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Review



Poisson can be used 
to approximate a 

Binomial where n is 
large and p is small.



• Recall: Y ~ Bin(n, p)
§ E[Y] = np
§ Var(Y) = np(1 – p)

• X ~ Poi(l) where l = np (nà ¥ and pà 0)
§ E[X] = np = l
§ Var(X) = np(1 – p) = l(1 – 0) = l
§ Yes, expectation and variance of Poisson are same

Tender (Central) Moments with Poisson



• X is Geometric Random Variable:  X ~ Geo(p)
§ X is number of independent trials until first success
§ p is probability of success on each trial
§ X takes on values 1, 2, 3, …, with probability:

Geometric Random Variable

P (X = n) = (1� p)n�1p
<latexit sha1_base64="YsbFhw91LPOt4EfwmTDUx9yXev0=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvQLlomIthNoeDGZQX7gHYsmTTThmYyIckIZSj4K25cKOLW73Dn35i2s9DWAxcO59zLvfcEkjNtPO/bWVvf2Nzazu3kd/f2Dw7do+OWjhNFaJPEPFadAGvKmaBNwwynHakojgJO28H4Zua3H6nSLBb3ZiKpH+GhYCEj2Fip7542ip2aKMEaLKKyLD2kooymsu8WvIo3B1wlKCMFkKHRd796g5gkERWGcKx1F3nS+ClWhhFOp/leoqnEZIyHtGupwBHVfjo/fwovrDKAYaxsCQPn6u+JFEdaT6LAdkbYjPSyNxP/87qJCat+yoRMDBVksShMODQxnGUBB0xRYvjEEkwUs7dCMsIKE2MTy9sQ0PLLq6R1WUFeBd1dFerVLI4cOAPnoAgQuAZ1cAsaoAkISMEzeAVvzpPz4rw7H4vWNSebOQF/4Hz+AJCyk0U=</latexit><latexit sha1_base64="YsbFhw91LPOt4EfwmTDUx9yXev0=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvQLlomIthNoeDGZQX7gHYsmTTThmYyIckIZSj4K25cKOLW73Dn35i2s9DWAxcO59zLvfcEkjNtPO/bWVvf2Nzazu3kd/f2Dw7do+OWjhNFaJPEPFadAGvKmaBNwwynHakojgJO28H4Zua3H6nSLBb3ZiKpH+GhYCEj2Fip7542ip2aKMEaLKKyLD2kooymsu8WvIo3B1wlKCMFkKHRd796g5gkERWGcKx1F3nS+ClWhhFOp/leoqnEZIyHtGupwBHVfjo/fwovrDKAYaxsCQPn6u+JFEdaT6LAdkbYjPSyNxP/87qJCat+yoRMDBVksShMODQxnGUBB0xRYvjEEkwUs7dCMsIKE2MTy9sQ0PLLq6R1WUFeBd1dFerVLI4cOAPnoAgQuAZ1cAsaoAkISMEzeAVvzpPz4rw7H4vWNSebOQF/4Hz+AJCyk0U=</latexit><latexit sha1_base64="YsbFhw91LPOt4EfwmTDUx9yXev0=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvQLlomIthNoeDGZQX7gHYsmTTThmYyIckIZSj4K25cKOLW73Dn35i2s9DWAxcO59zLvfcEkjNtPO/bWVvf2Nzazu3kd/f2Dw7do+OWjhNFaJPEPFadAGvKmaBNwwynHakojgJO28H4Zua3H6nSLBb3ZiKpH+GhYCEj2Fip7542ip2aKMEaLKKyLD2kooymsu8WvIo3B1wlKCMFkKHRd796g5gkERWGcKx1F3nS+ClWhhFOp/leoqnEZIyHtGupwBHVfjo/fwovrDKAYaxsCQPn6u+JFEdaT6LAdkbYjPSyNxP/87qJCat+yoRMDBVksShMODQxnGUBB0xRYvjEEkwUs7dCMsIKE2MTy9sQ0PLLq6R1WUFeBd1dFerVLI4cOAPnoAgQuAZ1cAsaoAkISMEzeAVvzpPz4rw7H4vWNSebOQF/4Hz+AJCyk0U=</latexit><latexit sha1_base64="YsbFhw91LPOt4EfwmTDUx9yXev0=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvQLlomIthNoeDGZQX7gHYsmTTThmYyIckIZSj4K25cKOLW73Dn35i2s9DWAxcO59zLvfcEkjNtPO/bWVvf2Nzazu3kd/f2Dw7do+OWjhNFaJPEPFadAGvKmaBNwwynHakojgJO28H4Zua3H6nSLBb3ZiKpH+GhYCEj2Fip7542ip2aKMEaLKKyLD2kooymsu8WvIo3B1wlKCMFkKHRd796g5gkERWGcKx1F3nS+ClWhhFOp/leoqnEZIyHtGupwBHVfjo/fwovrDKAYaxsCQPn6u+JFEdaT6LAdkbYjPSyNxP/87qJCat+yoRMDBVksShMODQxnGUBB0xRYvjEEkwUs7dCMsIKE2MTy9sQ0PLLq6R1WUFeBd1dFerVLI4cOAPnoAgQuAZ1cAsaoAkISMEzeAVvzpPz4rw7H4vWNSebOQF/4Hz+AJCyk0U=</latexit>

E[X] =
1

p
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Var(X) =
1� p

p2
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• X is Negative Binomial RV:  X ~ NegBin(r, p)
§ X is number of independent trials until r successes
§ p is probability of success on each trial
§ X takes on values r, r + 1, r + 2…, with probability:

§ E[X] = r/p Var(X) = r(1 – p)/p2

• Note: Geo(p) ~ NegBin(1, p)
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Negative Binomial Random Variable



X� Geo( p)

number of 
successes

trials/time to get 
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One
trial
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trials

Interval
of time

X� Exp(λ )

One
success

Several
successes

One 
success

X� NegBin(r , p)

X� Ber( p)

X� Bin(n , p)

X� Poi(λ )

n = 1

One
success

One
success

r = 1

Grid of Random Variables



Not all values are discrete



Riding the Marguerite
You are running to the bus stop. 
You don’t know exactly when 
the bus arrives. You have a 
distribution of probabilities.

You show up at 2:20pm.

What is P(wait < 5 minutes)?

What is the probability that the bus arrives at:
2:17pm and 12.12333911102389234 seconds?



Discrete to Continuous



P (a < X < b) =

bZ

x=a

f(X = x)dx
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The probability density function (PDF) of 
a continuous random variable represents 
the relative likelihood of various values.

Units of probability divided by units of X. 
Integrate it to get probabilities!

Probability Density Function



P (a < X < b) =

bZ

x=a

fX(x) dx

The probability density function (PDF) of 
a continuous random variable represents 
the relative likelihood of various values.

Units of probability divided by units of X. 
Integrate it to get probabilities!

Probability Density Function

This is another way to write the PDF



Properties of PDFs
The integral of a PDF gives a probability. Thus:

1Z

x=�1

f(X = x) dx = 1
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0 
bZ

x=a

f(X = x) dx  1
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• X is a continuous random variable with PDF:

î
í
ì ££

=
otherwise0

     10     2
)( xx
xf

x

)(xf

Finding Constants

What about f(x) = 3x?

Z 1

0
2x dx = x2|10 = 1

Z 1

0
3x dx =

3

2
x2|10 =

3

2

Not a valid 
PDF

valid PDF



A probability!

What do you get if you 
integrate over a 

probability density function?



Probability Density Function
Probability density functions articulate relative belief. 

Let X be a random  variable which is the # of minutes after 2pm that 
the bus arrives at the stop:

x

x

x

Which of these represent that you think the arrival is 
more likely to be close to 3:00pm

0 60

0 60

0 60

A

B

C

f
(X

=
x
)

<latexit sha1_base64="n61+4ZPE7uBWd1PeGYsmDNJ4jfA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPYiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxkfueRKs2kuDfTmPoRHgkWMoKNldphtXv9dD4oV9yaOwdaJV5OKpCjOSh/9YeSJBEVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SwWOqPbT+bUzdGaVIQqlsiUMmqu/J1IcaT2NAtsZYTPWy14m/uf1EhPW/ZSJODFUkMWiMOHISJS9joZMUWL41BJMFLO3IjLGChNjAyrZELzll1dJ+6LmuTXv7rLSqOdxFOEETqEKHlxBA26hCS0g8ADP8ApvjnRenHfnY9FacPKZY/gD5/MHl7SOcA==</latexit><latexit sha1_base64="n61+4ZPE7uBWd1PeGYsmDNJ4jfA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPYiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxkfueRKs2kuDfTmPoRHgkWMoKNldphtXv9dD4oV9yaOwdaJV5OKpCjOSh/9YeSJBEVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SwWOqPbT+bUzdGaVIQqlsiUMmqu/J1IcaT2NAtsZYTPWy14m/uf1EhPW/ZSJODFUkMWiMOHISJS9joZMUWL41BJMFLO3IjLGChNjAyrZELzll1dJ+6LmuTXv7rLSqOdxFOEETqEKHlxBA26hCS0g8ADP8ApvjnRenHfnY9FacPKZY/gD5/MHl7SOcA==</latexit><latexit sha1_base64="n61+4ZPE7uBWd1PeGYsmDNJ4jfA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPYiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxkfueRKs2kuDfTmPoRHgkWMoKNldphtXv9dD4oV9yaOwdaJV5OKpCjOSh/9YeSJBEVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SwWOqPbT+bUzdGaVIQqlsiUMmqu/J1IcaT2NAtsZYTPWy14m/uf1EhPW/ZSJODFUkMWiMOHISJS9joZMUWL41BJMFLO3IjLGChNjAyrZELzll1dJ+6LmuTXv7rLSqOdxFOEETqEKHlxBA26hCS0g8ADP8ApvjnRenHfnY9FacPKZY/gD5/MHl7SOcA==</latexit><latexit sha1_base64="n61+4ZPE7uBWd1PeGYsmDNJ4jfA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPYiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxkfueRKs2kuDfTmPoRHgkWMoKNldphtXv9dD4oV9yaOwdaJV5OKpCjOSh/9YeSJBEVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SwWOqPbT+bUzdGaVIQqlsiUMmqu/J1IcaT2NAtsZYTPWy14m/uf1EhPW/ZSJODFUkMWiMOHISJS9joZMUWL41BJMFLO3IjLGChNjAyrZELzll1dJ+6LmuTXv7rLSqOdxFOEETqEKHlxBA26hCS0g8ADP8ApvjnRenHfnY9FacPKZY/gD5/MHl7SOcA==</latexit>

f
(X

=
x
)

<latexit sha1_base64="n61+4ZPE7uBWd1PeGYsmDNJ4jfA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPYiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxkfueRKs2kuDfTmPoRHgkWMoKNldphtXv9dD4oV9yaOwdaJV5OKpCjOSh/9YeSJBEVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SwWOqPbT+bUzdGaVIQqlsiUMmqu/J1IcaT2NAtsZYTPWy14m/uf1EhPW/ZSJODFUkMWiMOHISJS9joZMUWL41BJMFLO3IjLGChNjAyrZELzll1dJ+6LmuTXv7rLSqOdxFOEETqEKHlxBA26hCS0g8ADP8ApvjnRenHfnY9FacPKZY/gD5/MHl7SOcA==</latexit><latexit sha1_base64="n61+4ZPE7uBWd1PeGYsmDNJ4jfA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPYiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxkfueRKs2kuDfTmPoRHgkWMoKNldphtXv9dD4oV9yaOwdaJV5OKpCjOSh/9YeSJBEVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SwWOqPbT+bUzdGaVIQqlsiUMmqu/J1IcaT2NAtsZYTPWy14m/uf1EhPW/ZSJODFUkMWiMOHISJS9joZMUWL41BJMFLO3IjLGChNjAyrZELzll1dJ+6LmuTXv7rLSqOdxFOEETqEKHlxBA26hCS0g8ADP8ApvjnRenHfnY9FacPKZY/gD5/MHl7SOcA==</latexit><latexit sha1_base64="n61+4ZPE7uBWd1PeGYsmDNJ4jfA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPYiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxkfueRKs2kuDfTmPoRHgkWMoKNldphtXv9dD4oV9yaOwdaJV5OKpCjOSh/9YeSJBEVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SwWOqPbT+bUzdGaVIQqlsiUMmqu/J1IcaT2NAtsZYTPWy14m/uf1EhPW/ZSJODFUkMWiMOHISJS9joZMUWL41BJMFLO3IjLGChNjAyrZELzll1dJ+6LmuTXv7rLSqOdxFOEETqEKHlxBA26hCS0g8ADP8ApvjnRenHfnY9FacPKZY/gD5/MHl7SOcA==</latexit><latexit sha1_base64="n61+4ZPE7uBWd1PeGYsmDNJ4jfA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPYiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxkfueRKs2kuDfTmPoRHgkWMoKNldphtXv9dD4oV9yaOwdaJV5OKpCjOSh/9YeSJBEVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SwWOqPbT+bUzdGaVIQqlsiUMmqu/J1IcaT2NAtsZYTPWy14m/uf1EhPW/ZSJODFUkMWiMOHISJS9joZMUWL41BJMFLO3IjLGChNjAyrZELzll1dJ+6LmuTXv7rLSqOdxFOEETqEKHlxBA26hCS0g8ADP8ApvjnRenHfnY9FacPKZY/gD5/MHl7SOcA==</latexit>
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<latexit sha1_base64="n61+4ZPE7uBWd1PeGYsmDNJ4jfA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPYiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxkfueRKs2kuDfTmPoRHgkWMoKNldphtXv9dD4oV9yaOwdaJV5OKpCjOSh/9YeSJBEVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SwWOqPbT+bUzdGaVIQqlsiUMmqu/J1IcaT2NAtsZYTPWy14m/uf1EhPW/ZSJODFUkMWiMOHISJS9joZMUWL41BJMFLO3IjLGChNjAyrZELzll1dJ+6LmuTXv7rLSqOdxFOEETqEKHlxBA26hCS0g8ADP8ApvjnRenHfnY9FacPKZY/gD5/MHl7SOcA==</latexit><latexit sha1_base64="n61+4ZPE7uBWd1PeGYsmDNJ4jfA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPYiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxkfueRKs2kuDfTmPoRHgkWMoKNldphtXv9dD4oV9yaOwdaJV5OKpCjOSh/9YeSJBEVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SwWOqPbT+bUzdGaVIQqlsiUMmqu/J1IcaT2NAtsZYTPWy14m/uf1EhPW/ZSJODFUkMWiMOHISJS9joZMUWL41BJMFLO3IjLGChNjAyrZELzll1dJ+6LmuTXv7rLSqOdxFOEETqEKHlxBA26hCS0g8ADP8ApvjnRenHfnY9FacPKZY/gD5/MHl7SOcA==</latexit><latexit sha1_base64="n61+4ZPE7uBWd1PeGYsmDNJ4jfA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPYiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxkfueRKs2kuDfTmPoRHgkWMoKNldphtXv9dD4oV9yaOwdaJV5OKpCjOSh/9YeSJBEVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SwWOqPbT+bUzdGaVIQqlsiUMmqu/J1IcaT2NAtsZYTPWy14m/uf1EhPW/ZSJODFUkMWiMOHISJS9joZMUWL41BJMFLO3IjLGChNjAyrZELzll1dJ+6LmuTXv7rLSqOdxFOEETqEKHlxBA26hCS0g8ADP8ApvjnRenHfnY9FacPKZY/gD5/MHl7SOcA==</latexit><latexit sha1_base64="n61+4ZPE7uBWd1PeGYsmDNJ4jfA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPYiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxkfueRKs2kuDfTmPoRHgkWMoKNldphtXv9dD4oV9yaOwdaJV5OKpCjOSh/9YeSJBEVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SwWOqPbT+bUzdGaVIQqlsiUMmqu/J1IcaT2NAtsZYTPWy14m/uf1EhPW/ZSJODFUkMWiMOHISJS9joZMUWL41BJMFLO3IjLGChNjAyrZELzll1dJ+6LmuTXv7rLSqOdxFOEETqEKHlxBA26hCS0g8ADP8ApvjnRenHfnY9FacPKZY/gD5/MHl7SOcA==</latexit>



The ratio of probability 
densities is meaningful



Rather, it has “units” of:
probability divided by units of X.

2:00pm 2:20pm 2:30pm

2 min  ×

f(x) ≈
0.05 prob/min

= 0.1 prob

f(X = x) is Not a Probability

f
(T

=
t)

<latexit sha1_base64="raEmri2gddupYljiQQk3mofFSg4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMRAl48RsgLkiXMTmaTMbM7y0yvEEL+wYsHRbz6P978GyfJHjSxoKGo6qa7K0ikMOi6305uY3Nreye/W9jbPzg8Kh6ftIxKNeNNpqTSnYAaLkXMmyhQ8k6iOY0CydvB+G7ut5+4NkLFDZwk3I/oMBahYBSt1ArLjVu87BdLbsVdgKwTLyMlyFDvF796A8XSiMfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedfSmEbc+NPFtTNyYZUBCZW2FSNZqL8npjQyZhIFtjOiODKr3lz8z+umGFb9qYiTFHnMlovCVBJUZP46GQjNGcqJJZRpYW8lbEQ1ZWgDKtgQvNWX10nrquK5Fe/hulSrZnHk4QzOoQwe3EAN7qEOTWDwCM/wCm+Ocl6cd+dj2ZpzsplT+APn8weLhI5o</latexit><latexit sha1_base64="raEmri2gddupYljiQQk3mofFSg4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMRAl48RsgLkiXMTmaTMbM7y0yvEEL+wYsHRbz6P978GyfJHjSxoKGo6qa7K0ikMOi6305uY3Nreye/W9jbPzg8Kh6ftIxKNeNNpqTSnYAaLkXMmyhQ8k6iOY0CydvB+G7ut5+4NkLFDZwk3I/oMBahYBSt1ArLjVu87BdLbsVdgKwTLyMlyFDvF796A8XSiMfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedfSmEbc+NPFtTNyYZUBCZW2FSNZqL8npjQyZhIFtjOiODKr3lz8z+umGFb9qYiTFHnMlovCVBJUZP46GQjNGcqJJZRpYW8lbEQ1ZWgDKtgQvNWX10nrquK5Fe/hulSrZnHk4QzOoQwe3EAN7qEOTWDwCM/wCm+Ocl6cd+dj2ZpzsplT+APn8weLhI5o</latexit><latexit sha1_base64="raEmri2gddupYljiQQk3mofFSg4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMRAl48RsgLkiXMTmaTMbM7y0yvEEL+wYsHRbz6P978GyfJHjSxoKGo6qa7K0ikMOi6305uY3Nreye/W9jbPzg8Kh6ftIxKNeNNpqTSnYAaLkXMmyhQ8k6iOY0CydvB+G7ut5+4NkLFDZwk3I/oMBahYBSt1ArLjVu87BdLbsVdgKwTLyMlyFDvF796A8XSiMfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedfSmEbc+NPFtTNyYZUBCZW2FSNZqL8npjQyZhIFtjOiODKr3lz8z+umGFb9qYiTFHnMlovCVBJUZP46GQjNGcqJJZRpYW8lbEQ1ZWgDKtgQvNWX10nrquK5Fe/hulSrZnHk4QzOoQwe3EAN7qEOTWDwCM/wCm+Ocl6cd+dj2ZpzsplT+APn8weLhI5o</latexit><latexit sha1_base64="raEmri2gddupYljiQQk3mofFSg4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMRAl48RsgLkiXMTmaTMbM7y0yvEEL+wYsHRbz6P978GyfJHjSxoKGo6qa7K0ikMOi6305uY3Nreye/W9jbPzg8Kh6ftIxKNeNNpqTSnYAaLkXMmyhQ8k6iOY0CydvB+G7ut5+4NkLFDZwk3I/oMBahYBSt1ArLjVu87BdLbsVdgKwTLyMlyFDvF796A8XSiMfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedfSmEbc+NPFtTNyYZUBCZW2FSNZqL8npjQyZhIFtjOiODKr3lz8z+umGFb9qYiTFHnMlovCVBJUZP46GQjNGcqJJZRpYW8lbEQ1ZWgDKtgQvNWX10nrquK5Fe/hulSrZnHk4QzOoQwe3EAN7qEOTWDwCM/wCm+Ocl6cd+dj2ZpzsplT+APn8weLhI5o</latexit>



Note: f(x) can be greater than 1!

2:00pm 2:20pm 2:30pm
0.5 min

f(x) ≈
2.0 prob/min

×

= 1.0 prob

f(X = x) is Not a Probability

f
(T

=
t)

<latexit sha1_base64="raEmri2gddupYljiQQk3mofFSg4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMRAl48RsgLkiXMTmaTMbM7y0yvEEL+wYsHRbz6P978GyfJHjSxoKGo6qa7K0ikMOi6305uY3Nreye/W9jbPzg8Kh6ftIxKNeNNpqTSnYAaLkXMmyhQ8k6iOY0CydvB+G7ut5+4NkLFDZwk3I/oMBahYBSt1ArLjVu87BdLbsVdgKwTLyMlyFDvF796A8XSiMfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedfSmEbc+NPFtTNyYZUBCZW2FSNZqL8npjQyZhIFtjOiODKr3lz8z+umGFb9qYiTFHnMlovCVBJUZP46GQjNGcqJJZRpYW8lbEQ1ZWgDKtgQvNWX10nrquK5Fe/hulSrZnHk4QzOoQwe3EAN7qEOTWDwCM/wCm+Ocl6cd+dj2ZpzsplT+APn8weLhI5o</latexit><latexit sha1_base64="raEmri2gddupYljiQQk3mofFSg4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMRAl48RsgLkiXMTmaTMbM7y0yvEEL+wYsHRbz6P978GyfJHjSxoKGo6qa7K0ikMOi6305uY3Nreye/W9jbPzg8Kh6ftIxKNeNNpqTSnYAaLkXMmyhQ8k6iOY0CydvB+G7ut5+4NkLFDZwk3I/oMBahYBSt1ArLjVu87BdLbsVdgKwTLyMlyFDvF796A8XSiMfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedfSmEbc+NPFtTNyYZUBCZW2FSNZqL8npjQyZhIFtjOiODKr3lz8z+umGFb9qYiTFHnMlovCVBJUZP46GQjNGcqJJZRpYW8lbEQ1ZWgDKtgQvNWX10nrquK5Fe/hulSrZnHk4QzOoQwe3EAN7qEOTWDwCM/wCm+Ocl6cd+dj2ZpzsplT+APn8weLhI5o</latexit><latexit sha1_base64="raEmri2gddupYljiQQk3mofFSg4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMRAl48RsgLkiXMTmaTMbM7y0yvEEL+wYsHRbz6P978GyfJHjSxoKGo6qa7K0ikMOi6305uY3Nreye/W9jbPzg8Kh6ftIxKNeNNpqTSnYAaLkXMmyhQ8k6iOY0CydvB+G7ut5+4NkLFDZwk3I/oMBahYBSt1ArLjVu87BdLbsVdgKwTLyMlyFDvF796A8XSiMfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedfSmEbc+NPFtTNyYZUBCZW2FSNZqL8npjQyZhIFtjOiODKr3lz8z+umGFb9qYiTFHnMlovCVBJUZP46GQjNGcqJJZRpYW8lbEQ1ZWgDKtgQvNWX10nrquK5Fe/hulSrZnHk4QzOoQwe3EAN7qEOTWDwCM/wCm+Ocl6cd+dj2ZpzsplT+APn8weLhI5o</latexit><latexit sha1_base64="raEmri2gddupYljiQQk3mofFSg4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMRAl48RsgLkiXMTmaTMbM7y0yvEEL+wYsHRbz6P978GyfJHjSxoKGo6qa7K0ikMOi6305uY3Nreye/W9jbPzg8Kh6ftIxKNeNNpqTSnYAaLkXMmyhQ8k6iOY0CydvB+G7ut5+4NkLFDZwk3I/oMBahYBSt1ArLjVu87BdLbsVdgKwTLyMlyFDvF796A8XSiMfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedfSmEbc+NPFtTNyYZUBCZW2FSNZqL8npjQyZhIFtjOiODKr3lz8z+umGFb9qYiTFHnMlovCVBJUZP46GQjNGcqJJZRpYW8lbEQ1ZWgDKtgQvNWX10nrquK5Fe/hulSrZnHk4QzOoQwe3EAN7qEOTWDwCM/wCm+Ocl6cd+dj2ZpzsplT+APn8weLhI5o</latexit>



f(X = x) vs P(X = x)

P (X = x)
<latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit>

“The probability that a discrete random variable X takes on 
the value little x.”

f(X = x)
<latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit>

“The derivative of the probability that a continuous random 
variable X takes on the value little x.”

Aka the PMF

Aka the PDF

They are both measures of how likely X is to take on the value x. 



End Review



Simple Example

Consider a random 5000x5000 matrix, where each element in the
matrix is Uniform(0,1). What is the probability that a selected
eigenvalue (λ) of the matrix is greater than 0?*

* We need help from Wigner



Simple Example from Quantum Physics

P (X > 0) =?

xx

Theory Practice

Let X be a continuous random variable1

From simulationsf(X = x) =
1

15708

p
1002 � x2

<latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit><latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit><latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit><latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit>

1 X represents the eigenvalue of a 5000x5000 matrix of uniform random variables 

f
(X

=
x
)

<latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit> P
(X

=
x
)

<latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit>



xx

Theory Practice

Let X be a continuous random variable:

From simulations

Approach #1: Integrate over the PDF

Simple Example from Quantum Physics

f(X = x) =
1

15708

p
1002 � x2

<latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit><latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit><latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit><latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit>

f
(X

=
x
)

<latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit> P
(X

=
x
)

<latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit>

P (X > 0) =

100Z

0

f(X = x) dx

<latexit sha1_base64="MhRsVA1dsYKEOFAlLICTNzax+AM="></latexit><latexit sha1_base64="MhRsVA1dsYKEOFAlLICTNzax+AM="></latexit><latexit sha1_base64="MhRsVA1dsYKEOFAlLICTNzax+AM="></latexit><latexit sha1_base64="MhRsVA1dsYKEOFAlLICTNzax+AM="></latexit>

P (X > 0) =

100Z

0

f(X = x) dx

<latexit sha1_base64="MhRsVA1dsYKEOFAlLICTNzax+AM="></latexit><latexit sha1_base64="MhRsVA1dsYKEOFAlLICTNzax+AM="></latexit><latexit sha1_base64="MhRsVA1dsYKEOFAlLICTNzax+AM="></latexit><latexit sha1_base64="MhRsVA1dsYKEOFAlLICTNzax+AM="></latexit>



xx

Theory Practice

Let X be a continuous random variable:

From simulations

Approach #2: Discrete Approximation

P (X > 0) ⇡
0X

i=�100

P (X = i)

Simple Example from Quantum Physics

100X

i=0

P (X = i)

f(X = x) =
1

15708

p
1002 � x2

<latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit><latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit><latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit><latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit>

f
(X

=
x
)

<latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit> P
(X

=
x
)

<latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit>



xx

Theory Practice

Let X be a continuous random variable:

From simulations

Approach #3: Know Semi-Circles

P (X > 0) =
1

2

Simple Example from Quantum Physics

f(X = x) =
1

15708

p
1002 � x2

<latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit><latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit><latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit><latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit>

f
(X

=
x
)

<latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit> P
(X

=
x
)

<latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit>



A probability!

What do you get if you 
integrate over a 

probability density function?



A uniform random variable is equally likely to be any 
value in an interval.

Uniform Random Variable

⍺ β

x

E[X] =
� � ↵

2

Properties

Var(X) =
(� � ↵)2

12

Probability Density

f(X = x) =

(
1

��↵ ↵  x  �

0 otherwise
<latexit sha1_base64="RVERk7Z7fK1U4Xr+FMbyJI5khzE="></latexit><latexit sha1_base64="RVERk7Z7fK1U4Xr+FMbyJI5khzE="></latexit><latexit sha1_base64="RVERk7Z7fK1U4Xr+FMbyJI5khzE="></latexit><latexit sha1_base64="RVERk7Z7fK1U4Xr+FMbyJI5khzE="></latexit>

f
(X

=
x
)

<latexit sha1_base64="JalfDQrNiZkL1t693zm1WF0P3MA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigr0IBS8eK5g20Iay2W7apZtN3N2IJfRPePGgiFf/jjf/jZs2B219MPB4b4aZeUHCmdK2/W2V1tY3NrfK25Wd3b39g+rhUUfFqSTUJTGPpRdgRTkT1NVMc+olkuIo4LQbTG5yv/tIpWKxuNfThPoRHgkWMoK1kbyw7l0/naPKoFqzG/YcaJU4BalBgfag+tUfxiSNqNCEY6V6jp1oP8NSM8LprNJPFU0wmeAR7RkqcESVn83vnaEzowxRGEtTQqO5+nsiw5FS0ygwnRHWY7Xs5eJ/Xi/VYdPPmEhSTQVZLApTjnSM8ufRkElKNJ8agolk5lZExlhiok1EeQjO8surpHPRcOyGc3dZazWLOMpwAqdQBweuoAW30AYXCHB4hld4sx6sF+vd+li0lqxi5hj+wPr8ASTxjq4=</latexit><latexit sha1_base64="JalfDQrNiZkL1t693zm1WF0P3MA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigr0IBS8eK5g20Iay2W7apZtN3N2IJfRPePGgiFf/jjf/jZs2B219MPB4b4aZeUHCmdK2/W2V1tY3NrfK25Wd3b39g+rhUUfFqSTUJTGPpRdgRTkT1NVMc+olkuIo4LQbTG5yv/tIpWKxuNfThPoRHgkWMoK1kbyw7l0/naPKoFqzG/YcaJU4BalBgfag+tUfxiSNqNCEY6V6jp1oP8NSM8LprNJPFU0wmeAR7RkqcESVn83vnaEzowxRGEtTQqO5+nsiw5FS0ygwnRHWY7Xs5eJ/Xi/VYdPPmEhSTQVZLApTjnSM8ufRkElKNJ8agolk5lZExlhiok1EeQjO8surpHPRcOyGc3dZazWLOMpwAqdQBweuoAW30AYXCHB4hld4sx6sF+vd+li0lqxi5hj+wPr8ASTxjq4=</latexit><latexit sha1_base64="JalfDQrNiZkL1t693zm1WF0P3MA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigr0IBS8eK5g20Iay2W7apZtN3N2IJfRPePGgiFf/jjf/jZs2B219MPB4b4aZeUHCmdK2/W2V1tY3NrfK25Wd3b39g+rhUUfFqSTUJTGPpRdgRTkT1NVMc+olkuIo4LQbTG5yv/tIpWKxuNfThPoRHgkWMoK1kbyw7l0/naPKoFqzG/YcaJU4BalBgfag+tUfxiSNqNCEY6V6jp1oP8NSM8LprNJPFU0wmeAR7RkqcESVn83vnaEzowxRGEtTQqO5+nsiw5FS0ygwnRHWY7Xs5eJ/Xi/VYdPPmEhSTQVZLApTjnSM8ufRkElKNJ8agolk5lZExlhiok1EeQjO8surpHPRcOyGc3dZazWLOMpwAqdQBweuoAW30AYXCHB4hld4sx6sF+vd+li0lqxi5hj+wPr8ASTxjq4=</latexit><latexit sha1_base64="JalfDQrNiZkL1t693zm1WF0P3MA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigr0IBS8eK5g20Iay2W7apZtN3N2IJfRPePGgiFf/jjf/jZs2B219MPB4b4aZeUHCmdK2/W2V1tY3NrfK25Wd3b39g+rhUUfFqSTUJTGPpRdgRTkT1NVMc+olkuIo4LQbTG5yv/tIpWKxuNfThPoRHgkWMoK1kbyw7l0/naPKoFqzG/YcaJU4BalBgfag+tUfxiSNqNCEY6V6jp1oP8NSM8LprNJPFU0wmeAR7RkqcESVn83vnaEzowxRGEtTQqO5+nsiw5FS0ygwnRHWY7Xs5eJ/Xi/VYdPPmEhSTQVZLApTjnSM8ufRkElKNJ8agolk5lZExlhiok1EeQjO8surpHPRcOyGc3dZazWLOMpwAqdQBweuoAW30AYXCHB4hld4sx6sF+vd+li0lqxi5hj+wPr8ASTxjq4=</latexit>

X ⇠ Uni(↵,�)
<latexit sha1_base64="5TC/2Lqzrkc02ovOjI8PDhVUajA=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBAUJOyKoEfBi8cI5gHZEHonHTM4O7vM9IphydWLv+LFgyJe/QNv/o2Tx0GjBQ1FVTfdXVGqpCXf//Lm5hcWl5YLK8XVtfWNzdLWdt0mmRFYE4lKTDMCi0pqrJEkhc3UIMSRwkZ0ezHyG3dorEz0NQ1SbMdwo2VPCiAndUq8yUMrYx4S3lNe03J4EIJK+3DEwwgJDjulsl/xx+B/STAlZTZFtVP6DLuJyGLUJBRY2wr8lNo5GJJC4bAYZhZTELdwgy1HNcRo2/n4kyHfd0qX9xLjShMfqz8ncoitHcSR64yB+nbWG4n/ea2MemftXOo0I9RisqiXKU4JH8XCu9KgIDVwBISR7lYu+mBAkAuv6EIIZl/+S+rHlcCvBFcn5fOzaRwFtsv22AEL2Ck7Z5esympMsAf2xF7Yq/foPXtv3vukdc6bzuywX/A+vgE7jZla</latexit><latexit sha1_base64="5TC/2Lqzrkc02ovOjI8PDhVUajA=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBAUJOyKoEfBi8cI5gHZEHonHTM4O7vM9IphydWLv+LFgyJe/QNv/o2Tx0GjBQ1FVTfdXVGqpCXf//Lm5hcWl5YLK8XVtfWNzdLWdt0mmRFYE4lKTDMCi0pqrJEkhc3UIMSRwkZ0ezHyG3dorEz0NQ1SbMdwo2VPCiAndUq8yUMrYx4S3lNe03J4EIJK+3DEwwgJDjulsl/xx+B/STAlZTZFtVP6DLuJyGLUJBRY2wr8lNo5GJJC4bAYZhZTELdwgy1HNcRo2/n4kyHfd0qX9xLjShMfqz8ncoitHcSR64yB+nbWG4n/ea2MemftXOo0I9RisqiXKU4JH8XCu9KgIDVwBISR7lYu+mBAkAuv6EIIZl/+S+rHlcCvBFcn5fOzaRwFtsv22AEL2Ck7Z5esympMsAf2xF7Yq/foPXtv3vukdc6bzuywX/A+vgE7jZla</latexit><latexit sha1_base64="5TC/2Lqzrkc02ovOjI8PDhVUajA=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBAUJOyKoEfBi8cI5gHZEHonHTM4O7vM9IphydWLv+LFgyJe/QNv/o2Tx0GjBQ1FVTfdXVGqpCXf//Lm5hcWl5YLK8XVtfWNzdLWdt0mmRFYE4lKTDMCi0pqrJEkhc3UIMSRwkZ0ezHyG3dorEz0NQ1SbMdwo2VPCiAndUq8yUMrYx4S3lNe03J4EIJK+3DEwwgJDjulsl/xx+B/STAlZTZFtVP6DLuJyGLUJBRY2wr8lNo5GJJC4bAYZhZTELdwgy1HNcRo2/n4kyHfd0qX9xLjShMfqz8ncoitHcSR64yB+nbWG4n/ea2MemftXOo0I9RisqiXKU4JH8XCu9KgIDVwBISR7lYu+mBAkAuv6EIIZl/+S+rHlcCvBFcn5fOzaRwFtsv22AEL2Ck7Z5esympMsAf2xF7Yq/foPXtv3vukdc6bzuywX/A+vgE7jZla</latexit><latexit sha1_base64="5TC/2Lqzrkc02ovOjI8PDhVUajA=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBAUJOyKoEfBi8cI5gHZEHonHTM4O7vM9IphydWLv+LFgyJe/QNv/o2Tx0GjBQ1FVTfdXVGqpCXf//Lm5hcWl5YLK8XVtfWNzdLWdt0mmRFYE4lKTDMCi0pqrJEkhc3UIMSRwkZ0ezHyG3dorEz0NQ1SbMdwo2VPCiAndUq8yUMrYx4S3lNe03J4EIJK+3DEwwgJDjulsl/xx+B/STAlZTZFtVP6DLuJyGLUJBRY2wr8lNo5GJJC4bAYZhZTELdwgy1HNcRo2/n4kyHfd0qX9xLjShMfqz8ncoitHcSR64yB+nbWG4n/ea2MemftXOo0I9RisqiXKU4JH8XCu9KgIDVwBISR7lYu+mBAkAuv6EIIZl/+S+rHlcCvBFcn5fOzaRwFtsv22AEL2Ck7Z5esympMsAf2xF7Yq/foPXtv3vukdc6bzuywX/A+vgE7jZla</latexit>
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Uniform Bus
You are running to the bus stop. 
You don’t know exactly when 
the bus arrives. You believe all 
times between 2 and 2:30 are 
equally likely.

You show up at 2:15pm. What is 
P(wait < 5 minutes)?

2:00pm 20 30

wait <5 min

Bus arrives (t) mins after 2:00pm

f T
(t

)

T ⇠ Uni(↵ = 0,� = 30)



For continuous RV X:For discrete RV X:

For both discrete and continuous RVs:

Expectation and Variance

E[X] =
X

x

x · p(X = x)
<latexit sha1_base64="G6W7V72z1jBlOhUJ0tPlCzXSkE8=">AAACB3icbVBNS8NAEN3Ur1q/oh4FWSxCvZREBHsRCiJ4rGDbQBPCZrNpl242YXcjLaE3L/4VLx4U8epf8Oa/cdvmoK0PBh7vzTAzL0gZlcqyvo3Syura+kZ5s7K1vbO7Z+4fdGSSCUzaOGGJcAIkCaOctBVVjDipICgOGOkGw+up330gQtKE36txSrwY9TmNKEZKS755fNNzPHgFXZnF/giOoIvDRMG05mhxdOabVatuzQCXiV2QKijQ8s0vN0xwFhOuMENS9mwrVV6OhKKYkUnFzSRJER6iPulpylFMpJfP/pjAU62EMEqELq7gTP09kaNYynEc6M4YqYFc9Kbif14vU1HDyylPM0U4ni+KMgZVAqehwJAKghUba4KwoPpWiAdIIKx0dBUdgr348jLpnNdtq27fXVSbjSKOMjgCJ6AGbHAJmuAWtEAbYPAInsEreDOejBfj3fiYt5aMYuYQ/IHx+QNx9pcT</latexit><latexit sha1_base64="G6W7V72z1jBlOhUJ0tPlCzXSkE8=">AAACB3icbVBNS8NAEN3Ur1q/oh4FWSxCvZREBHsRCiJ4rGDbQBPCZrNpl242YXcjLaE3L/4VLx4U8epf8Oa/cdvmoK0PBh7vzTAzL0gZlcqyvo3Syura+kZ5s7K1vbO7Z+4fdGSSCUzaOGGJcAIkCaOctBVVjDipICgOGOkGw+up330gQtKE36txSrwY9TmNKEZKS755fNNzPHgFXZnF/giOoIvDRMG05mhxdOabVatuzQCXiV2QKijQ8s0vN0xwFhOuMENS9mwrVV6OhKKYkUnFzSRJER6iPulpylFMpJfP/pjAU62EMEqELq7gTP09kaNYynEc6M4YqYFc9Kbif14vU1HDyylPM0U4ni+KMgZVAqehwJAKghUba4KwoPpWiAdIIKx0dBUdgr348jLpnNdtq27fXVSbjSKOMjgCJ6AGbHAJmuAWtEAbYPAInsEreDOejBfj3fiYt5aMYuYQ/IHx+QNx9pcT</latexit><latexit sha1_base64="G6W7V72z1jBlOhUJ0tPlCzXSkE8=">AAACB3icbVBNS8NAEN3Ur1q/oh4FWSxCvZREBHsRCiJ4rGDbQBPCZrNpl242YXcjLaE3L/4VLx4U8epf8Oa/cdvmoK0PBh7vzTAzL0gZlcqyvo3Syura+kZ5s7K1vbO7Z+4fdGSSCUzaOGGJcAIkCaOctBVVjDipICgOGOkGw+up330gQtKE36txSrwY9TmNKEZKS755fNNzPHgFXZnF/giOoIvDRMG05mhxdOabVatuzQCXiV2QKijQ8s0vN0xwFhOuMENS9mwrVV6OhKKYkUnFzSRJER6iPulpylFMpJfP/pjAU62EMEqELq7gTP09kaNYynEc6M4YqYFc9Kbif14vU1HDyylPM0U4ni+KMgZVAqehwJAKghUba4KwoPpWiAdIIKx0dBUdgr348jLpnNdtq27fXVSbjSKOMjgCJ6AGbHAJmuAWtEAbYPAInsEreDOejBfj3fiYt5aMYuYQ/IHx+QNx9pcT</latexit><latexit sha1_base64="G6W7V72z1jBlOhUJ0tPlCzXSkE8=">AAACB3icbVBNS8NAEN3Ur1q/oh4FWSxCvZREBHsRCiJ4rGDbQBPCZrNpl242YXcjLaE3L/4VLx4U8epf8Oa/cdvmoK0PBh7vzTAzL0gZlcqyvo3Syura+kZ5s7K1vbO7Z+4fdGSSCUzaOGGJcAIkCaOctBVVjDipICgOGOkGw+up330gQtKE36txSrwY9TmNKEZKS755fNNzPHgFXZnF/giOoIvDRMG05mhxdOabVatuzQCXiV2QKijQ8s0vN0xwFhOuMENS9mwrVV6OhKKYkUnFzSRJER6iPulpylFMpJfP/pjAU62EMEqELq7gTP09kaNYynEc6M4YqYFc9Kbif14vU1HDyylPM0U4ni+KMgZVAqehwJAKghUba4KwoPpWiAdIIKx0dBUdgr348jLpnNdtq27fXVSbjSKOMjgCJ6AGbHAJmuAWtEAbYPAInsEreDOejBfj3fiYt5aMYuYQ/IHx+QNx9pcT</latexit>

E[g(X)] =
X

x

g(x) · p(X = x)
<latexit sha1_base64="tqh1YaOiIowKQkW9o+OKAewGBqM=">AAACDXicbVDLSsNAFJ34rPUVdelmsArppiQi2I1QEMFlBdsGmhAmk0k6dPJgZiItoT/gxl9x40IRt+7d+TdO2yy09cCFwzn3cu89fsaokKb5ra2srq1vbFa2qts7u3v7+sFhV6Q5x6SDU5Zy20eCMJqQjqSSETvjBMU+Iz1/eD31ew+EC5om93KcETdGUUJDipFUkqef3vQjw6678Ao6Io+9EYyMUR06OEglzAxb6aO6p9fMhj kDXCZWSWqgRNvTv5wgxXlMEokZEqJvmZl0C8QlxYxMqk4uSIbwEEWkr2iCYiLcYvbNBJ4pJYBhylUlEs7U3xMFioUYx77qjJEciEVvKv7n9XMZNt2CJlkuSYLni8KcQZnCaTQwoJxgycaKIMypuhXiAeIISxVgVYVgLb68TLrnDctsWHcXtVazjKMCjsEJMIAFLkEL3II26AAMHsEzeAVv2pP2or1rH/PWFa2cOQJ/oH3+ALLvmL8=</latexit><latexit sha1_base64="tqh1YaOiIowKQkW9o+OKAewGBqM=">AAACDXicbVDLSsNAFJ34rPUVdelmsArppiQi2I1QEMFlBdsGmhAmk0k6dPJgZiItoT/gxl9x40IRt+7d+TdO2yy09cCFwzn3cu89fsaokKb5ra2srq1vbFa2qts7u3v7+sFhV6Q5x6SDU5Zy20eCMJqQjqSSETvjBMU+Iz1/eD31ew+EC5om93KcETdGUUJDipFUkqef3vQjw6678Ao6Io+9EYyMUR06OEglzAxb6aO6p9fMhj kDXCZWSWqgRNvTv5wgxXlMEokZEqJvmZl0C8QlxYxMqk4uSIbwEEWkr2iCYiLcYvbNBJ4pJYBhylUlEs7U3xMFioUYx77qjJEciEVvKv7n9XMZNt2CJlkuSYLni8KcQZnCaTQwoJxgycaKIMypuhXiAeIISxVgVYVgLb68TLrnDctsWHcXtVazjKMCjsEJMIAFLkEL3II26AAMHsEzeAVv2pP2or1rH/PWFa2cOQJ/oH3+ALLvmL8=</latexit><latexit sha1_base64="tqh1YaOiIowKQkW9o+OKAewGBqM=">AAACDXicbVDLSsNAFJ34rPUVdelmsArppiQi2I1QEMFlBdsGmhAmk0k6dPJgZiItoT/gxl9x40IRt+7d+TdO2yy09cCFwzn3cu89fsaokKb5ra2srq1vbFa2qts7u3v7+sFhV6Q5x6SDU5Zy20eCMJqQjqSSETvjBMU+Iz1/eD31ew+EC5om93KcETdGUUJDipFUkqef3vQjw6678Ao6Io+9EYyMUR06OEglzAxb6aO6p9fMhj kDXCZWSWqgRNvTv5wgxXlMEokZEqJvmZl0C8QlxYxMqk4uSIbwEEWkr2iCYiLcYvbNBJ4pJYBhylUlEs7U3xMFioUYx77qjJEciEVvKv7n9XMZNt2CJlkuSYLni8KcQZnCaTQwoJxgycaKIMypuhXiAeIISxVgVYVgLb68TLrnDctsWHcXtVazjKMCjsEJMIAFLkEL3II26AAMHsEzeAVv2pP2or1rH/PWFa2cOQJ/oH3+ALLvmL8=</latexit><latexit sha1_base64="tqh1YaOiIowKQkW9o+OKAewGBqM=">AAACDXicbVDLSsNAFJ34rPUVdelmsArppiQi2I1QEMFlBdsGmhAmk0k6dPJgZiItoT/gxl9x40IRt+7d+TdO2yy09cCFwzn3cu89fsaokKb5ra2srq1vbFa2qts7u3v7+sFhV6Q5x6SDU5Zy20eCMJqQjqSSETvjBMU+Iz1/eD31ew+EC5om93KcETdGUUJDipFUkqef3vQjw6678Ao6Io+9EYyMUR06OEglzAxb6aO6p9fMhj kDXCZWSWqgRNvTv5wgxXlMEokZEqJvmZl0C8QlxYxMqk4uSIbwEEWkr2iCYiLcYvbNBJ4pJYBhylUlEs7U3xMFioUYx77qjJEciEVvKv7n9XMZNt2CJlkuSYLni8KcQZnCaTQwoJxgycaKIMypuhXiAeIISxVgVYVgLb68TLrnDctsWHcXtVazjKMCjsEJMIAFLkEL3II26AAMHsEzeAVv2pP2or1rH/PWFa2cOQJ/oH3+ALLvmL8=</latexit>

E[Xn] =
X

x

xn · p(X = x)
<latexit sha1_base64="N8WjfWYLaTPX8bqZYBwB0pbh9LE=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQNyURwW6EggguK9gHJGmYTCbt0MkkzEykJXTvxl9x40IRt/6AO//G6WOhrQcuHM65l3vvCVJGpbKsb6Owtr6xuVXcLu3s7u0fmIdHbZlkApMWTlgiugGShFFOWooqRrqpICgOGOkEw+up33kgQtKE36txSrwY9TmNKEZKS75ZvnG6Pe7BK+jKLPZHcNTj0MVhomBa7Wp5dOabFatmzQBXib0gFbBA0ze/3DDBWUy4wgxJ6dhWqrwcCUUxI5OSm0mSIjxEfeJoylFMpJfPfpnAU62EMEqELq7gTP09kaNYynEc6M4YqYFc9qbif56Tqaju5ZSnmSIczxdFGYMqgdNgYEgFwYqNNUFYUH0rxAMkEFY6vpIOwV5+eZW0z2u2VbPvLiqN+iKOIjgBZVAFNrgEDXALmqAFMHgEz+AVvBlPxovxbnzMWwvGYuYY/IHx+QOhI5jT</latexit><latexit sha1_base64="N8WjfWYLaTPX8bqZYBwB0pbh9LE=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQNyURwW6EggguK9gHJGmYTCbt0MkkzEykJXTvxl9x40IRt/6AO//G6WOhrQcuHM65l3vvCVJGpbKsb6Owtr6xuVXcLu3s7u0fmIdHbZlkApMWTlgiugGShFFOWooqRrqpICgOGOkEw+up33kgQtKE36txSrwY9TmNKEZKS75ZvnG6Pe7BK+jKLPZHcNTj0MVhomBa7Wp5dOabFatmzQBXib0gFbBA0ze/3DDBWUy4wgxJ6dhWqrwcCUUxI5OSm0mSIjxEfeJoylFMpJfPfpnAU62EMEqELq7gTP09kaNYynEc6M4YqYFc9qbif56Tqaju5ZSnmSIczxdFGYMqgdNgYEgFwYqNNUFYUH0rxAMkEFY6vpIOwV5+eZW0z2u2VbPvLiqN+iKOIjgBZVAFNrgEDXALmqAFMHgEz+AVvBlPxovxbnzMWwvGYuYY/IHx+QOhI5jT</latexit><latexit sha1_base64="N8WjfWYLaTPX8bqZYBwB0pbh9LE=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQNyURwW6EggguK9gHJGmYTCbt0MkkzEykJXTvxl9x40IRt/6AO//G6WOhrQcuHM65l3vvCVJGpbKsb6Owtr6xuVXcLu3s7u0fmIdHbZlkApMWTlgiugGShFFOWooqRrqpICgOGOkEw+up33kgQtKE36txSrwY9TmNKEZKS75ZvnG6Pe7BK+jKLPZHcNTj0MVhomBa7Wp5dOabFatmzQBXib0gFbBA0ze/3DDBWUy4wgxJ6dhWqrwcCUUxI5OSm0mSIjxEfeJoylFMpJfPfpnAU62EMEqELq7gTP09kaNYynEc6M4YqYFc9qbif56Tqaju5ZSnmSIczxdFGYMqgdNgYEgFwYqNNUFYUH0rxAMkEFY6vpIOwV5+eZW0z2u2VbPvLiqN+iKOIjgBZVAFNrgEDXALmqAFMHgEz+AVvBlPxovxbnzMWwvGYuYY/IHx+QOhI5jT</latexit><latexit sha1_base64="N8WjfWYLaTPX8bqZYBwB0pbh9LE=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQNyURwW6EggguK9gHJGmYTCbt0MkkzEykJXTvxl9x40IRt/6AO//G6WOhrQcuHM65l3vvCVJGpbKsb6Owtr6xuVXcLu3s7u0fmIdHbZlkApMWTlgiugGShFFOWooqRrqpICgOGOkEw+up33kgQtKE36txSrwY9TmNKEZKS75ZvnG6Pe7BK+jKLPZHcNTj0MVhomBa7Wp5dOabFatmzQBXib0gFbBA0ze/3DDBWUy4wgxJ6dhWqrwcCUUxI5OSm0mSIjxEfeJoylFMpJfPfpnAU62EMEqELq7gTP09kaNYynEc6M4YqYFc9qbif56Tqaju5ZSnmSIczxdFGYMqgdNgYEgFwYqNNUFYUH0rxAMkEFY6vpIOwV5+eZW0z2u2VbPvLiqN+iKOIjgBZVAFNrgEDXALmqAFMHgEz+AVvBlPxovxbnzMWwvGYuYY/IHx+QOhI5jT</latexit>

E[X] =

Z 1

�1
x · fX(x)

<latexit sha1_base64="l9Y+yMhh4BsIQlJIs+vRU6dUHY0=">AAACFnicbZDLSgMxFIYz9VbrbdSlm2ARdGGZEUE3QkEElxXsBdpxyKSZNjSTGZIzYhn6FG58FTcuFHEr7nwb03YW2nog5OP/zyE5f5AIrsFxvq3CwuLS8kpxtbS2vrG5ZW/vNHScKsrqNBaxagVEM8ElqwMHwVqJYiQKBGsGg8ux37xnSvNY3sIwYV5EepKHnBIwkm8fX7VbHr7AHS7Bz47NFcJwdJflgB9wh3ZjwKHfOnw48u2yU3EmhefBzaGM8qr59lenG9M0YhKoIFq3XScBLyMKOBVsVOqkmiWEDkiPtQ1KEjHtZZO1RvjAKF0cxsocCXii/p7ISKT1MApMZ0Sgr2e9sfif104hPPcyLpMUmKTTh8JUYIjxOCPc5YpREEMDhCpu/oppnyhCwSRZMiG4syvPQ+Ok4joV9+a0XD3P4yiiPbSPDpGLzlAVXaMaqiOKHtEzekVv1pP1Yr1bH9PWgpXP7KI/ZX3+AOAcnoY=</latexit><latexit sha1_base64="l9Y+yMhh4BsIQlJIs+vRU6dUHY0=">AAACFnicbZDLSgMxFIYz9VbrbdSlm2ARdGGZEUE3QkEElxXsBdpxyKSZNjSTGZIzYhn6FG58FTcuFHEr7nwb03YW2nog5OP/zyE5f5AIrsFxvq3CwuLS8kpxtbS2vrG5ZW/vNHScKsrqNBaxagVEM8ElqwMHwVqJYiQKBGsGg8ux37xnSvNY3sIwYV5EepKHnBIwkm8fX7VbHr7AHS7Bz47NFcJwdJflgB9wh3ZjwKHfOnw48u2yU3EmhefBzaGM8qr59lenG9M0YhKoIFq3XScBLyMKOBVsVOqkmiWEDkiPtQ1KEjHtZZO1RvjAKF0cxsocCXii/p7ISKT1MApMZ0Sgr2e9sfif104hPPcyLpMUmKTTh8JUYIjxOCPc5YpREEMDhCpu/oppnyhCwSRZMiG4syvPQ+Ok4joV9+a0XD3P4yiiPbSPDpGLzlAVXaMaqiOKHtEzekVv1pP1Yr1bH9PWgpXP7KI/ZX3+AOAcnoY=</latexit><latexit sha1_base64="l9Y+yMhh4BsIQlJIs+vRU6dUHY0=">AAACFnicbZDLSgMxFIYz9VbrbdSlm2ARdGGZEUE3QkEElxXsBdpxyKSZNjSTGZIzYhn6FG58FTcuFHEr7nwb03YW2nog5OP/zyE5f5AIrsFxvq3CwuLS8kpxtbS2vrG5ZW/vNHScKsrqNBaxagVEM8ElqwMHwVqJYiQKBGsGg8ux37xnSvNY3sIwYV5EepKHnBIwkm8fX7VbHr7AHS7Bz47NFcJwdJflgB9wh3ZjwKHfOnw48u2yU3EmhefBzaGM8qr59lenG9M0YhKoIFq3XScBLyMKOBVsVOqkmiWEDkiPtQ1KEjHtZZO1RvjAKF0cxsocCXii/p7ISKT1MApMZ0Sgr2e9sfif104hPPcyLpMUmKTTh8JUYIjxOCPc5YpREEMDhCpu/oppnyhCwSRZMiG4syvPQ+Ok4joV9+a0XD3P4yiiPbSPDpGLzlAVXaMaqiOKHtEzekVv1pP1Yr1bH9PWgpXP7KI/ZX3+AOAcnoY=</latexit><latexit sha1_base64="l9Y+yMhh4BsIQlJIs+vRU6dUHY0=">AAACFnicbZDLSgMxFIYz9VbrbdSlm2ARdGGZEUE3QkEElxXsBdpxyKSZNjSTGZIzYhn6FG58FTcuFHEr7nwb03YW2nog5OP/zyE5f5AIrsFxvq3CwuLS8kpxtbS2vrG5ZW/vNHScKsrqNBaxagVEM8ElqwMHwVqJYiQKBGsGg8ux37xnSvNY3sIwYV5EepKHnBIwkm8fX7VbHr7AHS7Bz47NFcJwdJflgB9wh3ZjwKHfOnw48u2yU3EmhefBzaGM8qr59lenG9M0YhKoIFq3XScBLyMKOBVsVOqkmiWEDkiPtQ1KEjHtZZO1RvjAKF0cxsocCXii/p7ISKT1MApMZ0Sgr2e9sfif104hPPcyLpMUmKTTh8JUYIjxOCPc5YpREEMDhCpu/oppnyhCwSRZMiG4syvPQ+Ok4joV9+a0XD3P4yiiPbSPDpGLzlAVXaMaqiOKHtEzekVv1pP1Yr1bH9PWgpXP7KI/ZX3+AOAcnoY=</latexit>

E[g(X)] =

Z 1

�1
g(x) · fX(x)

<latexit sha1_base64="t5pTttrg7pzKxCcsNJi/S2sk6k4=">AAACHHicbVDLSgMxFM3UV62vUZdugkVoF5YZFexGKIjgsoLVQjsOmTTThmYyQ3JHLEM/xI2/4saFIm5cCP6NaTsLXwdCTs65l5t7gkRwDY7zaRXm5hcWl4rLpZXVtfUNe3PrSsepoqxFYxGrdkA0E1yyFnAQrJ0oRqJAsOtgeDrxr2+Z0jyWlzBKmBeRvuQhpwSM5NuHZ51+pV318Anucgl+tm+uEEbjmywnuF+5q+Iu7cWAQ79tHr5ddmrOFPgvcXNSRjmavv3e7cU0jZgEKojWHddJwMuIAk4FG5e6qWYJoUPSZx1DJYmY9rLpcmO8Z5QeDmNljgQ8Vb93ZCTSehQFpjIiMNC/vYn4n9dJIax7GZdJCkzS2aAwFRhiPEkK97hiFMTIEEIVN3/FdEAUoWDyLJkQ3N8r/yVXBzXXqbkXR+VGPY+jiHbQLqogFx2jBjpHTdRCFN2jR/SMXqwH68l6td5mpQUr79lGP2B9fAFAP6Ay</latexit><latexit sha1_base64="t5pTttrg7pzKxCcsNJi/S2sk6k4=">AAACHHicbVDLSgMxFM3UV62vUZdugkVoF5YZFexGKIjgsoLVQjsOmTTThmYyQ3JHLEM/xI2/4saFIm5cCP6NaTsLXwdCTs65l5t7gkRwDY7zaRXm5hcWl4rLpZXVtfUNe3PrSsepoqxFYxGrdkA0E1yyFnAQrJ0oRqJAsOtgeDrxr2+Z0jyWlzBKmBeRvuQhpwSM5NuHZ51+pV318Anucgl+tm+uEEbjmywnuF+5q+Iu7cWAQ79tHr5ddmrOFPgvcXNSRjmavv3e7cU0jZgEKojWHddJwMuIAk4FG5e6qWYJoUPSZx1DJYmY9rLpcmO8Z5QeDmNljgQ8Vb93ZCTSehQFpjIiMNC/vYn4n9dJIax7GZdJCkzS2aAwFRhiPEkK97hiFMTIEEIVN3/FdEAUoWDyLJkQ3N8r/yVXBzXXqbkXR+VGPY+jiHbQLqogFx2jBjpHTdRCFN2jR/SMXqwH68l6td5mpQUr79lGP2B9fAFAP6Ay</latexit><latexit sha1_base64="t5pTttrg7pzKxCcsNJi/S2sk6k4=">AAACHHicbVDLSgMxFM3UV62vUZdugkVoF5YZFexGKIjgsoLVQjsOmTTThmYyQ3JHLEM/xI2/4saFIm5cCP6NaTsLXwdCTs65l5t7gkRwDY7zaRXm5hcWl4rLpZXVtfUNe3PrSsepoqxFYxGrdkA0E1yyFnAQrJ0oRqJAsOtgeDrxr2+Z0jyWlzBKmBeRvuQhpwSM5NuHZ51+pV318Anucgl+tm+uEEbjmywnuF+5q+Iu7cWAQ79tHr5ddmrOFPgvcXNSRjmavv3e7cU0jZgEKojWHddJwMuIAk4FG5e6qWYJoUPSZx1DJYmY9rLpcmO8Z5QeDmNljgQ8Vb93ZCTSehQFpjIiMNC/vYn4n9dJIax7GZdJCkzS2aAwFRhiPEkK97hiFMTIEEIVN3/FdEAUoWDyLJkQ3N8r/yVXBzXXqbkXR+VGPY+jiHbQLqogFx2jBjpHTdRCFN2jR/SMXqwH68l6td5mpQUr79lGP2B9fAFAP6Ay</latexit><latexit sha1_base64="t5pTttrg7pzKxCcsNJi/S2sk6k4=">AAACHHicbVDLSgMxFM3UV62vUZdugkVoF5YZFexGKIjgsoLVQjsOmTTThmYyQ3JHLEM/xI2/4saFIm5cCP6NaTsLXwdCTs65l5t7gkRwDY7zaRXm5hcWl4rLpZXVtfUNe3PrSsepoqxFYxGrdkA0E1yyFnAQrJ0oRqJAsOtgeDrxr2+Z0jyWlzBKmBeRvuQhpwSM5NuHZ51+pV318Anucgl+tm+uEEbjmywnuF+5q+Iu7cWAQ79tHr5ddmrOFPgvcXNSRjmavv3e7cU0jZgEKojWHddJwMuIAk4FG5e6qWYJoUPSZx1DJYmY9rLpcmO8Z5QeDmNljgQ8Vb93ZCTSehQFpjIiMNC/vYn4n9dJIax7GZdJCkzS2aAwFRhiPEkK97hiFMTIEEIVN3/FdEAUoWDyLJkQ3N8r/yVXBzXXqbkXR+VGPY+jiHbQLqogFx2jBjpHTdRCFN2jR/SMXqwH68l6td5mpQUr79lGP2B9fAFAP6Ay</latexit>

E[Xn] =

Z 1

�1
xn · fX(x)

<latexit sha1_base64="7UzlOeABoxnrRXwP8znuaIHysp4=">AAACGnicbZBPS8MwGMZT/875b+rRS3AIenC0IriLMBDB4wS3FbaupFmqwTQtyVtZKfscXvwqXjwo4k28+G3Mth7U+ULIj+d5X5L3CRLBNdj2lzU3v7C4tFxaKa+urW9sVra22zpOFWUtGotYuQHRTHDJWsBBMDdRjESBYJ3g7nzsd+6Z0jyW15AlzIvIjeQhpwSM5Feci67blx4+wz0uwc+PzBVCNurnBeBhX+IeHcSAQ989GB76lapdsyeFZ8EpoIqKavqVj94gpmnEJFBBtO46dgJeThRwKtio3Es1Swi9Izesa1CSiGkvn6w2wvtGGeAwVuZIwBP150ROIq2zKDCdEYFb/dcbi/953RTCupdzmaTAJJ0+FKYCQ4zHOeEBV4yCyAwQqrj5K6a3RBEKJs2yCcH5u/IstI9rjl1zrk6qjXoRRwntoj10gBx0ihroEjVRC1H0gJ7QC3q1Hq1n6816n7bOWcXMDvpV1uc3KDagRg==</latexit><latexit sha1_base64="7UzlOeABoxnrRXwP8znuaIHysp4=">AAACGnicbZBPS8MwGMZT/875b+rRS3AIenC0IriLMBDB4wS3FbaupFmqwTQtyVtZKfscXvwqXjwo4k28+G3Mth7U+ULIj+d5X5L3CRLBNdj2lzU3v7C4tFxaKa+urW9sVra22zpOFWUtGotYuQHRTHDJWsBBMDdRjESBYJ3g7nzsd+6Z0jyW15AlzIvIjeQhpwSM5Feci67blx4+wz0uwc+PzBVCNurnBeBhX+IeHcSAQ989GB76lapdsyeFZ8EpoIqKavqVj94gpmnEJFBBtO46dgJeThRwKtio3Es1Swi9Izesa1CSiGkvn6w2wvtGGeAwVuZIwBP150ROIq2zKDCdEYFb/dcbi/953RTCupdzmaTAJJ0+FKYCQ4zHOeEBV4yCyAwQqrj5K6a3RBEKJs2yCcH5u/IstI9rjl1zrk6qjXoRRwntoj10gBx0ihroEjVRC1H0gJ7QC3q1Hq1n6816n7bOWcXMDvpV1uc3KDagRg==</latexit><latexit sha1_base64="7UzlOeABoxnrRXwP8znuaIHysp4=">AAACGnicbZBPS8MwGMZT/875b+rRS3AIenC0IriLMBDB4wS3FbaupFmqwTQtyVtZKfscXvwqXjwo4k28+G3Mth7U+ULIj+d5X5L3CRLBNdj2lzU3v7C4tFxaKa+urW9sVra22zpOFWUtGotYuQHRTHDJWsBBMDdRjESBYJ3g7nzsd+6Z0jyW15AlzIvIjeQhpwSM5Feci67blx4+wz0uwc+PzBVCNurnBeBhX+IeHcSAQ989GB76lapdsyeFZ8EpoIqKavqVj94gpmnEJFBBtO46dgJeThRwKtio3Es1Swi9Izesa1CSiGkvn6w2wvtGGeAwVuZIwBP150ROIq2zKDCdEYFb/dcbi/953RTCupdzmaTAJJ0+FKYCQ4zHOeEBV4yCyAwQqrj5K6a3RBEKJs2yCcH5u/IstI9rjl1zrk6qjXoRRwntoj10gBx0ihroEjVRC1H0gJ7QC3q1Hq1n6816n7bOWcXMDvpV1uc3KDagRg==</latexit><latexit sha1_base64="7UzlOeABoxnrRXwP8znuaIHysp4=">AAACGnicbZBPS8MwGMZT/875b+rRS3AIenC0IriLMBDB4wS3FbaupFmqwTQtyVtZKfscXvwqXjwo4k28+G3Mth7U+ULIj+d5X5L3CRLBNdj2lzU3v7C4tFxaKa+urW9sVra22zpOFWUtGotYuQHRTHDJWsBBMDdRjESBYJ3g7nzsd+6Z0jyW15AlzIvIjeQhpwSM5Feci67blx4+wz0uwc+PzBVCNurnBeBhX+IeHcSAQ989GB76lapdsyeFZ8EpoIqKavqVj94gpmnEJFBBtO46dgJeThRwKtio3Es1Swi9Izesa1CSiGkvn6w2wvtGGeAwVuZIwBP150ROIq2zKDCdEYFb/dcbi/953RTCupdzmaTAJJ0+FKYCQ4zHOeEBV4yCyAwQqrj5K6a3RBEKJs2yCcH5u/IstI9rjl1zrk6qjXoRRwntoj10gBx0ihroEjVRC1H0gJ7QC3q1Hq1n6816n7bOWcXMDvpV1uc3KDagRg==</latexit>

E[aX + b] = aE[X] + b
<latexit sha1_base64="VpT71RartvU735CpAucrBgO7nuM=">AAAB/nicbVBNS8NAEJ3Ur1q/quLJy2IRBKEkItiLUJCCxwrWBtJQNttNu3SzCbsboYSCf8WLB0W8+ju8+W/ctDlo64OBt+/NsDMvSDhT2ra/rdLK6tr6RnmzsrW9s7tX3T94UHEqCe2QmMfSDbCinAna0Uxz6iaS4ijgtBuMb3K/+0ilYrG415OE+hEeChYygrWR+tWjlodddI4CH10j3PJcP3/0qzW7bs+AlolTkBoUaPerX71BTNKICk04Vspz7ET7GZaaEU6nlV6qaILJGA+pZ6jAEVV+Nlt/ik6NMkBhLE0JjWbq74kMR0pNosB0RliP1KKXi/95XqrDhp8xkaSaCjL/KEw50jHKs0ADJinRfGIIJpKZXREZYYmJNolVTAjO4snL5OGi7th15+6y1mwUcZThGE7gDBy4gibcQhs6QCCDZ3iFN+vJerHerY95a8kqZg7hD6zPHxytkvY=</latexit><latexit sha1_base64="VpT71RartvU735CpAucrBgO7nuM=">AAAB/nicbVBNS8NAEJ3Ur1q/quLJy2IRBKEkItiLUJCCxwrWBtJQNttNu3SzCbsboYSCf8WLB0W8+ju8+W/ctDlo64OBt+/NsDMvSDhT2ra/rdLK6tr6RnmzsrW9s7tX3T94UHEqCe2QmMfSDbCinAna0Uxz6iaS4ijgtBuMb3K/+0ilYrG415OE+hEeChYygrWR+tWjlodddI4CH10j3PJcP3/0qzW7bs+AlolTkBoUaPerX71BTNKICk04Vspz7ET7GZaaEU6nlV6qaILJGA+pZ6jAEVV+Nlt/ik6NMkBhLE0JjWbq74kMR0pNosB0RliP1KKXi/95XqrDhp8xkaSaCjL/KEw50jHKs0ADJinRfGIIJpKZXREZYYmJNolVTAjO4snL5OGi7th15+6y1mwUcZThGE7gDBy4gibcQhs6QCCDZ3iFN+vJerHerY95a8kqZg7hD6zPHxytkvY=</latexit><latexit sha1_base64="VpT71RartvU735CpAucrBgO7nuM=">AAAB/nicbVBNS8NAEJ3Ur1q/quLJy2IRBKEkItiLUJCCxwrWBtJQNttNu3SzCbsboYSCf8WLB0W8+ju8+W/ctDlo64OBt+/NsDMvSDhT2ra/rdLK6tr6RnmzsrW9s7tX3T94UHEqCe2QmMfSDbCinAna0Uxz6iaS4ijgtBuMb3K/+0ilYrG415OE+hEeChYygrWR+tWjlodddI4CH10j3PJcP3/0qzW7bs+AlolTkBoUaPerX71BTNKICk04Vspz7ET7GZaaEU6nlV6qaILJGA+pZ6jAEVV+Nlt/ik6NMkBhLE0JjWbq74kMR0pNosB0RliP1KKXi/95XqrDhp8xkaSaCjL/KEw50jHKs0ADJinRfGIIJpKZXREZYYmJNolVTAjO4snL5OGi7th15+6y1mwUcZThGE7gDBy4gibcQhs6QCCDZ3iFN+vJerHerY95a8kqZg7hD6zPHxytkvY=</latexit><latexit sha1_base64="VpT71RartvU735CpAucrBgO7nuM=">AAAB/nicbVBNS8NAEJ3Ur1q/quLJy2IRBKEkItiLUJCCxwrWBtJQNttNu3SzCbsboYSCf8WLB0W8+ju8+W/ctDlo64OBt+/NsDMvSDhT2ra/rdLK6tr6RnmzsrW9s7tX3T94UHEqCe2QmMfSDbCinAna0Uxz6iaS4ijgtBuMb3K/+0ilYrG415OE+hEeChYygrWR+tWjlodddI4CH10j3PJcP3/0qzW7bs+AlolTkBoUaPerX71BTNKICk04Vspz7ET7GZaaEU6nlV6qaILJGA+pZ6jAEVV+Nlt/ik6NMkBhLE0JjWbq74kMR0pNosB0RliP1KKXi/95XqrDhp8xkaSaCjL/KEw50jHKs0ADJinRfGIIJpKZXREZYYmJNolVTAjO4snL5OGi7th15+6y1mwUcZThGE7gDBy4gibcQhs6QCCDZ3iFN+vJerHerY95a8kqZg7hD6zPHxytkvY=</latexit>

Var(X) = E[(x� µ)2] = E[X2]� (E[X]2)
<latexit sha1_base64="bMcVC5NEDE1zjSV0akWdaiY3QOE=">AAACGXicbZDLSgMxFIYzXmu9jbp0EyxCu2iZKYLdCAURXFawF2inJZOmbWjmQnJGWoa+hhtfxY0LRVzqyrcxnc5CW38IfPnPOSTnd0PBFVjWt7G2vrG5tZ3Zye7u7R8cmkfHDRVEkrI6DUQgWy5RTHCf1YGDYK1QMuK5gjXd8fW83nxgUvHAv4dpyByPDH0+4JSAtnqm1QE2gbhB5CzfKuArfNPOT4odLyp0y05ybc2hiPOanG650DNzVslKhFfBTiGHUtV65menH9DIYz5QQZRq21YITkwkcCrYLNuJFAsJHZMha2v0iceUEyebzfC5dvp4EEh9fMCJ+3siJp5SU8/VnR6BkVquzc3/au0IBhUn5n4YAfPp4qFBJDAEeB4T7nPJKIipBkIl13/FdEQkoaDDzOoQ7OWVV6FRLtlWyb67yFUraRwZdIrOUB7Z6BJV0S2qoTqi6BE9o1f0ZjwZL8a78bFoXTPSmRP0R8bXD2DpnK8=</latexit><latexit sha1_base64="bMcVC5NEDE1zjSV0akWdaiY3QOE=">AAACGXicbZDLSgMxFIYzXmu9jbp0EyxCu2iZKYLdCAURXFawF2inJZOmbWjmQnJGWoa+hhtfxY0LRVzqyrcxnc5CW38IfPnPOSTnd0PBFVjWt7G2vrG5tZ3Zye7u7R8cmkfHDRVEkrI6DUQgWy5RTHCf1YGDYK1QMuK5gjXd8fW83nxgUvHAv4dpyByPDH0+4JSAtnqm1QE2gbhB5CzfKuArfNPOT4odLyp0y05ybc2hiPOanG650DNzVslKhFfBTiGHUtV65menH9DIYz5QQZRq21YITkwkcCrYLNuJFAsJHZMha2v0iceUEyebzfC5dvp4EEh9fMCJ+3siJp5SU8/VnR6BkVquzc3/au0IBhUn5n4YAfPp4qFBJDAEeB4T7nPJKIipBkIl13/FdEQkoaDDzOoQ7OWVV6FRLtlWyb67yFUraRwZdIrOUB7Z6BJV0S2qoTqi6BE9o1f0ZjwZL8a78bFoXTPSmRP0R8bXD2DpnK8=</latexit><latexit sha1_base64="bMcVC5NEDE1zjSV0akWdaiY3QOE=">AAACGXicbZDLSgMxFIYzXmu9jbp0EyxCu2iZKYLdCAURXFawF2inJZOmbWjmQnJGWoa+hhtfxY0LRVzqyrcxnc5CW38IfPnPOSTnd0PBFVjWt7G2vrG5tZ3Zye7u7R8cmkfHDRVEkrI6DUQgWy5RTHCf1YGDYK1QMuK5gjXd8fW83nxgUvHAv4dpyByPDH0+4JSAtnqm1QE2gbhB5CzfKuArfNPOT4odLyp0y05ybc2hiPOanG650DNzVslKhFfBTiGHUtV65menH9DIYz5QQZRq21YITkwkcCrYLNuJFAsJHZMha2v0iceUEyebzfC5dvp4EEh9fMCJ+3siJp5SU8/VnR6BkVquzc3/au0IBhUn5n4YAfPp4qFBJDAEeB4T7nPJKIipBkIl13/FdEQkoaDDzOoQ7OWVV6FRLtlWyb67yFUraRwZdIrOUB7Z6BJV0S2qoTqi6BE9o1f0ZjwZL8a78bFoXTPSmRP0R8bXD2DpnK8=</latexit><latexit sha1_base64="bMcVC5NEDE1zjSV0akWdaiY3QOE=">AAACGXicbZDLSgMxFIYzXmu9jbp0EyxCu2iZKYLdCAURXFawF2inJZOmbWjmQnJGWoa+hhtfxY0LRVzqyrcxnc5CW38IfPnPOSTnd0PBFVjWt7G2vrG5tZ3Zye7u7R8cmkfHDRVEkrI6DUQgWy5RTHCf1YGDYK1QMuK5gjXd8fW83nxgUvHAv4dpyByPDH0+4JSAtnqm1QE2gbhB5CzfKuArfNPOT4odLyp0y05ybc2hiPOanG650DNzVslKhFfBTiGHUtV65menH9DIYz5QQZRq21YITkwkcCrYLNuJFAsJHZMha2v0iceUEyebzfC5dvp4EEh9fMCJ+3siJp5SU8/VnR6BkVquzc3/au0IBhUn5n4YAfPp4qFBJDAEeB4T7nPJKIipBkIl13/FdEQkoaDDzOoQ7OWVV6FRLtlWyb67yFUraRwZdIrOUB7Z6BJV0S2qoTqi6BE9o1f0ZjwZL8a78bFoXTPSmRP0R8bXD2DpnK8=</latexit>

Var(aX + b) = a2Var(X)
<latexit sha1_base64="kYht5jpfcC//KIeDlEtxpRI91n8=">AAACD3icbVBNS0JBFJ3Xp9mX1bLNkBRKIO9JkJtAaNPSID9ATe4bRx2c98HMfZE8/Adt+ittWhTRtm27/k2jvoVpBy4czrmXe+9xQyk02vaPtbK6tr6xmdpKb+/s7u1nDg5rOogU41UWyEA1XNBcCp9XUaDkjVBx8FzJ6+7weuLXH7jSIvDvcBTytgd9X/QEAzRSJ3PWQv6IcQ3UOAcNek7dPL2icF+kc0Yj38lk7YI9BV0mTkKyJEGlk/ludQMWedxHJkHrpmOH2I5BoWCSj9OtSPMQ2BD6vGmoDx7X7Xj6z5ieGqVLe4Ey5SOdqvMTMXhajzzXdHqAA73oTcT/vGaEvVI7Fn4YIffZbFEvkhQDOgmHdoXiDOXIEGBKmFspG4AChibCtAnBWXx5mdSKBccuOLcX2XIpiSNFjskJyRGHXJIyuSEVUiWMPJEX8kberWfr1fqwPmetK1Yyc0T+wPr6Bf9Jmq8=</latexit><latexit sha1_base64="kYht5jpfcC//KIeDlEtxpRI91n8=">AAACD3icbVBNS0JBFJ3Xp9mX1bLNkBRKIO9JkJtAaNPSID9ATe4bRx2c98HMfZE8/Adt+ittWhTRtm27/k2jvoVpBy4czrmXe+9xQyk02vaPtbK6tr6xmdpKb+/s7u1nDg5rOogU41UWyEA1XNBcCp9XUaDkjVBx8FzJ6+7weuLXH7jSIvDvcBTytgd9X/QEAzRSJ3PWQv6IcQ3UOAcNek7dPL2icF+kc0Yj38lk7YI9BV0mTkKyJEGlk/ludQMWedxHJkHrpmOH2I5BoWCSj9OtSPMQ2BD6vGmoDx7X7Xj6z5ieGqVLe4Ey5SOdqvMTMXhajzzXdHqAA73oTcT/vGaEvVI7Fn4YIffZbFEvkhQDOgmHdoXiDOXIEGBKmFspG4AChibCtAnBWXx5mdSKBccuOLcX2XIpiSNFjskJyRGHXJIyuSEVUiWMPJEX8kberWfr1fqwPmetK1Yyc0T+wPr6Bf9Jmq8=</latexit><latexit sha1_base64="kYht5jpfcC//KIeDlEtxpRI91n8=">AAACD3icbVBNS0JBFJ3Xp9mX1bLNkBRKIO9JkJtAaNPSID9ATe4bRx2c98HMfZE8/Adt+ittWhTRtm27/k2jvoVpBy4czrmXe+9xQyk02vaPtbK6tr6xmdpKb+/s7u1nDg5rOogU41UWyEA1XNBcCp9XUaDkjVBx8FzJ6+7weuLXH7jSIvDvcBTytgd9X/QEAzRSJ3PWQv6IcQ3UOAcNek7dPL2icF+kc0Yj38lk7YI9BV0mTkKyJEGlk/ludQMWedxHJkHrpmOH2I5BoWCSj9OtSPMQ2BD6vGmoDx7X7Xj6z5ieGqVLe4Ey5SOdqvMTMXhajzzXdHqAA73oTcT/vGaEvVI7Fn4YIffZbFEvkhQDOgmHdoXiDOXIEGBKmFspG4AChibCtAnBWXx5mdSKBccuOLcX2XIpiSNFjskJyRGHXJIyuSEVUiWMPJEX8kberWfr1fqwPmetK1Yyc0T+wPr6Bf9Jmq8=</latexit><latexit sha1_base64="kYht5jpfcC//KIeDlEtxpRI91n8=">AAACD3icbVBNS0JBFJ3Xp9mX1bLNkBRKIO9JkJtAaNPSID9ATe4bRx2c98HMfZE8/Adt+ittWhTRtm27/k2jvoVpBy4czrmXe+9xQyk02vaPtbK6tr6xmdpKb+/s7u1nDg5rOogU41UWyEA1XNBcCp9XUaDkjVBx8FzJ6+7weuLXH7jSIvDvcBTytgd9X/QEAzRSJ3PWQv6IcQ3UOAcNek7dPL2icF+kc0Yj38lk7YI9BV0mTkKyJEGlk/ludQMWedxHJkHrpmOH2I5BoWCSj9OtSPMQ2BD6vGmoDx7X7Xj6z5ieGqVLe4Ey5SOdqvMTMXhajzzXdHqAA73oTcT/vGaEvVI7Fn4YIffZbFEvkhQDOgmHdoXiDOXIEGBKmFspG4AChibCtAnBWXx5mdSKBccuOLcX2XIpiSNFjskJyRGHXJIyuSEVUiWMPJEX8kberWfr1fqwPmetK1Yyc0T+wPr6Bf9Jmq8=</latexit>
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<latexit sha1_base64="1j1AYbkHWXvDUs4pDr8OTyEeXAs="></latexit><latexit sha1_base64="1j1AYbkHWXvDUs4pDr8OTyEeXAs="></latexit><latexit sha1_base64="1j1AYbkHWXvDUs4pDr8OTyEeXAs="></latexit><latexit sha1_base64="1j1AYbkHWXvDUs4pDr8OTyEeXAs="></latexit>



• X is an Exponential RV: X ~ Exp(l)   Rate: l > 0
§ Probability Density Function (PDF):

§

§

§ Support:

§ Represents time until some event
o Earthquake, request to web server, end cell phone contract, etc.

)(xf

x

Exponential Random Variable

Var(X) =
1

�2
<latexit sha1_base64="v4IxvvhHS/2op4jsQcuXAPx/Wis=">AAACDHicbVDLSgMxFM34rPVVdekmWIS6KTNFsBuh4MZlBfuATi2ZTKYNzWSG5I5YhvkAN/6KGxeKuPUD3Pk3pu0stPVA4HDOuUnu8WLBNdj2t7Wyura+sVnYKm7v7O7tlw4O2zpKFGUtGolIdT2imeCStYCDYN1YMRJ6gnW88dXU79wzpXkkb2ESs35IhpIHnBIw0qBUdoE9QNomKqt0z/AldgNFaOpkqSvMLT65q2UmZVftGfAycXJSRjmag9KX60c0CZkEKojWPceOoZ8SBZwKlhXdRLOY0DEZsp6hkoRM99PZMhk+NYqPg0iZIwHP1N8TKQm1noSeSYYERnrRm4r/eb0Egno/5TJOgEk6fyhIBIYIT5vBPleMgpgYQqji5q+YjohpA0x/RVOCs7jyMmnXqo5ddW7Oy416XkcBHaMTVEEOukANdI2aqIUoekTP6BW9WU/Wi/VufcyjK1Y+c4T+wPr8AdWVms0=</latexit><latexit sha1_base64="v4IxvvhHS/2op4jsQcuXAPx/Wis=">AAACDHicbVDLSgMxFM34rPVVdekmWIS6KTNFsBuh4MZlBfuATi2ZTKYNzWSG5I5YhvkAN/6KGxeKuPUD3Pk3pu0stPVA4HDOuUnu8WLBNdj2t7Wyura+sVnYKm7v7O7tlw4O2zpKFGUtGolIdT2imeCStYCDYN1YMRJ6gnW88dXU79wzpXkkb2ESs35IhpIHnBIw0qBUdoE9QNomKqt0z/AldgNFaOpkqSvMLT65q2UmZVftGfAycXJSRjmag9KX60c0CZkEKojWPceOoZ8SBZwKlhXdRLOY0DEZsp6hkoRM99PZMhk+NYqPg0iZIwHP1N8TKQm1noSeSYYERnrRm4r/eb0Egno/5TJOgEk6fyhIBIYIT5vBPleMgpgYQqji5q+YjohpA0x/RVOCs7jyMmnXqo5ddW7Oy416XkcBHaMTVEEOukANdI2aqIUoekTP6BW9WU/Wi/VufcyjK1Y+c4T+wPr8AdWVms0=</latexit><latexit sha1_base64="v4IxvvhHS/2op4jsQcuXAPx/Wis=">AAACDHicbVDLSgMxFM34rPVVdekmWIS6KTNFsBuh4MZlBfuATi2ZTKYNzWSG5I5YhvkAN/6KGxeKuPUD3Pk3pu0stPVA4HDOuUnu8WLBNdj2t7Wyura+sVnYKm7v7O7tlw4O2zpKFGUtGolIdT2imeCStYCDYN1YMRJ6gnW88dXU79wzpXkkb2ESs35IhpIHnBIw0qBUdoE9QNomKqt0z/AldgNFaOpkqSvMLT65q2UmZVftGfAycXJSRjmag9KX60c0CZkEKojWPceOoZ8SBZwKlhXdRLOY0DEZsp6hkoRM99PZMhk+NYqPg0iZIwHP1N8TKQm1noSeSYYERnrRm4r/eb0Egno/5TJOgEk6fyhIBIYIT5vBPleMgpgYQqji5q+YjohpA0x/RVOCs7jyMmnXqo5ddW7Oy416XkcBHaMTVEEOukANdI2aqIUoekTP6BW9WU/Wi/VufcyjK1Y+c4T+wPr8AdWVms0=</latexit><latexit sha1_base64="v4IxvvhHS/2op4jsQcuXAPx/Wis=">AAACDHicbVDLSgMxFM34rPVVdekmWIS6KTNFsBuh4MZlBfuATi2ZTKYNzWSG5I5YhvkAN/6KGxeKuPUD3Pk3pu0stPVA4HDOuUnu8WLBNdj2t7Wyura+sVnYKm7v7O7tlw4O2zpKFGUtGolIdT2imeCStYCDYN1YMRJ6gnW88dXU79wzpXkkb2ESs35IhpIHnBIw0qBUdoE9QNomKqt0z/AldgNFaOpkqSvMLT65q2UmZVftGfAycXJSRjmag9KX60c0CZkEKojWPceOoZ8SBZwKlhXdRLOY0DEZsp6hkoRM99PZMhk+NYqPg0iZIwHP1N8TKQm1noSeSYYERnrRm4r/eb0Egno/5TJOgEk6fyhIBIYIT5vBPleMgpgYQqji5q+YjohpA0x/RVOCs7jyMmnXqo5ddW7Oy416XkcBHaMTVEEOukANdI2aqIUoekTP6BW9WU/Wi/VufcyjK1Y+c4T+wPr8AdWVms0=</latexit>

f(X = x) =

(
�e��x if x � 0

0 otherwise
<latexit sha1_base64="ptMwEVVizgodusdI49s0l9a19ro="></latexit><latexit sha1_base64="ptMwEVVizgodusdI49s0l9a19ro="></latexit><latexit sha1_base64="ptMwEVVizgodusdI49s0l9a19ro="></latexit><latexit sha1_base64="ptMwEVVizgodusdI49s0l9a19ro="></latexit>

E[X] =
1

�
<latexit sha1_base64="OfF3jGwnU1ILv07rNwqU2pY1Ll8=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuCqJCHYjFERwWcE+IAllMpm0QycPZiZCCXHjr7hxoYhb/8Kdf+O0zUJbDwwczrmHO/f4KWdSWda3UVlZXVvfqG7WtrZ3dvfM/YOuTDJBaIckPBF9H0vKWUw7iilO+6mgOPI57fnj66nfe6BCsiS+V5OUehEexixkBCstDcyjG6fvoSvkhgKT3C5yl+twgIuBWbca1gxomdglqUOJ9sD8coOEZBGNFeFYSse2UuXlWChGOC1qbiZpiskYD6mjaYwjKr18dkGBTrUSoDAR+sUKzdTfiRxHUk4iX09GWI3kojcV//OcTIVNL2dxmikak/miMONIJWhaBwqYoETxiSaYCKb/isgI6y6ULq2mS7AXT14m3fOGbTXsu4t6q1nWUYVjOIEzsOESWnALbegAgUd4hld4M56MF+Pd+JiPVowycwh/YHz+AHNuljk=</latexit><latexit sha1_base64="OfF3jGwnU1ILv07rNwqU2pY1Ll8=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuCqJCHYjFERwWcE+IAllMpm0QycPZiZCCXHjr7hxoYhb/8Kdf+O0zUJbDwwczrmHO/f4KWdSWda3UVlZXVvfqG7WtrZ3dvfM/YOuTDJBaIckPBF9H0vKWUw7iilO+6mgOPI57fnj66nfe6BCsiS+V5OUehEexixkBCstDcyjG6fvoSvkhgKT3C5yl+twgIuBWbca1gxomdglqUOJ9sD8coOEZBGNFeFYSse2UuXlWChGOC1qbiZpiskYD6mjaYwjKr18dkGBTrUSoDAR+sUKzdTfiRxHUk4iX09GWI3kojcV//OcTIVNL2dxmikak/miMONIJWhaBwqYoETxiSaYCKb/isgI6y6ULq2mS7AXT14m3fOGbTXsu4t6q1nWUYVjOIEzsOESWnALbegAgUd4hld4M56MF+Pd+JiPVowycwh/YHz+AHNuljk=</latexit><latexit sha1_base64="OfF3jGwnU1ILv07rNwqU2pY1Ll8=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuCqJCHYjFERwWcE+IAllMpm0QycPZiZCCXHjr7hxoYhb/8Kdf+O0zUJbDwwczrmHO/f4KWdSWda3UVlZXVvfqG7WtrZ3dvfM/YOuTDJBaIckPBF9H0vKWUw7iilO+6mgOPI57fnj66nfe6BCsiS+V5OUehEexixkBCstDcyjG6fvoSvkhgKT3C5yl+twgIuBWbca1gxomdglqUOJ9sD8coOEZBGNFeFYSse2UuXlWChGOC1qbiZpiskYD6mjaYwjKr18dkGBTrUSoDAR+sUKzdTfiRxHUk4iX09GWI3kojcV//OcTIVNL2dxmikak/miMONIJWhaBwqYoETxiSaYCKb/isgI6y6ULq2mS7AXT14m3fOGbTXsu4t6q1nWUYVjOIEzsOESWnALbegAgUd4hld4M56MF+Pd+JiPVowycwh/YHz+AHNuljk=</latexit><latexit sha1_base64="OfF3jGwnU1ILv07rNwqU2pY1Ll8=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuCqJCHYjFERwWcE+IAllMpm0QycPZiZCCXHjr7hxoYhb/8Kdf+O0zUJbDwwczrmHO/f4KWdSWda3UVlZXVvfqG7WtrZ3dvfM/YOuTDJBaIckPBF9H0vKWUw7iilO+6mgOPI57fnj66nfe6BCsiS+V5OUehEexixkBCstDcyjG6fvoSvkhgKT3C5yl+twgIuBWbca1gxomdglqUOJ9sD8coOEZBGNFeFYSse2UuXlWChGOC1qbiZpiskYD6mjaYwjKr18dkGBTrUSoDAR+sUKzdTfiRxHUk4iX09GWI3kojcV//OcTIVNL2dxmikak/miMONIJWhaBwqYoETxiSaYCKb/isgI6y6ULq2mS7AXT14m3fOGbTXsu4t6q1nWUYVjOIEzsOESWnALbegAgUd4hld4M56MF+Pd+JiPVowycwh/YHz+AHNuljk=</latexit>

f
(X

=
x
)

<latexit sha1_base64="8/SzlTYpngYNDlpPg/h9fgGbCwQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0lEsBeh4MVjBfsBbSib7aZdutmE3YlYQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dtfWNza7uwU9zd2z84LB0dt0ycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H49uZ337k2ohYPeAk4X5Eh0qEglG0UjusdG6eLki/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+blTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1UwxrfiZUkiJXbLEoTCXBmMx+JwOhOUM5sYQyLeythI2opgxtQkUbgrf88ippXVY9t+rdX5XrtTyOApzCGVTAg2uowx00oAkMxvAMr/DmJM6L8+58LFrXnHzmBP7A+fwB7uaOmg==</latexit><latexit sha1_base64="8/SzlTYpngYNDlpPg/h9fgGbCwQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0lEsBeh4MVjBfsBbSib7aZdutmE3YlYQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dtfWNza7uwU9zd2z84LB0dt0ycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H49uZ337k2ohYPeAk4X5Eh0qEglG0UjusdG6eLki/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+blTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1UwxrfiZUkiJXbLEoTCXBmMx+JwOhOUM5sYQyLeythI2opgxtQkUbgrf88ippXVY9t+rdX5XrtTyOApzCGVTAg2uowx00oAkMxvAMr/DmJM6L8+58LFrXnHzmBP7A+fwB7uaOmg==</latexit><latexit sha1_base64="8/SzlTYpngYNDlpPg/h9fgGbCwQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0lEsBeh4MVjBfsBbSib7aZdutmE3YlYQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dtfWNza7uwU9zd2z84LB0dt0ycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H49uZ337k2ohYPeAk4X5Eh0qEglG0UjusdG6eLki/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+blTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1UwxrfiZUkiJXbLEoTCXBmMx+JwOhOUM5sYQyLeythI2opgxtQkUbgrf88ippXVY9t+rdX5XrtTyOApzCGVTAg2uowx00oAkMxvAMr/DmJM6L8+58LFrXnHzmBP7A+fwB7uaOmg==</latexit><latexit sha1_base64="8/SzlTYpngYNDlpPg/h9fgGbCwQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0lEsBeh4MVjBfsBbSib7aZdutmE3YlYQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dtfWNza7uwU9zd2z84LB0dt0ycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H49uZ337k2ohYPeAk4X5Eh0qEglG0UjusdG6eLki/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+blTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1UwxrfiZUkiJXbLEoTCXBmMx+JwOhOUM5sYQyLeythI2opgxtQkUbgrf88ippXVY9t+rdX5XrtTyOApzCGVTAg2uowx00oAkMxvAMr/DmJM6L8+58LFrXnHzmBP7A+fwB7uaOmg==</latexit>

0  x  1
<latexit sha1_base64="arVLB35SPVx/xsKdR2jZJdehES0=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURwS4LblxWsA9oQplMJ+3QySTOTMQYir/ixoUibv0Pd/6N0zYLbT1wuYdz7mXunCDhTGnH+bZKK6tr6xvlzcrW9s7unr1/0FZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOML6a+p17KhWLxa3OEupHeChYyAjWRurbRw7yOL1DD/PmMRHqrG9XnZozA1ombkGqUKDZt7+8QUzSiApNOFaq5zqJ9nMsNSOcTipeqmiCyRgPac9QgSOq/Hx2/QSdGmWAwliaEhrN1N8bOY6UyqLATEZYj9SiNxX/83qpDut+zkSSairI/KEw5UjHaBoFGjBJieaZIZhIZm5FZIQlJtoEVjEhuItfXibt85rr1Nybi2qjXsRRhmM4gTNw4RIacA1NaAGBR3iGV3iznqwX6936mI+WrGLnEP7A+vwBGyWUUw==</latexit><latexit sha1_base64="arVLB35SPVx/xsKdR2jZJdehES0=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURwS4LblxWsA9oQplMJ+3QySTOTMQYir/ixoUibv0Pd/6N0zYLbT1wuYdz7mXunCDhTGnH+bZKK6tr6xvlzcrW9s7unr1/0FZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOML6a+p17KhWLxa3OEupHeChYyAjWRurbRw7yOL1DD/PmMRHqrG9XnZozA1ombkGqUKDZt7+8QUzSiApNOFaq5zqJ9nMsNSOcTipeqmiCyRgPac9QgSOq/Hx2/QSdGmWAwliaEhrN1N8bOY6UyqLATEZYj9SiNxX/83qpDut+zkSSairI/KEw5UjHaBoFGjBJieaZIZhIZm5FZIQlJtoEVjEhuItfXibt85rr1Nybi2qjXsRRhmM4gTNw4RIacA1NaAGBR3iGV3iznqwX6936mI+WrGLnEP7A+vwBGyWUUw==</latexit><latexit sha1_base64="arVLB35SPVx/xsKdR2jZJdehES0=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURwS4LblxWsA9oQplMJ+3QySTOTMQYir/ixoUibv0Pd/6N0zYLbT1wuYdz7mXunCDhTGnH+bZKK6tr6xvlzcrW9s7unr1/0FZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOML6a+p17KhWLxa3OEupHeChYyAjWRurbRw7yOL1DD/PmMRHqrG9XnZozA1ombkGqUKDZt7+8QUzSiApNOFaq5zqJ9nMsNSOcTipeqmiCyRgPac9QgSOq/Hx2/QSdGmWAwliaEhrN1N8bOY6UyqLATEZYj9SiNxX/83qpDut+zkSSairI/KEw5UjHaBoFGjBJieaZIZhIZm5FZIQlJtoEVjEhuItfXibt85rr1Nybi2qjXsRRhmM4gTNw4RIacA1NaAGBR3iGV3iznqwX6936mI+WrGLnEP7A+vwBGyWUUw==</latexit><latexit sha1_base64="arVLB35SPVx/xsKdR2jZJdehES0=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURwS4LblxWsA9oQplMJ+3QySTOTMQYir/ixoUibv0Pd/6N0zYLbT1wuYdz7mXunCDhTGnH+bZKK6tr6xvlzcrW9s7unr1/0FZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOML6a+p17KhWLxa3OEupHeChYyAjWRurbRw7yOL1DD/PmMRHqrG9XnZozA1ombkGqUKDZt7+8QUzSiApNOFaq5zqJ9nMsNSOcTipeqmiCyRgPac9QgSOq/Hx2/QSdGmWAwliaEhrN1N8bOY6UyqLATEZYj9SiNxX/83qpDut+zkSSairI/KEw5UjHaBoFGjBJieaZIZhIZm5FZIQlJtoEVjEhuItfXibt85rr1Nybi2qjXsRRhmM4gTNw4RIacA1NaAGBR3iGV3iznqwX6936mI+WrGLnEP7A+vwBGyWUUw==</latexit>



1906 Earthquake 
Magnitude 7.8



How Many Earthquakes 
Based on historical data, major earthquakes (magnitude 8.0+) 
happen at a rate of 0.002 per year*. What is the probability of 

zero major earthquakes magnitude next year?
X = Number of major earthquakes next year 

*In California, according to the USGS, 2015

X ⇠ Poi(� = 0.002)
<latexit sha1_base64="z7pF8IB0v1YUYAfk9GjGp5SGuEs=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHqpiRFsBuh4MZlBfuAJpTJZNIOnTyYuRFL6N6Nv+LGhSJu/QF3/o2TNgttPTBwOOce7tzjJYIrsKxvY219Y3Nru7RT3t3bPzg0j467Kk4lZR0ai1j2PaKY4BHrAAfB+olkJPQE63mT69zv3TOpeBzdwTRhbkhGEQ84JaCloVnpY0fxEDvAHiBrx3xWc4SO+wRfYatuWY3zoVnNSQ68SuyCVFGB9tD8cvyYpiGLgAqi1MC2EnAzIoFTwWZlJ1UsIXRCRmygaURCptxsfssMn2nFx0Es9YsAz9XfiYyESk1DT0+GBMZq2cvF/7xBCkHTzXiUpMAiulgUpAJDjPNisM8loyCmmhAquf4rpmMiCQVdX1mXYC+fvEq6jbpt1e3bi2qrWdRRQqeogmrIRpeohW5QG3UQRY/oGb2iN+PJeDHejY/F6JpRZE7QHxifP9dqmO4=</latexit><latexit sha1_base64="z7pF8IB0v1YUYAfk9GjGp5SGuEs=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHqpiRFsBuh4MZlBfuAJpTJZNIOnTyYuRFL6N6Nv+LGhSJu/QF3/o2TNgttPTBwOOce7tzjJYIrsKxvY219Y3Nru7RT3t3bPzg0j467Kk4lZR0ai1j2PaKY4BHrAAfB+olkJPQE63mT69zv3TOpeBzdwTRhbkhGEQ84JaCloVnpY0fxEDvAHiBrx3xWc4SO+wRfYatuWY3zoVnNSQ68SuyCVFGB9tD8cvyYpiGLgAqi1MC2EnAzIoFTwWZlJ1UsIXRCRmygaURCptxsfssMn2nFx0Es9YsAz9XfiYyESk1DT0+GBMZq2cvF/7xBCkHTzXiUpMAiulgUpAJDjPNisM8loyCmmhAquf4rpmMiCQVdX1mXYC+fvEq6jbpt1e3bi2qrWdRRQqeogmrIRpeohW5QG3UQRY/oGb2iN+PJeDHejY/F6JpRZE7QHxifP9dqmO4=</latexit><latexit sha1_base64="z7pF8IB0v1YUYAfk9GjGp5SGuEs=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHqpiRFsBuh4MZlBfuAJpTJZNIOnTyYuRFL6N6Nv+LGhSJu/QF3/o2TNgttPTBwOOce7tzjJYIrsKxvY219Y3Nru7RT3t3bPzg0j467Kk4lZR0ai1j2PaKY4BHrAAfB+olkJPQE63mT69zv3TOpeBzdwTRhbkhGEQ84JaCloVnpY0fxEDvAHiBrx3xWc4SO+wRfYatuWY3zoVnNSQ68SuyCVFGB9tD8cvyYpiGLgAqi1MC2EnAzIoFTwWZlJ1UsIXRCRmygaURCptxsfssMn2nFx0Es9YsAz9XfiYyESk1DT0+GBMZq2cvF/7xBCkHTzXiUpMAiulgUpAJDjPNisM8loyCmmhAquf4rpmMiCQVdX1mXYC+fvEq6jbpt1e3bi2qrWdRRQqeogmrIRpeohW5QG3UQRY/oGb2iN+PJeDHejY/F6JpRZE7QHxifP9dqmO4=</latexit><latexit sha1_base64="z7pF8IB0v1YUYAfk9GjGp5SGuEs=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHqpiRFsBuh4MZlBfuAJpTJZNIOnTyYuRFL6N6Nv+LGhSJu/QF3/o2TNgttPTBwOOce7tzjJYIrsKxvY219Y3Nru7RT3t3bPzg0j467Kk4lZR0ai1j2PaKY4BHrAAfB+olkJPQE63mT69zv3TOpeBzdwTRhbkhGEQ84JaCloVnpY0fxEDvAHiBrx3xWc4SO+wRfYatuWY3zoVnNSQ68SuyCVFGB9tD8cvyYpiGLgAqi1MC2EnAzIoFTwWZlJ1UsIXRCRmygaURCptxsfssMn2nFx0Es9YsAz9XfiYyESk1DT0+GBMZq2cvF/7xBCkHTzXiUpMAiulgUpAJDjPNisM8loyCmmhAquf4rpmMiCQVdX1mXYC+fvEq6jbpt1e3bi2qrWdRRQqeogmrIRpeohW5QG3UQRY/oGb2iN+PJeDHejY/F6JpRZE7QHxifP9dqmO4=</latexit>

P (X = 0) =
�0e��

0!
=

0.0020e�0.002

0!
⇡ 0.998
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How Long Until Next Earthquake 
Based on historical data, major earthquakes (magnitude 8.0+) 
happen at a rate of 0.002 per year*. What is the probability of 

a major earthquake in the next 30 years?
Y = Years until the next earthquake of magnitude 8.0+

Y ⇠ Exp(� = 0.002) fY (y) = �e��y

= 0.002e0.002y

*In California, according to the USGS, 2015

P (Y < 30) =

30Z

0

0.002e�0.002y dy

= 0.002
h
� 500e�0.002y

i30
0

=
500

500
(�e�0.06 + e0)

P (Y < 30) =

30Z

0

0.002e�0.002y dy

= 0.002
h
� 500e�0.002y

i30
0

=
500

500
(�e�0.06 + e0)

= 0.002�0.002y



Integral Review

Z
ecx dx =

1

c
ecx



How Long Until Next Earthquake 
Based on historical data, major earthquakes (magnitude 8.0+) 
happen at a rate of 0.002 per year*. What is the probability of 

a major earthquake in the next 30 years?
Y = Years until the next earthquake of magnitude 8.0+

Y ⇠ Exp(� = 0.002) fY (y) = �e��y

= 0.002e0.002y

*In California, according to the USGS, 2015

P (Y < 30) =

30Z

0

0.002e�0.002y dy

= 0.002
h
� 500e�0.002y

i30
0

=
500

500
(�e�0.06 + e0)

P (Y < 30) =

30Z

0

0.002e�0.002y dy

= 0.002
h
� 500e�0.002y

i30
0

=
500

500
(�e�0.06 + e0)

P (Y < 30) =

30Z

0

0.002e�0.002y dy

= 0.002
h
� 500e�0.002y

i30
0

=
500

500
(�e�0.06 + e0)

P (Y < 30) =

30Z

0

0.002e�0.002y dy

= 0.002
h
� 500e�0.002y

i30
0

=
500

500
(�e�0.06 + e0) ⇡ 0.06

= 0.002�0.002y



How Long Until Next Earthquake 
Based on historical data, major earthquakes (magnitude 8.0+) 

happen at a rate of 0.002 per year*. What is the expected 
number of years until the next earthquake?

Y = Years until the next earthquake of magnitude 8.0+

Y ⇠ Exp(� = 0.002)

*In California, according to the USGS, 2015

E[Y ] =
1

�
=

1

0.002
= 500
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How Long Until Next Earthquake 
Based on historical data, major earthquakes (magnitude 8.0+) 

happen at a rate of 0.002 per year*. What is the standard 
deviation of years until the next earthquake?

Y = Years until the next earthquake of magnitude 8.0+

Y ⇠ Exp(� = 0.002)

*In California, according to the USGS, 2015

Var(Y ) =
1

�2
=

1

0.0022
= 250, 000 years2
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Std(Y ) =
p
Var(X) = 500 years
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Four Prototypical Trajectories

Is there a way to avoid 
integrals?



A cumulative density function (CDF) is a “closed form” equation 
for the probability that a random variable is less than a given value

This is also shorthand 
notation for the CDF

Cumulative Distribution Function

F (x) = P (X < x) =

xZ

y=�1

f(y) dy

If you learn how to use a 
cumulative density function, 

you can avoid integrals!

FX(x)



F (x) = P (X < x) =

xZ

y=�1

f(y) dy

Cumulative Distribution Function

0.03125x = 2



CDF of an Exponential

FX(x) = 1� e��x

P (X < x) =

xZ

y=�1

f(y) dy

=

xZ

y=0

�e��y dy

=
�

�

h
� e��y

ix
0

= [�e��x]� [�e�0]

= 1� e��x



Probability
density 
function

Cumulative
distribution

function

x

x

F (x) = 1� e��x

f(x) = �e��x

CDF: X ~ Exp(l = 1)

FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy



Probability
density 
function

Cumulative
distribution 

function

x

x

F (x) = 1� e��x

f(x) = �e��x

CDF: X ~ Exp(l = 1)

P(X < 2)

FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy



Probability
density 
function

Cumulative
distribution 

function

f(x)

x

x

F (x) = 1� e��x

f(x) = �e��x

CDF: X ~ Exp(l = 1)

P(X < 2)

=

2Z

x=�1

f(x) dx

FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy



Probability
density 
function

Cumulative
distribution 

function

f(x)

x

x

F (x) = 1� e��x

f(x) = �e��x

CDF: X ~ Exp(l = 1)

P(X < 2)

=

2Z

x=�1

f(x) dx

or

= F (2)

= 1� e�2

⇡ 0.84

FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy



Probability
density 
function

Cumulative
distribution 

function

x

x

F (x) = 1� e��x

f(x) = �e��x

CDF: X ~ Exp(l = 1)

P(X > 1)

FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy



Probability
density 
function

Cumulative
distribution 

function

x

x

F (x) = 1� e��x

f(x) = �e��x

CDF: X ~ Exp(l = 1)

P(X > 1)

=

1Z

x=1

f(x) dx

FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy



Probability
density 
function

Cumulative
distribution 

function

x

x

F (x) = 1� e��x

f(x) = �e��x

CDF: X ~ Exp(l = 1)

P(X > 1)

=

1Z

x=1

f(x) dx

or

= 1� F (1)

= e�1

⇡ 0.37

FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy



Probability
density 
function

Cumulative
distribution 

function

x

x

F (x) = 1� e��x

f(x) = �e��x

CDF: X ~ Exp(l = 1)

P(1 < X < 2)

FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy



Probability
density 
function

Cumulative
distribution 

function

x

x

F (x) = 1� e��x

f(x) = �e��x

CDF: X ~ Exp(l = 1)

P(1 < X < 2)

=

2Z

x=1

f(x) dx

FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy



Probability
density 
function

Cumulative
distribution 

function

f(x)

x

x

F (x) = 1� e��x

f(x) = �e��x

CDF: X ~ Exp(l = 1)

P(1 < X < 2)

=

2Z

x=1

f(x) dx

or

= F (2)� F (1)

=(1� e�2)

� (1� e�1)

⇡ 0.23

FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy



Probability of Earthquake in Next 4 Years?
Based on historical data, earthquakes of magnitude 8.0+ happen 

at a rate of 0.002 per year*. What is the probability of 
a major earthquake in the next 4 years?

Y = Years until the next earthquake of magnitude 8.0+

Y ⇠ Exp(� = 0.002)

*According to USGS, 2015

P (Y < 4) = F (4)

= 1� e�0.002·4

⇡ 0.008

F (y) = 1� e�0.002y

Feeling lucky?



Exponential vs. Poisson
It happens that the previous problem can be solved with a
Poisson as well. Let’s make sure we get the same answer!

X = Number of magnitude 8.0+ earthquakes in next 4 years

Y ⇠ Exp(� = 0.002)

P (Y < 4) = F (4)

= 1� e�0.002·4

⇡ 0.008

Y = Years until the next earthquake of magnitude 8.0+

" ~ $%&(( = 0.002 ∗ 4)

$ " > 0 = 1 − $(" = 0)

= 1 − (3456
0!

= 1 − 453.3389:



Exponential vs. Poisson

Solvable by Exponential OR Poisson:
• probability of a major earthquake in the next 4 years
• probability of no major earthquakes in the next 4 years
• probability that the next major earthquake is between 3 and 5 

years from now (much harder with Poisson)

Solvable by Poisson ONLY:
• probability of at least 3 major earthquakes in the next 4 years
• probability of exactly 3 major earthquakes in the next 4 years

Solvable by Exponential ONLY:
• expected number of years until next major earthquake
• any problem that involves working with a belief distribution over 

the amount of time until the next earthquake.



Notation

F (a) or FX(a)

f(a) or fX(a)

p(a) or pX(a) P (X = a)

Cumulative Distribution Function P (X  a)

Probability Mass Function (discrete)

Probability Density Function (continuous) f(X = a)
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50-5

1

CDF of X
F(x)

PDF of X
f(x)

Density vs Cumulative

f(x) = derivative of probability F(x) = P(X < x)

x



Continuous
Random 
Variable

Semantic 
Meaning

E[X]

f(X = x)

FX(x)

Var(X)

Std(X)

E[X2]

Properties for Continuous Random Variables

Support



Four Prototypical Trajectories

Extra Problems



• X = # hours of use until your laptop dies
§ On average, laptops die after 5000 hours of use
§ X ~ Exp(l = 1/5000),   since E[X] = 1/l = 5000
§ You use your laptop 5 hours/day.  
§ What is P(your laptop lasts 4 years)?
§ That is: P(X > (5)(365)(4) = 7300)

§ Better plan ahead...  especially if you are coterming:

2322.0)1(1)7300(1)7300( 46.15000/7300 »=--=-=> -- eeFXP

plan)year  (5     1612.0)9125(1)9125( 825.1 »=-=> -eFXP
plan)year  (6     1119.0)10950(1)10950( 19.2 »=-=> -eFXP

Replacing Your Laptop



• X = time until some event occurs
§ X ~ Exp(l)
§ What is P(X > s + t | X > s)?

§ After initial period of time s, P(X > t | •) for waiting 
another t units of time until event is same as at start

§ “Memoryless” = no impact from preceding period s
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Exponential is Memoryless



• X = days of use before your disk crashes

§ First, determine l to have actual PDF
o Good integral to know:

§ What is P(50 < X < 150)?

§ What is P(X < 10)?
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Disk Crashes



Four Prototypical Trajectories Stretch!

SCPD Code:
earthquake

Noah




Gaussian
Noah Arthurs

CS109, Stanford University



• X is a Normal Random Variable: X ~ N(µ, s 2)
§ Probability Density Function (PDF):

§

§

§ Also called “Gaussian”
§ Note: f(x) is symmetric about µ

¥<<¥-= -- xexf x        where
2

1)(
22 2/)( sµ

ps
µ=][XE

2)( s=XVar
)(xf

x

µ

The Normal Distribution



• Common for natural phenomena: heights, 
weights, etc.

• Often results from the sum of multiple 
variables

• Most noise is Normal.

• Sample means are distributed normally.

Why use the normal?



Four Prototypical Trajectories

Or that is what they want 
you to believe



• Common for natural phenomena: heights, 
weights, etc.

• Often results from the sum of multiple 
variables

• Most noise is Normal.

• Sample means are distributed normally.

But  I Encourage you to be Critical
These are log-normal

Only if they are equally weighted

Most noise is assumed normal



Four Prototypical Trajectories

It is the most important distribution



Four Prototypical Trajectories

Because of a deeper truth…



“The simplest explanation is usually 
the best one”



Complexity is Tempting

value

pr
ob

ab
ilit

y
Probably over fitting…

* That describes the training data, but will it generalize?
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μ

σ2

Simplicity is Humble

* A Gaussian maximizes entropy for a given mean and variance

Simple. Will generalize



• Carl Friedrich Gauss (1777-1855) was a 
remarkably influential German mathematician

• Started doing groundbreaking math as teenager
§ Did not invent Normal distribution, but popularized it

• He looked like Martin Sheen
§ Who is, of course, Charlie Sheen’s father

Carl Friedrich Gauss



x

f(x)

Probability Density Function

N (µ,�2)

µ

f(x) =
1

�
p
2⇡

e
�(x�µ)2

2�2



Anatomy of a beautiful equation

probability 
density at x

the distance to 
the mean

f(x) =
1

�
p
2⇡

e
�(x�µ)2

2�2

a constant

“exponential”

sigma shows up 
twice

N (µ,�2)



Flowers on a Rose Bush

X ⇠ N(µ = 4,�2 = 2)
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rose



Flowers on a Rose Bush

X ⇠ N(µ = 4,�2 = 2)
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Let’s try to integrate it!

* Call me if you find an equation for this

Z b
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Four Prototypical Trajectories

No closed form for the integral



Four Prototypical Trajectories

No closed form for F(x)



F (x) = �

✓
x� µ
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Spoiler Alert

A function that has been solved 
for numerically

* We are going to spend the next few slides getting here

The cumulative 
density function of 

any normal

N (µ,�2)



Linear Transform of Normal is Normal
Let X ⇠ N (µ,�2)

Y = aX + bIf then Y is also Normal

E[Y ] = E[aX + b]

= aE[X] + b

= aµ+ b

V ar(Y ) = V ar(aX + b)

= a2V ar(X)

= a2�2

Y ⇠ N (aµ+ b, a2�2)



Special Linear Transform

Y ⇠ N (aµ+ b, a2�2)

Z =
X � µ

�
=

1

�
X � µ

�

There is a special case of linear transform for any X:

Z ⇠ N (aµ+ b, a2�2)

⇠ N (
µ

�
� µ

�
,
�2

�2
)

⇠ N (0, 1)

Y = aX + bIf then Y is also Normal

a =
1

�
b = �µ

�



The Standard Normal

*This is the probability density function for the standard normal

Mean (μ) = 0

Variance (σ2) = 1

Z ⇠ N(µ = 0,�2 = 1)
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Phi

*This is the probability density function for the standard normal

x
<latexit sha1_base64="sS/1Y4RUFRdYgUjEZXi7AEhWI1A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A4zeM8g==</latexit><latexit sha1_base64="sS/1Y4RUFRdYgUjEZXi7AEhWI1A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A4zeM8g==</latexit><latexit sha1_base64="sS/1Y4RUFRdYgUjEZXi7AEhWI1A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A4zeM8g==</latexit><latexit sha1_base64="sS/1Y4RUFRdYgUjEZXi7AEhWI1A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsbsQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A4zeM8g==</latexit>

f Z
(x
)

<latexit sha1_base64="4iGaqFMC7yVwVDp7fTNVvywCUyw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPZY8OKxgv3AdinZNNvGZpMlyYpl6X/w4kERr/4fb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcp35nUeqNJPizkxj6kd4JFjICDZWaoeD++rT+aBccWvuHGiVeDmpQI7moPzVH0qSRFQYwrHWPc+NjZ9iZRjhdFbqJ5rGmEzwiPYsFTii2k/n187QmVWGKJTKljBorv6eSHGk9TQKbGeEzVgve5n4n9dLTFj3UybixFBBFovChCMjUfY6GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXti5rn1rzby0qjnsdRhBM4hSp4cAUNuIEmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx/O/I6U</latexit><latexit sha1_base64="4iGaqFMC7yVwVDp7fTNVvywCUyw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPZY8OKxgv3AdinZNNvGZpMlyYpl6X/w4kERr/4fb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcp35nUeqNJPizkxj6kd4JFjICDZWaoeD++rT+aBccWvuHGiVeDmpQI7moPzVH0qSRFQYwrHWPc+NjZ9iZRjhdFbqJ5rGmEzwiPYsFTii2k/n187QmVWGKJTKljBorv6eSHGk9TQKbGeEzVgve5n4n9dLTFj3UybixFBBFovChCMjUfY6GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXti5rn1rzby0qjnsdRhBM4hSp4cAUNuIEmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx/O/I6U</latexit><latexit sha1_base64="4iGaqFMC7yVwVDp7fTNVvywCUyw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPZY8OKxgv3AdinZNNvGZpMlyYpl6X/w4kERr/4fb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcp35nUeqNJPizkxj6kd4JFjICDZWaoeD++rT+aBccWvuHGiVeDmpQI7moPzVH0qSRFQYwrHWPc+NjZ9iZRjhdFbqJ5rGmEzwiPYsFTii2k/n187QmVWGKJTKljBorv6eSHGk9TQKbGeEzVgve5n4n9dLTFj3UybixFBBFovChCMjUfY6GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXti5rn1rzby0qjnsdRhBM4hSp4cAUNuIEmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx/O/I6U</latexit><latexit sha1_base64="4iGaqFMC7yVwVDp7fTNVvywCUyw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPZY8OKxgv3AdinZNNvGZpMlyYpl6X/w4kERr/4fb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcp35nUeqNJPizkxj6kd4JFjICDZWaoeD++rT+aBccWvuHGiVeDmpQI7moPzVH0qSRFQYwrHWPc+NjZ9iZRjhdFbqJ5rGmEzwiPYsFTii2k/n187QmVWGKJTKljBorv6eSHGk9TQKbGeEzVgve5n4n9dLTFj3UybixFBBFovChCMjUfY6GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXti5rn1rzby0qjnsdRhBM4hSp4cAUNuIEmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx/O/I6U</latexit>

F (x) = �(x)
<latexit sha1_base64="sYQg+uGSqZehG0VpIKwPKBceb5A=">AAAB9XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEcFuhIIgLivYC7RjyaSZNjSTCUlGLUPfw40LRdz6Lu58G9N2Ftr6Q+DjP+dwTv5AcqaN6347uZXVtfWN/GZha3tnd6+4f9DUcaIIbZCYx6odYE05E7RhmOG0LRXFUcBpKxhdTeutB6o0i8WdGUvqR3ggWMgINta6vy4/naJL1JVDZqlXLLkVdya0DF4GJchU7xW/uv2YJBEVhnCsdcdzpfFTrAwjnE4K3URTickID2jHosAR1X46u3qCTqzTR2Gs7BMGzdzfEymOtB5Hge2MsBnqxdrU/K/WSUxY9VMmZGKoIPNFYcKRidE0AtRnihLDxxYwUczeisgQK0yMDapgQ/AWv7wMzbOK51a82/NSrZrFkYcjOIYyeHABNbiBOjSAgIJneIU359F5cd6dj3lrzslmDuGPnM8fINqQ7g==</latexit><latexit sha1_base64="sYQg+uGSqZehG0VpIKwPKBceb5A=">AAAB9XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEcFuhIIgLivYC7RjyaSZNjSTCUlGLUPfw40LRdz6Lu58G9N2Ftr6Q+DjP+dwTv5AcqaN6347uZXVtfWN/GZha3tnd6+4f9DUcaIIbZCYx6odYE05E7RhmOG0LRXFUcBpKxhdTeutB6o0i8WdGUvqR3ggWMgINta6vy4/naJL1JVDZqlXLLkVdya0DF4GJchU7xW/uv2YJBEVhnCsdcdzpfFTrAwjnE4K3URTickID2jHosAR1X46u3qCTqzTR2Gs7BMGzdzfEymOtB5Hge2MsBnqxdrU/K/WSUxY9VMmZGKoIPNFYcKRidE0AtRnihLDxxYwUczeisgQK0yMDapgQ/AWv7wMzbOK51a82/NSrZrFkYcjOIYyeHABNbiBOjSAgIJneIU359F5cd6dj3lrzslmDuGPnM8fINqQ7g==</latexit><latexit sha1_base64="sYQg+uGSqZehG0VpIKwPKBceb5A=">AAAB9XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEcFuhIIgLivYC7RjyaSZNjSTCUlGLUPfw40LRdz6Lu58G9N2Ftr6Q+DjP+dwTv5AcqaN6347uZXVtfWN/GZha3tnd6+4f9DUcaIIbZCYx6odYE05E7RhmOG0LRXFUcBpKxhdTeutB6o0i8WdGUvqR3ggWMgINta6vy4/naJL1JVDZqlXLLkVdya0DF4GJchU7xW/uv2YJBEVhnCsdcdzpfFTrAwjnE4K3URTickID2jHosAR1X46u3qCTqzTR2Gs7BMGzdzfEymOtB5Hge2MsBnqxdrU/K/WSUxY9VMmZGKoIPNFYcKRidE0AtRnihLDxxYwUczeisgQK0yMDapgQ/AWv7wMzbOK51a82/NSrZrFkYcjOIYyeHABNbiBOjSAgIJneIU359F5cd6dj3lrzslmDuGPnM8fINqQ7g==</latexit><latexit sha1_base64="sYQg+uGSqZehG0VpIKwPKBceb5A=">AAAB9XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEcFuhIIgLivYC7RjyaSZNjSTCUlGLUPfw40LRdz6Lu58G9N2Ftr6Q+DjP+dwTv5AcqaN6347uZXVtfWN/GZha3tnd6+4f9DUcaIIbZCYx6odYE05E7RhmOG0LRXFUcBpKxhdTeutB6o0i8WdGUvqR3ggWMgINta6vy4/naJL1JVDZqlXLLkVdya0DF4GJchU7xW/uv2YJBEVhnCsdcdzpfFTrAwjnE4K3URTickID2jHosAR1X46u3qCTqzTR2Gs7BMGzdzfEymOtB5Hge2MsBnqxdrU/K/WSUxY9VMmZGKoIPNFYcKRidE0AtRnihLDxxYwUczeisgQK0yMDapgQ/AWv7wMzbOK51a82/NSrZrFkYcjOIYyeHABNbiBOjSAgIJneIU359F5cd6dj3lrzslmDuGPnM8fINqQ7g==</latexit>

x = 1.3
<latexit sha1_base64="lsAPT6wxu/s3LgKbYnNAcLhmIaU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsBeh4MVjBfsBbSib7aZdutmE3YlYQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9ybUSsHnCScD+iQyVCwShaqf1EbohXveyXK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuimHNz4RKUuSKLRaFqSQYk9nvZCA0ZygnllCmhb2VsBHVlKFNqGRD8JZfXiWti6rnVr37q0q9lsdRhBM4hXPw4BrqcAcNaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz9g6o49</latexit><latexit sha1_base64="lsAPT6wxu/s3LgKbYnNAcLhmIaU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsBeh4MVjBfsBbSib7aZdutmE3YlYQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9ybUSsHnCScD+iQyVCwShaqf1EbohXveyXK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuimHNz4RKUuSKLRaFqSQYk9nvZCA0ZygnllCmhb2VsBHVlKFNqGRD8JZfXiWti6rnVr37q0q9lsdRhBM4hXPw4BrqcAcNaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz9g6o49</latexit><latexit sha1_base64="lsAPT6wxu/s3LgKbYnNAcLhmIaU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsBeh4MVjBfsBbSib7aZdutmE3YlYQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9ybUSsHnCScD+iQyVCwShaqf1EbohXveyXK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuimHNz4RKUuSKLRaFqSQYk9nvZCA0ZygnllCmhb2VsBHVlKFNqGRD8JZfXiWti6rnVr37q0q9lsdRhBM4hXPw4BrqcAcNaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz9g6o49</latexit><latexit sha1_base64="lsAPT6wxu/s3LgKbYnNAcLhmIaU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsBeh4MVjBfsBbSib7aZdutmE3YlYQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9ybUSsHnCScD+iQyVCwShaqf1EbohXveyXK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuimHNz4RKUuSKLRaFqSQYk9nvZCA0ZygnllCmhb2VsBHVlKFNqGRD8JZfXiWti6rnVr37q0q9lsdRhBM4hXPw4BrqcAcNaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz9g6o49</latexit>

�(1.3)
<latexit sha1_base64="GJeT78B9Eiad3P3XPFx++x5hqAM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXpZdK9hjwYvHCvZD2qVk02wbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPOtPG8b6ewsbm1vVPcLe3tHxwelY9P2jpOFaEtEvNYdUOsKWeStgwznHYTRbEIOe2Ek9u533miSrNYPphpQgOBR5JFjGBjpcd+MmZV361dDsoVz/UWQOvEz0kFcjQH5a/+MCapoNIQjrXu+V5iggwrwwins1I/1TTBZIJHtGepxILqIFscPEMXVhmiKFa2pEEL9fdEhoXWUxHaToHNWK96c/E/r5eaqB5kTCapoZIsF0UpRyZG8+/RkClKDJ9agoli9lZExlhhYmxGJRuCv/ryOmlfub7n+vfXlUY9j6MIZ3AOVfDhBhpwB01oAQEBz/AKb45yXpx352PZWnDymVP4A+fzByspj0o=</latexit><latexit sha1_base64="GJeT78B9Eiad3P3XPFx++x5hqAM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXpZdK9hjwYvHCvZD2qVk02wbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPOtPG8b6ewsbm1vVPcLe3tHxwelY9P2jpOFaEtEvNYdUOsKWeStgwznHYTRbEIOe2Ek9u533miSrNYPphpQgOBR5JFjGBjpcd+MmZV361dDsoVz/UWQOvEz0kFcjQH5a/+MCapoNIQjrXu+V5iggwrwwins1I/1TTBZIJHtGepxILqIFscPEMXVhmiKFa2pEEL9fdEhoXWUxHaToHNWK96c/E/r5eaqB5kTCapoZIsF0UpRyZG8+/RkClKDJ9agoli9lZExlhhYmxGJRuCv/ryOmlfub7n+vfXlUY9j6MIZ3AOVfDhBhpwB01oAQEBz/AKb45yXpx352PZWnDymVP4A+fzByspj0o=</latexit><latexit sha1_base64="GJeT78B9Eiad3P3XPFx++x5hqAM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXpZdK9hjwYvHCvZD2qVk02wbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPOtPG8b6ewsbm1vVPcLe3tHxwelY9P2jpOFaEtEvNYdUOsKWeStgwznHYTRbEIOe2Ek9u533miSrNYPphpQgOBR5JFjGBjpcd+MmZV361dDsoVz/UWQOvEz0kFcjQH5a/+MCapoNIQjrXu+V5iggwrwwins1I/1TTBZIJHtGepxILqIFscPEMXVhmiKFa2pEEL9fdEhoXWUxHaToHNWK96c/E/r5eaqB5kTCapoZIsF0UpRyZG8+/RkClKDJ9agoli9lZExlhhYmxGJRuCv/ryOmlfub7n+vfXlUY9j6MIZ3AOVfDhBhpwB01oAQEBz/AKb45yXpx352PZWnDymVP4A+fzByspj0o=</latexit><latexit sha1_base64="GJeT78B9Eiad3P3XPFx++x5hqAM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXpZdK9hjwYvHCvZD2qVk02wbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPOtPG8b6ewsbm1vVPcLe3tHxwelY9P2jpOFaEtEvNYdUOsKWeStgwznHYTRbEIOe2Ek9u533miSrNYPphpQgOBR5JFjGBjpcd+MmZV361dDsoVz/UWQOvEz0kFcjQH5a/+MCapoNIQjrXu+V5iggwrwwins1I/1TTBZIJHtGepxILqIFscPEMXVhmiKFa2pEEL9fdEhoXWUxHaToHNWK96c/E/r5eaqB5kTCapoZIsF0UpRyZG8+/RkClKDJ9agoli9lZExlhhYmxGJRuCv/ryOmlfub7n+vfXlUY9j6MIZ3AOVfDhBhpwB01oAQEBz/AKb45yXpx352PZWnDymVP4A+fzByspj0o=</latexit>

Z ⇠ N(µ = 0,�2 = 1)
<latexit sha1_base64="Y5TY3gJtiQwDiwJ2dKT4uZHuuQ8=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpSZItiNUHDjSirYB3bGkknTNjTJDElGKEOXbvwVNy4UcesnuPNvzLSz0NYDgXPPuZebe4KIUaUd59vKLS2vrK7l1wsbm1vbO/buXlOFscSkgUMWynaAFGFUkIammpF2JAniASOtYHSZ+q0HIhUNxa0eR8TnaCBon2KkjdS1D++gpyiH1yWPx/ACOqdpPeDovmIq96RrF52yMwVcJG5GiiBDvWt/eb0Qx5wIjRlSquM6kfYTJDXFjEwKXqxIhPAIDUjHUIE4UX4yPWQCj43Sg/1Qmic0nKq/JxLElRrzwHRypIdq3kvF/7xOrPtVP6EiijUReLaoHzOoQ5imAntUEqzZ2BCEJTV/hXiIJMLaZFcwIbjzJy+SZqXsOmX35qxYq2Zx5MEBOAIl4IJzUANXoA4aAINH8AxewZv1ZL1Y79bHrDVnZTP74A+szx/MCZaX</latexit><latexit sha1_base64="Y5TY3gJtiQwDiwJ2dKT4uZHuuQ8=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpSZItiNUHDjSirYB3bGkknTNjTJDElGKEOXbvwVNy4UcesnuPNvzLSz0NYDgXPPuZebe4KIUaUd59vKLS2vrK7l1wsbm1vbO/buXlOFscSkgUMWynaAFGFUkIammpF2JAniASOtYHSZ+q0HIhUNxa0eR8TnaCBon2KkjdS1D++gpyiH1yWPx/ACOqdpPeDovmIq96RrF52yMwVcJG5GiiBDvWt/eb0Qx5wIjRlSquM6kfYTJDXFjEwKXqxIhPAIDUjHUIE4UX4yPWQCj43Sg/1Qmic0nKq/JxLElRrzwHRypIdq3kvF/7xOrPtVP6EiijUReLaoHzOoQ5imAntUEqzZ2BCEJTV/hXiIJMLaZFcwIbjzJy+SZqXsOmX35qxYq2Zx5MEBOAIl4IJzUANXoA4aAINH8AxewZv1ZL1Y79bHrDVnZTP74A+szx/MCZaX</latexit><latexit sha1_base64="Y5TY3gJtiQwDiwJ2dKT4uZHuuQ8=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpSZItiNUHDjSirYB3bGkknTNjTJDElGKEOXbvwVNy4UcesnuPNvzLSz0NYDgXPPuZebe4KIUaUd59vKLS2vrK7l1wsbm1vbO/buXlOFscSkgUMWynaAFGFUkIammpF2JAniASOtYHSZ+q0HIhUNxa0eR8TnaCBon2KkjdS1D++gpyiH1yWPx/ACOqdpPeDovmIq96RrF52yMwVcJG5GiiBDvWt/eb0Qx5wIjRlSquM6kfYTJDXFjEwKXqxIhPAIDUjHUIE4UX4yPWQCj43Sg/1Qmic0nKq/JxLElRrzwHRypIdq3kvF/7xOrPtVP6EiijUReLaoHzOoQ5imAntUEqzZ2BCEJTV/hXiIJMLaZFcwIbjzJy+SZqXsOmX35qxYq2Zx5MEBOAIl4IJzUANXoA4aAINH8AxewZv1ZL1Y79bHrDVnZTP74A+szx/MCZaX</latexit><latexit sha1_base64="Y5TY3gJtiQwDiwJ2dKT4uZHuuQ8=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpSZItiNUHDjSirYB3bGkknTNjTJDElGKEOXbvwVNy4UcesnuPNvzLSz0NYDgXPPuZebe4KIUaUd59vKLS2vrK7l1wsbm1vbO/buXlOFscSkgUMWynaAFGFUkIammpF2JAniASOtYHSZ+q0HIhUNxa0eR8TnaCBon2KkjdS1D++gpyiH1yWPx/ACOqdpPeDovmIq96RrF52yMwVcJG5GiiBDvWt/eb0Qx5wIjRlSquM6kfYTJDXFjEwKXqxIhPAIDUjHUIE4UX4yPWQCj43Sg/1Qmic0nKq/JxLElRrzwHRypIdq3kvF/7xOrPtVP6EiijUReLaoHzOoQ5imAntUEqzZ2BCEJTV/hXiIJMLaZFcwIbjzJy+SZqXsOmX35qxYq2Zx5MEBOAIl4IJzUANXoA4aAINH8AxewZv1ZL1Y79bHrDVnZTP74A+szx/MCZaX</latexit>



F(1.31) = 0.7054

Using Table of ɸ



Symmetry of Phi

a-a

μ = 0

*This is the probability density function for the standard normal

�(�a)
<latexit sha1_base64="UGlzOCOtiRbGQvqpO5pP/6iJOHU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSLUgyURwR4LXjxWsB/QhrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVA04S7kd0qEQoGEUrdXrJSFQu6UW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+b1Tcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1UwxrfiZUkiJXbLEoTCXBmMyeJwOhOUM5sYQyLeythI2opgxtREUbgrf88ippXVU9t+rdX5frtTyOApzCGVTAgxuowx00oAkMJDzDK7w5j86L8+58LFrXnHzmBP7A+fwB/eyPPA==</latexit><latexit sha1_base64="UGlzOCOtiRbGQvqpO5pP/6iJOHU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSLUgyURwR4LXjxWsB/QhrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVA04S7kd0qEQoGEUrdXrJSFQu6UW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+b1Tcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1UwxrfiZUkiJXbLEoTCXBmMyeJwOhOUM5sYQyLeythI2opgxtREUbgrf88ippXVU9t+rdX5frtTyOApzCGVTAgxuowx00oAkMJDzDK7w5j86L8+58LFrXnHzmBP7A+fwB/eyPPA==</latexit><latexit sha1_base64="UGlzOCOtiRbGQvqpO5pP/6iJOHU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSLUgyURwR4LXjxWsB/QhrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVA04S7kd0qEQoGEUrdXrJSFQu6UW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+b1Tcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1UwxrfiZUkiJXbLEoTCXBmMyeJwOhOUM5sYQyLeythI2opgxtREUbgrf88ippXVU9t+rdX5frtTyOApzCGVTAgxuowx00oAkMJDzDK7w5j86L8+58LFrXnHzmBP7A+fwB/eyPPA==</latexit><latexit sha1_base64="UGlzOCOtiRbGQvqpO5pP/6iJOHU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSLUgyURwR4LXjxWsB/QhrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVA04S7kd0qEQoGEUrdXrJSFQu6UW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+b1Tcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1UwxrfiZUkiJXbLEoTCXBmMyeJwOhOUM5sYQyLeythI2opgxtREUbgrf88ippXVU9t+rdX5frtTyOApzCGVTAgxuowx00oAkMJDzDK7w5j86L8+58LFrXnHzmBP7A+fwB/eyPPA==</latexit>

1� �(a)
<latexit sha1_base64="N07/d7DrPGJZyJvYSroc4UrPYSs=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahHiyJCPZY8OKxgv2ANpTNdtMu3WzC7kQooT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7ud564NiJWjzhNuB/RkRKhYBSt1PPIFeknY1Gll4Nyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8WJ8/IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMaz7mVBJilyx5aIwlQRjMv+fDIXmDOXUEsq0sLcSNqaaMrQplWwI3urL66R9XfPcmvdwU2nU8ziKcAbnUAUPbqEB99CEFjCI4Rle4c1B58V5dz6WrQUnnzmFP3A+fwAbXY/L</latexit><latexit sha1_base64="N07/d7DrPGJZyJvYSroc4UrPYSs=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahHiyJCPZY8OKxgv2ANpTNdtMu3WzC7kQooT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7ud564NiJWjzhNuB/RkRKhYBSt1PPIFeknY1Gll4Nyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8WJ8/IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMaz7mVBJilyx5aIwlQRjMv+fDIXmDOXUEsq0sLcSNqaaMrQplWwI3urL66R9XfPcmvdwU2nU8ziKcAbnUAUPbqEB99CEFjCI4Rle4c1B58V5dz6WrQUnnzmFP3A+fwAbXY/L</latexit><latexit sha1_base64="N07/d7DrPGJZyJvYSroc4UrPYSs=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahHiyJCPZY8OKxgv2ANpTNdtMu3WzC7kQooT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7ud564NiJWjzhNuB/RkRKhYBSt1PPIFeknY1Gll4Nyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8WJ8/IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMaz7mVBJilyx5aIwlQRjMv+fDIXmDOXUEsq0sLcSNqaaMrQplWwI3urL66R9XfPcmvdwU2nU8ziKcAbnUAUPbqEB99CEFjCI4Rle4c1B58V5dz6WrQUnnzmFP3A+fwAbXY/L</latexit><latexit sha1_base64="N07/d7DrPGJZyJvYSroc4UrPYSs=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahHiyJCPZY8OKxgv2ANpTNdtMu3WzC7kQooT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMCxIpDLrut1PY2Nza3inulvb2Dw6PyscnbROnmvEWi2WsuwE1XArFWyhQ8m6iOY0CyTvB5G7ud564NiJWjzhNuB/RkRKhYBSt1PPIFeknY1Gll4Nyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8WJ8/IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMaz7mVBJilyx5aIwlQRjMv+fDIXmDOXUEsq0sLcSNqaaMrQplWwI3urL66R9XfPcmvdwU2nU8ziKcAbnUAUPbqEB99CEFjCI4Rle4c1B58V5dz6WrQUnnzmFP3A+fwAbXY/L</latexit>

; −< = 1 − ;(<)



Interval of Phi

dc

ɸ(c)
ɸ(d)

μ = 0

P (c < Z < d) = �(d)� �(c)
<latexit sha1_base64="Tbl9UfpO6cgEPgGLCXFT2TbySL0=">AAACCXicbZC7SgNBFIbPxluMt1VLm8EgJIVhVwRTKARsLCOYCyZLmJ2dJENmZ5eZWSEsaW18FRsLRWx9AzvfxkmyhSb+cODjP+cwc34/5kxpx/m2ciura+sb+c3C1vbO7p69f9BUUSIJbZCIR7LtY0U5E7Shmea0HUuKQ5/Tlj+6nvZbD1QqFok7PY6pF+KBYH1GsDZWz0b1EkGX6N5UUEZXqBsPWcnQ6ZxIuWcXnYozE1oGN4MiZKr37K9uEJEkpEITjpXquE6svRRLzQink0I3UTTGZIQHtGNQ4JAqL51dMkEnxglQP5KmhEYz9/dGikOlxqFvJkOsh2qxNzX/63US3a96KRNxoqkg84f6CUc6QtNYUMAkJZqPDWAimfkrIkMsMdEmvIIJwV08eRmaZxXXqbi358VaNYsjD0dwDCVw4QJqcAN1aACBR3iGV3iznqwX6936mI/mrGznEP7I+vwBKDeWKA==</latexit><latexit sha1_base64="Tbl9UfpO6cgEPgGLCXFT2TbySL0=">AAACCXicbZC7SgNBFIbPxluMt1VLm8EgJIVhVwRTKARsLCOYCyZLmJ2dJENmZ5eZWSEsaW18FRsLRWx9AzvfxkmyhSb+cODjP+cwc34/5kxpx/m2ciura+sb+c3C1vbO7p69f9BUUSIJbZCIR7LtY0U5E7Shmea0HUuKQ5/Tlj+6nvZbD1QqFok7PY6pF+KBYH1GsDZWz0b1EkGX6N5UUEZXqBsPWcnQ6ZxIuWcXnYozE1oGN4MiZKr37K9uEJEkpEITjpXquE6svRRLzQink0I3UTTGZIQHtGNQ4JAqL51dMkEnxglQP5KmhEYz9/dGikOlxqFvJkOsh2qxNzX/63US3a96KRNxoqkg84f6CUc6QtNYUMAkJZqPDWAimfkrIkMsMdEmvIIJwV08eRmaZxXXqbi358VaNYsjD0dwDCVw4QJqcAN1aACBR3iGV3iznqwX6936mI/mrGznEP7I+vwBKDeWKA==</latexit><latexit sha1_base64="Tbl9UfpO6cgEPgGLCXFT2TbySL0=">AAACCXicbZC7SgNBFIbPxluMt1VLm8EgJIVhVwRTKARsLCOYCyZLmJ2dJENmZ5eZWSEsaW18FRsLRWx9AzvfxkmyhSb+cODjP+cwc34/5kxpx/m2ciura+sb+c3C1vbO7p69f9BUUSIJbZCIR7LtY0U5E7Shmea0HUuKQ5/Tlj+6nvZbD1QqFok7PY6pF+KBYH1GsDZWz0b1EkGX6N5UUEZXqBsPWcnQ6ZxIuWcXnYozE1oGN4MiZKr37K9uEJEkpEITjpXquE6svRRLzQink0I3UTTGZIQHtGNQ4JAqL51dMkEnxglQP5KmhEYz9/dGikOlxqFvJkOsh2qxNzX/63US3a96KRNxoqkg84f6CUc6QtNYUMAkJZqPDWAimfkrIkMsMdEmvIIJwV08eRmaZxXXqbi358VaNYsjD0dwDCVw4QJqcAN1aACBR3iGV3iznqwX6936mI/mrGznEP7I+vwBKDeWKA==</latexit><latexit sha1_base64="Tbl9UfpO6cgEPgGLCXFT2TbySL0=">AAACCXicbZC7SgNBFIbPxluMt1VLm8EgJIVhVwRTKARsLCOYCyZLmJ2dJENmZ5eZWSEsaW18FRsLRWx9AzvfxkmyhSb+cODjP+cwc34/5kxpx/m2ciura+sb+c3C1vbO7p69f9BUUSIJbZCIR7LtY0U5E7Shmea0HUuKQ5/Tlj+6nvZbD1QqFok7PY6pF+KBYH1GsDZWz0b1EkGX6N5UUEZXqBsPWcnQ6ZxIuWcXnYozE1oGN4MiZKr37K9uEJEkpEITjpXquE6svRRLzQink0I3UTTGZIQHtGNQ4JAqL51dMkEnxglQP5KmhEYz9/dGikOlxqFvJkOsh2qxNzX/63US3a96KRNxoqkg84f6CUc6QtNYUMAkJZqPDWAimfkrIkMsMdEmvIIJwV08eRmaZxXXqbi358VaNYsjD0dwDCVw4QJqcAN1aACBR3iGV3iznqwX6936mI/mrGznEP7I+vwBKDeWKA==</latexit>



Use Z to compute F(x)

Compute F(x) via Transform

FX(x) = P (X  x)

= P (X � µ  x� µ)

= P

✓
X � µ

�
 x� µ

�

◆

= P

✓
Z  x� µ

�

◆

= �

✓
x� µ

�

◆

FX(x) = P (X  x)

= P (X � µ  x� µ)

= P

✓
X � µ

�
 x� µ

�

◆

= P

✓
Z  x� µ

�

◆

= �

✓
x� µ

�

◆

FX(x) = P (X  x)

= P (X � µ  x� µ)

= P

✓
X � µ

�
 x� µ

�

◆

= P

✓
Z  x� µ

�

◆

= �

✓
x� µ

�

◆

FX(x) = P (X  x)

= P (X � µ  x� µ)

= P

✓
X � µ

�
 x� µ

�

◆

= P

✓
Z  x� µ

�

◆

= �

✓
x� µ

�

◆

FX(x) = P (X  x)

= P (X � µ  x� µ)

= P

✓
X � µ

�
 x� µ

�

◆

= P

✓
Z  x� µ

�

◆

= �

✓
x� µ

�

◆

Let X ⇠ N (µ,�2) Z =
X � µ

�
=

1

�
X � µ

�



For normal distribution, 
F(x) is computed using 

the phi transform. 



And here we are

Table of F(z) values in textbook, p. 201 and handout

F (x) = �

✓
x� µ

�

◆

CDF of Standard Normal: A 
function that has been solved 

for numerically

The cumulative 
density function 

(CDF) of any normal

N (µ,�2)



F(0.54) = 0.7054

Using Table of ɸ



Four Prototypical Trajectories
Table is kinda old school



Using Programming Library

norm.cdf(x, mean, std)

= �

✓
x� µ

�

◆

Every modern programming language has a normal library

= P (X < x) where X ⇠ N (µ,�2)

* This is from Python’s scipy library



We have one for you


