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Review: Maximum Likelihood Algorithm

Decide on a model for the distribution of your samples. f(X;10)
Define the PMF/PDF for the distribution.

n
Compute: LL(B) = z log f(X;]6)
i=1

State HMLE — arg max LL(Q)
0
Use an optimization algorithm to calculate argmax:
Option 1: Optimization with Option 2: Optimization with
Math Gradient Ascent
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Gradient ascent algorithm

Walk uphill and you will find a local maxima
(if your step is small enough).

Let f(x) = —x? + 4, df |

where —2 < x < 2. i —2x  Gradientat x

4.

N Gradient ascent algorithm:
X2 / n=0.8 1nitialize x ‘

N initial x = 1.5 \ repeat many times:

\ compute gradient
R S m— — X += n * gradient
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Today's plan

=) < MLE for Linear Regression lite

Maximum A Posteriori
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Linear Regression Lite

Let X = CO, level (ppm) change from 1980,
Y = Average Land-Ocean Temperature (°C).

You observe n datapoints: Example:

0,0.26), (1.2,0.32),
(x®,y D), (62, y @), oo, (£, ) ( (36)8.(58, 0.85))

New notation!

(x®,yWD): the i-th datapoint in our sample of size n
has density function f(x®,y®|9)
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Linear Regression Lite

Let X = CO, level (ppm) change from 1980,
Y = Average Land-Ocean Temperature (°C).

You observe n datapoints: Example:
(1) (1) 2) . (2) (n) ,(n) (0,0.26),(1.2,0.32),
(x D,y ), (2, y#), o, (£, y™) ..., (368.58,0.85)
Y=0X+7 (linear relationship)
Linear Regression Model: Z~ N(0,0%) (error normally distributed)

= Y|X~ N(0X,0%)

What |S HMLE —_ arg max LL(H)?
6
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Gradient ascent with Linear Regression Lite

Model: n datapoints in sample:

YlX’V N(HX, 0.2) (x(l),y(l))’ (x(z)’y(z))’ . (x(n),y(n))

Calculate likelihood of data, L(8).

n
L(9) = ﬂf(x“),y(”w)
\)\G\ n 0"\6

& 1_[ Fx@10)F(yOI1x®,8) & 1_[ f(xO)f(yW|xW, 9)

-(y®©-6x® 2 f(yD1x®, ) is PDF of
Hf(x(l)) 27'[0' et ’ )/(20) N(6xD,5?)
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Gradient ascent with Linear Regression Lite

Model: n datapoints in sample:

YlX’V N(HX 0.2) (x(l),y(l))’ (x(z)’y(z))’ . (x(n),y(n))

27w

Calculate log-likelihood of data, LL(8).
n

LL(6) =logL(6) = log [1_[ f(xW)

e—(y“)—é’x“’)z/(z"z)]

2mo

ZIOg [f(x(l)) N _(y(l) oxV) /(202)] log(prod) = sum(log)

M:

log(prod) = sum(log)
ng(x(l)) z log V2mo — _z(y(l) Hx(l)) + using natural log

202
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Gradient ascent with Linear Regression Lite

Model: n datapoints in sample:

YlX’V N(HX, 0.2) (x(l), y(l))’ (x(z)’ y(z))’ . (x(n), y(n))
LL(B) = ; log f(x®W) — ; logV2mo — T;;(y@ — Hx(i))z
State MLE as optimization objective.

QMLE = drg max LL(H)
6

= arg max z logf(x(‘)) 2 logV2mo — T‘zz(y@ — Hx(‘)) ]

6
Celebrate! = arg emax Z(y ® — 6x (l)) ] (eliminate constants w.r.t. arg max)
6
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Gradient ascent with Linear Regression Lite
Model: n datapoints in sample:

YlX’V N(HX, 0.2) (x(l),y(l))’ (x(z)’y(z))’ . (x(n),y(n))

n
Goal: 0y = arg max [—Z(y(i) — Hx(i))z ]
6 —

n
Compute 0 0 (D)2
gradient  3g _z(y — 6xW)
w.r.t. 6. L
n a .
2 a_(y(i) — 9x®)
TL

n
_ 2 2(y® — xD)(—x D) = z 2(y® — gx ) (x®)
=1 =
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Gradient ascent with Linear Regression Lite

Model: n datapoints in sample:

Y|X~ N(6X,52) (2D, y D), (x@, y @), (M, ™)
n
Goal: GMLE = arg max [_Z(y(l) — HX(i))Z ]
0 =1

ILL(O)
—— 2 2(y® — gx ) (x®)

=1

Gradient:

optmize - ynitialize 6

repeat many times:
compute gradient (demo)
0 += n * gradient
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Gradient ascent with multiple parameters Preview

If 0 = (6¢,64,05,..., 0, ..., 6,n), What is 6y, = arg max LL(6)?
6

Gradient update step for
the j-th parameter, 6;) :

initialize 6, = @ for @ < j <m
repeat many times:

gradient[j] = 0 for all 0 £ J < m
compute all gradient[j] for all @ < 3 <m = .o
gradient based on

0; += 1 * gradient[j] for all @ < J < m current 8 before
updating 6.
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Our path

Deep Learning

next
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Today’s plan

=) Maximum A Posteriori
* Picking a conjugate distribution as your prior
* Laplace smoothing
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Okay, just one more MLE with the Multinomial

Consider a sample of n i.i.d. random variables Y3, Y>, ..., Y...
* Let Y,~Multinomial(pq, p2, .., Pm), Where Y7t p; = 1

* Let X; = # of trials with outcome i, where ;). X; = n

Staring at my math homework like

Let’s give an
example!
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Okay, just one more MLE with the Multinomial

Consider a sample of n i.i.d. random variables Y3, Y>, ..., Y...
Let Y, ~Multinomial(py, p2, -, Pm), Where Y72 p; = 1

Let X; = # of trials with outcome i, where >,/ X; = n

6
Example: Suppose Y, = outcome of 6-sided die. m = 6, Zpi =1
Roll the dice n = 12 times. .
Observe data: 3 ones, 2 twos, 0 threes, 3 fours, 1 fives, 3 sixes

Xl — 3)X2 — 2,X3 — O’
X4:3'X5:1'X6:3 CheCk:X1 -|—X2-|—_|_X6:12

Lisa Yan, C$109, 2019 Stanford University 18



Okay, just one more MLE with the Multinomial

Consider a sample of n i.i.d. random variables Y3, Y>, ..., Y...

Let Y, ~Multinomial(py, py, .., Pm), Where Y72 p; = 1

Let X; = # of trials with outcome i, where >,/ X; = n

Joint PDF f(X1,X,, ..., X, |P1, P2,

nl

X1,.X2 Xm
p p ...p
xl!xz!”’xm! 1 2 m

X1, X2 Xm
pl pz D) pm
|
n. p1 D> Dm

x: Ly ver X
xl!xz!"‘xm! 1 2 m

Lisa Yan, CS109, 2019

s P): = Likelihood L(6)

= of observing the sample (size n)
(X1, X5, e, Xip)

2
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Okay, just one more MLE with the Multinomial

Consider a sample of n i.i.d. random variables Y3, Y>, ..., Y...

Let Y, ~Multinomial(py, py, .., Pm), Where Y72 p; = 1

Let X; = # of trials with outcome i, where >,/ X; = n

Joint PDF f(X1,X,, ..., X, |P1, P2,

nl

X1,.X2 Xm
p p ...p
xl!xz!”’xm! 1 2 m

X1, X2 Xm
pl pz D) pm
|
n. p1 D> Dm

x: Ly ver X
xl!xz!"‘xm! 1 2 m

Lisa Yan, CS109, 2019

s Pm): = Likelihood L(6)

= of observing the sample (size n)
(X1, X5, e, Xip)

2
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Okay, just one more MLE with the Multinomial

Consider a sample of n i.i.d. random variables Y3, Y>, ..., Y...
Let Y, ~Multinomial(py, p2, -, Pm), Where Y72 p; = 1
Let X; = # of trials with outcome i, where . X; = n

nl

Joint PDF f(Xy, Xa, ..., X [P1, P2, s Pm)= 370 ,”xm!pflpfz epim = 1(6)
Log-likelihood:

m m
LL(6) = log(n!) — z log(X;!) + 2 X;log(p;), such that X%, p; = 1
=1 [

Optimize with o X;  Intuitively, probability
Lagrange multipliers in MLE: Pi = — = pr rtion of m
extra slides l n p; = proportion of outcomes
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MLE for X;
When MLEs attack! Muttinomiar. Pi = —

n

Consider a 6-sided die.
* Rollthe dice n = 12 times.

* Observe: 3 ones, 2 twos, 0 threes, 3 fours, 1 fives, 3 sixes
What is 0,,; 7 (select all that apply)

A |pp = 3/12
B.|p, =2/12
C.|p3 =0/12
D.|py =3/12
. |lps =1/12
. Jpe = 3/12 —~
G. Other k?)
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MLE for X;

When MLE:s attack! Multinomial: Pi =7

n

Consider a 6-sided die.
Roll the dice n = 12 times.

Observe: 3 ones, 2 twos, 0 threes, 3 fours, 1 fives, 3 sixes
OnLE:
p1 = 3/12
p, =2/12 MLE: you’ll never...EVER... roll a three.
ps = 0/12 ! Do you really believe that?
= 3/12 :
54 _ 1; 5 Frequentist: Bayesian:
> . Have prior beliefs
Pg = 3/“2 Roll more! ¢ habilit ~
Prob. = frequency in limit o1 Probabliity, Gven \'?9
before any rolls! -
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Estimating our parameter directly

Maximum
Likelihood
Estimator

(MLE)

What is the parameter 0 L(O) =f(X1,X5,...,X,]0)
that maximizes the likelihood T
of our observed data B Df(xilg)
X1, X9, e, Xy )? -
b, %, n) Oprg = argmax [ (X, X5, ..., X,,|0)
likelihood of data
Observations:

*  MLE maximizes probability of observing data
given a parameter 6.

* If we are estimating 8, shouldn’t we maximize
the probability of 8 directly?
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Break for jokes/
announcements




Announcements

/Problem Setb N
Released: yes
Due: Friday 11/15
Covers: Up to today (inference)

kl\lote: Errata, updated today 10anry

Late day reminder: No late days permitted past last day of the quarter, 12/6

CS109 Contest

Due:

Monday 12/2 11:59pm

Lisa Yan, CS109, 2019

(Friday)
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Estimating our parameter directly

(our focus today)

Maximum
a Posteriori
(MAP)
Estimator

maximizes the likelihood

(X, Xy, ..., X,|0)
likelihood of data

Given our observed data
(x]_, X2, aen, xn),

what is the most likely posterior distribution
parameter 67? of 6

Opap = arg;nax (01X, X5, ..., X,)
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Maximum A Posterior (MAP) Estimator

Consider a sample of n i.i.d. random variables X4, X5, ..., X,, (data).

def The Maximum a Posteriori (MAP) Estimator of 8 is the value of 8 that
maximizes the posterior distribution of 6.

Opap = argemaxf(0|X1,X2, vy X))
L(0), probability of data
given parameter 0

| likelihood prior
posterior P(datal@)P(6) efore seeing data,
P(f|data) = prior belief of 8

Lisa Yan, C$109, 2019 Stanford University 28

Intuition with Bayes’ Theorem:

After seeing
data, posterior
belief of 6




posterior I;)k(zl | hofg) pl:()rgig)r
. ata
Solving for 6,,4p P(Oldata) = —prata)

* Observe data: X{, X5, ..., Xy, all i.i.d. n
-+ Let likelihood be same as MLE: f(Xy, X, .. Xx10) = | [ (i1 0)
- Let the prior distribution of 8 be g(6). =

(Bayes’ Theorem)

X1, Xz, 0, X |0) g (6
Ouap = arg max £ (8|Xy, Xy, ., X) = arg max Lz Xnl6)(0)
6

6 h(X1, X, ) Xp)
g(0) [Ti=1 f(X;] 6)

= argemax h(X1, Xy, s X)) (independence)
n
= arg max g(6) 1_[ f(X;| 6) (1/h(Xq, X5, ..., X,,) is a positive constant w.r.t. 6)
0 .
=1

= argemax (logg(@) + z log f(X;| 9))
i=1
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(start of most important slide
of today)




Maximum A Posterior (MAP) Estimator

The MAP estimator has 2 interpretations:

The mode of the
6 —argmax f (01X, X,, ..., X T
MAP g@ f(01Xy, X; n) posterior distribution of 6

n
The 6 that
= argemax (logg(H) T z log f (X;] 6)) maximizes log prior +
i=1 log-likelinood

In both cases, you must specify your prior, g(8).

Key to MAP estimator: ~ '°u should pick a prior_g(H_) that makes computing
the mode of the posterior distribution is easy.

v

(in this class) @  Use a conjugate distribution.
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(end of most important slide
of today)




Today's plan

=) - Picking a conjugate distribution as your prior
* Laplace smoothing
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Beta distribution refresher

We have seen one conjugate distribution so far:

1
XNBeta (a, b) PDF  f(x) = Bab) x21(1 — x)b—1

a>0,b>0 .
Support of X: (0,1) where B(a,b) = [ x*~*(1 — x)"~'dx, normalizing constant

Beta is the conjugate distribution for Bernoulli, meaning;
Prior Beta(a = njmgg + 1, b = Mypeq + 1)
Experiment Observe n successes and m failures
Posterior  Beta(a = Nymag + N+ 1,b = Mypgg + m+ 1)

Mode of Beta(a, b): _¢—1
a+b—2
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MAP estimator for Bernoulli

Suppose you observe data D: n heads, m tails

1. Decide model. 2. Decide prior distribution 3. Compute Oy 4p
Bernoulli with of parameter 8, g(0).
parameter p O~Beta(a+1,b + 1) (below)

Solution: * Betais a conjugate distribution for Bernoulli.

 |If prior 6~Beta(a + 1,b + 1) and data = {n heads, m tails},
then posterior distribution
f|data~Beta(a +n+1,b+m+ 1)

* Op4p IS Mode of posterior distribution 6,,4p =

a-+n

a+n+b+m
(mode of Beta(a+n+1,b+m+ 1))
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MAP estimator for Bernoulli, from first principles

Suppose you observe data D: n heads, m tails
Decide model. Decide prior distribution Compute Oy 4p
Bernoulli with of parameter 8, g(0).
parameter p O~Beta(a +1,b + 1) (below)
1 n+m (PDF of Beta,
— ] (_ at+tl-101 — b+1—1) ] ( nel — m)) likelihood of
arg;nax( o5 ,Bp ( p) + 05 ( n )P ( p) n heads, m tails)

1 n+m
= arg max (logE + alog(p) + blog(1 —p) + log( " ) + nlogp + mlog(1 — p))
p
(eliminate constants

= arg max((a + n) log(p) + (b +m) log(l — p)) w.r.t. arg max)

Lisa Yan, CS109, 2019 p Stanford University 36



MAP estimator for Bernoulli, from first principles

Suppose you observe data D: n heads, m tails

1. Decide model. 2. Decide prior distribution 3. Compute Oy4p
Bernoulli with of parameter 8, g(0).
parameter p O~Beta(a+1,b + 1) (below)

Omap = Puap = arg max((a + n) log(p) + (b + m) log(1 — p))
p

Differentiate (a+n) (b+m) 0

w.r.t. p and D 1—p
set to O:
Solveforp: (a+n)(1—-p)=0MBh+m)p 3 a+n
(a+n)—(a+n)p=(>b+m)p PMAP = T ¥ b+ m

p(a +n+b+ m) =a+n 09, 2019 Stanford University 37




MAP estimator so far

MAP 0 — aro max F(01X. X X The mode of the
estimator: MAP gg fO1X1, Xa, e Xn) posterior distribution of 6
The conjugate for Bernoulli is Beta.
You should pick a prior Our prior (subjective) belief:
g(8) that makes computing 6 ~Beta _(Cl +_ 1,b ‘|‘ 1)
the mode of the posterior (Saw a + b = imaginary trials;
distribution easy of those, a were successes.)
>, Use a conjugate Posterior distribution:
= distribution. (6|n heads, m tails)~

Beta(a+n+1,b+m+1)
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Conjugate distributions

MAP 0 — aro max F(01X. X X The mode of the
estimator: MAP gg f(O1X1, X, ..., Xn) posterior distribution of 6

Distribution parameter Prior distribution for

parameter
Bernoulli p Beta
Binomial p Beta
Multinomial p; Dirichlet
Poisson A Gamma
Exponential A Gamma
Normal u Normal
Normal o2 Inverse Gamma Don't need to know

Inverse Gamma...
but it will know you ©
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Multinomial is Multiple times the fun

Dirichlet(a,, a,, ..., a,,) is the conjugate for Multinomial.
Generalizes Beta in the

m
] u 1 o —
same way Multinomial Fy, Xy ey X)) = ‘ ‘x_al 1
i i /Ri ia] B(a, ay, ..., a.) g
generalizes Bernoulli/Binomial: 1 a2, Gm) 24

Prior Dirichlet(a; + 1,a, + 1, ...,a,, + 1)
Saw )i, a; imaginary trials, a; of outcome i
Experiment Observe n,; + n, + --- + n,,, new trials, with n; of outcome i
Posterior Dirichlet(a; + n; +1,a, +n, +1,...,a,, + n,, + 1)
MAP: p= e T T

m m
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Good times with Gamma

0.7
Gamma(a, 1) is the conjugate for Poisson. o6 — e-iicos
* Also conjugate for Exponential, 0.5 a8 20
but we won’t delve into that u 04 Iy
Q- 0.3
* Mode of gamma: a /A . \
0.1
Prior 0~Gammal(a, A) 00073 4 6 8 10 12 14 16 18 20
Saw « total imaginary events Poisson parameter

during A prior time periods
Experiment Observe n events during next k time periods

Posterior  (6|n events in k periods) g _atm
~Gamma(a + n,A + k) MAE = X+ k
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Gammal(a, 1)

MAP fOF POiSSOH is conjugate for Poisson Mode: a/4

Let A be the average # of successes in a time period.

1. What does it mean to have
a prior of 8~Gamma(10,5)?

2

Lisa Yan, C$109, 2019 Stanford University 42




Gamma(a, A)

MAP fOF POiSSOH is conjugate for Poisson Mode: a/4

Let A be the average # of successes in a time period.

1. What does it mean to have Observe 10 imaginary events
a prior of 6~Gamma(10,5)? in 5 time periods, i.e., observe

at Poisson rate = 2
Now perform the experiment and see 11 events in next 2 time periods.

2. Given your prior, what is the
posterior distribution?

3. What is 0y 47 —
o/
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Gammal(a, 1)

MAP fOI' POiSSOH is conjugate for Poisson Mode: a/4

Let A be the average # of successes in a time period.

1. What does it mean to have Observe 10 imaginary events

a prior of 6~Gamma(10,5)? in 5 time periods, i.e., observe
at Poisson rate = 2

Now perform the experiment and see 11 events in next 2 time periods.

2. Given your prior, what is the

oosterior distribution? (6|n events in k periods)~Gamma(21,7)

3. Whatis O)4p? Oy 4p = 3, the updated Poisson rate (4

&
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Today's plan

= - Laplace smoothing
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Where'd you get them priors?

. . prior
Let 6 be the probability a coin turns up heads. o] — — e
Model 8 with 2 different priors: zz ’
Prior 1: Beta(3,8): 2 imaginary heads, 2 o]
7 imaginary tails ~ mode: ¢ Lo
Prior 2: Beta(7,4): 6 imaginary heads, 6 0.5
3 imaginary tails ~ Mode: g N R

00 02 04 06 08 1.0

Now flip 100 coins and get 58 heads and 42 tails.
What are the two posterior distributions?
What are the modes of the two posterior distributions?

2
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Where'd you get them priors?

N _ prior
Let 6 be the probability a coin turns up heads. o] — — e
Model 8 with 2 different priors: > ’
Prior 1: Beta(3,8): 2 imaginary heads, 2 o 1'_54
7 imaginary tails ~ mode: ¢ Lo

Prior 2: Beta(7,4): 6 imaginary heads, 6 0.5
3 imaginary tails

00 02 04 06 08 1.0

Now flip 100 coins and get 58 heads and 42 tails.
What are the two posterior distributions?

What are the modes of the two posterior distributions?

Posterior 1: Beta(61,50) mode: 1%
Posterior 2: Beta(65,46) mode: — K‘?)

109

Lisa Yan, CS109, 2019 Stanford University 47




Where'd you get them priors?

prior

* Let 6 be the probability a coin turns up heads. .| — — e
« Model 8 with 2 different priors: zz ’
> Prior 1: Beta(3,8): 2 imaginary heads, 2 o]
7 imaginary tails ~ mode: ¢ Lo
> Prior 2: Beta(7,4): 6 imaginary heads, 6 0.5
3 imaginary tails ~ Mode: g N R

00 02 04 06 08 1.0

Now flip 100 coins and get 58 heads and 42 tails. posterior
8.0 1 S
Posterior 1: Beta(61,50) mode: 16—(; 6.0 |
. 64 S 4.0-
Posterior 2: Beta(65,46) mode: —
109 ~
“=» As long as we collect enough data, oo

w5 posteriors will converge to the true value. 00 03
Lisa Yan, CS109, 2019 ' '




Laplace smoothing

MAP with Laplace smoothing: a prior which represents one imagined
observation of each outcome.

Consider our previous 6-sided die.

Roll the dice n = 12 times.
Observe: 3 ones, 2 twos, 0 threes, 3 fours, 1 fives, 3 sixes
Recall Oy 5: 8, 4p With Laplace smoothing;:

Assume Dirichlet prior where each
outcome seen k = 1 times.

Laplace estimate:
_Xl-+1 p1 =4/18,p, = 3/18,p3 = 1/18,
T n4+m ps = 4/18,ps = 2/18,ps = 4/18

=» [aplace smoothing avoids the case where you estimate a parameter of 0.
e Lisa Yan, C$109, 2019 Stanford University 49
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pl — 3/12,p2 = 2/12,p3 — 0/12’
Pa = 3/12; Ps = 1/12,p6 = 3/12

Pi



Extra slides

Finding the MLE for Multinomial
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MLE for Multinomial

Consider a sample of n i.i.d. random variables Y3, Y5, ..., Y,..
Let Y, ~Multinomial(py, p2, -, Pm), Where Y72 p; = 1

Let X; = # of trials with outcome i, where >, X; = n

nl

Joint PDF f(Xy, Xa, ..., X [P1, P2, s Pm)= 370 ,”xm!pflpfz epim = 1(6)
Log-likelihood:

LL(B) = log(n!) — 2 log(X;!) + EX log(p;), suchthat /%, p; =

Optimize with o X;  Intuitively, probability
Lagrange multipliers in MLE: Pi = — = pr rtion of m
otra slides i ., Pi=propo tion of outcomes
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Optimizing MLE for Multinomial

H — (pl:Pz: . rpm)
OmLE = arg max LL(0), where Epl =1

Use Lagrange multipliers
to account for constraint

m (drop
Lagrange
multipliers: A(B) =LL(O) +1 p; — 1) EX log(p;) + A (Z p; — 1) non-p;
i=1 terms)
i i dA(O 1 .
leferentllate W.r.t. (0) —X,—+1=0 = . = _)ﬁ
each p;, in turn: op; D; : A
Solve for A, noting i =y, n
m m Epizi_jlzl $1=—z > A=-n
;Xi = Tl,;pi = 1: i—1 i—1

Substitute A into p; p; =
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