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Today’s plan

Central Limit Theorem (CLT)

CLT exercises
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Central Limit Theorem
Consider 𝑛𝑛 independent and identically distributed (i.i.d.) variables 𝑋𝑋1,𝑋𝑋2, … ,𝑋𝑋𝑛𝑛
with 𝐸𝐸 𝑋𝑋𝑖𝑖 = 𝜇𝜇 and Var 𝑋𝑋𝑖𝑖 = 𝜎𝜎2.

�
𝑖𝑖=1

𝑛𝑛

𝑋𝑋𝑖𝑖 ~𝒩𝒩(𝑛𝑛𝜇𝜇,𝑛𝑛𝜎𝜎2)

The sum of 𝑛𝑛 i.i.d. random variables is normally distributed with mean 𝑛𝑛𝜇𝜇
and variance 𝑛𝑛𝜎𝜎2.
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As 𝑛𝑛 → ∞



Quick check
What dimensions are the following random variables?
1. 𝑋𝑋1

2. 𝑋𝑋1,𝑋𝑋2, … ,𝑋𝑋𝑛𝑛

3.

4.

4

A. 1-D random variable
B. 𝑛𝑛 -D random variable (a vector)
C. not a random variable

�
𝑖𝑖=1

𝑛𝑛

𝑋𝑋𝑖𝑖

1
𝑛𝑛
�
𝑖𝑖=1

𝑛𝑛

𝑋𝑋𝑖𝑖



Central Limit Theorem
Consider 𝑛𝑛 independent and identically distributed (i.i.d.) variables 𝑋𝑋1,𝑋𝑋2, … ,𝑋𝑋𝑛𝑛
with 𝐸𝐸 𝑋𝑋𝑖𝑖 = 𝜇𝜇 and Var 𝑋𝑋𝑖𝑖 = 𝜎𝜎2.

�
𝑖𝑖=1

𝑛𝑛

𝑋𝑋𝑖𝑖 ~𝒩𝒩(𝑛𝑛𝜇𝜇,𝑛𝑛𝜎𝜎2)

The sum of 𝑛𝑛 i.i.d. random variables is normally distributed with mean 𝑛𝑛𝜇𝜇
and variance 𝑛𝑛𝜎𝜎2.
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As 𝑛𝑛 → ∞



i.i.d. random variables
Consider 𝑛𝑛 variables 𝑋𝑋1,𝑋𝑋2, … ,𝑋𝑋𝑛𝑛.
𝑋𝑋1,𝑋𝑋2, … ,𝑋𝑋𝑛𝑛 are independent and identically distributed if
• 𝑋𝑋1,𝑋𝑋2, … ,𝑋𝑋𝑛𝑛 are independent, and
• All have the same PMF (if discrete) or PDF (if continuous).
⇒ 𝐸𝐸 𝑋𝑋𝑖𝑖 = 𝜇𝜇 for 𝑖𝑖 = 1, … ,𝑛𝑛
⇒ Var 𝑋𝑋𝑖𝑖 = 𝜎𝜎2 for 𝑖𝑖 = 1, … ,𝑛𝑛
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i.i.d. random variables
Consider 𝑛𝑛 variables 𝑋𝑋1,𝑋𝑋2, … ,𝑋𝑋𝑛𝑛.
𝑋𝑋1,𝑋𝑋2, … ,𝑋𝑋𝑛𝑛 are independent and identically distributed if
• 𝑋𝑋1,𝑋𝑋2, … ,𝑋𝑋𝑛𝑛 are independent, and
• All have the same PMF (if discrete) or PDF (if continuous).
⇒ 𝐸𝐸 𝑋𝑋𝑖𝑖 = 𝜇𝜇 for 𝑖𝑖 = 1, … ,𝑛𝑛
⇒ Var 𝑋𝑋𝑖𝑖 = 𝜎𝜎2 for 𝑖𝑖 = 1, … ,𝑛𝑛

Side note: Multiple random variables 𝑋𝑋1,𝑋𝑋2, … ,𝑋𝑋𝑛𝑛 are independent if and only if

for all subsets 𝑋𝑋1, … ,𝑋𝑋𝑘𝑘
7

𝑃𝑃 𝑋𝑋1 ≤ 𝑥𝑥1,𝑋𝑋2 ≤ 𝑥𝑥2, … ,𝑋𝑋𝑘𝑘 ≤ 𝑥𝑥𝑘𝑘 = �
𝑖𝑖=1

𝑘𝑘

𝑃𝑃 𝑋𝑋𝑖𝑖 ≤ 𝑥𝑥𝑖𝑖

Same thing: i.i.d. iid IID



Quick check
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Are 𝑋𝑋1,𝑋𝑋2, … ,𝑋𝑋𝑛𝑛 i.i.d. with the following distributions?

1. 𝑋𝑋𝑖𝑖~Exp 𝜆𝜆 , 𝑋𝑋𝑖𝑖 independent

2. 𝑋𝑋𝑖𝑖~Exp 𝜆𝜆𝑖𝑖 , 𝑋𝑋𝑖𝑖 independent

3. 𝑋𝑋𝑖𝑖~Exp 𝜆𝜆 , 𝑋𝑋1 = 𝑋𝑋2 = ⋯ = 𝑋𝑋𝑛𝑛

4. 𝑋𝑋𝑖𝑖~Bin 𝑛𝑛𝑖𝑖 ,𝑝𝑝 , 𝑋𝑋𝑖𝑖 independent



Sum of dice rolls

Roll 𝑛𝑛 independent dice. Let 𝑋𝑋𝑖𝑖 be the outcome of roll 𝑖𝑖. 𝑋𝑋i are i.i.d.
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�
𝑖𝑖=1

1

𝑋𝑋𝑖𝑖 �
𝑖𝑖=1

2

𝑋𝑋𝑖𝑖 �
𝑖𝑖=1

3

𝑋𝑋𝑖𝑖
Sum of 1
die roll

Sum of 2
die rolls

Sum of 3
die rolls



CLT explains a lot
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�
𝑖𝑖=1

𝑛𝑛

𝑋𝑋𝑖𝑖 ~𝒩𝒩(𝑛𝑛𝜇𝜇,𝑛𝑛𝜎𝜎2)

Normal approximation of Binomial
Sum of i.i.d. Bernoulli RVs ≈ Normal

As 𝑛𝑛 → ∞
The sum of 𝑛𝑛 i.i.d. random variables is normally 
distributed with mean 𝑛𝑛𝜇𝜇 and variance 𝑛𝑛𝜎𝜎2.



CLT explains a lot
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�
𝑖𝑖=1

𝑛𝑛

𝑋𝑋𝑖𝑖 ~𝒩𝒩(𝑛𝑛𝜇𝜇,𝑛𝑛𝜎𝜎2)

Normal approximation of Binomial
Sum of i.i.d. Bernoulli RVs ≈ Normal

𝑋𝑋~Bin(𝑛𝑛,𝑝𝑝)𝑋𝑋 = �
𝑖𝑖=1

𝑛𝑛

𝑋𝑋𝑖𝑖

𝑋𝑋~𝒩𝒩 𝑛𝑛𝑝𝑝,𝑛𝑛𝑝𝑝(1 − 𝑝𝑝)

Proof:

𝑋𝑋~𝒩𝒩 𝑛𝑛𝜇𝜇,𝑛𝑛𝜎𝜎2 CLT, as 𝑛𝑛 → ∞

(substitute mean,
variance of Bernoulli) 

Let 𝑋𝑋𝑖𝑖~Ber(𝑝𝑝) for 𝑖𝑖 = 1, … ,𝑛𝑛, where 𝑋𝑋𝑖𝑖 are i.i.d.
𝐸𝐸 𝑋𝑋𝑖𝑖 = 𝑝𝑝, Var 𝑋𝑋𝑖𝑖 = 𝑝𝑝(1 − 𝑝𝑝)

As 𝑛𝑛 → ∞
The sum of 𝑛𝑛 i.i.d. random variables is normally 
distributed with mean 𝑛𝑛𝜇𝜇 and variance 𝑛𝑛𝜎𝜎2.



CLT explains a lot
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�
𝑖𝑖=1

𝑛𝑛

𝑋𝑋𝑖𝑖 ~𝒩𝒩(𝑛𝑛𝜇𝜇,𝑛𝑛𝜎𝜎2)

Distribution of 𝑋𝑋𝑖𝑖

As 𝑛𝑛 → ∞
The sum of 𝑛𝑛 i.i.d. random variables is normally 
distributed with mean 𝑛𝑛𝜇𝜇 and variance 𝑛𝑛𝜎𝜎2.



CLT explains a lot
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�
𝑖𝑖=1

𝑛𝑛

𝑋𝑋𝑖𝑖 ~𝒩𝒩(𝑛𝑛𝜇𝜇,𝑛𝑛𝜎𝜎2)

Sample of
size 15,

sum values

Distribution of 𝑋𝑋𝑖𝑖 Distribution of ∑𝑖𝑖=115 𝑋𝑋𝑖𝑖

As 𝑛𝑛 → ∞
The sum of 𝑛𝑛 i.i.d. random variables is normally 
distributed with mean 𝑛𝑛𝜇𝜇 and variance 𝑛𝑛𝜎𝜎2.



CLT explains a lot
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�
𝑖𝑖=1

𝑛𝑛

𝑋𝑋𝑖𝑖 ~𝒩𝒩(𝑛𝑛𝜇𝜇,𝑛𝑛𝜎𝜎2)

Sample of
size 15,

average values

(sample mean) Distribution of 1
15
∑𝑖𝑖=115 𝑋𝑋𝑖𝑖Distribution of 𝑋𝑋𝑖𝑖

As 𝑛𝑛 → ∞
The sum of 𝑛𝑛 i.i.d. random variables is normally 
distributed with mean 𝑛𝑛𝜇𝜇 and variance 𝑛𝑛𝜎𝜎2.



CLT explains a lot
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�
𝑖𝑖=1

𝑛𝑛

𝑋𝑋𝑖𝑖 ~𝒩𝒩(𝑛𝑛𝜇𝜇,𝑛𝑛𝜎𝜎2)

0 1 2 3 4 5

𝑛𝑛 = 5

As 𝑛𝑛 → ∞
The sum of 𝑛𝑛 i.i.d. random variables is normally 
distributed with mean 𝑛𝑛𝜇𝜇 and variance 𝑛𝑛𝜎𝜎2.



Announcement: CS109 contest
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Do something cool and creative
with probability

Genuinely optional extra credit

Due Monday 3/9, 11:59pm



Announcements
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Midterm to Final Improvement

We will look at each student’s improvement from midterm 
to final. If a student truly does better, we will take that into 
consideration after all other grades have been determined.

Late Day Reminder

No late days permitted past 
last day of the quarter, 3/13

Problem Set 5

Due: Friday 2/28
Covers: Up to Lecture 19



Proof of CLT
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The sum of 𝑛𝑛 i.i.d. random variables is normally 
distributed with mean 𝑛𝑛𝜇𝜇 and variance 𝑛𝑛𝜎𝜎2.�

𝑖𝑖=1

𝑛𝑛

𝑋𝑋𝑖𝑖 ~𝒩𝒩(𝑛𝑛𝜇𝜇,𝑛𝑛𝜎𝜎2)

• The Fourier Transform of a PDF is called a characteristic function.
• Take the characteristic function of the probability mass of the sample 

distance from the mean, divided by standard deviation
• Show that this approaches an

exponential function in the limit as 𝑛𝑛 → ∞: 
• This function is in turn the characteristic function of the Standard 

Normal, 𝑍𝑍~ 𝒩𝒩(0,1).

Proof:

𝑓𝑓 𝑥𝑥 = 𝑒𝑒−
𝑥𝑥2
2

(This proof is beyond the scope of CS109 but we have posted a video on the webpage)

As 𝑛𝑛 → ∞



Implications of CLT

Anything that is a sum/average of i.i.d. random variables is normal
…meaning in real life, many things are normally distributed:
• Movie ratings: averages of independent viewer scores
• Polling:
◦ Ask 100 people if they will vote for candidate 1
◦ 𝑝𝑝1 = # “yes”/100
◦ Sum of Bernoulli RVs (each person independently says “yes” w.p. 𝑝𝑝)

◦ Repeat this process with different groups to get 𝑝𝑝1, … ,𝑝𝑝𝑛𝑛 (different sample 
statistics)

◦ Normal distribution over sample means 𝑝𝑝𝑘𝑘
◦ Confidence interval: “How likely is it that an estimate for true 𝑝𝑝 is close?”

19



What about other functions?

20

�
𝑖𝑖=1

𝑛𝑛

𝑋𝑋𝑖𝑖 ~𝒩𝒩(𝑛𝑛𝜇𝜇,𝑛𝑛𝜎𝜎2)

?

Average of i.i.d. RVs

Max of i.i.d. RVs

(sample mean)
?

Let 𝑋𝑋1,𝑋𝑋2, … ,𝑋𝑋𝑛𝑛 i.i.d., where 𝐸𝐸 𝑋𝑋𝑖𝑖 = 𝜇𝜇, Var 𝑋𝑋𝑖𝑖 = 𝜎𝜎2. As 𝑛𝑛 → ∞:

Sum of i.i.d. RVs



Distribution of sample mean
Let 𝑋𝑋1,𝑋𝑋2, … ,𝑋𝑋𝑛𝑛 i.i.d., where 𝐸𝐸 𝑋𝑋𝑖𝑖 = 𝜇𝜇, Var 𝑋𝑋𝑖𝑖 = 𝜎𝜎2. As 𝑛𝑛 → ∞:

Define:

𝑌𝑌~𝒩𝒩 𝑛𝑛𝜇𝜇,𝑛𝑛𝜎𝜎2

�𝑋𝑋 = 1
𝑛𝑛
𝑌𝑌

�𝑋𝑋~𝒩𝒩( ? , ? )
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�𝑋𝑋 =
1
𝑛𝑛
�
𝑖𝑖=1

𝑛𝑛

𝑋𝑋𝑖𝑖 (sample mean) 𝑌𝑌 = �
𝑖𝑖=1

𝑛𝑛

𝑋𝑋𝑖𝑖 (sum)

(Linear transform of a Normal)

A. �𝑋𝑋~𝒩𝒩(𝑛𝑛𝜇𝜇,𝑛𝑛𝜎𝜎2)
B. �𝑋𝑋~𝒩𝒩(𝜇𝜇

𝑛𝑛
, 𝜎𝜎

2

𝑛𝑛
)

C. �𝑋𝑋~𝒩𝒩(𝜇𝜇,𝜎𝜎2)
D. �𝑋𝑋~𝒩𝒩(𝜇𝜇, 𝜎𝜎

2

𝑛𝑛
)

(CLT, as 𝑛𝑛 → ∞)



Distribution of sample mean
Let 𝑋𝑋1,𝑋𝑋2, … ,𝑋𝑋𝑛𝑛 i.i.d., where 𝐸𝐸 𝑋𝑋𝑖𝑖 = 𝜇𝜇, Var 𝑋𝑋𝑖𝑖 = 𝜎𝜎2. As 𝑛𝑛 → ∞:

Define:

𝑌𝑌~𝒩𝒩 𝑛𝑛𝜇𝜇,𝑛𝑛𝜎𝜎2

�𝑋𝑋 = 1
𝑛𝑛
𝑌𝑌

�𝑋𝑋~𝒩𝒩 𝜇𝜇, 𝜎𝜎
2

𝑛𝑛
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�𝑋𝑋 =
1
𝑛𝑛
�
𝑖𝑖=1

𝑛𝑛

𝑋𝑋𝑖𝑖 (sample mean) 𝑌𝑌 = �
𝑖𝑖=1

𝑛𝑛

𝑋𝑋𝑖𝑖 (sum)

(CLT, as 𝑛𝑛 → ∞)

(Linear transform of a Normal)

The average of i.i.d. random variables (i.e., 
sample mean) is normally distributed with 
mean 𝜇𝜇 and variance 𝜎𝜎2/𝑛𝑛.

1
𝑛𝑛
�
𝑖𝑖=1

𝑛𝑛

𝑋𝑋𝑖𝑖 ~𝒩𝒩(𝜇𝜇,
𝜎𝜎2

𝑛𝑛
)

Demo: http://onlinestatbook.com/stat_sim/sampling_dist/

http://onlinestatbook.com/stat_sim/sampling_dist/


?

What about other functions?
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�
𝑖𝑖=1

𝑛𝑛

𝑋𝑋𝑖𝑖 ~𝒩𝒩(𝑛𝑛𝜇𝜇,𝑛𝑛𝜎𝜎2)

Average of i.i.d. RVs

Max of i.i.d. RVs

(sample mean)

Let 𝑋𝑋1,𝑋𝑋2, … ,𝑋𝑋𝑛𝑛 i.i.d., where 𝐸𝐸 𝑋𝑋𝑖𝑖 = 𝜇𝜇, Var 𝑋𝑋𝑖𝑖 = 𝜎𝜎2. As 𝑛𝑛 → ∞:

Sum of i.i.d. RVs

1
𝑛𝑛
�
𝑖𝑖=1

𝑛𝑛

𝑋𝑋𝑖𝑖 ~𝒩𝒩(𝜇𝜇,
𝜎𝜎2

𝑛𝑛
)

Gumbel
(see Fisher-Tippett Gnedenko Theorem)



Today’s plan

Central Limit Theorem (CLT)

CLT exercises
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Working with the CLT
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If 𝑋𝑋𝑖𝑖 is discrete:

Use the continuity 
correction on 𝑌𝑌!

�
𝑖𝑖=1

𝑛𝑛

𝑋𝑋𝑖𝑖 ~𝒩𝒩(𝑛𝑛𝜇𝜇,𝑛𝑛𝜎𝜎2)

1
𝑛𝑛
�
𝑖𝑖=1

𝑛𝑛

𝑋𝑋𝑖𝑖 ~𝒩𝒩(𝜇𝜇,
𝜎𝜎2

𝑛𝑛
)

Sum of i.i.d. RVs

Average of i.i.d. RVs
(sample mean)

Let 𝑋𝑋1,𝑋𝑋2, … ,𝑋𝑋𝑛𝑛 i.i.d., where 𝐸𝐸 𝑋𝑋𝑖𝑖 = 𝜇𝜇, Var 𝑋𝑋𝑖𝑖 = 𝜎𝜎2. As 𝑛𝑛 → ∞:



Dice game
You will roll 10 6-sided dice 𝑋𝑋1, 𝑋𝑋2, … ,𝑋𝑋10 .
• Let 𝑋𝑋 = 𝑋𝑋1 + 𝑋𝑋2 + ⋯+ 𝑋𝑋10, the total value of all 10 rolls.
• You win if 𝑋𝑋 ≤ 25 or 𝑋𝑋 ≥ 45.

What is the probability of winning?
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�
𝑖𝑖=1

𝑛𝑛

𝑋𝑋𝑖𝑖 ~𝒩𝒩(𝑛𝑛𝜇𝜇,𝑛𝑛𝜎𝜎2)As 𝑛𝑛 → ∞:



Dice game
You will roll 10 6-sided dice 𝑋𝑋1, 𝑋𝑋2, … ,𝑋𝑋10 .
• Let 𝑋𝑋 = 𝑋𝑋1 + 𝑋𝑋2 + ⋯+ 𝑋𝑋10, the total value of all 10 rolls.
• You win if 𝑋𝑋 ≤ 25 or 𝑋𝑋 ≥ 45.

What is the probability of winning?
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�
𝑖𝑖=1

𝑛𝑛

𝑋𝑋𝑖𝑖 ~𝒩𝒩(𝑛𝑛𝜇𝜇,𝑛𝑛𝜎𝜎2)As 𝑛𝑛 → ∞:

1. Define RVs and
state goal.

2. Solve.

𝐸𝐸 𝑋𝑋𝑖𝑖 = 3.5,
Var 𝑋𝑋𝑖𝑖 = 35/12
𝑋𝑋 ≈ 𝑌𝑌~𝒩𝒩(10 3.5 , 10 35/12 )

Want:
𝑃𝑃 𝑋𝑋 ≤ 25 or 𝑋𝑋 ≥ 45

A. 𝑃𝑃 25 ≤ 𝑌𝑌 ≤ 45
B. 𝑃𝑃 𝑌𝑌 ≤ 25.5 + 𝑃𝑃 𝑌𝑌 ≥ 44.5
C. 1 − 𝑃𝑃 25 ≤ 𝑌𝑌 ≤ 45
D. 1 − 𝑃𝑃 25.5 ≤ 𝑌𝑌 ≤ 44.5



Dice game
You will roll 10 6-sided dice 𝑋𝑋1, 𝑋𝑋2, … ,𝑋𝑋10 .
• Let 𝑋𝑋 = 𝑋𝑋1 + 𝑋𝑋2 + ⋯+ 𝑋𝑋10, the total value of all 10 rolls.
• You win if 𝑋𝑋 ≤ 25 or 𝑋𝑋 ≥ 45.

What is the probability of winning?
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�
𝑖𝑖=1

𝑛𝑛

𝑋𝑋𝑖𝑖 ~𝒩𝒩(𝑛𝑛𝜇𝜇,𝑛𝑛𝜎𝜎2)As 𝑛𝑛 → ∞:

1. Define RVs and
state goal.

2. Solve.

𝐸𝐸 𝑋𝑋𝑖𝑖 = 3.5,
Var 𝑋𝑋𝑖𝑖 = 35/12
𝑋𝑋 ≈ 𝑌𝑌~𝒩𝒩(10 3.5 , 10 35/12 )

Want:
𝑃𝑃 𝑋𝑋 ≤ 25 or 𝑋𝑋 ≥ 45
≈ 𝑃𝑃 𝑌𝑌 ≤ 25.5 + 𝑃𝑃 𝑌𝑌 ≥ 44.5

𝑃𝑃 𝑌𝑌 ≤ 25.5 + 𝑃𝑃 𝑌𝑌 ≥ 44.5

= Φ
25.5 − 35
10 35/12

− 1 −Φ
44.5 − 35
10 35/12

≈ Φ −1.76 − 1 −Φ 1.76
≈ 1 − 0.9608 − 1 − 0.9608
= 0.0784



Dice game
You will roll 10 6-sided dice 𝑋𝑋1, 𝑋𝑋2, … ,𝑋𝑋10 .
• Let 𝑋𝑋 = 𝑋𝑋1 + 𝑋𝑋2 + ⋯+ 𝑋𝑋10, the total value of all 10 rolls.
• You win if 𝑋𝑋 ≤ 25 or 𝑋𝑋 ≥ 45.

What is the probability of winning?

29

�
𝑖𝑖=1

𝑛𝑛

𝑋𝑋𝑖𝑖 ~𝒩𝒩(𝑛𝑛𝜇𝜇,𝑛𝑛𝜎𝜎2)As 𝑛𝑛 → ∞:

≈ 𝑃𝑃 𝑌𝑌 ≤ 25.5 + 𝑃𝑃 𝑌𝑌 ≥ 44.5

≈ 0.0784

𝑃𝑃 𝑋𝑋 ≤ 25 or 𝑋𝑋 ≥ 45 ≈ 0.0780

(by computer)

(by CLT)



As 𝑛𝑛 → ∞:Clock running time
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Want to find the mean (clock)
runtime of an algorithm, 𝜇𝜇 = 𝑡𝑡 sec.
• Suppose variance of

runtime is 𝜎𝜎2 = 4 sec2.
How many trials do we need s.t. estimated time = 𝑡𝑡 ± 0.5 with 95% certainty?

Run algorithm repeatedly (i.i.d. trials):
• 𝑋𝑋𝑖𝑖 = runtime of 𝑖𝑖-th run (for 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛)
• Estimate runtime to be

average of 𝑛𝑛 trials, �𝑋𝑋

1
𝑛𝑛
�
𝑖𝑖=1

𝑛𝑛

𝑋𝑋𝑖𝑖 ~𝒩𝒩(𝜇𝜇,
𝜎𝜎2

𝑛𝑛
)



As 𝑛𝑛 → ∞:Clock running time
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�𝑋𝑋~𝒩𝒩 𝑡𝑡,
4
𝑛𝑛

𝑃𝑃 𝑡𝑡 − 0.5 ≤ �𝑋𝑋 ≤ 𝑡𝑡 + 0.5 = 0.95Want:(CLT)

Want to find the mean (clock)
runtime of an algorithm, 𝜇𝜇 = 𝑡𝑡 sec.
• Suppose variance of

runtime is 𝜎𝜎2 = 4 sec2.
How many trials do we need s.t. estimated time = 𝑡𝑡 ± 0.5 with 95% certainty?

Run algorithm repeatedly (i.i.d. trials):
• 𝑋𝑋𝑖𝑖 = runtime of 𝑖𝑖-th run (for 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛)
• Estimate runtime to be

average of 𝑛𝑛 trials, �𝑋𝑋

1. Define RVs and
state goal.

2. Solve.

1
𝑛𝑛
�
𝑖𝑖=1

𝑛𝑛

𝑋𝑋𝑖𝑖 ~𝒩𝒩(𝜇𝜇,
𝜎𝜎2

𝑛𝑛
)



As 𝑛𝑛 → ∞:Clock running time
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�𝑋𝑋~𝒩𝒩 𝑡𝑡,
4
𝑛𝑛

𝑃𝑃 𝑡𝑡 − 0.5 ≤ �𝑋𝑋 ≤ 𝑡𝑡 + 0.5 = 0.95Want:

𝑃𝑃 −0.5 ≤ �𝑋𝑋 − 𝑡𝑡 ≤ 0.5 = 0.95�𝑋𝑋 − 𝑡𝑡~𝒩𝒩 0,
4
𝑛𝑛

(linear 
transform of 

a normal)

(CLT)

Want to find the mean (clock)
runtime of an algorithm, 𝜇𝜇 = 𝑡𝑡 sec.
• Suppose variance of

runtime is 𝜎𝜎2 = 4 sec2.
How many trials do we need s.t. estimated time = 𝑡𝑡 ± 0.5 with 95% certainty?

Run algorithm repeatedly (i.i.d. trials):
• 𝑋𝑋𝑖𝑖 = runtime of 𝑖𝑖-th run (for 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛)
• Estimate runtime to be

average of 𝑛𝑛 trials, �𝑋𝑋

1. Define RVs and
state goal.

2. Solve.

1
𝑛𝑛
�
𝑖𝑖=1

𝑛𝑛

𝑋𝑋𝑖𝑖 ~𝒩𝒩(𝜇𝜇,
𝜎𝜎2

𝑛𝑛
)



Clock running time
Want to find the mean (clock)
runtime of an algorithm, 𝜇𝜇 = 𝑡𝑡 sec.
• Suppose variance of

runtime is 𝜎𝜎2 = 4 sec2.
How many trials do we need s.t. estimated time = 𝑡𝑡 ± 0.5 with 95% certainty?

33

Run algorithm repeatedly (i.i.d. trials):
• 𝑋𝑋𝑖𝑖 = runtime of 𝑖𝑖-th run (for 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛)
• Estimate runtime to be

average of 𝑛𝑛 trials, �𝑋𝑋

1. Define RVs and
state goal.

0.95 =
𝑃𝑃 −0.5 ≤ �𝑋𝑋 − 𝑡𝑡 ≤ 0.5

�𝑋𝑋 − 𝑡𝑡~𝒩𝒩 0,
4
𝑛𝑛

2. Solve.

0.95 = 𝐹𝐹 �𝑋𝑋−𝑡𝑡 0.5 − 𝐹𝐹�𝑋𝑋−𝑡𝑡 −0.5

= Φ
0.5 − 0

4/𝑛𝑛
− Φ

−0.5 − 0
4/𝑛𝑛

= 2Φ
𝑛𝑛

4
− 1

As 𝑛𝑛 → ∞:
1
𝑛𝑛
�
𝑖𝑖=1

𝑛𝑛

𝑋𝑋𝑖𝑖 ~𝒩𝒩(𝜇𝜇,
𝜎𝜎2

𝑛𝑛
)



Clock running time
Want to find the mean (clock)
runtime of an algorithm, 𝜇𝜇 = 𝑡𝑡 sec.
• Suppose variance of

runtime is 𝜎𝜎2 = 4 sec2.
How many trials do we need s.t. estimated time = 𝑡𝑡 ± 0.5 with 95% certainty?
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Run algorithm repeatedly (i.i.d. trials):
• 𝑋𝑋𝑖𝑖 = runtime of 𝑖𝑖-th run (for 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛)
• Estimate runtime to be

average of 𝑛𝑛 trials, �𝑋𝑋

1. Define RVs and
state goal.

0.95 =
𝑃𝑃 −0.5 ≤ �𝑋𝑋 − 𝑡𝑡 ≤ 0.5

�𝑋𝑋 − 𝑡𝑡~𝒩𝒩 0,
4
𝑛𝑛

2. Solve.

0.95 = 𝐹𝐹 �𝑋𝑋−𝑡𝑡 0.5 − 𝐹𝐹�𝑋𝑋−𝑡𝑡 −0.5

= Φ
0.5 − 0

4/𝑛𝑛
− Φ

−0.5 − 0
4/𝑛𝑛

= 2Φ
𝑛𝑛

4
− 1

0.975 = Φ 𝑛𝑛/4
𝑛𝑛/4 = Φ−1 0.975 ≈ 1.96 𝑛𝑛 ≈ 62

As 𝑛𝑛 → ∞:
1
𝑛𝑛
�
𝑖𝑖=1

𝑛𝑛

𝑋𝑋𝑖𝑖 ~𝒩𝒩(𝜇𝜇,
𝜎𝜎2

𝑛𝑛
)



Next time: How good is our estimate of the mean?
You want to know the true mean and 
variance of happiness in Bhutan.
• But you can’t ask everyone.
• You poll 200 random people.
• Your data looks like this:

Happiness = {72, 85, 79, 91, 68, …, 71}

• The mean of all these numbers is 83.
Is this the true mean happiness of 
Bhutanese people?

35
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