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Review



• Two events E and F are called conditionally 
independent given G, if

• Or, equivalently if:

Conditional Independence

P (EF |G) = P (E|G)P (F |G)

P (E|FG) = P (E|G)



Conditional Independence

What does conditional independence tell you 

about independence and vice versa?

Nothing



• A Random Variable is a variable will have a 
value. But there is uncertainty as to what value.

• Example:
§ 3 fair coins are flipped.
§ Y = number of “heads” on 3 coins
§ Y is a random variable
§ P(Y = 0) = 1/8 (T, T, T)
§ P(Y = 1) = 3/8 (H, T, T), (T, H, T), (T, T, H)
§ P(Y = 2) = 3/8 (H, H, T), (H, T, H), (T, H, H)
§ P(Y = 3) = 1/8 (H, H, H)
§ P(Y ≥ 4) = 0

Random Variable



P (X = x)

Probability Mass Function

Let X be a random variable that represents the result of
a single dice roll. X can take on the values {1, 2, 3, 4, 5, 6}

p(x) This is shorthand 
notation for the PMF

pX (x) This is also shorthand 
notation for the PMF



PMF For a Single 6 Sided Dice



PMF for the sum of two dice
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• The Expected Values for a discrete random 
variable X is defined as:

• Note: sum over all values of x that have p(x) > 0.

• Expected value also called: Mean, Expectation, 
Weighted Average, Center of Mass, 1st Moment

Expected Value

E[X] =
X

x:p(x)>0

x · p(x)



• Linearity:

§ Consider X = 6-sided die roll,  Y = 2X – 1.
§ E[X] = 3.5 E[Y] = 6

• Expectation of a sum is the sum of expectations

• Unconscious statistician:

Properties of Expectation

E[aX + b] = aE[X] + b

E[X + Y ] = E[X] + E[Y ]

E[g(x)] =
X

x

g(x)p(x)



Deriving Linearity

Let’s say we want to know ! "# + % …

First let g - = "- + % meaning that we want ![0(#)]

By Unconscious Statistian:
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• Consider the following 3 distributions (PMFs)

• All have the same expected value, E[X] = 3
• But “spread” in distributions is different
• Variance = a formal quantification of “spread”

Variance



• If X is a random variable with mean µ then the 
variance of X, denoted Var(X), is:

Var(X) = E[(X – µ)2]

• Note: Var(X) ≥ 0

• Also known as the 2nd Central Moment, or 
square of the Standard Deviation

Variance
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Ladies and gentlemen, please 
welcome the 2nd moment!

Computing Variance

Note: µ = E[X]



• Let X = value on roll of 6 sided die
• Recall that E[X] = 7/2
• Compute E[X2]
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Variance of a 6 sided dice



End Review



• Var(aX + b) = a2Var(X)
§ Proof:

Var(aX + b) = E[(aX + b)2] – (E[aX + b])2

= E[a2X2 + 2abX + b2] – (aE[X] + b)2

= a2E[X2] + 2abE[X] + b2 – (a2(E[X])2 + 2abE[X] + b2)
= a2E[X2] – a2(E[X])2 = a2(E[X2] – (E[X])2)
= a2Var(X)

• Standard Deviation of X, denoted SD(X), is:

§ Var(X) is in units of X2

§ SD(X) is in same units as X

)(Var)(SD XX =

Properties of Variance



Random 

Variable

E[X]

P(X=x)
Semantic 

Meaning

Var(X)

Std(X)

E[X2]

Fundamental Properties



Four Prototypical Trajectories

Classics





• Jacob Bernoulli (1654-1705), also known as 
“James”, was a Swiss mathematician

• One of many mathematicians in Bernoulli family
• The Bernoulli Random Variable is named for him
• He is my academic great13-grandfather

Jacob Bernoulli



• Experiment results in “Success” or “Failure”
§ X is random indicator variable (1 = success, 0 = failure)
§ P(X = 1) = p(1) = p P(X = 0) = p(0) = 1 – p
§ X is a Bernoulli Random Variable:  X ~ Ber(p)
§ E[X] = p
§ Var(X) = p(1 – p)

• Examples
§ coin flip
§ random binary digit
§ whether a disk drive crashed
§ whether someone likes a netflix movie

Bernoulli Random Variable



Run a program, crashes with prob. p, works with prob. (1 – p)

X: 1 if program crashes

P(X = 1) = p
P(X = 0) = 1 - p
X ~ Ber(p)

Does a Program Crash?



Serve an ad, clicked with prob. p, ignored with prob. (1 – p)

C: 1 if ad is clicked

P(C = 1) = p
P(C = 0) = 1 - p
C ~ Ber(p)

Does a User Click an Ad?



• Consider n independent trials of Ber(p) rand. var.
§ X is number of successes in n trials
§ X is a Binomial Random Variable:  X ~ Bin(n, p)

§ By Binomial Theorem, we know that 

• Examples
§ # of heads in n coin flips
§ # of 1’s in randomly generated length n bit string
§ # of disk drives crashed in 1000 computer cluster

o Assuming disks crash independently
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Binomial Random Variable



X ⇠ Bin(n, p)

Our random 
variable

Is distributed 
as a

Binomial
With these 
parameters

Num
trials

Probability of 
success on each 

trial



P (X = k) =

✓
n

k

◆
pk(1� p)n�k

If X is a binomial with parameters n and p

Probability that our 
variable takes on the 

value k

Probability Mass Function 
for a Binomial



Bernoulli vs Binomial

Bernoulli is an indicator RV

+

+

+

Binomial is the sum of n
Bernoullis

=



• Three fair (“heads” with p = 0.5) coins are flipped
§ X is number of heads
§ X ~ Bin(n = 3, p = 0.5)
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Three Coin Flips



Consider: X ~ Bin(n, p)

•

• E[X] = np

• Var(X) = np(1 – p)

• Note: Ber(p) = Bin(1, p)

Properties of Bin(n, p)

nipp
i
n

ipiXP ini ,...,1,0    )1()()( =-÷÷
ø

ö
çç
è

æ
=== -



I Really Want the Proof of Var :)



n runs of program, each crashes with prob. p, works with prob. (1 – p)

H: number of crashes

P(H = k) =       

H ~ Bin(n, p)

How Many Program Crashes?

✓
n

k

◆
(p)k(1� p)n�k

P(H≥ z) =       
✓
n

k

◆
(p)k(1� p)n�k=

ABC

D



1000 ads served, each clicked with p = 0.01, otherwise ignored.

H: number of clicks

H ~ Bin(n = 1000, p = 0.01)

How Many Ads Clicked?

Variance of number of ads clicked?

P(H = k) =       
✓
1000

k

◆
(0.01)k(0.99)1000�k

Var(H) = np(1-p) = 9.9

E[H] = np = 10

Std(H) = 3.15



Galton Board



Galton Board
When a marble hits a pin, it has 
equal chance of going left or 
right. 



Galton Board
When a marble hits a pin, it has 
equal chance of going left or 
right. Each pin represents an 
independent event.



Galton Board
The bucket index that a marble 
lands in is equal to the number of 
times the marble went right 

0 1 2 3 4 5



Galton Board
We can define an indicator 
random variable (R) which 
represents whether a particular 
marble goes right as a Bernoulli 
R ~ Ber(0.5)

0 1 2 3 4 5



Galton Board
We can define an indicator 
random variable (B) which 
represents what bucket a marble 
lands in.

0 1 2 3 4 5



Galton Board

0 1 2 3 4 5

We can define an indicator 
random variable (B) which 
represents what bucket a marble 
lands in. B ~ Bin(levels, 0.5)



Galton Board

0 1 2 3 4 5

We can define an indicator 
random variable (B) which 
represents what bucket a marble 
lands in. B ~ Bin(5, 0.5)



Galton Board

0 1 2 3 4 5

Calculate the probability of a 
marble landing in a bucket.

We can define an indicator 
random variable (B) which 
represents what bucket a marble 
lands in. B ~ Bin(5, 0.5)



Galton Board
We can define an indicator 
random variable (B) which 
represents what bucket a marble 
lands in. B ~ Bin(5, 0.5)

0 1 2 3 4 5

Calculate the probability of a 
marble landing in a bucket.

P (B = 0) =

✓
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5

⇡ 0.03



Galton Board

0 1 2 3 4 5

Calculate the probability of a 
marble landing in a bucket.

P (B = 1) =

✓
5
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5

⇡ 0.16

We can define an indicator 
random variable (B) which 
represents what bucket a marble 
lands in. B ~ Bin(5, 0.5)



Galton Board

0 1 2 3 4 5

Calculate the probability of a 
marble landing in a bucket.

P (B = 2) =

✓
5

2

◆
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2

5

⇡ 0.31

We can define an indicator 
random variable (B) which 
represents what bucket a marble 
lands in. B ~ Bin(5, 0.5)



Galton Board

0 1 2 3 4 5

Calculate the probability of a 
marble landing in a bucket.

P (B = 3) =

✓
5

2

◆
1

2

5

⇡ 0.31

We can define an indicator 
random variable (B) which 
represents what bucket a marble 
lands in. B ~ Bin(5, 0.5)



0

Galton Board

1 2 3 4 5

Calculate the probability of a 
marble landing in a bucket.

PMF

We can define an indicator 
random variable (B) which 
represents what bucket a marble 
lands in. B ~ Bin(5, 0.5)





k

P(X=k)

PMF for X ~ Bin(10, 0.5)



k

P(X=k)

PMF for X ~ Bin(10, 0.3)



• Person has 2 genes for trait (eye color)
§ Child receives 1 gene (equally likely) from each parent
§ Child has brown eyes if either (or both) genes brown
§ Child only has blue eyes if both genes blue
§ Brown is “dominant” (d) ,  Blue is “recessive” (r)
§ Parents each have 1 brown and 1 blue gene

• 4 children, what is P(3 children with brown eyes)?
§ Child has blue eyes: p = (½) (½)  = ¼   (2 blue genes)
§ P(child has brown eyes) = 1 – (¼) = 0.75
§ X = # of children with brown eyes.  X ~ Bin(4, 0.75)
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Genetic Inheritance





Probability you win a series?
Warriors played the Raptors in a best of 7 series during the 2019 

NBA finals. What was the probability (going in) that the warriors 

would win the series? Each game is independent. Each game, 

the warriors have a 0.55 probability of winning? Win series if 

you win at least 4 games.

Let X be the number of games won. X ~ Bin(n= 7, p = 0.55).

P(X > 3)?

P (X � 4) =
7X

i=4

P (X = i)

=
7X

i=4

✓
7

i

◆
pi(1� p)7�i

=
7X

i=4

✓
7

i
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0.55i(0.45)7�i
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≈ 0.61



Stretch!

SCPD Code: Galton

Noah




Poisson
Noah Arthurs

CS109, Stanford University



Probability for Extreme Weather?
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Natural Exponent def:

Good to know

https://en.wikipedia.org/wiki/E_(mathematical_constant)

Jacob 

Bernoulli

https://en.wikipedia.org/wiki/E_(mathematical_constant)


Algorithmic Ride Sharing



Probability of k requests from this area in the next 1 min



Probability of k requests from this area in the next 1 min



Probability of k requests from this area in the next 1 min

On average λ = 5 requests per minute



Probability of k requests from this area in the next 1 min

We can break the next minute down into seconds

…

1 2 3 4 5 6 60

On average λ = 5 requests per minute



Probability of k requests from this area in the next 1 min

On average λ = 5 requests per minute

…

At each second either get a request or you don’t.

Let X = Number of requests in the minute

1 2 3 4 5 6 60

We can break the next minute down into seconds



Probability of k requests from this area in the next 1 min

On average λ = 5 requests per minute

…

At each second either get a request or you don’t.

Let X = Number of requests in the minute

X ⇠ Bin(n = 60, p = 5/60)
<latexit sha1_base64="7R62i8Ukes9IIfj9GCHxsXtwyIc=">AAACC3icbVDLSgNBEJyNrxhfqx69DAlCBIm7ojGXQNCLxwjmAdkQZieTZMjs7DLTK4Yldy/+ihcPinj1B7z5N04eB40WNBRV3XR3+ZHgGhzny0otLa+srqXXMxubW9s79u5eXYexoqxGQxGqpk80E1yyGnAQrBkpRgJfsIY/vJr4jTumNA/lLYwi1g5IX/IepwSM1LGzTexpHmAP2D0kl1yO87JcdI5xVMbn+AQXnaOOnXMKzhT4L3HnJIfmqHbsT68b0jhgEqggWrdcJ4J2QhRwKtg448WaRYQOSZ+1DJUkYLqdTH8Z40OjdHEvVKYk4Kn6cyIhgdajwDedAYGBXvQm4n9eK4ZeqZ1wGcXAJJ0t6sUCQ4gnweAuV4yCGBlCqOLmVkwHRBEKJr6MCcFdfPkvqZ8WXKfg3pzlKqV5HGl0gLIoj1x0gSroGlVRDVH0gJ7QC3q1Hq1n6816n7WmrPnMPvoF6+MbP76X6Q==</latexit><latexit sha1_base64="7R62i8Ukes9IIfj9GCHxsXtwyIc=">AAACC3icbVDLSgNBEJyNrxhfqx69DAlCBIm7ojGXQNCLxwjmAdkQZieTZMjs7DLTK4Yldy/+ihcPinj1B7z5N04eB40WNBRV3XR3+ZHgGhzny0otLa+srqXXMxubW9s79u5eXYexoqxGQxGqpk80E1yyGnAQrBkpRgJfsIY/vJr4jTumNA/lLYwi1g5IX/IepwSM1LGzTexpHmAP2D0kl1yO87JcdI5xVMbn+AQXnaOOnXMKzhT4L3HnJIfmqHbsT68b0jhgEqggWrdcJ4J2QhRwKtg448WaRYQOSZ+1DJUkYLqdTH8Z40OjdHEvVKYk4Kn6cyIhgdajwDedAYGBXvQm4n9eK4ZeqZ1wGcXAJJ0t6sUCQ4gnweAuV4yCGBlCqOLmVkwHRBEKJr6MCcFdfPkvqZ8WXKfg3pzlKqV5HGl0gLIoj1x0gSroGlVRDVH0gJ7QC3q1Hq1n6816n7WmrPnMPvoF6+MbP76X6Q==</latexit><latexit sha1_base64="7R62i8Ukes9IIfj9GCHxsXtwyIc=">AAACC3icbVDLSgNBEJyNrxhfqx69DAlCBIm7ojGXQNCLxwjmAdkQZieTZMjs7DLTK4Yldy/+ihcPinj1B7z5N04eB40WNBRV3XR3+ZHgGhzny0otLa+srqXXMxubW9s79u5eXYexoqxGQxGqpk80E1yyGnAQrBkpRgJfsIY/vJr4jTumNA/lLYwi1g5IX/IepwSM1LGzTexpHmAP2D0kl1yO87JcdI5xVMbn+AQXnaOOnXMKzhT4L3HnJIfmqHbsT68b0jhgEqggWrdcJ4J2QhRwKtg448WaRYQOSZ+1DJUkYLqdTH8Z40OjdHEvVKYk4Kn6cyIhgdajwDedAYGBXvQm4n9eK4ZeqZ1wGcXAJJ0t6sUCQ4gnweAuV4yCGBlCqOLmVkwHRBEKJr6MCcFdfPkvqZ8WXKfg3pzlKqV5HGl0gLIoj1x0gSroGlVRDVH0gJ7QC3q1Hq1n6816n7WmrPnMPvoF6+MbP76X6Q==</latexit><latexit sha1_base64="7R62i8Ukes9IIfj9GCHxsXtwyIc=">AAACC3icbVDLSgNBEJyNrxhfqx69DAlCBIm7ojGXQNCLxwjmAdkQZieTZMjs7DLTK4Yldy/+ihcPinj1B7z5N04eB40WNBRV3XR3+ZHgGhzny0otLa+srqXXMxubW9s79u5eXYexoqxGQxGqpk80E1yyGnAQrBkpRgJfsIY/vJr4jTumNA/lLYwi1g5IX/IepwSM1LGzTexpHmAP2D0kl1yO87JcdI5xVMbn+AQXnaOOnXMKzhT4L3HnJIfmqHbsT68b0jhgEqggWrdcJ4J2QhRwKtg448WaRYQOSZ+1DJUkYLqdTH8Z40OjdHEvVKYk4Kn6cyIhgdajwDedAYGBXvQm4n9eK4ZeqZ1wGcXAJJ0t6sUCQ4gnweAuV4yCGBlCqOLmVkwHRBEKJr6MCcFdfPkvqZ8WXKfg3pzlKqV5HGl0gLIoj1x0gSroGlVRDVH0gJ7QC3q1Hq1n6816n7WmrPnMPvoF6+MbP76X6Q==</latexit>

P (X = 3) =

✓
60

3

◆
(5/60)3(1� 5/60)57

<latexit sha1_base64="l7vcJWH9xtOFyaKY29N1SqjA9Ms=">AAACF3icbZDLSgMxFIYz9VbrbdSlm2AR2oV1xtrLplBw47KCvUA7lkyatqGZyZBkhDLMW7jxVdy4UMSt7nwb03YW2vpD4OM/53ByfjdgVCrL+jZSa+sbm1vp7czO7t7+gXl41JI8FJg0MWdcdFwkCaM+aSqqGOkEgiDPZaTtTq5n9fYDEZJy/05NA+J4aOTTIcVIaatvFhq5Tq2YhzUYlS3Yw2POJYHFOFe6KFv5+0iTfZ5wqRL3zaxVsOaCq2AnkAWJGn3zqzfgOPSIrzBDUnZtK1BOhISimJE40wslCRCeoBHpavSRR6QTze+K4Zl2BnDIhX6+gnP390SEPCmnnqs7PaTGcrk2M/+rdUM1rDoR9YNQER8vFg1DBhWHs5DggAqCFZtqQFhQ/VeIx0ggrHSUGR2CvXzyKrQuC7ZVsG+vsvVqEkcanIBTkAM2qIA6uAEN0AQYPIJn8ArejCfjxXg3PhatKSOZOQZ/ZHz+ACA8muA=</latexit><latexit sha1_base64="l7vcJWH9xtOFyaKY29N1SqjA9Ms=">AAACF3icbZDLSgMxFIYz9VbrbdSlm2AR2oV1xtrLplBw47KCvUA7lkyatqGZyZBkhDLMW7jxVdy4UMSt7nwb03YW2vpD4OM/53ByfjdgVCrL+jZSa+sbm1vp7czO7t7+gXl41JI8FJg0MWdcdFwkCaM+aSqqGOkEgiDPZaTtTq5n9fYDEZJy/05NA+J4aOTTIcVIaatvFhq5Tq2YhzUYlS3Yw2POJYHFOFe6KFv5+0iTfZ5wqRL3zaxVsOaCq2AnkAWJGn3zqzfgOPSIrzBDUnZtK1BOhISimJE40wslCRCeoBHpavSRR6QTze+K4Zl2BnDIhX6+gnP390SEPCmnnqs7PaTGcrk2M/+rdUM1rDoR9YNQER8vFg1DBhWHs5DggAqCFZtqQFhQ/VeIx0ggrHSUGR2CvXzyKrQuC7ZVsG+vsvVqEkcanIBTkAM2qIA6uAEN0AQYPIJn8ArejCfjxXg3PhatKSOZOQZ/ZHz+ACA8muA=</latexit><latexit sha1_base64="l7vcJWH9xtOFyaKY29N1SqjA9Ms=">AAACF3icbZDLSgMxFIYz9VbrbdSlm2AR2oV1xtrLplBw47KCvUA7lkyatqGZyZBkhDLMW7jxVdy4UMSt7nwb03YW2vpD4OM/53ByfjdgVCrL+jZSa+sbm1vp7czO7t7+gXl41JI8FJg0MWdcdFwkCaM+aSqqGOkEgiDPZaTtTq5n9fYDEZJy/05NA+J4aOTTIcVIaatvFhq5Tq2YhzUYlS3Yw2POJYHFOFe6KFv5+0iTfZ5wqRL3zaxVsOaCq2AnkAWJGn3zqzfgOPSIrzBDUnZtK1BOhISimJE40wslCRCeoBHpavSRR6QTze+K4Zl2BnDIhX6+gnP390SEPCmnnqs7PaTGcrk2M/+rdUM1rDoR9YNQER8vFg1DBhWHs5DggAqCFZtqQFhQ/VeIx0ggrHSUGR2CvXzyKrQuC7ZVsG+vsvVqEkcanIBTkAM2qIA6uAEN0AQYPIJn8ArejCfjxXg3PhatKSOZOQZ/ZHz+ACA8muA=</latexit><latexit sha1_base64="l7vcJWH9xtOFyaKY29N1SqjA9Ms=">AAACF3icbZDLSgMxFIYz9VbrbdSlm2AR2oV1xtrLplBw47KCvUA7lkyatqGZyZBkhDLMW7jxVdy4UMSt7nwb03YW2vpD4OM/53ByfjdgVCrL+jZSa+sbm1vp7czO7t7+gXl41JI8FJg0MWdcdFwkCaM+aSqqGOkEgiDPZaTtTq5n9fYDEZJy/05NA+J4aOTTIcVIaatvFhq5Tq2YhzUYlS3Yw2POJYHFOFe6KFv5+0iTfZ5wqRL3zaxVsOaCq2AnkAWJGn3zqzfgOPSIrzBDUnZtK1BOhISimJE40wslCRCeoBHpavSRR6QTze+K4Zl2BnDIhX6+gnP390SEPCmnnqs7PaTGcrk2M/+rdUM1rDoR9YNQER8vFg1DBhWHs5DggAqCFZtqQFhQ/VeIx0ggrHSUGR2CvXzyKrQuC7ZVsG+vsvVqEkcanIBTkAM2qIA6uAEN0AQYPIJn8ArejCfjxXg3PhatKSOZOQZ/ZHz+ACA8muA=</latexit>

P (X = k) =

✓
n

k

◆
(p)k(1� p)n�k

<latexit sha1_base64="1Atp7crKha1hXJi/pyaO9oqccNo=">AAACD3icbVDLSgMxFM3UV62vqks3waJMFy0zIthNoeDGZQX7gHYsmTTThskkQ5IRytA/cOOvuHGhiFu37vwb03YW2nrgcg/n3Etyjx8zqrTjfFu5tfWNza38dmFnd2//oHh41FYikZi0sGBCdn2kCKOctDTVjHRjSVDkM9Lxw+uZ33kgUlHB7/QkJl6ERpwGFCNtpEHxvGl362EZ1mHKYR+PhVAEhlM7Lt+HtlsxLeWVcDoolpyqMwdcJW5GSiBDc1D86g8FTiLCNWZIqZ7rxNpLkdQUMzIt9BNFYoRDNCI9QzmKiPLS+T1TeGaUIQyENMU1nKu/N1IUKTWJfDMZIT1Wy95M/M/rJTqoeSnlcaIJx4uHgoRBLeAsHDikkmDNJoYgLKn5K8RjJBHWJsKCCcFdPnmVtC+qrlN1by9LjVoWRx6cgFNgAxdcgQa4AU3QAhg8gmfwCt6sJ+vFerc+FqM5K9s5Bn9gff4AImaaLg==</latexit><latexit sha1_base64="1Atp7crKha1hXJi/pyaO9oqccNo=">AAACD3icbVDLSgMxFM3UV62vqks3waJMFy0zIthNoeDGZQX7gHYsmTTThskkQ5IRytA/cOOvuHGhiFu37vwb03YW2nrgcg/n3Etyjx8zqrTjfFu5tfWNza38dmFnd2//oHh41FYikZi0sGBCdn2kCKOctDTVjHRjSVDkM9Lxw+uZ33kgUlHB7/QkJl6ERpwGFCNtpEHxvGl362EZ1mHKYR+PhVAEhlM7Lt+HtlsxLeWVcDoolpyqMwdcJW5GSiBDc1D86g8FTiLCNWZIqZ7rxNpLkdQUMzIt9BNFYoRDNCI9QzmKiPLS+T1TeGaUIQyENMU1nKu/N1IUKTWJfDMZIT1Wy95M/M/rJTqoeSnlcaIJx4uHgoRBLeAsHDikkmDNJoYgLKn5K8RjJBHWJsKCCcFdPnmVtC+qrlN1by9LjVoWRx6cgFNgAxdcgQa4AU3QAhg8gmfwCt6sJ+vFerc+FqM5K9s5Bn9gff4AImaaLg==</latexit><latexit sha1_base64="1Atp7crKha1hXJi/pyaO9oqccNo=">AAACD3icbVDLSgMxFM3UV62vqks3waJMFy0zIthNoeDGZQX7gHYsmTTThskkQ5IRytA/cOOvuHGhiFu37vwb03YW2nrgcg/n3Etyjx8zqrTjfFu5tfWNza38dmFnd2//oHh41FYikZi0sGBCdn2kCKOctDTVjHRjSVDkM9Lxw+uZ33kgUlHB7/QkJl6ERpwGFCNtpEHxvGl362EZ1mHKYR+PhVAEhlM7Lt+HtlsxLeWVcDoolpyqMwdcJW5GSiBDc1D86g8FTiLCNWZIqZ7rxNpLkdQUMzIt9BNFYoRDNCI9QzmKiPLS+T1TeGaUIQyENMU1nKu/N1IUKTWJfDMZIT1Wy95M/M/rJTqoeSnlcaIJx4uHgoRBLeAsHDikkmDNJoYgLKn5K8RjJBHWJsKCCcFdPnmVtC+qrlN1by9LjVoWRx6cgFNgAxdcgQa4AU3QAhg8gmfwCt6sJ+vFerc+FqM5K9s5Bn9gff4AImaaLg==</latexit><latexit sha1_base64="1Atp7crKha1hXJi/pyaO9oqccNo=">AAACD3icbVDLSgMxFM3UV62vqks3waJMFy0zIthNoeDGZQX7gHYsmTTThskkQ5IRytA/cOOvuHGhiFu37vwb03YW2nrgcg/n3Etyjx8zqrTjfFu5tfWNza38dmFnd2//oHh41FYikZi0sGBCdn2kCKOctDTVjHRjSVDkM9Lxw+uZ33kgUlHB7/QkJl6ERpwGFCNtpEHxvGl362EZ1mHKYR+PhVAEhlM7Lt+HtlsxLeWVcDoolpyqMwdcJW5GSiBDc1D86g8FTiLCNWZIqZ7rxNpLkdQUMzIt9BNFYoRDNCI9QzmKiPLS+T1TeGaUIQyENMU1nKu/N1IUKTWJfDMZIT1Wy95M/M/rJTqoeSnlcaIJx4uHgoRBLeAsHDikkmDNJoYgLKn5K8RjJBHWJsKCCcFdPnmVtC+qrlN1by9LjVoWRx6cgFNgAxdcgQa4AU3QAhg8gmfwCt6sJ+vFerc+FqM5K9s5Bn9gff4AImaaLg==</latexit>

1 2 3 4 5 6 60

We can break the next minute down into seconds



Probability of k requests from this area in the next 1 min

On average λ = 5 requests per minute

…

At each second either get a request or you don’t.

Let X = Number of requests in the minute

X ⇠ Bin(n = 60, p = 5/60)
<latexit sha1_base64="7R62i8Ukes9IIfj9GCHxsXtwyIc=">AAACC3icbVDLSgNBEJyNrxhfqx69DAlCBIm7ojGXQNCLxwjmAdkQZieTZMjs7DLTK4Yldy/+ihcPinj1B7z5N04eB40WNBRV3XR3+ZHgGhzny0otLa+srqXXMxubW9s79u5eXYexoqxGQxGqpk80E1yyGnAQrBkpRgJfsIY/vJr4jTumNA/lLYwi1g5IX/IepwSM1LGzTexpHmAP2D0kl1yO87JcdI5xVMbn+AQXnaOOnXMKzhT4L3HnJIfmqHbsT68b0jhgEqggWrdcJ4J2QhRwKtg448WaRYQOSZ+1DJUkYLqdTH8Z40OjdHEvVKYk4Kn6cyIhgdajwDedAYGBXvQm4n9eK4ZeqZ1wGcXAJJ0t6sUCQ4gnweAuV4yCGBlCqOLmVkwHRBEKJr6MCcFdfPkvqZ8WXKfg3pzlKqV5HGl0gLIoj1x0gSroGlVRDVH0gJ7QC3q1Hq1n6816n7WmrPnMPvoF6+MbP76X6Q==</latexit><latexit sha1_base64="7R62i8Ukes9IIfj9GCHxsXtwyIc=">AAACC3icbVDLSgNBEJyNrxhfqx69DAlCBIm7ojGXQNCLxwjmAdkQZieTZMjs7DLTK4Yldy/+ihcPinj1B7z5N04eB40WNBRV3XR3+ZHgGhzny0otLa+srqXXMxubW9s79u5eXYexoqxGQxGqpk80E1yyGnAQrBkpRgJfsIY/vJr4jTumNA/lLYwi1g5IX/IepwSM1LGzTexpHmAP2D0kl1yO87JcdI5xVMbn+AQXnaOOnXMKzhT4L3HnJIfmqHbsT68b0jhgEqggWrdcJ4J2QhRwKtg448WaRYQOSZ+1DJUkYLqdTH8Z40OjdHEvVKYk4Kn6cyIhgdajwDedAYGBXvQm4n9eK4ZeqZ1wGcXAJJ0t6sUCQ4gnweAuV4yCGBlCqOLmVkwHRBEKJr6MCcFdfPkvqZ8WXKfg3pzlKqV5HGl0gLIoj1x0gSroGlVRDVH0gJ7QC3q1Hq1n6816n7WmrPnMPvoF6+MbP76X6Q==</latexit><latexit sha1_base64="7R62i8Ukes9IIfj9GCHxsXtwyIc=">AAACC3icbVDLSgNBEJyNrxhfqx69DAlCBIm7ojGXQNCLxwjmAdkQZieTZMjs7DLTK4Yldy/+ihcPinj1B7z5N04eB40WNBRV3XR3+ZHgGhzny0otLa+srqXXMxubW9s79u5eXYexoqxGQxGqpk80E1yyGnAQrBkpRgJfsIY/vJr4jTumNA/lLYwi1g5IX/IepwSM1LGzTexpHmAP2D0kl1yO87JcdI5xVMbn+AQXnaOOnXMKzhT4L3HnJIfmqHbsT68b0jhgEqggWrdcJ4J2QhRwKtg448WaRYQOSZ+1DJUkYLqdTH8Z40OjdHEvVKYk4Kn6cyIhgdajwDedAYGBXvQm4n9eK4ZeqZ1wGcXAJJ0t6sUCQ4gnweAuV4yCGBlCqOLmVkwHRBEKJr6MCcFdfPkvqZ8WXKfg3pzlKqV5HGl0gLIoj1x0gSroGlVRDVH0gJ7QC3q1Hq1n6816n7WmrPnMPvoF6+MbP76X6Q==</latexit><latexit sha1_base64="7R62i8Ukes9IIfj9GCHxsXtwyIc=">AAACC3icbVDLSgNBEJyNrxhfqx69DAlCBIm7ojGXQNCLxwjmAdkQZieTZMjs7DLTK4Yldy/+ihcPinj1B7z5N04eB40WNBRV3XR3+ZHgGhzny0otLa+srqXXMxubW9s79u5eXYexoqxGQxGqpk80E1yyGnAQrBkpRgJfsIY/vJr4jTumNA/lLYwi1g5IX/IepwSM1LGzTexpHmAP2D0kl1yO87JcdI5xVMbn+AQXnaOOnXMKzhT4L3HnJIfmqHbsT68b0jhgEqggWrdcJ4J2QhRwKtg448WaRYQOSZ+1DJUkYLqdTH8Z40OjdHEvVKYk4Kn6cyIhgdajwDedAYGBXvQm4n9eK4ZeqZ1wGcXAJJ0t6sUCQ4gnweAuV4yCGBlCqOLmVkwHRBEKJr6MCcFdfPkvqZ8WXKfg3pzlKqV5HGl0gLIoj1x0gSroGlVRDVH0gJ7QC3q1Hq1n6816n7WmrPnMPvoF6+MbP76X6Q==</latexit>

P (X = k) =

✓
n

k

◆
(p)k(1� p)n�k

<latexit sha1_base64="1Atp7crKha1hXJi/pyaO9oqccNo=">AAACD3icbVDLSgMxFM3UV62vqks3waJMFy0zIthNoeDGZQX7gHYsmTTThskkQ5IRytA/cOOvuHGhiFu37vwb03YW2nrgcg/n3Etyjx8zqrTjfFu5tfWNza38dmFnd2//oHh41FYikZi0sGBCdn2kCKOctDTVjHRjSVDkM9Lxw+uZ33kgUlHB7/QkJl6ERpwGFCNtpEHxvGl362EZ1mHKYR+PhVAEhlM7Lt+HtlsxLeWVcDoolpyqMwdcJW5GSiBDc1D86g8FTiLCNWZIqZ7rxNpLkdQUMzIt9BNFYoRDNCI9QzmKiPLS+T1TeGaUIQyENMU1nKu/N1IUKTWJfDMZIT1Wy95M/M/rJTqoeSnlcaIJx4uHgoRBLeAsHDikkmDNJoYgLKn5K8RjJBHWJsKCCcFdPnmVtC+qrlN1by9LjVoWRx6cgFNgAxdcgQa4AU3QAhg8gmfwCt6sJ+vFerc+FqM5K9s5Bn9gff4AImaaLg==</latexit><latexit sha1_base64="1Atp7crKha1hXJi/pyaO9oqccNo=">AAACD3icbVDLSgMxFM3UV62vqks3waJMFy0zIthNoeDGZQX7gHYsmTTThskkQ5IRytA/cOOvuHGhiFu37vwb03YW2nrgcg/n3Etyjx8zqrTjfFu5tfWNza38dmFnd2//oHh41FYikZi0sGBCdn2kCKOctDTVjHRjSVDkM9Lxw+uZ33kgUlHB7/QkJl6ERpwGFCNtpEHxvGl362EZ1mHKYR+PhVAEhlM7Lt+HtlsxLeWVcDoolpyqMwdcJW5GSiBDc1D86g8FTiLCNWZIqZ7rxNpLkdQUMzIt9BNFYoRDNCI9QzmKiPLS+T1TeGaUIQyENMU1nKu/N1IUKTWJfDMZIT1Wy95M/M/rJTqoeSnlcaIJx4uHgoRBLeAsHDikkmDNJoYgLKn5K8RjJBHWJsKCCcFdPnmVtC+qrlN1by9LjVoWRx6cgFNgAxdcgQa4AU3QAhg8gmfwCt6sJ+vFerc+FqM5K9s5Bn9gff4AImaaLg==</latexit><latexit sha1_base64="1Atp7crKha1hXJi/pyaO9oqccNo=">AAACD3icbVDLSgMxFM3UV62vqks3waJMFy0zIthNoeDGZQX7gHYsmTTThskkQ5IRytA/cOOvuHGhiFu37vwb03YW2nrgcg/n3Etyjx8zqrTjfFu5tfWNza38dmFnd2//oHh41FYikZi0sGBCdn2kCKOctDTVjHRjSVDkM9Lxw+uZ33kgUlHB7/QkJl6ERpwGFCNtpEHxvGl362EZ1mHKYR+PhVAEhlM7Lt+HtlsxLeWVcDoolpyqMwdcJW5GSiBDc1D86g8FTiLCNWZIqZ7rxNpLkdQUMzIt9BNFYoRDNCI9QzmKiPLS+T1TeGaUIQyENMU1nKu/N1IUKTWJfDMZIT1Wy95M/M/rJTqoeSnlcaIJx4uHgoRBLeAsHDikkmDNJoYgLKn5K8RjJBHWJsKCCcFdPnmVtC+qrlN1by9LjVoWRx6cgFNgAxdcgQa4AU3QAhg8gmfwCt6sJ+vFerc+FqM5K9s5Bn9gff4AImaaLg==</latexit><latexit sha1_base64="1Atp7crKha1hXJi/pyaO9oqccNo=">AAACD3icbVDLSgMxFM3UV62vqks3waJMFy0zIthNoeDGZQX7gHYsmTTThskkQ5IRytA/cOOvuHGhiFu37vwb03YW2nrgcg/n3Etyjx8zqrTjfFu5tfWNza38dmFnd2//oHh41FYikZi0sGBCdn2kCKOctDTVjHRjSVDkM9Lxw+uZ33kgUlHB7/QkJl6ERpwGFCNtpEHxvGl362EZ1mHKYR+PhVAEhlM7Lt+HtlsxLeWVcDoolpyqMwdcJW5GSiBDc1D86g8FTiLCNWZIqZ7rxNpLkdQUMzIt9BNFYoRDNCI9QzmKiPLS+T1TeGaUIQyENMU1nKu/N1IUKTWJfDMZIT1Wy95M/M/rJTqoeSnlcaIJx4uHgoRBLeAsHDikkmDNJoYgLKn5K8RjJBHWJsKCCcFdPnmVtC+qrlN1by9LjVoWRx6cgFNgAxdcgQa4AU3QAhg8gmfwCt6sJ+vFerc+FqM5K9s5Bn9gff4AImaaLg==</latexit>

But what if there are two requests in the same second?

1 2 3 4 5 6 60

We can break the next minute down into seconds



Probability of k requests from this area in the next 1 min

On average λ = 5 requests per minute

We can break that next minute down into milli-seconds

…

60,000

But what if there are two requests in the same milli-second?

1

At each milli-second either get a request or you don’t.

Let X = Number of requests in the minute



Probability of k requests from this area in the next 1 min

On average λ = 5 requests per minute

…

X ⇠ Bin(n = 60000, p = �/n)
<latexit sha1_base64="98DSEarewvoWOPaXbteqpuPPT1o=">AAACE3icbVDLSgMxFM34rPVVdekmWIQqUmdEtJtC0Y3LCvYBnaFkMmkbmskMyR2xDP0HN/6KGxeKuHXjzr8xfSy09cCFwzn3JvcePxZcg21/WwuLS8srq5m17PrG5tZ2bme3rqNEUVajkYhU0yeaCS5ZDTgI1owVI6EvWMPvX4/8xj1TmkfyDgYx80LSlbzDKQEjtXPHTexqHmIX2AOkV1wOC7J8YRuc4LiMXWGeCgg+xfKoncvbRXsMPE+cKcmjKart3JcbRDQJmQQqiNYtx47BS4kCTgUbZt1Es5jQPumylqGShEx76fimIT40SoA7kTIlAY/V3xMpCbUehL7pDAn09Kw3Ev/zWgl0Sl7KZZwAk3TyUScRGCI8CggHXDEKYmAIoYqbXTHtEUUomBizJgRn9uR5Uj8rOnbRuT3PV0rTODJoHx2gAnLQJaqgG1RFNUTRI3pGr+jNerJerHfrY9K6YE1n9tAfWJ8/h+KbWQ==</latexit><latexit sha1_base64="98DSEarewvoWOPaXbteqpuPPT1o=">AAACE3icbVDLSgMxFM34rPVVdekmWIQqUmdEtJtC0Y3LCvYBnaFkMmkbmskMyR2xDP0HN/6KGxeKuHXjzr8xfSy09cCFwzn3JvcePxZcg21/WwuLS8srq5m17PrG5tZ2bme3rqNEUVajkYhU0yeaCS5ZDTgI1owVI6EvWMPvX4/8xj1TmkfyDgYx80LSlbzDKQEjtXPHTexqHmIX2AOkV1wOC7J8YRuc4LiMXWGeCgg+xfKoncvbRXsMPE+cKcmjKart3JcbRDQJmQQqiNYtx47BS4kCTgUbZt1Es5jQPumylqGShEx76fimIT40SoA7kTIlAY/V3xMpCbUehL7pDAn09Kw3Ev/zWgl0Sl7KZZwAk3TyUScRGCI8CggHXDEKYmAIoYqbXTHtEUUomBizJgRn9uR5Uj8rOnbRuT3PV0rTODJoHx2gAnLQJaqgG1RFNUTRI3pGr+jNerJerHfrY9K6YE1n9tAfWJ8/h+KbWQ==</latexit><latexit sha1_base64="98DSEarewvoWOPaXbteqpuPPT1o=">AAACE3icbVDLSgMxFM34rPVVdekmWIQqUmdEtJtC0Y3LCvYBnaFkMmkbmskMyR2xDP0HN/6KGxeKuHXjzr8xfSy09cCFwzn3JvcePxZcg21/WwuLS8srq5m17PrG5tZ2bme3rqNEUVajkYhU0yeaCS5ZDTgI1owVI6EvWMPvX4/8xj1TmkfyDgYx80LSlbzDKQEjtXPHTexqHmIX2AOkV1wOC7J8YRuc4LiMXWGeCgg+xfKoncvbRXsMPE+cKcmjKart3JcbRDQJmQQqiNYtx47BS4kCTgUbZt1Es5jQPumylqGShEx76fimIT40SoA7kTIlAY/V3xMpCbUehL7pDAn09Kw3Ev/zWgl0Sl7KZZwAk3TyUScRGCI8CggHXDEKYmAIoYqbXTHtEUUomBizJgRn9uR5Uj8rOnbRuT3PV0rTODJoHx2gAnLQJaqgG1RFNUTRI3pGr+jNerJerHfrY9K6YE1n9tAfWJ8/h+KbWQ==</latexit><latexit sha1_base64="98DSEarewvoWOPaXbteqpuPPT1o=">AAACE3icbVDLSgMxFM34rPVVdekmWIQqUmdEtJtC0Y3LCvYBnaFkMmkbmskMyR2xDP0HN/6KGxeKuHXjzr8xfSy09cCFwzn3JvcePxZcg21/WwuLS8srq5m17PrG5tZ2bme3rqNEUVajkYhU0yeaCS5ZDTgI1owVI6EvWMPvX4/8xj1TmkfyDgYx80LSlbzDKQEjtXPHTexqHmIX2AOkV1wOC7J8YRuc4LiMXWGeCgg+xfKoncvbRXsMPE+cKcmjKart3JcbRDQJmQQqiNYtx47BS4kCTgUbZt1Es5jQPumylqGShEx76fimIT40SoA7kTIlAY/V3xMpCbUehL7pDAn09Kw3Ev/zWgl0Sl7KZZwAk3TyUScRGCI8CggHXDEKYmAIoYqbXTHtEUUomBizJgRn9uR5Uj8rOnbRuT3PV0rTODJoHx2gAnLQJaqgG1RFNUTRI3pGr+jNerJerHfrY9K6YE1n9tAfWJ8/h+KbWQ==</latexit>

60,0001

P (X = k) =

✓
n

k

◆
(�/n)k(1� �/n)n�k

<latexit sha1_base64="3IjHzpgJpZG1jnGimB/tktYMON4=">AAACH3icbVDLTgIxFO3gC/E16tJNIzGBBThjjLIhIXHjEhN5JICkUwo002knbceETOZP3PgrblxojHHH31hgFgiepMnpOffe9h4vZFRpx5lamY3Nre2d7G5ub//g8Mg+PmkqEUlMGlgwIdseUoRRThqaakbaoSQo8Bhpef7dzG89E6mo4I96EpJegEacDilG2kh9+6ZeaFf9IqzCmMMuHguhCPSTQpeZGQN0yYtPfsEtLV1jXvKTvp13ys4ccJ24KcmDFPW+/dMdCBwFhGvMkFId1wl1L0ZSU8xIkutGioQI+2hEOoZyFBDVi+f7JfDCKAM4FNIcruFcXe6IUaDUJPBMZYD0WK16M/E/rxPpYaUXUx5GmnC8eGgYMagFnIUFB1QSrNnEEIQlNX+FeIwkwtpEmjMhuKsrr5PmVdl1yu7Ddb5WSePIgjNwDgrABbegBu5BHTQABi/gDXyAT+vVere+rO9FacZKe07BH1jTX0DsoKI=</latexit><latexit sha1_base64="3IjHzpgJpZG1jnGimB/tktYMON4=">AAACH3icbVDLTgIxFO3gC/E16tJNIzGBBThjjLIhIXHjEhN5JICkUwo002knbceETOZP3PgrblxojHHH31hgFgiepMnpOffe9h4vZFRpx5lamY3Nre2d7G5ub//g8Mg+PmkqEUlMGlgwIdseUoRRThqaakbaoSQo8Bhpef7dzG89E6mo4I96EpJegEacDilG2kh9+6ZeaFf9IqzCmMMuHguhCPSTQpeZGQN0yYtPfsEtLV1jXvKTvp13ys4ccJ24KcmDFPW+/dMdCBwFhGvMkFId1wl1L0ZSU8xIkutGioQI+2hEOoZyFBDVi+f7JfDCKAM4FNIcruFcXe6IUaDUJPBMZYD0WK16M/E/rxPpYaUXUx5GmnC8eGgYMagFnIUFB1QSrNnEEIQlNX+FeIwkwtpEmjMhuKsrr5PmVdl1yu7Ddb5WSePIgjNwDgrABbegBu5BHTQABi/gDXyAT+vVere+rO9FacZKe07BH1jTX0DsoKI=</latexit><latexit sha1_base64="3IjHzpgJpZG1jnGimB/tktYMON4=">AAACH3icbVDLTgIxFO3gC/E16tJNIzGBBThjjLIhIXHjEhN5JICkUwo002knbceETOZP3PgrblxojHHH31hgFgiepMnpOffe9h4vZFRpx5lamY3Nre2d7G5ub//g8Mg+PmkqEUlMGlgwIdseUoRRThqaakbaoSQo8Bhpef7dzG89E6mo4I96EpJegEacDilG2kh9+6ZeaFf9IqzCmMMuHguhCPSTQpeZGQN0yYtPfsEtLV1jXvKTvp13ys4ccJ24KcmDFPW+/dMdCBwFhGvMkFId1wl1L0ZSU8xIkutGioQI+2hEOoZyFBDVi+f7JfDCKAM4FNIcruFcXe6IUaDUJPBMZYD0WK16M/E/rxPpYaUXUx5GmnC8eGgYMagFnIUFB1QSrNnEEIQlNX+FeIwkwtpEmjMhuKsrr5PmVdl1yu7Ddb5WSePIgjNwDgrABbegBu5BHTQABi/gDXyAT+vVere+rO9FacZKe07BH1jTX0DsoKI=</latexit><latexit sha1_base64="3IjHzpgJpZG1jnGimB/tktYMON4=">AAACH3icbVDLTgIxFO3gC/E16tJNIzGBBThjjLIhIXHjEhN5JICkUwo002knbceETOZP3PgrblxojHHH31hgFgiepMnpOffe9h4vZFRpx5lamY3Nre2d7G5ub//g8Mg+PmkqEUlMGlgwIdseUoRRThqaakbaoSQo8Bhpef7dzG89E6mo4I96EpJegEacDilG2kh9+6ZeaFf9IqzCmMMuHguhCPSTQpeZGQN0yYtPfsEtLV1jXvKTvp13ys4ccJ24KcmDFPW+/dMdCBwFhGvMkFId1wl1L0ZSU8xIkutGioQI+2hEOoZyFBDVi+f7JfDCKAM4FNIcruFcXe6IUaDUJPBMZYD0WK16M/E/rxPpYaUXUx5GmnC8eGgYMagFnIUFB1QSrNnEEIQlNX+FeIwkwtpEmjMhuKsrr5PmVdl1yu7Ddb5WSePIgjNwDgrABbegBu5BHTQABi/gDXyAT+vVere+rO9FacZKe07BH1jTX0DsoKI=</latexit>

Can we do any better than milli-seconds?

At each milli-second either get a request or you don’t.

Let X = Number of requests in the minute

We can break that next minute down into milli-seconds



Binomial in the Limit
On average λ = 5 requests per minute

We can break that minute down into infinitely small buckets

1
<latexit sha1_base64="A04I5Eb8yKzMoGJpxklIYyl10zM=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48V7Ae0oWy2m3btZhN2J0II/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt3O/+8S1EbF6wCzhfkTHSoSCUbRSZyBUiNmwWnPr7gJknXgFqUGB1rD6NRjFLI24QiapMX3PTdDPqUbBJJ9VBqnhCWVTOuZ9SxWNuPHzxbUzcmGVEQljbUshWai/J3IaGZNFge2MKE7MqjcX//P6KYYNPxcqSZErtlwUppJgTOavk5HQnKHMLKFMC3srYROqKUMbUMWG4K2+vE46V3XPrXv317Vmo4ijDGdwDpfgwQ004Q5a0AYGj/AMr/DmxM6L8+58LFtLTjFzCn/gfP4Avy2PMg==</latexit><latexit sha1_base64="A04I5Eb8yKzMoGJpxklIYyl10zM=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48V7Ae0oWy2m3btZhN2J0II/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt3O/+8S1EbF6wCzhfkTHSoSCUbRSZyBUiNmwWnPr7gJknXgFqUGB1rD6NRjFLI24QiapMX3PTdDPqUbBJJ9VBqnhCWVTOuZ9SxWNuPHzxbUzcmGVEQljbUshWai/J3IaGZNFge2MKE7MqjcX//P6KYYNPxcqSZErtlwUppJgTOavk5HQnKHMLKFMC3srYROqKUMbUMWG4K2+vE46V3XPrXv317Vmo4ijDGdwDpfgwQ004Q5a0AYGj/AMr/DmxM6L8+58LFtLTjFzCn/gfP4Avy2PMg==</latexit><latexit sha1_base64="A04I5Eb8yKzMoGJpxklIYyl10zM=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48V7Ae0oWy2m3btZhN2J0II/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt3O/+8S1EbF6wCzhfkTHSoSCUbRSZyBUiNmwWnPr7gJknXgFqUGB1rD6NRjFLI24QiapMX3PTdDPqUbBJJ9VBqnhCWVTOuZ9SxWNuPHzxbUzcmGVEQljbUshWai/J3IaGZNFge2MKE7MqjcX//P6KYYNPxcqSZErtlwUppJgTOavk5HQnKHMLKFMC3srYROqKUMbUMWG4K2+vE46V3XPrXv317Vmo4ijDGdwDpfgwQ004Q5a0AYGj/AMr/DmxM6L8+58LFtLTjFzCn/gfP4Avy2PMg==</latexit><latexit sha1_base64="A04I5Eb8yKzMoGJpxklIYyl10zM=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48V7Ae0oWy2m3btZhN2J0II/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt3O/+8S1EbF6wCzhfkTHSoSCUbRSZyBUiNmwWnPr7gJknXgFqUGB1rD6NRjFLI24QiapMX3PTdDPqUbBJJ9VBqnhCWVTOuZ9SxWNuPHzxbUzcmGVEQljbUshWai/J3IaGZNFge2MKE7MqjcX//P6KYYNPxcqSZErtlwUppJgTOavk5HQnKHMLKFMC3srYROqKUMbUMWG4K2+vE46V3XPrXv317Vmo4ijDGdwDpfgwQ004Q5a0AYGj/AMr/DmxM6L8+58LFtLTjFzCn/gfP4Avy2PMg==</latexit>1

OMG so small

Let X = Number of requests in the minute

X ⇠ Bin(n, p = �/n)
<latexit sha1_base64="MEAGkCk3ViloC3SLx1V12sueUyA=">AAACDXicbVDLSgMxFM34rPU16tJNsAoVpM6IYDdC0Y3LCvYBnaFk0rQNzWSG5I5Yhv6AG3/FjQtF3Lp359+YtrPQ1gMXDufcm9x7glhwDY7zbS0sLi2vrObW8usbm1vb9s5uXUeJoqxGIxGpZkA0E1yyGnAQrBkrRsJAsEYwuB77jXumNI/kHQxj5oekJ3mXUwJGatuHTexpHmIP2AOkV1yOivIEx5fYE+aRDsGnWB637YJTcibA88TNSAFlqLbtL68T0SRkEqggWrdcJwY/JQo4FWyU9xLNYkIHpMdahkoSMu2nk2tG+MgoHdyNlCkJeKL+nkhJqPUwDExnSKCvZ72x+J/XSqBb9lMu4wSYpNOPuonAEOFxNLjDFaMghoYQqrjZFdM+UYSCCTBvQnBnT54n9bOS65Tc2/NCpZzFkUP76AAVkYsuUAXdoCqqIYoe0TN6RW/Wk/VivVsf09YFK5vZQ39gff4AlOuZ6g==</latexit><latexit sha1_base64="MEAGkCk3ViloC3SLx1V12sueUyA=">AAACDXicbVDLSgMxFM34rPU16tJNsAoVpM6IYDdC0Y3LCvYBnaFk0rQNzWSG5I5Yhv6AG3/FjQtF3Lp359+YtrPQ1gMXDufcm9x7glhwDY7zbS0sLi2vrObW8usbm1vb9s5uXUeJoqxGIxGpZkA0E1yyGnAQrBkrRsJAsEYwuB77jXumNI/kHQxj5oekJ3mXUwJGatuHTexpHmIP2AOkV1yOivIEx5fYE+aRDsGnWB637YJTcibA88TNSAFlqLbtL68T0SRkEqggWrdcJwY/JQo4FWyU9xLNYkIHpMdahkoSMu2nk2tG+MgoHdyNlCkJeKL+nkhJqPUwDExnSKCvZ72x+J/XSqBb9lMu4wSYpNOPuonAEOFxNLjDFaMghoYQqrjZFdM+UYSCCTBvQnBnT54n9bOS65Tc2/NCpZzFkUP76AAVkYsuUAXdoCqqIYoe0TN6RW/Wk/VivVsf09YFK5vZQ39gff4AlOuZ6g==</latexit><latexit sha1_base64="MEAGkCk3ViloC3SLx1V12sueUyA=">AAACDXicbVDLSgMxFM34rPU16tJNsAoVpM6IYDdC0Y3LCvYBnaFk0rQNzWSG5I5Yhv6AG3/FjQtF3Lp359+YtrPQ1gMXDufcm9x7glhwDY7zbS0sLi2vrObW8usbm1vb9s5uXUeJoqxGIxGpZkA0E1yyGnAQrBkrRsJAsEYwuB77jXumNI/kHQxj5oekJ3mXUwJGatuHTexpHmIP2AOkV1yOivIEx5fYE+aRDsGnWB637YJTcibA88TNSAFlqLbtL68T0SRkEqggWrdcJwY/JQo4FWyU9xLNYkIHpMdahkoSMu2nk2tG+MgoHdyNlCkJeKL+nkhJqPUwDExnSKCvZ72x+J/XSqBb9lMu4wSYpNOPuonAEOFxNLjDFaMghoYQqrjZFdM+UYSCCTBvQnBnT54n9bOS65Tc2/NCpZzFkUP76AAVkYsuUAXdoCqqIYoe0TN6RW/Wk/VivVsf09YFK5vZQ39gff4AlOuZ6g==</latexit><latexit sha1_base64="MEAGkCk3ViloC3SLx1V12sueUyA=">AAACDXicbVDLSgMxFM34rPU16tJNsAoVpM6IYDdC0Y3LCvYBnaFk0rQNzWSG5I5Yhv6AG3/FjQtF3Lp359+YtrPQ1gMXDufcm9x7glhwDY7zbS0sLi2vrObW8usbm1vb9s5uXUeJoqxGIxGpZkA0E1yyGnAQrBkrRsJAsEYwuB77jXumNI/kHQxj5oekJ3mXUwJGatuHTexpHmIP2AOkV1yOivIEx5fYE+aRDsGnWB637YJTcibA88TNSAFlqLbtL68T0SRkEqggWrdcJwY/JQo4FWyU9xLNYkIHpMdahkoSMu2nk2tG+MgoHdyNlCkJeKL+nkhJqPUwDExnSKCvZ72x+J/XSqBb9lMu4wSYpNOPuonAEOFxNLjDFaMghoYQqrjZFdM+UYSCCTBvQnBnT54n9bOS65Tc2/NCpZzFkUP76AAVkYsuUAXdoCqqIYoe0TN6RW/Wk/VivVsf09YFK5vZQ39gff4AlOuZ6g==</latexit>
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<latexit sha1_base64="uTi43wEgly20QR+EZcfgoQoAtjU="></latexit><latexit sha1_base64="uTi43wEgly20QR+EZcfgoQoAtjU="></latexit><latexit sha1_base64="uTi43wEgly20QR+EZcfgoQoAtjU="></latexit><latexit sha1_base64="uTi43wEgly20QR+EZcfgoQoAtjU="></latexit>

Who wants to see some cool math?
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Simplifying

<latexit sha1_base64="rGhmo7iQ1/UPzbC5n1exIy3B2P0="></latexit><latexit sha1_base64="rGhmo7iQ1/UPzbC5n1exIy3B2P0="></latexit><latexit sha1_base64="rGhmo7iQ1/UPzbC5n1exIy3B2P0="></latexit><latexit sha1_base64="rGhmo7iQ1/UPzbC5n1exIy3B2P0="></latexit>
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<latexit sha1_base64="rGhmo7iQ1/UPzbC5n1exIy3B2P0="></latexit><latexit sha1_base64="rGhmo7iQ1/UPzbC5n1exIy3B2P0="></latexit><latexit sha1_base64="rGhmo7iQ1/UPzbC5n1exIy3B2P0="></latexit><latexit sha1_base64="rGhmo7iQ1/UPzbC5n1exIy3B2P0="></latexit>
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<latexit sha1_base64="rGhmo7iQ1/UPzbC5n1exIy3B2P0="></latexit><latexit sha1_base64="rGhmo7iQ1/UPzbC5n1exIy3B2P0="></latexit><latexit sha1_base64="rGhmo7iQ1/UPzbC5n1exIy3B2P0="></latexit><latexit sha1_base64="rGhmo7iQ1/UPzbC5n1exIy3B2P0="></latexit>
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Binomial in the Limit
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Probability of k requests from this area in the next 1 min



• Simeon-Denis Poisson (1781-1840) was a prolific 
French mathematician

• Published his first paper at 18, became professor 
at 21, and published over 300 papers in his life
§ He reportedly said “Life is good for only two things, 

discovering mathematics and teaching mathematics.”

Simeon-Denis Poisson



• X is a Poisson Random Variable: the number of 
occurrences in a fixed interval of time. 

§ λ is the “rate”
§ X takes on values 0, 1, 2…
§ has distribution (PMF):

Poisson Random Variable

X ⇠ Poi(�)

P (X = k) = e���
k

k!



• Consider events that occur over time
§ Earthquakes, radioactive decay, hits to web server, etc.
§ Have time interval for events (1 year, 1 sec, whatever...)
§ Events arrive at rate: l events per interval of time

• Split time interval into  n à ¥ sub-intervals
§ Assume at most one event per sub-interval
§ Event occurrences in sub-intervals are independent
§ With many sub-intervals, probability of event occurring  

in any given sub-interval is small
• N(t) = # events in original time interval ~ Poi(l)

Poisson Process



Poisson is great when you 
have a rate and you care 
about # of occurrences!



Make sure that the rate is 
the expected number of 
occurrences within the 

timeframe you care about. 


