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Fundamental Properties



• Experiment results in “Success” or “Failure”
§ X is random indicator variable (1 = success, 0 = failure)
§ P(X = 1) = p(1) = p P(X = 0) = p(0) = 1 – p
§ X is a Bernoulli Random Variable:  X ~ Ber(p)
§ E[X] = p
§ Var(X) = p(1 – p)

Bernoulli Random Variable



Bernoulli vs Binomial

Bernoulli is an indicator RV

+

+
+

Binomial is the sum of n
Bernoullis

=



Binomial is for when you 
have n independent trials 

each with the same 
probability of success 

and you want to know how 
many are successes. 



Consider: X ~ Bin(n, p)

•

• E[X] = np

• Var(X) = np(1 – p)

• Note: Ber(p) = Bin(1, p)

Properties of Bin(n, p)
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P(X=k)

PMF for X ~ Bin(10, 0.5)
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P(X=k)

PMF for X ~ Bin(10, 0.3)



Probability you win a series?
Warriors played the Raptors in a best of 7 series during the 2019 
NBA finals. What was the probability (going in) that the warriors 
would win the series? Each game is independent. Each game, 
the warriors have a 0.55 probability of winning? Win series if 
you win at least 4 games.

Let X be the number of games won. X ~ Bin(n= 7, p = 0.55).
P(X > 3)?
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<latexit sha1_base64="nSf/kVKvbPO/Yp8Wl9skAFl/zo8="></latexit><latexit sha1_base64="nSf/kVKvbPO/Yp8Wl9skAFl/zo8="></latexit><latexit sha1_base64="nSf/kVKvbPO/Yp8Wl9skAFl/zo8="></latexit><latexit sha1_base64="nSf/kVKvbPO/Yp8Wl9skAFl/zo8="></latexit>

≈ 0.61



Probability for Extreme Weather?



Probability of k requests from this area in the next 1 min

On average λ = 5 requests per minute

…

At each second either get a request or you don’t.
Let X = Number of requests in the minute

X ⇠ Bin(n = 60, p = 5/60)
<latexit sha1_base64="7R62i8Ukes9IIfj9GCHxsXtwyIc=">AAACC3icbVDLSgNBEJyNrxhfqx69DAlCBIm7ojGXQNCLxwjmAdkQZieTZMjs7DLTK4Yldy/+ihcPinj1B7z5N04eB40WNBRV3XR3+ZHgGhzny0otLa+srqXXMxubW9s79u5eXYexoqxGQxGqpk80E1yyGnAQrBkpRgJfsIY/vJr4jTumNA/lLYwi1g5IX/IepwSM1LGzTexpHmAP2D0kl1yO87JcdI5xVMbn+AQXnaOOnXMKzhT4L3HnJIfmqHbsT68b0jhgEqggWrdcJ4J2QhRwKtg448WaRYQOSZ+1DJUkYLqdTH8Z40OjdHEvVKYk4Kn6cyIhgdajwDedAYGBXvQm4n9eK4ZeqZ1wGcXAJJ0t6sUCQ4gnweAuV4yCGBlCqOLmVkwHRBEKJr6MCcFdfPkvqZ8WXKfg3pzlKqV5HGl0gLIoj1x0gSroGlVRDVH0gJ7QC3q1Hq1n6816n7WmrPnMPvoF6+MbP76X6Q==</latexit><latexit sha1_base64="7R62i8Ukes9IIfj9GCHxsXtwyIc=">AAACC3icbVDLSgNBEJyNrxhfqx69DAlCBIm7ojGXQNCLxwjmAdkQZieTZMjs7DLTK4Yldy/+ihcPinj1B7z5N04eB40WNBRV3XR3+ZHgGhzny0otLa+srqXXMxubW9s79u5eXYexoqxGQxGqpk80E1yyGnAQrBkpRgJfsIY/vJr4jTumNA/lLYwi1g5IX/IepwSM1LGzTexpHmAP2D0kl1yO87JcdI5xVMbn+AQXnaOOnXMKzhT4L3HnJIfmqHbsT68b0jhgEqggWrdcJ4J2QhRwKtg448WaRYQOSZ+1DJUkYLqdTH8Z40OjdHEvVKYk4Kn6cyIhgdajwDedAYGBXvQm4n9eK4ZeqZ1wGcXAJJ0t6sUCQ4gnweAuV4yCGBlCqOLmVkwHRBEKJr6MCcFdfPkvqZ8WXKfg3pzlKqV5HGl0gLIoj1x0gSroGlVRDVH0gJ7QC3q1Hq1n6816n7WmrPnMPvoF6+MbP76X6Q==</latexit><latexit sha1_base64="7R62i8Ukes9IIfj9GCHxsXtwyIc=">AAACC3icbVDLSgNBEJyNrxhfqx69DAlCBIm7ojGXQNCLxwjmAdkQZieTZMjs7DLTK4Yldy/+ihcPinj1B7z5N04eB40WNBRV3XR3+ZHgGhzny0otLa+srqXXMxubW9s79u5eXYexoqxGQxGqpk80E1yyGnAQrBkpRgJfsIY/vJr4jTumNA/lLYwi1g5IX/IepwSM1LGzTexpHmAP2D0kl1yO87JcdI5xVMbn+AQXnaOOnXMKzhT4L3HnJIfmqHbsT68b0jhgEqggWrdcJ4J2QhRwKtg448WaRYQOSZ+1DJUkYLqdTH8Z40OjdHEvVKYk4Kn6cyIhgdajwDedAYGBXvQm4n9eK4ZeqZ1wGcXAJJ0t6sUCQ4gnweAuV4yCGBlCqOLmVkwHRBEKJr6MCcFdfPkvqZ8WXKfg3pzlKqV5HGl0gLIoj1x0gSroGlVRDVH0gJ7QC3q1Hq1n6816n7WmrPnMPvoF6+MbP76X6Q==</latexit><latexit sha1_base64="7R62i8Ukes9IIfj9GCHxsXtwyIc=">AAACC3icbVDLSgNBEJyNrxhfqx69DAlCBIm7ojGXQNCLxwjmAdkQZieTZMjs7DLTK4Yldy/+ihcPinj1B7z5N04eB40WNBRV3XR3+ZHgGhzny0otLa+srqXXMxubW9s79u5eXYexoqxGQxGqpk80E1yyGnAQrBkpRgJfsIY/vJr4jTumNA/lLYwi1g5IX/IepwSM1LGzTexpHmAP2D0kl1yO87JcdI5xVMbn+AQXnaOOnXMKzhT4L3HnJIfmqHbsT68b0jhgEqggWrdcJ4J2QhRwKtg448WaRYQOSZ+1DJUkYLqdTH8Z40OjdHEvVKYk4Kn6cyIhgdajwDedAYGBXvQm4n9eK4ZeqZ1wGcXAJJ0t6sUCQ4gnweAuV4yCGBlCqOLmVkwHRBEKJr6MCcFdfPkvqZ8WXKfg3pzlKqV5HGl0gLIoj1x0gSroGlVRDVH0gJ7QC3q1Hq1n6816n7WmrPnMPvoF6+MbP76X6Q==</latexit>
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<latexit sha1_base64="1Atp7crKha1hXJi/pyaO9oqccNo=">AAACD3icbVDLSgMxFM3UV62vqks3waJMFy0zIthNoeDGZQX7gHYsmTTThskkQ5IRytA/cOOvuHGhiFu37vwb03YW2nrgcg/n3Etyjx8zqrTjfFu5tfWNza38dmFnd2//oHh41FYikZi0sGBCdn2kCKOctDTVjHRjSVDkM9Lxw+uZ33kgUlHB7/QkJl6ERpwGFCNtpEHxvGl362EZ1mHKYR+PhVAEhlM7Lt+HtlsxLeWVcDoolpyqMwdcJW5GSiBDc1D86g8FTiLCNWZIqZ7rxNpLkdQUMzIt9BNFYoRDNCI9QzmKiPLS+T1TeGaUIQyENMU1nKu/N1IUKTWJfDMZIT1Wy95M/M/rJTqoeSnlcaIJx4uHgoRBLeAsHDikkmDNJoYgLKn5K8RjJBHWJsKCCcFdPnmVtC+qrlN1by9LjVoWRx6cgFNgAxdcgQa4AU3QAhg8gmfwCt6sJ+vFerc+FqM5K9s5Bn9gff4AImaaLg==</latexit><latexit sha1_base64="1Atp7crKha1hXJi/pyaO9oqccNo=">AAACD3icbVDLSgMxFM3UV62vqks3waJMFy0zIthNoeDGZQX7gHYsmTTThskkQ5IRytA/cOOvuHGhiFu37vwb03YW2nrgcg/n3Etyjx8zqrTjfFu5tfWNza38dmFnd2//oHh41FYikZi0sGBCdn2kCKOctDTVjHRjSVDkM9Lxw+uZ33kgUlHB7/QkJl6ERpwGFCNtpEHxvGl362EZ1mHKYR+PhVAEhlM7Lt+HtlsxLeWVcDoolpyqMwdcJW5GSiBDc1D86g8FTiLCNWZIqZ7rxNpLkdQUMzIt9BNFYoRDNCI9QzmKiPLS+T1TeGaUIQyENMU1nKu/N1IUKTWJfDMZIT1Wy95M/M/rJTqoeSnlcaIJx4uHgoRBLeAsHDikkmDNJoYgLKn5K8RjJBHWJsKCCcFdPnmVtC+qrlN1by9LjVoWRx6cgFNgAxdcgQa4AU3QAhg8gmfwCt6sJ+vFerc+FqM5K9s5Bn9gff4AImaaLg==</latexit><latexit sha1_base64="1Atp7crKha1hXJi/pyaO9oqccNo=">AAACD3icbVDLSgMxFM3UV62vqks3waJMFy0zIthNoeDGZQX7gHYsmTTThskkQ5IRytA/cOOvuHGhiFu37vwb03YW2nrgcg/n3Etyjx8zqrTjfFu5tfWNza38dmFnd2//oHh41FYikZi0sGBCdn2kCKOctDTVjHRjSVDkM9Lxw+uZ33kgUlHB7/QkJl6ERpwGFCNtpEHxvGl362EZ1mHKYR+PhVAEhlM7Lt+HtlsxLeWVcDoolpyqMwdcJW5GSiBDc1D86g8FTiLCNWZIqZ7rxNpLkdQUMzIt9BNFYoRDNCI9QzmKiPLS+T1TeGaUIQyENMU1nKu/N1IUKTWJfDMZIT1Wy95M/M/rJTqoeSnlcaIJx4uHgoRBLeAsHDikkmDNJoYgLKn5K8RjJBHWJsKCCcFdPnmVtC+qrlN1by9LjVoWRx6cgFNgAxdcgQa4AU3QAhg8gmfwCt6sJ+vFerc+FqM5K9s5Bn9gff4AImaaLg==</latexit><latexit sha1_base64="1Atp7crKha1hXJi/pyaO9oqccNo=">AAACD3icbVDLSgMxFM3UV62vqks3waJMFy0zIthNoeDGZQX7gHYsmTTThskkQ5IRytA/cOOvuHGhiFu37vwb03YW2nrgcg/n3Etyjx8zqrTjfFu5tfWNza38dmFnd2//oHh41FYikZi0sGBCdn2kCKOctDTVjHRjSVDkM9Lxw+uZ33kgUlHB7/QkJl6ERpwGFCNtpEHxvGl362EZ1mHKYR+PhVAEhlM7Lt+HtlsxLeWVcDoolpyqMwdcJW5GSiBDc1D86g8FTiLCNWZIqZ7rxNpLkdQUMzIt9BNFYoRDNCI9QzmKiPLS+T1TeGaUIQyENMU1nKu/N1IUKTWJfDMZIT1Wy95M/M/rJTqoeSnlcaIJx4uHgoRBLeAsHDikkmDNJoYgLKn5K8RjJBHWJsKCCcFdPnmVtC+qrlN1by9LjVoWRx6cgFNgAxdcgQa4AU3QAhg8gmfwCt6sJ+vFerc+FqM5K9s5Bn9gff4AImaaLg==</latexit>

But what if there are two requests in the same second?

1 2 3 4 5 6 60

We can break the next minute down into seconds



Probability of k requests from this area in the next 1 min

On average λ = 5 requests per minute

…

X ⇠ Bin(n = 60000, p = �/n)
<latexit sha1_base64="98DSEarewvoWOPaXbteqpuPPT1o=">AAACE3icbVDLSgMxFM34rPVVdekmWIQqUmdEtJtC0Y3LCvYBnaFkMmkbmskMyR2xDP0HN/6KGxeKuHXjzr8xfSy09cCFwzn3JvcePxZcg21/WwuLS8srq5m17PrG5tZ2bme3rqNEUVajkYhU0yeaCS5ZDTgI1owVI6EvWMPvX4/8xj1TmkfyDgYx80LSlbzDKQEjtXPHTexqHmIX2AOkV1wOC7J8YRuc4LiMXWGeCgg+xfKoncvbRXsMPE+cKcmjKart3JcbRDQJmQQqiNYtx47BS4kCTgUbZt1Es5jQPumylqGShEx76fimIT40SoA7kTIlAY/V3xMpCbUehL7pDAn09Kw3Ev/zWgl0Sl7KZZwAk3TyUScRGCI8CggHXDEKYmAIoYqbXTHtEUUomBizJgRn9uR5Uj8rOnbRuT3PV0rTODJoHx2gAnLQJaqgG1RFNUTRI3pGr+jNerJerHfrY9K6YE1n9tAfWJ8/h+KbWQ==</latexit><latexit sha1_base64="98DSEarewvoWOPaXbteqpuPPT1o=">AAACE3icbVDLSgMxFM34rPVVdekmWIQqUmdEtJtC0Y3LCvYBnaFkMmkbmskMyR2xDP0HN/6KGxeKuHXjzr8xfSy09cCFwzn3JvcePxZcg21/WwuLS8srq5m17PrG5tZ2bme3rqNEUVajkYhU0yeaCS5ZDTgI1owVI6EvWMPvX4/8xj1TmkfyDgYx80LSlbzDKQEjtXPHTexqHmIX2AOkV1wOC7J8YRuc4LiMXWGeCgg+xfKoncvbRXsMPE+cKcmjKart3JcbRDQJmQQqiNYtx47BS4kCTgUbZt1Es5jQPumylqGShEx76fimIT40SoA7kTIlAY/V3xMpCbUehL7pDAn09Kw3Ev/zWgl0Sl7KZZwAk3TyUScRGCI8CggHXDEKYmAIoYqbXTHtEUUomBizJgRn9uR5Uj8rOnbRuT3PV0rTODJoHx2gAnLQJaqgG1RFNUTRI3pGr+jNerJerHfrY9K6YE1n9tAfWJ8/h+KbWQ==</latexit><latexit sha1_base64="98DSEarewvoWOPaXbteqpuPPT1o=">AAACE3icbVDLSgMxFM34rPVVdekmWIQqUmdEtJtC0Y3LCvYBnaFkMmkbmskMyR2xDP0HN/6KGxeKuHXjzr8xfSy09cCFwzn3JvcePxZcg21/WwuLS8srq5m17PrG5tZ2bme3rqNEUVajkYhU0yeaCS5ZDTgI1owVI6EvWMPvX4/8xj1TmkfyDgYx80LSlbzDKQEjtXPHTexqHmIX2AOkV1wOC7J8YRuc4LiMXWGeCgg+xfKoncvbRXsMPE+cKcmjKart3JcbRDQJmQQqiNYtx47BS4kCTgUbZt1Es5jQPumylqGShEx76fimIT40SoA7kTIlAY/V3xMpCbUehL7pDAn09Kw3Ev/zWgl0Sl7KZZwAk3TyUScRGCI8CggHXDEKYmAIoYqbXTHtEUUomBizJgRn9uR5Uj8rOnbRuT3PV0rTODJoHx2gAnLQJaqgG1RFNUTRI3pGr+jNerJerHfrY9K6YE1n9tAfWJ8/h+KbWQ==</latexit><latexit sha1_base64="98DSEarewvoWOPaXbteqpuPPT1o=">AAACE3icbVDLSgMxFM34rPVVdekmWIQqUmdEtJtC0Y3LCvYBnaFkMmkbmskMyR2xDP0HN/6KGxeKuHXjzr8xfSy09cCFwzn3JvcePxZcg21/WwuLS8srq5m17PrG5tZ2bme3rqNEUVajkYhU0yeaCS5ZDTgI1owVI6EvWMPvX4/8xj1TmkfyDgYx80LSlbzDKQEjtXPHTexqHmIX2AOkV1wOC7J8YRuc4LiMXWGeCgg+xfKoncvbRXsMPE+cKcmjKart3JcbRDQJmQQqiNYtx47BS4kCTgUbZt1Es5jQPumylqGShEx76fimIT40SoA7kTIlAY/V3xMpCbUehL7pDAn09Kw3Ev/zWgl0Sl7KZZwAk3TyUScRGCI8CggHXDEKYmAIoYqbXTHtEUUomBizJgRn9uR5Uj8rOnbRuT3PV0rTODJoHx2gAnLQJaqgG1RFNUTRI3pGr+jNerJerHfrY9K6YE1n9tAfWJ8/h+KbWQ==</latexit>
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<latexit sha1_base64="3IjHzpgJpZG1jnGimB/tktYMON4=">AAACH3icbVDLTgIxFO3gC/E16tJNIzGBBThjjLIhIXHjEhN5JICkUwo002knbceETOZP3PgrblxojHHH31hgFgiepMnpOffe9h4vZFRpx5lamY3Nre2d7G5ub//g8Mg+PmkqEUlMGlgwIdseUoRRThqaakbaoSQo8Bhpef7dzG89E6mo4I96EpJegEacDilG2kh9+6ZeaFf9IqzCmMMuHguhCPSTQpeZGQN0yYtPfsEtLV1jXvKTvp13ys4ccJ24KcmDFPW+/dMdCBwFhGvMkFId1wl1L0ZSU8xIkutGioQI+2hEOoZyFBDVi+f7JfDCKAM4FNIcruFcXe6IUaDUJPBMZYD0WK16M/E/rxPpYaUXUx5GmnC8eGgYMagFnIUFB1QSrNnEEIQlNX+FeIwkwtpEmjMhuKsrr5PmVdl1yu7Ddb5WSePIgjNwDgrABbegBu5BHTQABi/gDXyAT+vVere+rO9FacZKe07BH1jTX0DsoKI=</latexit><latexit sha1_base64="3IjHzpgJpZG1jnGimB/tktYMON4=">AAACH3icbVDLTgIxFO3gC/E16tJNIzGBBThjjLIhIXHjEhN5JICkUwo002knbceETOZP3PgrblxojHHH31hgFgiepMnpOffe9h4vZFRpx5lamY3Nre2d7G5ub//g8Mg+PmkqEUlMGlgwIdseUoRRThqaakbaoSQo8Bhpef7dzG89E6mo4I96EpJegEacDilG2kh9+6ZeaFf9IqzCmMMuHguhCPSTQpeZGQN0yYtPfsEtLV1jXvKTvp13ys4ccJ24KcmDFPW+/dMdCBwFhGvMkFId1wl1L0ZSU8xIkutGioQI+2hEOoZyFBDVi+f7JfDCKAM4FNIcruFcXe6IUaDUJPBMZYD0WK16M/E/rxPpYaUXUx5GmnC8eGgYMagFnIUFB1QSrNnEEIQlNX+FeIwkwtpEmjMhuKsrr5PmVdl1yu7Ddb5WSePIgjNwDgrABbegBu5BHTQABi/gDXyAT+vVere+rO9FacZKe07BH1jTX0DsoKI=</latexit><latexit sha1_base64="3IjHzpgJpZG1jnGimB/tktYMON4=">AAACH3icbVDLTgIxFO3gC/E16tJNIzGBBThjjLIhIXHjEhN5JICkUwo002knbceETOZP3PgrblxojHHH31hgFgiepMnpOffe9h4vZFRpx5lamY3Nre2d7G5ub//g8Mg+PmkqEUlMGlgwIdseUoRRThqaakbaoSQo8Bhpef7dzG89E6mo4I96EpJegEacDilG2kh9+6ZeaFf9IqzCmMMuHguhCPSTQpeZGQN0yYtPfsEtLV1jXvKTvp13ys4ccJ24KcmDFPW+/dMdCBwFhGvMkFId1wl1L0ZSU8xIkutGioQI+2hEOoZyFBDVi+f7JfDCKAM4FNIcruFcXe6IUaDUJPBMZYD0WK16M/E/rxPpYaUXUx5GmnC8eGgYMagFnIUFB1QSrNnEEIQlNX+FeIwkwtpEmjMhuKsrr5PmVdl1yu7Ddb5WSePIgjNwDgrABbegBu5BHTQABi/gDXyAT+vVere+rO9FacZKe07BH1jTX0DsoKI=</latexit><latexit sha1_base64="3IjHzpgJpZG1jnGimB/tktYMON4=">AAACH3icbVDLTgIxFO3gC/E16tJNIzGBBThjjLIhIXHjEhN5JICkUwo002knbceETOZP3PgrblxojHHH31hgFgiepMnpOffe9h4vZFRpx5lamY3Nre2d7G5ub//g8Mg+PmkqEUlMGlgwIdseUoRRThqaakbaoSQo8Bhpef7dzG89E6mo4I96EpJegEacDilG2kh9+6ZeaFf9IqzCmMMuHguhCPSTQpeZGQN0yYtPfsEtLV1jXvKTvp13ys4ccJ24KcmDFPW+/dMdCBwFhGvMkFId1wl1L0ZSU8xIkutGioQI+2hEOoZyFBDVi+f7JfDCKAM4FNIcruFcXe6IUaDUJPBMZYD0WK16M/E/rxPpYaUXUx5GmnC8eGgYMagFnIUFB1QSrNnEEIQlNX+FeIwkwtpEmjMhuKsrr5PmVdl1yu7Ddb5WSePIgjNwDgrABbegBu5BHTQABi/gDXyAT+vVere+rO9FacZKe07BH1jTX0DsoKI=</latexit>

Can we do any better than milli-seconds?

At each milli-second either get a request or you don’t.
Let X = Number of requests in the minute

We can break that next minute down into milli-seconds



Binomial in the Limit
On average λ = 5 requests per minute

We can break that minute down into infinitely small buckets

1
<latexit sha1_base64="A04I5Eb8yKzMoGJpxklIYyl10zM=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48V7Ae0oWy2m3btZhN2J0II/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt3O/+8S1EbF6wCzhfkTHSoSCUbRSZyBUiNmwWnPr7gJknXgFqUGB1rD6NRjFLI24QiapMX3PTdDPqUbBJJ9VBqnhCWVTOuZ9SxWNuPHzxbUzcmGVEQljbUshWai/J3IaGZNFge2MKE7MqjcX//P6KYYNPxcqSZErtlwUppJgTOavk5HQnKHMLKFMC3srYROqKUMbUMWG4K2+vE46V3XPrXv317Vmo4ijDGdwDpfgwQ004Q5a0AYGj/AMr/DmxM6L8+58LFtLTjFzCn/gfP4Avy2PMg==</latexit><latexit sha1_base64="A04I5Eb8yKzMoGJpxklIYyl10zM=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48V7Ae0oWy2m3btZhN2J0II/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt3O/+8S1EbF6wCzhfkTHSoSCUbRSZyBUiNmwWnPr7gJknXgFqUGB1rD6NRjFLI24QiapMX3PTdDPqUbBJJ9VBqnhCWVTOuZ9SxWNuPHzxbUzcmGVEQljbUshWai/J3IaGZNFge2MKE7MqjcX//P6KYYNPxcqSZErtlwUppJgTOavk5HQnKHMLKFMC3srYROqKUMbUMWG4K2+vE46V3XPrXv317Vmo4ijDGdwDpfgwQ004Q5a0AYGj/AMr/DmxM6L8+58LFtLTjFzCn/gfP4Avy2PMg==</latexit><latexit sha1_base64="A04I5Eb8yKzMoGJpxklIYyl10zM=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48V7Ae0oWy2m3btZhN2J0II/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt3O/+8S1EbF6wCzhfkTHSoSCUbRSZyBUiNmwWnPr7gJknXgFqUGB1rD6NRjFLI24QiapMX3PTdDPqUbBJJ9VBqnhCWVTOuZ9SxWNuPHzxbUzcmGVEQljbUshWai/J3IaGZNFge2MKE7MqjcX//P6KYYNPxcqSZErtlwUppJgTOavk5HQnKHMLKFMC3srYROqKUMbUMWG4K2+vE46V3XPrXv317Vmo4ijDGdwDpfgwQ004Q5a0AYGj/AMr/DmxM6L8+58LFtLTjFzCn/gfP4Avy2PMg==</latexit><latexit sha1_base64="A04I5Eb8yKzMoGJpxklIYyl10zM=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48V7Ae0oWy2m3btZhN2J0II/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt3O/+8S1EbF6wCzhfkTHSoSCUbRSZyBUiNmwWnPr7gJknXgFqUGB1rD6NRjFLI24QiapMX3PTdDPqUbBJJ9VBqnhCWVTOuZ9SxWNuPHzxbUzcmGVEQljbUshWai/J3IaGZNFge2MKE7MqjcX//P6KYYNPxcqSZErtlwUppJgTOavk5HQnKHMLKFMC3srYROqKUMbUMWG4K2+vE46V3XPrXv317Vmo4ijDGdwDpfgwQ004Q5a0AYGj/AMr/DmxM6L8+58LFtLTjFzCn/gfP4Avy2PMg==</latexit>1

OMG so small

Let X = Number of requests in the minute

X ⇠ Bin(n, p = �/n)
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• X is a Poisson Random Variable: the number of 
occurrences in a fixed interval of time. 

§ λ is the “rate”
§ X takes on values 0, 1, 2…
§ has distribution (PMF):

Poisson Random Variable

X ⇠ Poi(�)

P (X = k) = e���
k

k!



Poisson is great when you 
have a rate and you care 
about # of occurrences!



Make sure that the rate is 
the expected number of 
occurrences within the 

timeframe you care about. 



End Review



Earthquakes

Average of 2.79 major earthquakes per year. 
What is the probability of 3 major earthquakes next year? 



Earthquake Probability Mass Function
Let X = number of earthquakes next year

P(
X

= 
x)

Number of earthquakes (x)

X ⇠ Poi(2.79)
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P (X = 3) =
�ke��

k!
=

2.793e�2.79

3!
⇡ 0.23
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Four Prototypical Trajectories

Poisson can approximate a Binomial!



Storing Data on DNA

All the movies, images, emails and other digital data from more than 
600 smartphones (10,000 gigabytes) can be stored in the faint pink 

smear of DNA at the end of this test tube.



• Will the DNA storage become corrupt?
§ In DNA (and real networks) store large strings
§ Length n » 104

§ Probability of corruption of each base pair is very 
small p » 10-6

§ X ~ Bin(104, 10-6) is unwieldy to compute

• Extreme n and p values arise in many cases
§ # bit errors in steam sent over a network
§ # of servers crashes in a day in giant data center

Storing Data on DNA



• Will the DNA storage become corrupt?
§ In DNA (and real networks) store large strings
§ Length n » 104

§ Probability of corruption of each base pair is very 
small p » 10-6

§ X ~ Poi(l = 104 * 10-6 = 0.01)

Storing Data on DNA

P (X = k) = e���
k

k!

P (X = 0) = e�� 1

0!
= e�0.01 ⇡ 0.99

P (X = k) = e���
k

k!

P (X = 0) = e�� 1

0!
= e�0.01 ⇡ 0.99

P (X = k) = e���
k

k!

P (X = 0) = e�� 1

0!
= e�0.01 ⇡ 0.99

Hi MoM!

Approximate



• Poisson approximates Binomial where n is large, 
p is small, and l = np is “moderate”

• Different interpretations of "moderate" 
§ n > 20 and p < 0.05
§ n > 100 and p < 0.1

• Really, Poisson is Binomial as
n à ¥ and p à 0, where np = l

Poisson is Binomial in the Limit
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P(
X 

= 
k)

k

Bin(10,0.3) vs Bin(100,0.03) vs Poi(3)



Poisson can be used 
to approximate a 

Binomial where n is 
large and p is small.



• Recall: Y ~ Bin(n, p)
§ E[Y] = np
§ Var(Y) = np(1 – p)

• X ~ Poi(l) where l = np (n à ¥ and p à 0)
§ E[X] = np = l
§ Var(X) = np(1 – p) = l(1 – 0) = l
§ Yes, expectation and variance of Poisson are same

Tender (Central) Moments with Poisson



• Poisson can still provide a good approximation 
even when assumptions are “mildly” violated

• “Poisson Paradigm”
• Can apply Poisson approximation when...

§ “Successes” in trials are not entirely independent
o Example: # entries in each bucket in large hash table

§ Probability of “Success” in each trial varies (slightly)
o Small relative change in a very small p
o Example: average # requests to web server/sec. may fluctuate 

slightly due to load on network

Poisson is Chill



• Consider requests to a web server
§ In past, server load averages 120 hits/minute
§ X = # hits server receives in a second
§ What is P(X < 5)?

• Solution

Web Server Load

X ⇠ Poi(� = 2)
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Since X is Poisson
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e�2 2
i

i!
⇡ 0.95 Since � = 2
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Probability for Extreme Weather?
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Four Prototypical Trajectories

To the code!
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Num Hurricanes

Until 1966, things look pretty Poisson

Lambda = 8.5

Historically ~ Poisson(8.5)



Improbability Drive

• What is the probability of over 15 hurricanes in a 
season given that the distribution doesn’t change? 
§ Let X = # hurricanes in a year. X ~ Poi(8.5)

• Solution: This is the pmf
of a Poisson. 
Your favorite 
programming 
language has a 
function for it

P (X > 15) = 1� P (X  15)

= 1�
15X

i=0

P (X = i)

= 1� 0.98

= 0.02



Four Prototypical Trajectories

Twice since 1966 there have been 
years with over 30 hurricanes



Improbability Drive

• What is the probability of over 30 hurricanes in a 
season given that the distribution doesn’t change? 
§ Let X = # hurricanes in a year. X ~ Poi(8.5)

• Solution:

P (X > 30) = 1� P (X  30)

= 1�
30X

i=0

P (X = i)

= 1� 0.999999997823

= 2.2e� 09

This is the pdf 
of a Poisson. 
Your favorite 
programming 
language has a 
function for it
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Lambda = 16.6?

Since 1966, looks like the distribution 
has changed

The Distribution has Changed



What’s Up?



What’s Up?



What’s Up?



Function Description
X.pmf(k) P(X = k)
X.cdf(k) P(X ≤ k)
X.entropy() (Differential) entropy of X
X.mean() E[X]
X.var() Var(X)
X,std() Std(X)

Python Scipy RV Methods

from scipy import stats # great package
X = stats.poisson(2.5)  # X ~ Poi(λ = 2.5)
print(X.pmf(2))         # P(X = 2)



Don’t have to derive all of the following distributions. 
We want you to get a sense of how random 

variables work.

Discrete Distributions



number of 
successes

trials/time to get 
successes

One
trial

Several
trials

Interval
of time

One
success

Several
successes

One 
success

X� Ber( p)

X� Bin(n , p)

X� Poi(λ )

n = 1

One
success

One
success

Grid of Random Variables



• X is Geometric Random Variable:  X ~ Geo(p)
§ X is number of independent trials until first success
§ p is probability of success on each trial
§ X takes on values 1, 2, 3, …, with probability:

Geometric Random Variable

P (X = n) = (1� p)n�1p
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E[X] =
1

p
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Var(X) =
1� p

p2
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• X is Negative Binomial RV:  X ~ NegBin(r, p)
§ X is number of independent trials until r successes
§ p is probability of success on each trial
§ X takes on values r, r + 1, r + 2…, with probability:

§ E[X] = r/p Var(X) = r(1 – p)/p2

• Note: Geo(p) ~ NegBin(1, p)
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Negative Binomial Random Variable
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Grid of Random Variables



Etc…

New Handout



Bernoulli:
§ indicator of coin flip X ~ Ber(p)

Binomial: 
§ # successes in n coin flips X ~ Bin(n, p)

Poisson: 
§ # successes in n coin flips X ~ Poi(l)

Geometric: 
§ # coin flips until success X ~ Geo(p)

Negative Binomial: 
§ # trials until r successes X ~ NegBin(r, p)

Zipf: 
§ The popularity rank of a random word, from a natural language
§ X ~ Zipf(s)

Discrete Distributions



Bit Coin Mining

SHA-256 Hash(       ,       )Data
Fixed

Salt 
Choice

Number that looks like random bits

You “mine a bitcoin” if, for given data D, 
you find a number N such that Hash(D, N) 
produces a string that starts with g 
zeroes. 



Midterm Question: Bit Coin Mining

You “mine a bitcoin” if, for given data D, you find a number N 
such that Hash(D, N) produces a string that starts with g zeroes. 

(a) What is the probability that the first number you try will 
produce a bit string which starts with g zeroes (in other words 
you mine a bitcoin)? 

(b) How many different numbers do you expect to have to try 
before you mine five bitcoins? 



Dating at Stanford
Each person you date has a 0.2 probability of being someone 
you spend your life with. What is the average number of people 
one will date? What is the standard deviation?



Berghuis v. Smith
If a group is underrepresented in a jury pool, how do you tell?

§ Article by Erin Miller –January 22, 2010
§ Thanks to (former CS109er) Josh Falk for this article

Justice Breyer [Stanford Alum] opened the questioning by 
invoking the binomial theorem. He hypothesized a scenario 
involving “an urn with a thousand balls, and sixty are blue, 
and nine hundred forty are purple, and then you select 
them at random… twelve at a time.” According to Justice 
Breyer and the binomial theorem, if the purple balls were under 
represented jurors then “you would expect… something like 
a third to a half of juries would have at least one minority 
person” on them.

Equity in the Courts



• Approximation using Binomial distribution
§ Assume P(blue) constant for every draw = 60/1000
§ X = # blue drawn.  X ~ Bin(12, 60/1000 = 0.06)
§ P(X ≥ 1) = 1 – P(X = 0) » 1 – 0.4759 = 0.5240

In Breyer’s description, should actually expect just over half 
of juries to have at least one non-white person on them

Justin Breyer Meets CS109
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Learning Goal: Use new RVs
You are learning 
about servers…

You read about the 
MD1 queue…
You find a paper that 
says the server “busy 
period” is distributed as 
a Borel with parameter 
μ = 0.2 …



Four Prototypical Trajectories Stretch!

SCPD Code:
mirrorPoisson

Binomial

Noah




Continuous Variables
Noah Arthurs

CS109, Stanford University



1. Comfort using new discrete random variables
2. Integrate a density function (PDF) to get a probability
3. Use a cumulative function (CDF) to get a probability 

Learning Goals



Four Prototypical Trajectories

Big hole in our knowledge



Not all values are discrete



Four Prototypical Trajectories

random()?



Riding the Marguerite



Riding the Marguerite
You are running to the bus stop. 
You don’t know exactly when 
the bus arrives. You have a 
distribution of probabilities.

You show up at 2:20pm.

What is P(wait < 5 minutes)?

What is the probability that the bus arrives at:
2:17pm and 12.12333911102389234 seconds?



Riding the Marguerite
You are running to the bus stop. 
You don’t know exactly when 
the bus arrives. You have a 
distribution of probabilities.

You show up at 2:15pm.

What is P(wait < 5 minutes)?

2:00pm 20 30

wait <5 min

P(
T 

= 
t) P(15 < T ≤ 20)

Bus arrives (t) mins after 2:00pm



Riding the Marguerite
You are running to the bus stop. 
You don’t know exactly when 
the bus arrives. You have a 
distribution of probabilities.

You show up at 2:15pm.

What is P(wait < 5 minutes)?

2:00pm 20 30

wait <5 min

P(
T 

= 
t)

P(15 < X ≤ 17.5)
+

P(17.5 < X ≤ 20)

Bus arrives (t) mins after 2:00pm



Riding the Marguerite
You are running to the bus stop. 
You don’t know exactly when 
the bus arrives. You have a 
distribution of probabilities.

You show up at 2:15pm.

What is P(wait < 5 minutes)?

2:00pm 20 30

wait <5 min

P(15 < T ≤ 20)

Probability 
Density Function

Bus arrives (t) mins after 2:00pm

f
(T

=
t)
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P (a < X < b) =

bZ

x=a

f(X = x)dx

<latexit sha1_base64="Dk8+4Zq1Xf0rCQ551zW4mTj512U=">AAACGHicbVDLSgNBEJyN7/iKevQyGIR4ibsi6MGA6MVjBPOAJIbe2dlkyOzsMtMrCUs+w4u/4sWDIl69+TdOYg6+ChqKqm66u/xECoOu++Hk5uYXFpeWV/Kra+sbm4Wt7bqJU814jcUy1k0fDJdC8RoKlLyZaA6RL3nDH1xO/MYd10bE6gZHCe9E0FMiFAzQSt3CYbUEZ80z/4BWaFsobAfCJBJGUkQCTTcbVmB869Ow1KwMD2gw7BaKbtmdgv4l3owUyQzVbuG9HcQsjbhCJsGYlucm2MlAo2CSj/Pt1PAE2AB6vGWpgoibTjZ9bEz3rRLQMNa2FNKp+n0ig8iYUeTbzgiwb357E/E/r5VieNrJhEpS5Ip9LQpTSTGmk5RoIDRnKEeWANPC3kpZHzQwtFnmbQje75f/kvpR2XPL3vVx8fxiFscy2SV7pEQ8ckLOyRWpkhph5J48kmfy4jw4T86r8/bVmnNmMzvkB5z3T3LCnso=</latexit><latexit sha1_base64="Dk8+4Zq1Xf0rCQ551zW4mTj512U=">AAACGHicbVDLSgNBEJyN7/iKevQyGIR4ibsi6MGA6MVjBPOAJIbe2dlkyOzsMtMrCUs+w4u/4sWDIl69+TdOYg6+ChqKqm66u/xECoOu++Hk5uYXFpeWV/Kra+sbm4Wt7bqJU814jcUy1k0fDJdC8RoKlLyZaA6RL3nDH1xO/MYd10bE6gZHCe9E0FMiFAzQSt3CYbUEZ80z/4BWaFsobAfCJBJGUkQCTTcbVmB869Ow1KwMD2gw7BaKbtmdgv4l3owUyQzVbuG9HcQsjbhCJsGYlucm2MlAo2CSj/Pt1PAE2AB6vGWpgoibTjZ9bEz3rRLQMNa2FNKp+n0ig8iYUeTbzgiwb357E/E/r5VieNrJhEpS5Ip9LQpTSTGmk5RoIDRnKEeWANPC3kpZHzQwtFnmbQje75f/kvpR2XPL3vVx8fxiFscy2SV7pEQ8ckLOyRWpkhph5J48kmfy4jw4T86r8/bVmnNmMzvkB5z3T3LCnso=</latexit><latexit sha1_base64="Dk8+4Zq1Xf0rCQ551zW4mTj512U=">AAACGHicbVDLSgNBEJyN7/iKevQyGIR4ibsi6MGA6MVjBPOAJIbe2dlkyOzsMtMrCUs+w4u/4sWDIl69+TdOYg6+ChqKqm66u/xECoOu++Hk5uYXFpeWV/Kra+sbm4Wt7bqJU814jcUy1k0fDJdC8RoKlLyZaA6RL3nDH1xO/MYd10bE6gZHCe9E0FMiFAzQSt3CYbUEZ80z/4BWaFsobAfCJBJGUkQCTTcbVmB869Ow1KwMD2gw7BaKbtmdgv4l3owUyQzVbuG9HcQsjbhCJsGYlucm2MlAo2CSj/Pt1PAE2AB6vGWpgoibTjZ9bEz3rRLQMNa2FNKp+n0ig8iYUeTbzgiwb357E/E/r5VieNrJhEpS5Ip9LQpTSTGmk5RoIDRnKEeWANPC3kpZHzQwtFnmbQje75f/kvpR2XPL3vVx8fxiFscy2SV7pEQ8ckLOyRWpkhph5J48kmfy4jw4T86r8/bVmnNmMzvkB5z3T3LCnso=</latexit><latexit sha1_base64="Dk8+4Zq1Xf0rCQ551zW4mTj512U=">AAACGHicbVDLSgNBEJyN7/iKevQyGIR4ibsi6MGA6MVjBPOAJIbe2dlkyOzsMtMrCUs+w4u/4sWDIl69+TdOYg6+ChqKqm66u/xECoOu++Hk5uYXFpeWV/Kra+sbm4Wt7bqJU814jcUy1k0fDJdC8RoKlLyZaA6RL3nDH1xO/MYd10bE6gZHCe9E0FMiFAzQSt3CYbUEZ80z/4BWaFsobAfCJBJGUkQCTTcbVmB869Ow1KwMD2gw7BaKbtmdgv4l3owUyQzVbuG9HcQsjbhCJsGYlucm2MlAo2CSj/Pt1PAE2AB6vGWpgoibTjZ9bEz3rRLQMNa2FNKp+n0ig8iYUeTbzgiwb357E/E/r5VieNrJhEpS5Ip9LQpTSTGmk5RoIDRnKEeWANPC3kpZHzQwtFnmbQje75f/kvpR2XPL3vVx8fxiFscy2SV7pEQ8ckLOyRWpkhph5J48kmfy4jw4T86r8/bVmnNmMzvkB5z3T3LCnso=</latexit>

The probability density function (PDF) of 
a continuous random variable represents 
the relative likelihood of various values.

Units of probability divided by units of X. 
Integrate it to get probabilities!

Probability Density Function



P (a < X < b) =

bZ

x=a

fX(x) dx

The probability density function (PDF) of 
a continuous random variable represents 
the relative likelihood of various values.

Units of probability divided by units of X. 
Integrate it to get probabilities!

Probability Density Function

This is another way to write the PDF



Integrals

*loving, not scary



g(x)
<latexit sha1_base64="5MdSH+jBhLb9upJWOdxkrEde8/M=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5NKo/nQ+qNbfhzoFWiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AbeaN0g==</latexit><latexit sha1_base64="5MdSH+jBhLb9upJWOdxkrEde8/M=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5NKo/nQ+qNbfhzoFWiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AbeaN0g==</latexit><latexit sha1_base64="5MdSH+jBhLb9upJWOdxkrEde8/M=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5NKo/nQ+qNbfhzoFWiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AbeaN0g==</latexit><latexit sha1_base64="5MdSH+jBhLb9upJWOdxkrEde8/M=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5NKo/nQ+qNbfhzoFWiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AbeaN0g==</latexit>

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

bZ

x=a

g(x)dx

<latexit sha1_base64="g/d1fZZDkf6YdFSVbEztlMv1OLM=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQNyURQTdC0Y3LCvYBbQyTybQdOpmEmRtpCd278VfcuFDErT/gzr9x+lho64ELh3Pu5d57gkRwDY7zbeVWVtfWN/Kbha3tnd09e/+goeNUUVansYhVKyCaCS5ZHTgI1koUI1EgWDMYXE/85gNTmsfyDkYJ8yLSk7zLKQEj+XaxwyV0Qq4TQUaCRxy0nw0vyfg+wL3y8ASHQ98uORVnCrxM3DkpoTlqvv3VCWOaRkwCFUTrtusk4GVEAaeCjQudVLOE0AHpsbahkkRMe9n0lzE+NkqIu7EyJQFP1d8TGYm0HkWB6YwI9PWiNxH/89opdC+8jMskBSbpbFE3FRhiPAkGh1wxCmJkCKGKm1sx7RNFKJj4CiYEd/HlZdI4rbhOxb09K1Wv5nHk0REqojJy0TmqohtUQ3VE0SN6Rq/ozXqyXqx362PWmrPmM4foD6zPHw7NmwM=</latexit><latexit sha1_base64="g/d1fZZDkf6YdFSVbEztlMv1OLM=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQNyURQTdC0Y3LCvYBbQyTybQdOpmEmRtpCd278VfcuFDErT/gzr9x+lho64ELh3Pu5d57gkRwDY7zbeVWVtfWN/Kbha3tnd09e/+goeNUUVansYhVKyCaCS5ZHTgI1koUI1EgWDMYXE/85gNTmsfyDkYJ8yLSk7zLKQEj+XaxwyV0Qq4TQUaCRxy0nw0vyfg+wL3y8ASHQ98uORVnCrxM3DkpoTlqvv3VCWOaRkwCFUTrtusk4GVEAaeCjQudVLOE0AHpsbahkkRMe9n0lzE+NkqIu7EyJQFP1d8TGYm0HkWB6YwI9PWiNxH/89opdC+8jMskBSbpbFE3FRhiPAkGh1wxCmJkCKGKm1sx7RNFKJj4CiYEd/HlZdI4rbhOxb09K1Wv5nHk0REqojJy0TmqohtUQ3VE0SN6Rq/ozXqyXqx362PWmrPmM4foD6zPHw7NmwM=</latexit><latexit sha1_base64="g/d1fZZDkf6YdFSVbEztlMv1OLM=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQNyURQTdC0Y3LCvYBbQyTybQdOpmEmRtpCd278VfcuFDErT/gzr9x+lho64ELh3Pu5d57gkRwDY7zbeVWVtfWN/Kbha3tnd09e/+goeNUUVansYhVKyCaCS5ZHTgI1koUI1EgWDMYXE/85gNTmsfyDkYJ8yLSk7zLKQEj+XaxwyV0Qq4TQUaCRxy0nw0vyfg+wL3y8ASHQ98uORVnCrxM3DkpoTlqvv3VCWOaRkwCFUTrtusk4GVEAaeCjQudVLOE0AHpsbahkkRMe9n0lzE+NkqIu7EyJQFP1d8TGYm0HkWB6YwI9PWiNxH/89opdC+8jMskBSbpbFE3FRhiPAkGh1wxCmJkCKGKm1sx7RNFKJj4CiYEd/HlZdI4rbhOxb09K1Wv5nHk0REqojJy0TmqohtUQ3VE0SN6Rq/ozXqyXqx362PWmrPmM4foD6zPHw7NmwM=</latexit><latexit sha1_base64="g/d1fZZDkf6YdFSVbEztlMv1OLM=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQNyURQTdC0Y3LCvYBbQyTybQdOpmEmRtpCd278VfcuFDErT/gzr9x+lho64ELh3Pu5d57gkRwDY7zbeVWVtfWN/Kbha3tnd09e/+goeNUUVansYhVKyCaCS5ZHTgI1koUI1EgWDMYXE/85gNTmsfyDkYJ8yLSk7zLKQEj+XaxwyV0Qq4TQUaCRxy0nw0vyfg+wL3y8ASHQ98uORVnCrxM3DkpoTlqvv3VCWOaRkwCFUTrtusk4GVEAaeCjQudVLOE0AHpsbahkkRMe9n0lzE+NkqIu7EyJQFP1d8TGYm0HkWB6YwI9PWiNxH/89opdC+8jMskBSbpbFE3FRhiPAkGh1wxCmJkCKGKm1sx7RNFKJj4CiYEd/HlZdI4rbhOxb09K1Wv5nHk0REqojJy0TmqohtUQ3VE0SN6Rq/ozXqyXqx362PWmrPmM4foD6zPHw7NmwM=</latexit>

Integrals

a
<latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit> b
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Riding the Marguerite
You are running to the bus stop. 
You don’t know exactly when 
the bus arrives. You have a 
distribution of probabilities.

You show up at 2:15pm.

What is P(wait < 5 minutes)?

2:00pm 20 30

wait <5 min

P(15 < T ≤ 20)

Probability 
Density Function

Bus arrives (t) mins after 2:00pm

f
(T

=
t)
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Properties of PDFs

The integral of a PDF gives a probability. Thus:

1Z

x=�1

f(X = x) dx = 1
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x=a

f(X = x) dx  1
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A probability!

What do you get if you 
integrate over a 

probability density function?



Probability Density Function
Probability density functions articulate relative belief. 

Let X be a random  variable which is the # of minutes after 2pm that 
the bus arrives at the stop:

x

x

x

Which of these represent that you think the arrival is 
more likely to be close to 3:00pm

0 60

0 60

0 60

A

B

C
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The ratio of probability 
densities is meaningful



Rather, it has “units” of:
probability divided by units of X.

2:00pm 2:20pm 2:30pm

2 min  ×

f(x) ≈
0.05 prob/min

= 0.1 prob

f(X = x) is Not a Probability

f
(T

=
t)

<latexit sha1_base64="raEmri2gddupYljiQQk3mofFSg4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMRAl48RsgLkiXMTmaTMbM7y0yvEEL+wYsHRbz6P978GyfJHjSxoKGo6qa7K0ikMOi6305uY3Nreye/W9jbPzg8Kh6ftIxKNeNNpqTSnYAaLkXMmyhQ8k6iOY0CydvB+G7ut5+4NkLFDZwk3I/oMBahYBSt1ArLjVu87BdLbsVdgKwTLyMlyFDvF796A8XSiMfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedfSmEbc+NPFtTNyYZUBCZW2FSNZqL8npjQyZhIFtjOiODKr3lz8z+umGFb9qYiTFHnMlovCVBJUZP46GQjNGcqJJZRpYW8lbEQ1ZWgDKtgQvNWX10nrquK5Fe/hulSrZnHk4QzOoQwe3EAN7qEOTWDwCM/wCm+Ocl6cd+dj2ZpzsplT+APn8weLhI5o</latexit><latexit sha1_base64="raEmri2gddupYljiQQk3mofFSg4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMRAl48RsgLkiXMTmaTMbM7y0yvEEL+wYsHRbz6P978GyfJHjSxoKGo6qa7K0ikMOi6305uY3Nreye/W9jbPzg8Kh6ftIxKNeNNpqTSnYAaLkXMmyhQ8k6iOY0CydvB+G7ut5+4NkLFDZwk3I/oMBahYBSt1ArLjVu87BdLbsVdgKwTLyMlyFDvF796A8XSiMfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedfSmEbc+NPFtTNyYZUBCZW2FSNZqL8npjQyZhIFtjOiODKr3lz8z+umGFb9qYiTFHnMlovCVBJUZP46GQjNGcqJJZRpYW8lbEQ1ZWgDKtgQvNWX10nrquK5Fe/hulSrZnHk4QzOoQwe3EAN7qEOTWDwCM/wCm+Ocl6cd+dj2ZpzsplT+APn8weLhI5o</latexit><latexit sha1_base64="raEmri2gddupYljiQQk3mofFSg4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMRAl48RsgLkiXMTmaTMbM7y0yvEEL+wYsHRbz6P978GyfJHjSxoKGo6qa7K0ikMOi6305uY3Nreye/W9jbPzg8Kh6ftIxKNeNNpqTSnYAaLkXMmyhQ8k6iOY0CydvB+G7ut5+4NkLFDZwk3I/oMBahYBSt1ArLjVu87BdLbsVdgKwTLyMlyFDvF796A8XSiMfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedfSmEbc+NPFtTNyYZUBCZW2FSNZqL8npjQyZhIFtjOiODKr3lz8z+umGFb9qYiTFHnMlovCVBJUZP46GQjNGcqJJZRpYW8lbEQ1ZWgDKtgQvNWX10nrquK5Fe/hulSrZnHk4QzOoQwe3EAN7qEOTWDwCM/wCm+Ocl6cd+dj2ZpzsplT+APn8weLhI5o</latexit><latexit sha1_base64="raEmri2gddupYljiQQk3mofFSg4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMRAl48RsgLkiXMTmaTMbM7y0yvEEL+wYsHRbz6P978GyfJHjSxoKGo6qa7K0ikMOi6305uY3Nreye/W9jbPzg8Kh6ftIxKNeNNpqTSnYAaLkXMmyhQ8k6iOY0CydvB+G7ut5+4NkLFDZwk3I/oMBahYBSt1ArLjVu87BdLbsVdgKwTLyMlyFDvF796A8XSiMfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedfSmEbc+NPFtTNyYZUBCZW2FSNZqL8npjQyZhIFtjOiODKr3lz8z+umGFb9qYiTFHnMlovCVBJUZP46GQjNGcqJJZRpYW8lbEQ1ZWgDKtgQvNWX10nrquK5Fe/hulSrZnHk4QzOoQwe3EAN7qEOTWDwCM/wCm+Ocl6cd+dj2ZpzsplT+APn8weLhI5o</latexit>



Note: f(x) can be greater than 1!

2:00pm 2:20pm 2:30pm
0.5 min

f(x) ≈
2.0 prob/min

×

= 1.0 prob

f(X = x) is Not a Probability

f
(T

=
t)

<latexit sha1_base64="raEmri2gddupYljiQQk3mofFSg4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMRAl48RsgLkiXMTmaTMbM7y0yvEEL+wYsHRbz6P978GyfJHjSxoKGo6qa7K0ikMOi6305uY3Nreye/W9jbPzg8Kh6ftIxKNeNNpqTSnYAaLkXMmyhQ8k6iOY0CydvB+G7ut5+4NkLFDZwk3I/oMBahYBSt1ArLjVu87BdLbsVdgKwTLyMlyFDvF796A8XSiMfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedfSmEbc+NPFtTNyYZUBCZW2FSNZqL8npjQyZhIFtjOiODKr3lz8z+umGFb9qYiTFHnMlovCVBJUZP46GQjNGcqJJZRpYW8lbEQ1ZWgDKtgQvNWX10nrquK5Fe/hulSrZnHk4QzOoQwe3EAN7qEOTWDwCM/wCm+Ocl6cd+dj2ZpzsplT+APn8weLhI5o</latexit><latexit sha1_base64="raEmri2gddupYljiQQk3mofFSg4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMRAl48RsgLkiXMTmaTMbM7y0yvEEL+wYsHRbz6P978GyfJHjSxoKGo6qa7K0ikMOi6305uY3Nreye/W9jbPzg8Kh6ftIxKNeNNpqTSnYAaLkXMmyhQ8k6iOY0CydvB+G7ut5+4NkLFDZwk3I/oMBahYBSt1ArLjVu87BdLbsVdgKwTLyMlyFDvF796A8XSiMfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedfSmEbc+NPFtTNyYZUBCZW2FSNZqL8npjQyZhIFtjOiODKr3lz8z+umGFb9qYiTFHnMlovCVBJUZP46GQjNGcqJJZRpYW8lbEQ1ZWgDKtgQvNWX10nrquK5Fe/hulSrZnHk4QzOoQwe3EAN7qEOTWDwCM/wCm+Ocl6cd+dj2ZpzsplT+APn8weLhI5o</latexit><latexit sha1_base64="raEmri2gddupYljiQQk3mofFSg4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMRAl48RsgLkiXMTmaTMbM7y0yvEEL+wYsHRbz6P978GyfJHjSxoKGo6qa7K0ikMOi6305uY3Nreye/W9jbPzg8Kh6ftIxKNeNNpqTSnYAaLkXMmyhQ8k6iOY0CydvB+G7ut5+4NkLFDZwk3I/oMBahYBSt1ArLjVu87BdLbsVdgKwTLyMlyFDvF796A8XSiMfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedfSmEbc+NPFtTNyYZUBCZW2FSNZqL8npjQyZhIFtjOiODKr3lz8z+umGFb9qYiTFHnMlovCVBJUZP46GQjNGcqJJZRpYW8lbEQ1ZWgDKtgQvNWX10nrquK5Fe/hulSrZnHk4QzOoQwe3EAN7qEOTWDwCM/wCm+Ocl6cd+dj2ZpzsplT+APn8weLhI5o</latexit><latexit sha1_base64="raEmri2gddupYljiQQk3mofFSg4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMRAl48RsgLkiXMTmaTMbM7y0yvEEL+wYsHRbz6P978GyfJHjSxoKGo6qa7K0ikMOi6305uY3Nreye/W9jbPzg8Kh6ftIxKNeNNpqTSnYAaLkXMmyhQ8k6iOY0CydvB+G7ut5+4NkLFDZwk3I/oMBahYBSt1ArLjVu87BdLbsVdgKwTLyMlyFDvF796A8XSiMfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedfSmEbc+NPFtTNyYZUBCZW2FSNZqL8npjQyZhIFtjOiODKr3lz8z+umGFb9qYiTFHnMlovCVBJUZP46GQjNGcqJJZRpYW8lbEQ1ZWgDKtgQvNWX10nrquK5Fe/hulSrZnHk4QzOoQwe3EAN7qEOTWDwCM/wCm+Ocl6cd+dj2ZpzsplT+APn8weLhI5o</latexit>



f(X = x) vs P(X = x)

P (X = x)
<latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit>

“The probability that a discrete random variable X takes on 
the value little x.”

f(X = x)
<latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit>

“The derivative of the probability that a continuous random 
variable X takes on the value little x.”

Aka the PMF

Aka the PDF

They are both measures of how likely X is to take on the value x. 


