(# training examples)



Deeper Understanding



Brute Force Bayes Bayes Net

X1
X2 Xn

Y

P (Xi = xi)
<latexit sha1_base64="H9WuPa0n2Kij29RA5WuSt1bUifs=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0mKoBeh4MVjBfsBbQib7aRdutmE3Y1YSv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZF6aCa+O6387a+sbm1nZhp7i7t39wWDo6bukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wdDvz24+oNE/kgxmn6Md0IHnEGTVW6jUqnYCTG/IU8IugVHar7hxklXg5KUOORlD66vUTlsUoDRNU667npsafUGU4Ezgt9jKNKWUjOsCupZLGqP3J/OYpObdKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx07U+4TDODki0WRZkgJiGzAEifK2RGjC2hTHF7K2FDqigzNqaiDcFbfnmVtGpVz61695flei2PowCncAYV8OAK6nAHDWgCgxSe4RXenMx5cd6dj0XrmpPPnMAfOJ8/IBOQYA==</latexit><latexit sha1_base64="H9WuPa0n2Kij29RA5WuSt1bUifs=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0mKoBeh4MVjBfsBbQib7aRdutmE3Y1YSv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZF6aCa+O6387a+sbm1nZhp7i7t39wWDo6bukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wdDvz24+oNE/kgxmn6Md0IHnEGTVW6jUqnYCTG/IU8IugVHar7hxklXg5KUOORlD66vUTlsUoDRNU667npsafUGU4Ezgt9jKNKWUjOsCupZLGqP3J/OYpObdKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx07U+4TDODki0WRZkgJiGzAEifK2RGjC2hTHF7K2FDqigzNqaiDcFbfnmVtGpVz61695flei2PowCncAYV8OAK6nAHDWgCgxSe4RXenMx5cd6dj0XrmpPPnMAfOJ8/IBOQYA==</latexit><latexit sha1_base64="H9WuPa0n2Kij29RA5WuSt1bUifs=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0mKoBeh4MVjBfsBbQib7aRdutmE3Y1YSv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZF6aCa+O6387a+sbm1nZhp7i7t39wWDo6bukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wdDvz24+oNE/kgxmn6Md0IHnEGTVW6jUqnYCTG/IU8IugVHar7hxklXg5KUOORlD66vUTlsUoDRNU667npsafUGU4Ezgt9jKNKWUjOsCupZLGqP3J/OYpObdKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx07U+4TDODki0WRZkgJiGzAEifK2RGjC2hTHF7K2FDqigzNqaiDcFbfnmVtGpVz61695flei2PowCncAYV8OAK6nAHDWgCgxSe4RXenMx5cd6dj0XrmpPPnMAfOJ8/IBOQYA==</latexit><latexit sha1_base64="H9WuPa0n2Kij29RA5WuSt1bUifs=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0mKoBeh4MVjBfsBbQib7aRdutmE3Y1YSv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZF6aCa+O6387a+sbm1nZhp7i7t39wWDo6bukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wdDvz24+oNE/kgxmn6Md0IHnEGTVW6jUqnYCTG/IU8IugVHar7hxklXg5KUOORlD66vUTlsUoDRNU667npsafUGU4Ezgt9jKNKWUjOsCupZLGqP3J/OYpObdKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XzUx07U+4TDODki0WRZkgJiGzAEifK2RGjC2hTHF7K2FDqigzNqaiDcFbfnmVtGpVz61695flei2PowCncAYV8OAK6nAHDWgCgxSe4RXenMx5cd6dj0XrmpPPnMAfOJ8/IBOQYA==</latexit>

P (Y = y|Parents of Y take on specified values)
<latexit sha1_base64="jnGFUtj7YJtdtRjL1PjaHeiznIw="></latexit><latexit sha1_base64="jnGFUtj7YJtdtRjL1PjaHeiznIw="></latexit><latexit sha1_base64="jnGFUtj7YJtdtRjL1PjaHeiznIw="></latexit><latexit sha1_base64="jnGFUtj7YJtdtRjL1PjaHeiznIw="></latexit>

Parameters:



Naïve Bayes Bayes Net

X1

X2
Xn

Y Assumption:

P (x, y) = P (y)
Y

i

P (xi|y)
<latexit sha1_base64="OLNO0qVYLvYYQTjxUipTi53Wne0=">AAACE3icbVDLSgMxFM34rPU16tJNsAhVpMwUQTdCwY3LCvYBbRkymUwbmpkMyR1pGfsPbvwVNy4UcevGnX9j+lho64EkJ+fcS3KPnwiuwXG+raXlldW19dxGfnNre2fX3tuva5kqympUCqmaPtFM8JjVgINgzUQxEvmCNfz+9dhv3DOluYzvYJiwTkS6MQ85JWAkzz6tFtvABuCH2WB0hocn+ApXi+ZoJ0oGHjeXgdkfjOPZBafkTIAXiTsjBTRD1bO/2oGkacRioIJo3XKdBDoZUcCpYKN8O9UsIbRPuqxlaEwipjvZZKYRPjZKgEOpzIoBT9TfHRmJtB5GvqmMCPT0vDcW//NaKYSXnYzHSQosptOHwlRgkHgcEA64YhTE0BBCFTd/xbRHFKFgYsybENz5kRdJvVxynZJ7e16olGdx5NAhOkJF5KILVEE3qIpqiKJH9Ixe0Zv1ZL1Y79bHtHTJmvUcoD+wPn8AMnubxA==</latexit><latexit sha1_base64="OLNO0qVYLvYYQTjxUipTi53Wne0=">AAACE3icbVDLSgMxFM34rPU16tJNsAhVpMwUQTdCwY3LCvYBbRkymUwbmpkMyR1pGfsPbvwVNy4UcevGnX9j+lho64EkJ+fcS3KPnwiuwXG+raXlldW19dxGfnNre2fX3tuva5kqympUCqmaPtFM8JjVgINgzUQxEvmCNfz+9dhv3DOluYzvYJiwTkS6MQ85JWAkzz6tFtvABuCH2WB0hocn+ApXi+ZoJ0oGHjeXgdkfjOPZBafkTIAXiTsjBTRD1bO/2oGkacRioIJo3XKdBDoZUcCpYKN8O9UsIbRPuqxlaEwipjvZZKYRPjZKgEOpzIoBT9TfHRmJtB5GvqmMCPT0vDcW//NaKYSXnYzHSQosptOHwlRgkHgcEA64YhTE0BBCFTd/xbRHFKFgYsybENz5kRdJvVxynZJ7e16olGdx5NAhOkJF5KILVEE3qIpqiKJH9Ixe0Zv1ZL1Y79bHtHTJmvUcoD+wPn8AMnubxA==</latexit><latexit sha1_base64="OLNO0qVYLvYYQTjxUipTi53Wne0=">AAACE3icbVDLSgMxFM34rPU16tJNsAhVpMwUQTdCwY3LCvYBbRkymUwbmpkMyR1pGfsPbvwVNy4UcevGnX9j+lho64EkJ+fcS3KPnwiuwXG+raXlldW19dxGfnNre2fX3tuva5kqympUCqmaPtFM8JjVgINgzUQxEvmCNfz+9dhv3DOluYzvYJiwTkS6MQ85JWAkzz6tFtvABuCH2WB0hocn+ApXi+ZoJ0oGHjeXgdkfjOPZBafkTIAXiTsjBTRD1bO/2oGkacRioIJo3XKdBDoZUcCpYKN8O9UsIbRPuqxlaEwipjvZZKYRPjZKgEOpzIoBT9TfHRmJtB5GvqmMCPT0vDcW//NaKYSXnYzHSQosptOHwlRgkHgcEA64YhTE0BBCFTd/xbRHFKFgYsybENz5kRdJvVxynZJ7e16olGdx5NAhOkJF5KILVEE3qIpqiKJH9Ixe0Zv1ZL1Y79bHtHTJmvUcoD+wPn8AMnubxA==</latexit><latexit sha1_base64="OLNO0qVYLvYYQTjxUipTi53Wne0=">AAACE3icbVDLSgMxFM34rPU16tJNsAhVpMwUQTdCwY3LCvYBbRkymUwbmpkMyR1pGfsPbvwVNy4UcevGnX9j+lho64EkJ+fcS3KPnwiuwXG+raXlldW19dxGfnNre2fX3tuva5kqympUCqmaPtFM8JjVgINgzUQxEvmCNfz+9dhv3DOluYzvYJiwTkS6MQ85JWAkzz6tFtvABuCH2WB0hocn+ApXi+ZoJ0oGHjeXgdkfjOPZBafkTIAXiTsjBTRD1bO/2oGkacRioIJo3XKdBDoZUcCpYKN8O9UsIbRPuqxlaEwipjvZZKYRPjZKgEOpzIoBT9TfHRmJtB5GvqmMCPT0vDcW//NaKYSXnYzHSQosptOHwlRgkHgcEA64YhTE0BBCFTd/xbRHFKFgYsybENz5kRdJvVxynZJ7e16olGdx5NAhOkJF5KILVEE3qIpqiKJH9Ixe0Zv1ZL1Y79bHtHTJmvUcoD+wPn8AMnubxA==</latexit>

Parameters:
P (Xi = xi|Parents of Xi take on specified values)

<latexit sha1_base64="XyH9YvAoTTM5CdRx/FvT6Y0C2Zg="></latexit><latexit sha1_base64="XyH9YvAoTTM5CdRx/FvT6Y0C2Zg="></latexit><latexit sha1_base64="XyH9YvAoTTM5CdRx/FvT6Y0C2Zg="></latexit><latexit sha1_base64="XyH9YvAoTTM5CdRx/FvT6Y0C2Zg="></latexit>

P (Y = y)
<latexit sha1_base64="Z+/RrWq4z+ybQa9CAgqcH/HRFXk=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuEfQiFLx4rGA/pF1KNs22oUl2TbLCsvRPePGgiFf/jjf/jWm7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVtHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHIz8ztPVGkWyXuTxtQXeCRZyAg2Vuo2qw/oGqXng3LFrblzoFXi5aQCOZqD8ld/GJFEUGkIx1r3PDc2foaVYYTTaamfaBpjMsEj2rNUYkG1n83vnaIzqwxRGClb0qC5+nsiw0LrVAS2U2Az1sveTPzP6yUmvPIzJuPEUEkWi8KEIxOh2fNoyBQlhqeWYKKYvRWRMVaYGBtRyYbgLb+8Str1mufWvLuLSqOex1GEEziFKnhwCQ24hSa0gACHZ3iFN+fReXHenY9Fa8HJZ47hD5zPHyS4jqo=</latexit><latexit sha1_base64="Z+/RrWq4z+ybQa9CAgqcH/HRFXk=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuEfQiFLx4rGA/pF1KNs22oUl2TbLCsvRPePGgiFf/jjf/jWm7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVtHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHIz8ztPVGkWyXuTxtQXeCRZyAg2Vuo2qw/oGqXng3LFrblzoFXi5aQCOZqD8ld/GJFEUGkIx1r3PDc2foaVYYTTaamfaBpjMsEj2rNUYkG1n83vnaIzqwxRGClb0qC5+nsiw0LrVAS2U2Az1sveTPzP6yUmvPIzJuPEUEkWi8KEIxOh2fNoyBQlhqeWYKKYvRWRMVaYGBtRyYbgLb+8Str1mufWvLuLSqOex1GEEziFKnhwCQ24hSa0gACHZ3iFN+fReXHenY9Fa8HJZ47hD5zPHyS4jqo=</latexit><latexit sha1_base64="Z+/RrWq4z+ybQa9CAgqcH/HRFXk=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuEfQiFLx4rGA/pF1KNs22oUl2TbLCsvRPePGgiFf/jjf/jWm7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVtHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHIz8ztPVGkWyXuTxtQXeCRZyAg2Vuo2qw/oGqXng3LFrblzoFXi5aQCOZqD8ld/GJFEUGkIx1r3PDc2foaVYYTTaamfaBpjMsEj2rNUYkG1n83vnaIzqwxRGClb0qC5+nsiw0LrVAS2U2Az1sveTPzP6yUmvPIzJuPEUEkWi8KEIxOh2fNoyBQlhqeWYKKYvRWRMVaYGBtRyYbgLb+8Str1mufWvLuLSqOex1GEEziFKnhwCQ24hSa0gACHZ3iFN+fReXHenY9Fa8HJZ47hD5zPHyS4jqo=</latexit><latexit sha1_base64="Z+/RrWq4z+ybQa9CAgqcH/HRFXk=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuEfQiFLx4rGA/pF1KNs22oUl2TbLCsvRPePGgiFf/jjf/jWm7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVtHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHIz8ztPVGkWyXuTxtQXeCRZyAg2Vuo2qw/oGqXng3LFrblzoFXi5aQCOZqD8ld/GJFEUGkIx1r3PDc2foaVYYTTaamfaBpjMsEj2rNUYkG1n83vnaIzqwxRGClb0qC5+nsiw0LrVAS2U2Az1sveTPzP6yUmvPIzJuPEUEkWi8KEIxOh2fNoyBQlhqeWYKKYvRWRMVaYGBtRyYbgLb+8Str1mufWvLuLSqOex1GEEziFKnhwCQ24hSa0gACHZ3iFN+fReXHenY9Fa8HJZ47hD5zPHyS4jqo=</latexit>


