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Classification Task
Heart Ancestry

Netflix
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Training Data

(x(1), y(1)), (x(2), y(2)), . . . (x(n), y(n))

Assume IID data:

m = |x(i)|

n training datapoints

Each datapoint has m features and a single output



Training: Heart Disease Classifier

Heart 1

Heart 2

Heart n

ROI 1 ROI 2 ROI m Output

0 1 1 0

1 1 1 0

0 0 0 1

…

… …

g!(X) 



New 
Heart

ROI 1 ROI 2 ROI m Output

1 0 1

…

1

g!(X) 

Testing: Heart Disease Classifier



Naïve Bayes Classification



g!(x)?
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Making a prediction…
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[0, 1, 1, 0]
x

Making a prediction…



g!(x)?

ŷ
argmax
y={0,1}

P (y|x)

[0, 1, 1, 0]
x

Making a prediction…



g!(x)?

ŷ
P (y|x)y = 0

0.62

[0, 1, 1, 0]
x

Making a prediction…



g!(x)?

ŷ
P (y|x)

y = 1

0.38

[0, 1, 1, 0]
x

Making a prediction…



g!(x)?

ŷ
argmax
y={0,1}

P (y|x)

[0, 1, 1, 0]
x

Making a prediction…



g!(x)?

argmax
y={0,1}

P (y|x)

[0, 1, 1, 0]
x

ŷ = 0

Making a prediction…



Naïve Bayes Assumption:

P (x|y) =
Y

i

P (xi|y)

Big Assumption



Pr
ed
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n
Simply chose the class label that is the most likely 

given the data. Make Naïve Bayes assumption

ŷ = g(x)

= argmax
y={0,1}

P (Y = y|X = x)

= argmax
y={0,1}

P (Y = y)P (X = x|Y = y)

P (X = x)

= argmax
y={0,1}

P (Y = y)P (X = x|Y = y)

= argmax
y={0,1}

P (Y = y)
Y

i

P (Xi = xi|Y = y)

= argmax
y={0,1}

logP (Y = y) +
X

i

logP (Xi = xi|Y = y)

Must learn params for this Must learn params for this



• Various probabilities you will need to compute for Naive Bayesian 
Classifier (using MLE here):

Learning Probabilities from Data

p̂(Xi = 1|Y = 0) =
(# training examples where Xi = 1 and Y = 0)

(# training examples where Y = 0)

p̂(Y = 1) =
(# training examples where Y = 1)

(# training examples)



• Various probabilities you will need to compute for Naive Bayesian 
Classifier (using MAP with Laplace prior here):

Learning Probabilities from Data

p̂(Xi = 1|Y = 0) =
(# training examples where Xi = 1 and Y = 0)

(# training examples where Y = 0)

p̂(Y = 1) =
(# training examples where Y = 1)

(# training examples)

2

2
1

1
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Logistic Regression



Machine Learning Dependencies

Parameter Estimation
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Core 
Algorithms

Great Idea



Chapter 0: Background



Background: Sigmoid Function

�(z) =
1

1 + e�z

z

The sigmoid function squashes z to be a number between 0 and 1

Caution: 
different use of sigma



Background: Dot Product

! " # = !%# = ∑'()* !'#' = !)#) + … + !*#*
If !, # ∈ ℛ*, then:

3
345

! " # = 3
345

(!)#) + … + !*#*) = 3
345

!'#' = #'

Partial Derivative:

∇4! " # =
9
9!)

! " #, … , 99!*
! " #

Gradient:

= #), … , #* = #



Background: Key Notation

�(z) =
1

1 + e�z

✓Tx =
nX

i=1

✓ixi

= ✓1x1 + ✓2x2 + · · ·+ ✓nxn

�(✓Tx) =
1

1 + e�✓Tx

Sigmoid function

Weighted sum 
(aka dot product)

Sigmoid function of
weighted sum



Background: Chain Rule

@f(x)

@x
=

@f(z)

@z
· @z
@x

Who knew calculus would be so useful?

f(x) = f(z(x))
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Aka decomposition of composed functions



Chapter 1: Big Picture



• In classification we care about P(Y | X)

• Recall the Naive Bayes Classifier
§ Predict P(Y | X)

§ Use assumption that

§ That is a pretty big assumption…

• Could we model P(Y | X) directly?
§ Welcome our friend: logistic regression!

Õ
=

==
m

i
im YXPYXXXPYP

1
21 )|()|,...,()|(X

From Naïve Bayes to Logistic Regression



• Could we model P(Y | X) directly?
§ Welcome our friend: logistic regression!

x, ✓ P (Y = 1|x)

0.81[1, 1, 0]

Logistic Regression Assumption



• Could we model P(Y | X) directly?
§ Welcome our friend: logistic regression!

x, ✓ P (Y = 1|x)

0.81[1, 1, 0]

Logistic Regression Assumption

P (Y = 1|X = x) = �
⇣X

i

✓ixi

⌘



Logistic Regression

P (Y = 1|X = x) = �
⇣X

i

✓ixi

⌘



Logistic Regression

P (Y = 1|X = x) = �
⇣X

i

✓ixi

⌘



Logistic Regression

P (Y = 1|X = x) = �
⇣X

i

✓ixi

⌘
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Logistic Regression Cartoon
x0

x1

x2

x3

✓0

✓1

✓2

✓3
P (Y = 1|x)

z =
 2.1

σ(z) 
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P (Y = 1|X = x) = �
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✓ixi

⌘



+

Inputs  x = [0, 1, 1]

x0

x1

x2

x3

✓0

✓1

✓2

✓3
P (Y = 1|x)

z =
 2.1 
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P (Y = 1|X = x) = �
⇣X

i

✓ixi

⌘



+

Inputs
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⌘



+

Inputs + Output
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Inputs
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Weights
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x3
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z =
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Weighed Sum
x0

x1
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x3
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Squashing Function
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Prediction
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x0

x1

x2

x3

✓0

✓1

✓2

✓3
P (Y = 1|x)

z =
 2.1 

σ(z) 
= 0.7

Parameters Affect Prediction
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P (Y = 1|x)

z =
 -1.5 

σ(z) 
= 0.4

Parameters Affect Prediction

P (Y = 1|X = x) = �
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Different Predictions for Different Inputs
x0

x1

x2

x3

✓0

✓1

✓2

✓3
P (Y = 1|x)

z =
 2.1 

σ(z) 
= 0.7

P (Y = 1|X = x) = �
⇣X

i

✓ixi

⌘



+

Different Predictions for Different Inputs
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+

Different Predictions for Different Inputs
x0

x1

x2

x3

✓0

✓1

✓2

✓3
P (Y = 1|x)

z =
 -1.9 

σ(z) 
= 0.3

P (Y = 1|X = x) = �
⇣X

i

✓ixi

⌘



• Model conditional likelihood P(Y | X) directly
§ Model this probability with logistic function:

§ For simplicity define               so

§ Since P(Y = 0 | X) + P(Y = 1 | X) = 1:

Logistic Regression Assumption

P (Y = 1|X) = �(z) where z = ✓0 +
mX

i=1

✓ixi

�(z) =
1

1 + e�z

Recall:
Sigmoid function

x0 = 1 z = ✓Tx

P (Y = 1|X = x) = �(✓Tx)

P (Y = 0|X = x) = 1� �(✓Tx)
P (Y = 1|X = x) = �(✓Tx)

P (Y = 0|X = x) = 1� �(✓Tx)



Logistic Regression Assumption:

Big Assumption

P (Y = 1|X = x) = �(✓Tx)

P (Y = 0|X = x) = 1� �(✓Tx)



Note: inflection point at z = 0.  f(0) = 0.5

ze
zf -+
=
1
1)(

z

Want to distinguish y = 1 (blue) 
points from y = 0 (red) points

The Sigmoid Function



What is in a Name

Classification AlgorithmsRegression Algorithms

Linear Regression Naïve Bayes

Logistic Regression

Awesome classifier, 
terrible name



What makes for a “smart” 
logistic regression algorithm?



Logistic regression gets its 
intelligence from its 
thetas (aka its parameters)



+

x0

x1

x2

x3

✓0

✓1

✓2

✓3
P (Y = 1|x)

z =
 -1.5 

σ(z) 
= 0.4

How Do We Learn Parameters?
Let’s say that:
x = [1, 0, 1, 1]

y = 1

P (Y = 1|X = x) = �
⇣X

i

✓ixi

⌘
= 0.4

Data looks 
unlikely
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P (Y = 1|x)

z =
 -1.5 

σ(z) 
= 0.4

How Do We Learn Parameters?
Let’s say that:
x = [1, 0, 1, 1]

y = 1

P (Y = 1|X = x) = �
⇣X

i

✓ixi

⌘
= 0.4

Data looks 
unlikely
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x0

x1

x2

x3

✓0

✓1

✓2

✓3
P (Y = 1|x)

z =
 2.1 

σ(z) 
= 0.9

How Do We Learn Parameters?
Let’s say that:
x = [1, 0, 1, 1]

y = 1

Data is much 
more likely!P (Y = 1|X = x) = �

⇣X

i

✓ixi

⌘
= 0.9



Maximum Likelihood Estimation

Remember this?



Math for Logistic Regression

1

2

3

Make logistic regression assumption

P (Y = 1|X = x) = �(✓Tx)

P (Y = 0|X = x) = 1� �(✓Tx)

Calculate the log likelihood for all data

LL(✓) =
nX

i=0

y(i) log �(✓Tx(i)) + (1� y(i)) log[1� �(✓Tx(i))]

Get derivative of log likelihood with respect to thetas 

@LL(✓)

@✓j
=

nX

i=0

h
y(i) � �(✓Tx(i))

i
x(i)
j

Often
 call

 this
 

ŷ
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Gradient Ascent

Walk uphill and you will find a local maxima 
(if your step size is small enough)

Logistic regression 
LL function is 

convex



Gradient ascent is your 

bread and butter 
algorithm for optimization 
(eg argmax)



Gradient Ascent Step

@LL(✓)

@✓j
=

nX

i=0

h
y(i) � �(✓Tx(i))

i
x(i)
j

✓ new
j = ✓ old

j + ⌘ · @LL(✓
old)

@✓ old
j

= ✓ old
j + ⌘ ·

nX

i=0

h
y(i) � �(✓Tx(i))

i
x(i)
j

Do this
for all
thetas!

!1!2

LL(!)



What does this look like in code?

✓ new
j = ✓ old

j + ⌘ · @LL(✓
old)

@✓ old
j

= ✓ old
j + ⌘ ·

nX

i=0

h
y(i) � �(✓Tx(i))

i
x(i)
j



Initialize: θj = 0 for all 0 ≤ j ≤ m

Logistic Regression Training

Calculate all θj



Initialize: θj = 0 for all 0 ≤ j ≤ m

Logistic Regression Training

Repeat many times:

Calculate all gradient[j]’s based on data

!j += h * gradient[j] for all 0 ≤ j ≤ m

gradient[j] = 0 for all 0 ≤ j ≤ m



Initialize: θj = 0 for all 0 ≤ j ≤ m

Logistic Regression Training

Repeat many times:

For each training example (x, y):

For each parameter j:

!j += h * gradient[j] for all 0 ≤ j ≤ m

gradient[j] = 0 for all 0 ≤ j ≤ m

Update gradient[j] for current training 
example



Initialize: θj = 0 for all 0 ≤ j ≤ m

Logistic Regression Training

Repeat many times:

For each training example (x, y):

For each parameter j:

!j += h * gradient[j] for all 0 ≤ j ≤ m

gradient[j] = 0 for all 0 ≤ j ≤ m

gradient[j] += xj

⇣
y � 1

1 + e�✓Tx

⌘
gradient[j] 
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Don’t forget: 

xj is j-th input variable 
and x0 = 1.

Allows for θ0 to be an 
intercept.



• Training: determine parameters !j (for all 0 £ j £ m)

§ After parameters !j have been learned, test classifier

• To test classifier, for each new (test) instance X:
§ Compute: 

§ Classify instance as:

§ Note about evaluation set-up: parameters !j are not

updated during “testing” phase

å
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YPp
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p
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Classification with Logistic Regression

z = ✓Tx
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P (Y = 0|X = x) = 1� �(✓Tx)
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Prediction



Stretch!

SCPD Code:
Sigmoid

Noah




Chapter 2: How Come?



Logistic Regression

1

2

3

Make logistic regression assumption

P (Y = 1|X = x) = �(✓Tx)

P (Y = 0|X = x) = 1� �(✓Tx)

Calculate the log probability for all data

LL(✓) =
nX

i=0

y(i) log �(✓Tx(i)) + (1� y(i)) log[1� �(✓Tx(i))]

Get derivative of log probability with respect to thetas 

@LL(✓)

@✓j
=

nX

i=0

h
y(i) � �(✓Tx(i))

i
x(i)
j

Often
 call

 this
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How did we get that LL function?



§ Y ~ Ber(p)
§ Probability mass function:

Recall: PMF of Bernoulli

0 1

p

1 - p

PMF of Bernoulli PMF of Bernoulli (p = 0.2)

P (Y = y)

P (Y = y) = 0.2y(0.8)1�yP (Y = y) = py(1� p)1�y



Log Probability of Data

P (Y = 1|X = x) = �(✓Tx)

P (Y = 0|X = x) = 1� �(✓Tx)

LL(✓) =
nX

i=0

y(i) log �(✓Tx(i)) + (1� y(i)) log[1� �(✓Tx(i))]

P (Y = y|X = x) = �(✓Tx)y ·
⇥
1� �(✓Tx)

⇤(1�y)

L(✓) =
nY

i=1

P (Y = y(i)|X = x(i))

=
nY

i=1

�(✓Tx(i))y
(i)

·
h
1� �(✓Tx(i))

i(1�y(i))

Implies

For I
ID data

Take
 the

 log



How did we get that gradient?



Sigmoid has a Beautiful Slope

True fact about 
sigmoid functions

@

@✓j
�(z) = �(z)[1� �(z)]
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Sigmoid has a Beautiful Slope
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@

@✓j
�(✓Tx) =
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@z
�(z) · @z

@✓j

@

@✓j
�(✓Tx)?

Chain rule!

Plug and chug

where z = ✓Tx

@

@✓j
�(z) = �(z)[1� �(z)]
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@

@✓j
�(z) = �(z)[1� �(z)]

<latexit sha1_base64="Jn0S/eSJE803x+5zZlbIHZBzIoI=">AAACM3icbVDLSgNBEJz1bXxFPXoZDIIeDLsi6EUIehFPCiYRskvoncwmo7MPZnqFuOw/efFHPAjiQRGv/oOTZCG+Cgaqq7rp6fITKTTa9rM1MTk1PTM7N19aWFxaXimvrjV0nCrG6yyWsbryQXMpIl5HgZJfJYpD6Eve9G9OBn7zlist4ugS+wn3QuhGIhAM0Ejt8pkbKGCZm4BCAZLmY+pijyO0r3PqatENYftuh9Kjb0XLobvj0muXK3bVHoL+JU5BKqTAebv86HZiloY8QiZB65ZjJ+hlg/VM8rzkpponwG6gy1uGRhBy7WXDm3O6ZZQODWJlXoR0qH6fyCDUuh/6pjME7Onf3kD8z2ulGBx6mYiSFHnERouCVFKM6SBA2hGKM5R9Q4ApYf5KWQ9MiGhiLpkQnN8n/yWNvapjV52L/UrtuIhjjmyQTbJNHHJAauSUnJM6YeSePJFX8mY9WC/Wu/Uxap2wipl18gPW5xdae6lf</latexit><latexit sha1_base64="Jn0S/eSJE803x+5zZlbIHZBzIoI=">AAACM3icbVDLSgNBEJz1bXxFPXoZDIIeDLsi6EUIehFPCiYRskvoncwmo7MPZnqFuOw/efFHPAjiQRGv/oOTZCG+Cgaqq7rp6fITKTTa9rM1MTk1PTM7N19aWFxaXimvrjV0nCrG6yyWsbryQXMpIl5HgZJfJYpD6Eve9G9OBn7zlist4ugS+wn3QuhGIhAM0Ejt8pkbKGCZm4BCAZLmY+pijyO0r3PqatENYftuh9Kjb0XLobvj0muXK3bVHoL+JU5BKqTAebv86HZiloY8QiZB65ZjJ+hlg/VM8rzkpponwG6gy1uGRhBy7WXDm3O6ZZQODWJlXoR0qH6fyCDUuh/6pjME7Onf3kD8z2ulGBx6mYiSFHnERouCVFKM6SBA2hGKM5R9Q4ApYf5KWQ9MiGhiLpkQnN8n/yWNvapjV52L/UrtuIhjjmyQTbJNHHJAauSUnJM6YeSePJFX8mY9WC/Wu/Uxap2wipl18gPW5xdae6lf</latexit><latexit sha1_base64="Jn0S/eSJE803x+5zZlbIHZBzIoI=">AAACM3icbVDLSgNBEJz1bXxFPXoZDIIeDLsi6EUIehFPCiYRskvoncwmo7MPZnqFuOw/efFHPAjiQRGv/oOTZCG+Cgaqq7rp6fITKTTa9rM1MTk1PTM7N19aWFxaXimvrjV0nCrG6yyWsbryQXMpIl5HgZJfJYpD6Eve9G9OBn7zlist4ugS+wn3QuhGIhAM0Ejt8pkbKGCZm4BCAZLmY+pijyO0r3PqatENYftuh9Kjb0XLobvj0muXK3bVHoL+JU5BKqTAebv86HZiloY8QiZB65ZjJ+hlg/VM8rzkpponwG6gy1uGRhBy7WXDm3O6ZZQODWJlXoR0qH6fyCDUuh/6pjME7Onf3kD8z2ulGBx6mYiSFHnERouCVFKM6SBA2hGKM5R9Q4ApYf5KWQ9MiGhiLpkQnN8n/yWNvapjV52L/UrtuIhjjmyQTbJNHHJAauSUnJM6YeSePJFX8mY9WC/Wu/Uxap2wipl18gPW5xdae6lf</latexit><latexit sha1_base64="Jn0S/eSJE803x+5zZlbIHZBzIoI=">AAACM3icbVDLSgNBEJz1bXxFPXoZDIIeDLsi6EUIehFPCiYRskvoncwmo7MPZnqFuOw/efFHPAjiQRGv/oOTZCG+Cgaqq7rp6fITKTTa9rM1MTk1PTM7N19aWFxaXimvrjV0nCrG6yyWsbryQXMpIl5HgZJfJYpD6Eve9G9OBn7zlist4ugS+wn3QuhGIhAM0Ejt8pkbKGCZm4BCAZLmY+pijyO0r3PqatENYftuh9Kjb0XLobvj0muXK3bVHoL+JU5BKqTAebv86HZiloY8QiZB65ZjJ+hlg/VM8rzkpponwG6gy1uGRhBy7WXDm3O6ZZQODWJlXoR0qH6fyCDUuh/6pjME7Onf3kD8z2ulGBx6mYiSFHnERouCVFKM6SBA2hGKM5R9Q4ApYf5KWQ9MiGhiLpkQnN8n/yWNvapjV52L/UrtuIhjjmyQTbJNHHJAauSUnJM6YeSePJFX8mY9WC/Wu/Uxap2wipl18gPW5xdae6lf</latexit>



Sigmoid has a Beautiful Slope

@

@✓j
�(✓Tx) = �(✓Tx)[1� �(✓Tx)]xj

y = �(✓Tx)
<latexit sha1_base64="DqnsorhitgVFjQsg+YE2i+BcT0c=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6qYkIuhGKLpxWaEvaGKZTCft0MmDmRsxxC78FTcuFHHrb7jzb5y2WWjrgQuHc+7l3nu8WHAFlvVtFJaWV1bXiuuljc2t7R1zd6+lokRS1qSRiGTHI4oJHrImcBCsE0tGAk+wtje6nvjteyYVj8IGpDFzAzIIuc8pAS31zIMUX2JH8UFAKg4MGZC7Bn446Zllq2pNgReJnZMyylHvmV9OP6JJwEKggijVta0Y3IxI4FSwcclJFIsJHZEB62oakoApN5veP8bHWuljP5K6QsBT9fdERgKl0sDTnQGBoZr3JuJ/XjcB/8LNeBgnwEI6W+QnAkOEJ2HgPpeMgkg1IVRyfSumQyIJBR1ZSYdgz7+8SFqnVduq2rdn5dpVHkcRHaIjVEE2Okc1dIPqqIkoekTP6BW9GU/Gi/FufMxaC0Y+s4/+wPj8AUVulPc=</latexit><latexit sha1_base64="DqnsorhitgVFjQsg+YE2i+BcT0c=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6qYkIuhGKLpxWaEvaGKZTCft0MmDmRsxxC78FTcuFHHrb7jzb5y2WWjrgQuHc+7l3nu8WHAFlvVtFJaWV1bXiuuljc2t7R1zd6+lokRS1qSRiGTHI4oJHrImcBCsE0tGAk+wtje6nvjteyYVj8IGpDFzAzIIuc8pAS31zIMUX2JH8UFAKg4MGZC7Bn446Zllq2pNgReJnZMyylHvmV9OP6JJwEKggijVta0Y3IxI4FSwcclJFIsJHZEB62oakoApN5veP8bHWuljP5K6QsBT9fdERgKl0sDTnQGBoZr3JuJ/XjcB/8LNeBgnwEI6W+QnAkOEJ2HgPpeMgkg1IVRyfSumQyIJBR1ZSYdgz7+8SFqnVduq2rdn5dpVHkcRHaIjVEE2Okc1dIPqqIkoekTP6BW9GU/Gi/FufMxaC0Y+s4/+wPj8AUVulPc=</latexit><latexit sha1_base64="DqnsorhitgVFjQsg+YE2i+BcT0c=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6qYkIuhGKLpxWaEvaGKZTCft0MmDmRsxxC78FTcuFHHrb7jzb5y2WWjrgQuHc+7l3nu8WHAFlvVtFJaWV1bXiuuljc2t7R1zd6+lokRS1qSRiGTHI4oJHrImcBCsE0tGAk+wtje6nvjteyYVj8IGpDFzAzIIuc8pAS31zIMUX2JH8UFAKg4MGZC7Bn446Zllq2pNgReJnZMyylHvmV9OP6JJwEKggijVta0Y3IxI4FSwcclJFIsJHZEB62oakoApN5veP8bHWuljP5K6QsBT9fdERgKl0sDTnQGBoZr3JuJ/XjcB/8LNeBgnwEI6W+QnAkOEJ2HgPpeMgkg1IVRyfSumQyIJBR1ZSYdgz7+8SFqnVduq2rdn5dpVHkcRHaIjVEE2Okc1dIPqqIkoekTP6BW9GU/Gi/FufMxaC0Y+s4/+wPj8AUVulPc=</latexit><latexit sha1_base64="DqnsorhitgVFjQsg+YE2i+BcT0c=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6qYkIuhGKLpxWaEvaGKZTCft0MmDmRsxxC78FTcuFHHrb7jzb5y2WWjrgQuHc+7l3nu8WHAFlvVtFJaWV1bXiuuljc2t7R1zd6+lokRS1qSRiGTHI4oJHrImcBCsE0tGAk+wtje6nvjteyYVj8IGpDFzAzIIuc8pAS31zIMUX2JH8UFAKg4MGZC7Bn446Zllq2pNgReJnZMyylHvmV9OP6JJwEKggijVta0Y3IxI4FSwcclJFIsJHZEB62oakoApN5veP8bHWuljP5K6QsBT9fdERgKl0sDTnQGBoZr3JuJ/XjcB/8LNeBgnwEI6W+QnAkOEJ2HgPpeMgkg1IVRyfSumQyIJBR1ZSYdgz7+8SFqnVduq2rdn5dpVHkcRHaIjVEE2Okc1dIPqqIkoekTP6BW9GU/Gi/FufMxaC0Y+s4/+wPj8AUVulPc=</latexit>

@y

@✓j
=

@

@✓j
�(✓Tx)

<latexit sha1_base64="uzdDa1dh801JghEu8AAnjKIE4ug=">AAACR3icbVC7SgNBFJ2Nrxhfq5Y2g0GITdgVQRshaGMZIVEhm4S7k9lkzOyDmbtiWPJ3NrZ2/oKNhSKWTh6gxhwYOJxzLvfO8RMpNDrOi5VbWFxaXsmvFtbWNza37O2dax2nivE6i2Wsbn3QXIqI11Gg5LeJ4hD6kt/4/YuRf3PPlRZxVMNBwpshdCMRCAZopLbd8gIFLPMSUChA0sHwh3vY4wjtuyE9ozOxuSlPi24IpYnQqtGHQ9q2i07ZGYP+J+6UFMkU1bb97HViloY8QiZB64brJNjMRruY5MOCl2qeAOtDlzcMjSDkupmNexjSA6N0aBAr8yKkY/X3RAah1oPQN8kQsKdnvZE4z2ukGJw2MxElKfKITRYFqaQY01GptCMUZygHhgBTwtxKWQ9MY2iqL5gS3Nkv/yfXR2XXKbtXx8XK+bSOPNkj+6REXHJCKuSSVEmdMPJIXsk7+bCerDfr0/qaRHPWdGaX/EHO+gbXv7Ly</latexit><latexit sha1_base64="uzdDa1dh801JghEu8AAnjKIE4ug=">AAACR3icbVC7SgNBFJ2Nrxhfq5Y2g0GITdgVQRshaGMZIVEhm4S7k9lkzOyDmbtiWPJ3NrZ2/oKNhSKWTh6gxhwYOJxzLvfO8RMpNDrOi5VbWFxaXsmvFtbWNza37O2dax2nivE6i2Wsbn3QXIqI11Gg5LeJ4hD6kt/4/YuRf3PPlRZxVMNBwpshdCMRCAZopLbd8gIFLPMSUChA0sHwh3vY4wjtuyE9ozOxuSlPi24IpYnQqtGHQ9q2i07ZGYP+J+6UFMkU1bb97HViloY8QiZB64brJNjMRruY5MOCl2qeAOtDlzcMjSDkupmNexjSA6N0aBAr8yKkY/X3RAah1oPQN8kQsKdnvZE4z2ukGJw2MxElKfKITRYFqaQY01GptCMUZygHhgBTwtxKWQ9MY2iqL5gS3Nkv/yfXR2XXKbtXx8XK+bSOPNkj+6REXHJCKuSSVEmdMPJIXsk7+bCerDfr0/qaRHPWdGaX/EHO+gbXv7Ly</latexit><latexit sha1_base64="uzdDa1dh801JghEu8AAnjKIE4ug=">AAACR3icbVC7SgNBFJ2Nrxhfq5Y2g0GITdgVQRshaGMZIVEhm4S7k9lkzOyDmbtiWPJ3NrZ2/oKNhSKWTh6gxhwYOJxzLvfO8RMpNDrOi5VbWFxaXsmvFtbWNza37O2dax2nivE6i2Wsbn3QXIqI11Gg5LeJ4hD6kt/4/YuRf3PPlRZxVMNBwpshdCMRCAZopLbd8gIFLPMSUChA0sHwh3vY4wjtuyE9ozOxuSlPi24IpYnQqtGHQ9q2i07ZGYP+J+6UFMkU1bb97HViloY8QiZB64brJNjMRruY5MOCl2qeAOtDlzcMjSDkupmNexjSA6N0aBAr8yKkY/X3RAah1oPQN8kQsKdnvZE4z2ukGJw2MxElKfKITRYFqaQY01GptCMUZygHhgBTwtxKWQ9MY2iqL5gS3Nkv/yfXR2XXKbtXx8XK+bSOPNkj+6REXHJCKuSSVEmdMPJIXsk7+bCerDfr0/qaRHPWdGaX/EHO+gbXv7Ly</latexit><latexit sha1_base64="uzdDa1dh801JghEu8AAnjKIE4ug=">AAACR3icbVC7SgNBFJ2Nrxhfq5Y2g0GITdgVQRshaGMZIVEhm4S7k9lkzOyDmbtiWPJ3NrZ2/oKNhSKWTh6gxhwYOJxzLvfO8RMpNDrOi5VbWFxaXsmvFtbWNza37O2dax2nivE6i2Wsbn3QXIqI11Gg5LeJ4hD6kt/4/YuRf3PPlRZxVMNBwpshdCMRCAZopLbd8gIFLPMSUChA0sHwh3vY4wjtuyE9ozOxuSlPi24IpYnQqtGHQ9q2i07ZGYP+J+6UFMkU1bb97HViloY8QiZB64brJNjMRruY5MOCl2qeAOtDlzcMjSDkupmNexjSA6N0aBAr8yKkY/X3RAah1oPQN8kQsKdnvZE4z2ukGJw2MxElKfKITRYFqaQY01GptCMUZygHhgBTwtxKWQ9MY2iqL5gS3Nkv/yfXR2XXKbtXx8XK+bSOPNkj+6REXHJCKuSSVEmdMPJIXsk7+bCerDfr0/qaRHPWdGaX/EHO+gbXv7Ly</latexit>

@y

@✓j
= y(1� y)xj

<latexit sha1_base64="+4cOtZ8gSOgO3KB/z2eqnVHOOrA=">AAACG3icbZDLSsNAFIYn9VbrrerSzWAR6sKSFEE3QtGNywr2Ak0Jk+mknXZyYeZEDKHv4cZXceNCEVeCC9/GaRtQW38Y+PjPOZw5vxsJrsA0v4zc0vLK6lp+vbCxubW9U9zda6owlpQ1aChC2XaJYoIHrAEcBGtHkhHfFazljq4m9dYdk4qHwS0kEev6pB9wj1MC2nKKVduThKZ2RCRwInAy/mEbBgyIMxzjC5yULXyCk+N7Z+gUS2bFnAovgpVBCWWqO8UPuxfS2GcBUEGU6lhmBN10soUKNi7YsWIRoSPSZx2NAfGZ6qbT28b4SDs97IVSvwDw1P09kRJfqcR3dadPYKDmaxPzv1onBu+8m/IgioEFdLbIiwWGEE+Cwj0uGQWRaCBUcv1XTAdEhwU6zoIOwZo/eRGa1YplVqyb01LtMosjjw7QISojC52hGrpGddRAFD2gJ/SCXo1H49l4M95nrTkjm9lHf2R8fgP9n6Cs</latexit><latexit sha1_base64="+4cOtZ8gSOgO3KB/z2eqnVHOOrA=">AAACG3icbZDLSsNAFIYn9VbrrerSzWAR6sKSFEE3QtGNywr2Ak0Jk+mknXZyYeZEDKHv4cZXceNCEVeCC9/GaRtQW38Y+PjPOZw5vxsJrsA0v4zc0vLK6lp+vbCxubW9U9zda6owlpQ1aChC2XaJYoIHrAEcBGtHkhHfFazljq4m9dYdk4qHwS0kEev6pB9wj1MC2nKKVduThKZ2RCRwInAy/mEbBgyIMxzjC5yULXyCk+N7Z+gUS2bFnAovgpVBCWWqO8UPuxfS2GcBUEGU6lhmBN10soUKNi7YsWIRoSPSZx2NAfGZ6qbT28b4SDs97IVSvwDw1P09kRJfqcR3dadPYKDmaxPzv1onBu+8m/IgioEFdLbIiwWGEE+Cwj0uGQWRaCBUcv1XTAdEhwU6zoIOwZo/eRGa1YplVqyb01LtMosjjw7QISojC52hGrpGddRAFD2gJ/SCXo1H49l4M95nrTkjm9lHf2R8fgP9n6Cs</latexit><latexit sha1_base64="+4cOtZ8gSOgO3KB/z2eqnVHOOrA=">AAACG3icbZDLSsNAFIYn9VbrrerSzWAR6sKSFEE3QtGNywr2Ak0Jk+mknXZyYeZEDKHv4cZXceNCEVeCC9/GaRtQW38Y+PjPOZw5vxsJrsA0v4zc0vLK6lp+vbCxubW9U9zda6owlpQ1aChC2XaJYoIHrAEcBGtHkhHfFazljq4m9dYdk4qHwS0kEev6pB9wj1MC2nKKVduThKZ2RCRwInAy/mEbBgyIMxzjC5yULXyCk+N7Z+gUS2bFnAovgpVBCWWqO8UPuxfS2GcBUEGU6lhmBN10soUKNi7YsWIRoSPSZx2NAfGZ6qbT28b4SDs97IVSvwDw1P09kRJfqcR3dadPYKDmaxPzv1onBu+8m/IgioEFdLbIiwWGEE+Cwj0uGQWRaCBUcv1XTAdEhwU6zoIOwZo/eRGa1YplVqyb01LtMosjjw7QISojC52hGrpGddRAFD2gJ/SCXo1H49l4M95nrTkjm9lHf2R8fgP9n6Cs</latexit><latexit sha1_base64="+4cOtZ8gSOgO3KB/z2eqnVHOOrA=">AAACG3icbZDLSsNAFIYn9VbrrerSzWAR6sKSFEE3QtGNywr2Ak0Jk+mknXZyYeZEDKHv4cZXceNCEVeCC9/GaRtQW38Y+PjPOZw5vxsJrsA0v4zc0vLK6lp+vbCxubW9U9zda6owlpQ1aChC2XaJYoIHrAEcBGtHkhHfFazljq4m9dYdk4qHwS0kEev6pB9wj1MC2nKKVduThKZ2RCRwInAy/mEbBgyIMxzjC5yULXyCk+N7Z+gUS2bFnAovgpVBCWWqO8UPuxfS2GcBUEGU6lhmBN10soUKNi7YsWIRoSPSZx2NAfGZ6qbT28b4SDs97IVSvwDw1P09kRJfqcR3dadPYKDmaxPzv1onBu+8m/IgioEFdLbIiwWGEE+Cwj0uGQWRaCBUcv1XTAdEhwU6zoIOwZo/eRGa1YplVqyb01LtMosjjw7QISojC52hGrpGddRAFD2gJ/SCXo1H49l4M95nrTkjm9lHf2R8fgP9n6Cs</latexit>



ARE YOU READY???



I think I’m Ready…

@LL(✓)

@✓j

Where

@LL(✓)

@✓j
=

nX

i=1

y(i) log �(✓Tx(i)) + (1� y(i)) log[1� �(✓Tx(i))]LL(✓)



Think About Only One Training Instance

LL(✓) =
nX

i=0

y(i) log ŷ(i) + (1� y(i)) log[1� ŷ(i)]

We only need to calculate the 
gradient for one training example!

LL(✓) = y log ŷ + (1� y) log[1� ŷ]

We will pretend we only have 
one example

We can sum up the gradients of each 
example to get the correct answer

nX

i=1

@

@x

X

i

f(x, i) =
X

i

@

@x
f(x, i)



First, imagine only one example

Where

LL(✓) = y log ŷ + (1� y) log[1� ŷ]

ŷ = �(✓Tx)

@LL(✓)

@✓j
=

@LL(✓)

@ŷ

@ŷ

@✓j
CHAIN RULZ!@LL(✓)

@✓j
=

@LL(✓)

@ŷ

@ŷ

@✓j



=
hy
ŷ
+

1� y

1� ŷ

i
ŷ(1� ŷ)xj

First, imagine only one example

Where

LL(✓) = y log ŷ + (1� y) log[1� ŷ]

ŷ = �(✓Tx)

= (y � ŷ)xj

=
@LL(✓)

@ŷ
ŷ(1� ŷ)xj

@LL(✓)

@✓j
=

@LL(✓)

@ŷ

@ŷ

@✓j
CHAIN RULE!

Already did that 
one

Derive this one

Simplify

@LL(✓)

@✓j
=

@LL(✓)

@ŷ

@ŷ

@✓j
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Now, all the data
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y(i) log ŷ(i) + (1� y(i)) log[1� ŷ(i)]
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See last slide

Derivative of sum…

Some people don’t like 
hats…



Logistic Regression

1

2

3

Make logistic regression assumption

P (Y = 1|X = x) = �(✓Tx)

P (Y = 0|X = x) = 1� �(✓Tx)

Calculate the log probability for all data

LL(✓) =
nX

i=0

y(i) log �(✓Tx(i)) + (1� y(i)) log[1� �(✓Tx(i))]

Get derivative of log probability with respect to thetas 

@LL(✓)

@✓j
=
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i=0

h
y(i) � �(✓Tx(i))

i
x(i)
j

nX

i=1



The Hard Way
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Phew!



Chapter 3: Philosophy



• Many trade-offs in choosing learning algorithm
§ Continuous input variables

o Logistic Regression easily deals with continuous inputs
o Naive Bayes needs to use some parametric form for continuous 

inputs (e.g., Gaussian) or “discretize” continuous values  into 
ranges (e.g., temperature in range: <50, 50-60, 60-70, >70)

§ Discrete input variables
o Naive Bayes naturally handles multi-valued discrete features by 

using multinomial distribution for P(Xi | Y)
o Logistic Regression requires some sort of representation of  

multi-valued discrete data (e.g., one hot vector)
o Say Xi Î {A, B, C}.  Not necessarily a good idea to encode Xi as 

taking on input values 1, 2, or 3 corresponding to A, B, or C.

Choosing an Algorithm?



§ Logistic regression is trying to fit a line that separates 
data instances where y = 1 from those where y = 0

§ We call such data (or the functions generating the data) 
“linearly separable”

§ Naïve bayes is linear too as there is no interaction 
between different features.

Discrimination Intuition

✓Tx = 0

✓0x0 + ✓1x1 + · · ·+ ✓mxm = 0



• Some data sets/functions are not separable

§ Not possible to draw a line that successfully separates 
all the y = 1 points (green) from the y = 0 points (red)

§ Despite this fact, logistic regression and Naive Bayes 
still often work well in practice

Some Data Not Linearly Seperable



Neuron



Neuron



Neuron



Neuron



Neuron



Some inputs are more important



+

Artificial Neurons



• A neuron

• Your brain

Actually, it’s probably someone else’s brain

x1

x2

x3

x4

θ1

θ2

θ3

θ4

y

x1

x2

x3

x4

Biological Basis for Neural Networks



Deep learning is (at its 
core) many logistic 
regression pieces stacked 
on top of each other.

(aka Neural Networks)



Alpha GO



Computer Vision



Revolution in AI



Computers Making Art



Basically just many logistic regression cells 
And lots of chain rule…



Next up: Deep Learning!


