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Where are we now? A roadmap of CS109

Last Fri: Joint 
distributions
𝑝!,# 𝑥, 𝑦

4

Wed: Statistics of 
multiple RVs!
Var 𝑋 + 𝑌
𝐸 𝑋 + 𝑌
Cov 𝑋, 𝑌
𝜌 𝑋, 𝑌

Today:
Conditional distributions

𝑝!|# 𝑥|𝑦
𝐸 𝑋|𝑌

Time to kick it up a notch!

Next Week: Modeling 
with Bayesian Networks
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Your company has one job opening for a 
software engineer.

You have n candidates. But you have to say 
yes/no immediately after each interview!

What algorithm will maximize the probability 
that you hire the top candidate?

xkcd by Randall Munroe

Hiring and Engineer

https://xkcd.com/1185
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E[X + Y] = E[X] + E[Y]

Generalized:

Holds regardless of dependency between Xi’s
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Expectation of the Sum
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Differential Privacy

Aims to provide means to 
maximize the accuracy 
of probabilistic queries while 
minimizing the probability of 
identifying its records.

Cynthia Dwork’s celebrity lookalike is Cynthia Dwork.
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# Maximize accuracy, while preserving privacy.
def calculateYi(Xi):

obfuscate = random()
if obfuscate:

return indicator(random())
else:

return Xi

Differential Privacy
100 independent values X1 … X100 where Xi ~ Bern(p)

random() returns True
or False with equal 
likelihood
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# Maximize accuracy, while preserving privacy.
def calculateYi(Xi):

obfuscate = random()
if obfuscate:

return indicator(random())
else:

return Xi

Differential Privacy

random() returns True
or False with equal 
likelihood

100 independent values X1 … X100 where Xi ~ Bern(p)

What is E[Yi]? 

E[Yi] = P (Yi = 1) =
p

2
+

1

4
E[Yi] = P (Yi = 1) =

p

2
+

1

4
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# Maximize accuracy, while preserving privacy.
def calculateYi(Xi):

obfuscate = random()
if obfuscate:

return indicator(random())
else:

return Xi

Differential Privacy
100 independent values X1 … X100 where Xi ~ Bern(p)

Let Z =
100X

i=1

Yi
What is the E[Z]?

E[Z] = E
h 100X

i=1

Yi

i
=

100X

i=1

E[Yi] =
100X

i=1

�p
4
+

1

4

�
= 25p+ 25

random() returns True
or False with equal 
likelihood

E[Z] = E
h 100X

i=1

Yi

i
=

100X

i=1

E[Yi] =
100X

i=1

�p
4
+

1

4

�
= 25p+ 25E[Z] = E

h 100X

i=1

Yi

i
=

100X

i=1

E[Yi] =
100X

i=1

�p
2
+

1

4

�
= 50p+ 25
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# Maximize accuracy, while preserving privacy.
def calculateYi(Xi):

obfuscate = random()
if obfuscate:

return indicator(random())
else:

return Xi

Differential Privacy
100 independent values X1 … X100 where Xi ~ Bern(p)

Let Z =
100X

i=1

Yi
How do you estimate p?

random() returns True
or False with equal 
likelihood

Challenge: What is the probability that our estimate is good?

E[Z] = 50p+ 25

p ⇡ Z � 25

50



Discrete 
conditional 
distributions

12

14a_conditional_distributions
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Discrete conditional distributions
Recall the definition of the conditional probability of event 𝐸 given event 𝐹:

𝑃 𝐸 𝐹 =
𝑃 𝐸𝐹
𝑃 𝐹

For discrete random variables 𝑋 and 𝑌, the conditional PMF of 𝑋 given 𝑌 is

𝑃 𝑋 = 𝑥 𝑌 = 𝑦 =
𝑃 𝑋 = 𝑥, 𝑌 = 𝑦

𝑃 𝑌 = 𝑦

𝑝!|# 𝑥|𝑦 =
𝑝!,# 𝑥, 𝑦
𝑝# 𝑦

13

Different notation,
same idea:



Chris Piech and Jerry Cain, CS109, 2021

Dating at Stanford

14
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Discrete probabilities of CS109
Each student responds with:
Year 𝑌

• 1: Frosh/Soph
• 2: Jr/Sr
• 3: Co-term/grad/NDO

Timezone 𝑇 (12pm California time in 
my timezone is):

• −1: AM
• 0: noon
• 1: PM

15

𝑃 𝑌 = 3, 𝑇 = 1

Joint PMFs sum to 1.

𝑌 = 1 𝑌 = 2 𝑌 = 3
𝑇 = −1 .06 .01 .01
𝑇 = 0 .29 .14 .09
𝑇 = 1 .30 .08 .02

Joint PMF
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Discrete probabilities of CS109
The below are conditional probability tables
for conditional PMFs
(A) 𝑃 𝑌 = 𝑦|𝑇 = 𝑡 and (B) 𝑃 𝑇 = 𝑡|𝑌 = 𝑦 .
1. Which is which?
2. What’s the missing probability?

16

𝑌 = 1 𝑌 = 2 𝑌 = 3
𝑇 = −1 .06 .01 .01
𝑇 = 0 .29 .14 .09
𝑇 = 1 .30 .08 .02

Joint PMF

🤔

𝑌 = 1 𝑌 = 2 𝑌 = 3
𝑇 = −1 .09 .04 .08
𝑇 = 0 .45 .61 .75
𝑇 = 1 .46 .35 .17

𝑌 = 1 𝑌 = 2 𝑌 = 3
𝑇 = −1 .75 .125 ?
𝑇 = 0 .56 .27 .17
𝑇 = 1 .75 .2 .05
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Discrete probabilities of CS109
The below are conditional probability tables
for conditional PMFs
(A) 𝑃 𝑌 = 𝑦|𝑇 = 𝑡 and (B) 𝑃 𝑇 = 𝑡|𝑌 = 𝑦 .
1. Which is which?
2. What’s the missing probability?

17

𝑌 = 1 𝑌 = 2 𝑌 = 3
𝑇 = −1 .06 .01 .01
𝑇 = 0 .29 .14 .09
𝑇 = 1 .30 .08 .02

𝑌 = 1 𝑌 = 2 𝑌 = 3
𝑇 = −1 .09 .04 .08
𝑇 = 0 .45 .61 .75
𝑇 = 1 .46 .35 .17

Joint PMF

𝑌 = 1 𝑌 = 2 𝑌 = 3
𝑇 = −1 .75 .125 ?
𝑇 = 0 .56 .27 .17
𝑇 = 1 .75 .2 .05

(B) 𝑃 𝑇 = 𝑡|𝑌 = 𝑦 (A) 𝑃 𝑌 = 𝑦|𝑇 = 𝑡

.30/(.06+.29+.30)

1-.75-.125
.125

Conditional PMFs also sum to 1 conditioned on 
different events!
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Extended to Amazon

18

P(bought item 𝑋 | bought item 𝑌)
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Quick check
Number or function?

1. 𝑃 𝑋 = 2 𝑌 = 5

2. 𝑃 𝑋 = 𝑥 𝑌 = 5

3. 𝑃 𝑋 = 2 𝑌 = 𝑦

4. 𝑃 𝑋 = 𝑥 𝑌 = 𝑦

19

𝑃 𝑋 = 𝑥 𝑌 = 𝑦 =
𝑃 𝑋 = 𝑥, 𝑌 = 𝑦

𝑃 𝑌 = 𝑦

🤔

True or false?

5.

6.

7.

8.

)
!

)
"

𝑃 𝑋 = 𝑥|𝑌 = 𝑦 = 1

)
"

𝑃 𝑋 = 2|𝑌 = 𝑦 = 1

)
!

𝑃 𝑋 = 𝑥|𝑌 = 5 = 1

)
!

)
"

𝑃 𝑋 = 𝑥|𝑌 = 𝑦 𝑃 𝑌 = 𝑦 = 1
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Quick check
Number or function?

1. 𝑃 𝑋 = 2 𝑌 = 5

2. 𝑃 𝑋 = 𝑥 𝑌 = 5

3. 𝑃 𝑋 = 2 𝑌 = 𝑦

4. 𝑃 𝑋 = 𝑥 𝑌 = 𝑦

20

2-D function

1-D function

1-D function

number
true

false

false

𝑃 𝑋 = 𝑥 𝑌 = 𝑦 =
𝑃 𝑋 = 𝑥, 𝑌 = 𝑦

𝑃 𝑌 = 𝑦

True or false?

5.

6.

7.

8.

)
!

)
"

𝑃 𝑋 = 𝑥|𝑌 = 𝑦 = 1

)
"

𝑃 𝑋 = 2|𝑌 = 𝑦 = 1

)
!

𝑃 𝑋 = 𝑥|𝑌 = 5 = 1

)
!

)
"

𝑃 𝑋 = 𝑥|𝑌 = 𝑦 𝑃 𝑌 = 𝑦 = 1 true
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Independent RVs, defined another way
If 𝑋 and 𝑌 are independent discrete random variables, then ∀𝑥, 𝑦:

𝑃 𝑋 = 𝑥|𝑌 = 𝑦 =
𝑃 𝑋 = 𝑥, 𝑌 = 𝑦

𝑃 𝑌 = 𝑦
=
𝑃 𝑋 = 𝑥 𝑃 𝑌 = 𝑦

𝑃 𝑌 = 𝑦
= 𝑃 𝑋 = 𝑥

𝑝!|# 𝑥|𝑦 =
𝑝!,# 𝑥, 𝑦
𝑝# 𝑦

=
𝑝! 𝑥 𝑝# 𝑦
𝑝# 𝑦

= 𝑝! 𝑥

Note for conditional expectation, independent 𝑋 and 𝑌 implies

𝐸 𝑋|𝑌 = 𝑦 =6
%

𝑥𝑝!|# 𝑥|𝑦 =6
%

𝑥𝑝! 𝑥 = 𝐸 𝑋

21



Conditional 
Expectation

22

14c_cond_expectation
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Conditional Expectation

23

Conditional Distributions Expectation
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Conditional expectation
Recall the the conditional PMF of 𝑋 given 𝑌 = 𝑦: 

𝑝!|# 𝑥|𝑦 = 𝑃 𝑋 = 𝑥|𝑌 = 𝑦 =
𝑝!,# 𝑥, 𝑦
𝑝# 𝑦

The conditional expectation of 𝑋 given 𝑌 = 𝑦 is

𝐸 𝑋|𝑌 = 𝑦 =6
%

𝑥𝑃 𝑋 = 𝑥|𝑌 = 𝑦 =6
%

𝑥𝑝!|# 𝑥|𝑦

24
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It’s been so long, our dice friends
• Roll two 6-sided dice.
• Let roll 1 be 𝐷&, roll 2 be 𝐷'. 
• Let 𝑆 = value of 𝐷& + 𝐷'.

1. What is 𝐸 𝑆|𝐷' = 6 ?

25

𝐸 𝑋|𝑌 = 𝑦 =)
!

𝑥𝑝"|$ 𝑥|𝑦

𝐸 𝑆|𝐷, = 6 =)
!

𝑥𝑃 𝑆 = 𝑥|𝐷, = 6

=
1
6

7 + 8 + 9 + 10 + 11 + 12

Intuitively: 6 + 𝐸 𝐷- = 6 + 3.5 = 9.5

=
57
6
= 9.5

Let’s prove this!
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Properties of conditional expectation

26

1. LOTUS:

𝐸 𝑔 𝑋 |𝑌 = 𝑦 =)
!

𝑔 𝑥 𝑝.|/(𝑥|𝑦)

2. Sum of conditional expectation:

𝐸 )
01-

2

𝑋0 | 𝑌 = 𝑦 =)
01-

2

𝐸 𝑋0|𝑌 = 𝑦

3. Law of total expectation
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Define g(Y) = E[X | Y]
This is just function of Y

E[X|Y=y]

This is a function with Y as input

Conditional Expectation Function
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Define g(Y) = E[X | Y]
This is just function of Y

E[X|Y=y]

Conditional Expectation Function

Y = 3 6
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E[X]
<latexit sha1_base64="htRPXeyjl3b6xIRinbWutiuEegs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCCB4r2A9IQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5YcKZNq777VQ2Nre2d6q7tb39g8Oj+vFJT8epIrRLYh6rQYg15UzSrmGG00GiKBYhp/1wdpv7/SeqNIvlo5knNBB4IlnECDa5dOcPglG94TbdAmideCVpQInOqP41HMckFVQawrHWvucmJsiwMoxwuqgNU00TTGZ4Qn1LJRZUB1lx6wJdWGWMoljZkgYV6u+JDAut5yK0nQKbqV71cvE/z09NdBNkTCapoZIsF0UpRyZG+eNozBQlhs8twUQxeysiU6wwMTaemg3BW315nfRaTc9teg9XjXarjKMKZ3AOl+DBNbThHjrQBQJTeIZXeHOE8+K8Ox/L1opTzpzCHzifP6EKjec=</latexit><latexit sha1_base64="htRPXeyjl3b6xIRinbWutiuEegs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCCB4r2A9IQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5YcKZNq777VQ2Nre2d6q7tb39g8Oj+vFJT8epIrRLYh6rQYg15UzSrmGG00GiKBYhp/1wdpv7/SeqNIvlo5knNBB4IlnECDa5dOcPglG94TbdAmideCVpQInOqP41HMckFVQawrHWvucmJsiwMoxwuqgNU00TTGZ4Qn1LJRZUB1lx6wJdWGWMoljZkgYV6u+JDAut5yK0nQKbqV71cvE/z09NdBNkTCapoZIsF0UpRyZG+eNozBQlhs8twUQxeysiU6wwMTaemg3BW315nfRaTc9teg9XjXarjKMKZ3AOl+DBNbThHjrQBQJTeIZXeHOE8+K8Ox/L1opTzpzCHzifP6EKjec=</latexit><latexit sha1_base64="htRPXeyjl3b6xIRinbWutiuEegs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCCB4r2A9IQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5YcKZNq777VQ2Nre2d6q7tb39g8Oj+vFJT8epIrRLYh6rQYg15UzSrmGG00GiKBYhp/1wdpv7/SeqNIvlo5knNBB4IlnECDa5dOcPglG94TbdAmideCVpQInOqP41HMckFVQawrHWvucmJsiwMoxwuqgNU00TTGZ4Qn1LJRZUB1lx6wJdWGWMoljZkgYV6u+JDAut5yK0nQKbqV71cvE/z09NdBNkTCapoZIsF0UpRyZG+eNozBQlhs8twUQxeysiU6wwMTaemg3BW315nfRaTc9teg9XjXarjKMKZ3AOl+DBNbThHjrQBQJTeIZXeHOE8+K8Ox/L1opTzpzCHzifP6EKjec=</latexit><latexit sha1_base64="htRPXeyjl3b6xIRinbWutiuEegs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCCB4r2A9IQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5YcKZNq777VQ2Nre2d6q7tb39g8Oj+vFJT8epIrRLYh6rQYg15UzSrmGG00GiKBYhp/1wdpv7/SeqNIvlo5knNBB4IlnECDa5dOcPglG94TbdAmideCVpQInOqP41HMckFVQawrHWvucmJsiwMoxwuqgNU00TTGZ4Qn1LJRZUB1lx6wJdWGWMoljZkgYV6u+JDAut5yK0nQKbqV71cvE/z09NdBNkTCapoZIsF0UpRyZG+eNozBQlhs8twUQxeysiU6wwMTaemg3BW315nfRaTc9teg9XjXarjKMKZ3AOl+DBNbThHjrQBQJTeIZXeHOE8+K8Ox/L1opTzpzCHzifP6EKjec=</latexit>

E[X|Y = y]
<latexit sha1_base64="Pa5UQzNhSidukK0esk2WC7dbtCI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBehIILHCraNpKFstpt26WYTdzdCiP0TXjwo4tW/481/47bNQVsfDDzem2FmXpBwprRtf1ulldW19Y3yZmVre2d3r7p/0FFxKgltk5jH0g2wopwJ2tZMc+omkuIo4LQbjK+mfveRSsVicaezhPoRHgoWMoK1kdxrz326v8z8frVm1+0Z0DJxClKDAq1+9as3iEkaUaEJx0p5jp1oP8dSM8LppNJLFU0wGeMh9QwVOKLKz2f3TtCJUQYojKUpodFM/T2R40ipLApMZ4T1SC16U/E/z0t1eOHnTCSppoLMF4UpRzpG0+fRgElKNM8MwUQycysiIywx0SaiignBWXx5mXQadceuO7dntWajiKMMR3AMp+DAOTThBlrQBgIcnuEV3qwH68V6tz7mrSWrmDmEP7A+fwCTZY+a</latexit><latexit sha1_base64="Pa5UQzNhSidukK0esk2WC7dbtCI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBehIILHCraNpKFstpt26WYTdzdCiP0TXjwo4tW/481/47bNQVsfDDzem2FmXpBwprRtf1ulldW19Y3yZmVre2d3r7p/0FFxKgltk5jH0g2wopwJ2tZMc+omkuIo4LQbjK+mfveRSsVicaezhPoRHgoWMoK1kdxrz326v8z8frVm1+0Z0DJxClKDAq1+9as3iEkaUaEJx0p5jp1oP8dSM8LppNJLFU0wGeMh9QwVOKLKz2f3TtCJUQYojKUpodFM/T2R40ipLApMZ4T1SC16U/E/z0t1eOHnTCSppoLMF4UpRzpG0+fRgElKNM8MwUQycysiIywx0SaiignBWXx5mXQadceuO7dntWajiKMMR3AMp+DAOTThBlrQBgIcnuEV3qwH68V6tz7mrSWrmDmEP7A+fwCTZY+a</latexit><latexit sha1_base64="Pa5UQzNhSidukK0esk2WC7dbtCI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBehIILHCraNpKFstpt26WYTdzdCiP0TXjwo4tW/481/47bNQVsfDDzem2FmXpBwprRtf1ulldW19Y3yZmVre2d3r7p/0FFxKgltk5jH0g2wopwJ2tZMc+omkuIo4LQbjK+mfveRSsVicaezhPoRHgoWMoK1kdxrz326v8z8frVm1+0Z0DJxClKDAq1+9as3iEkaUaEJx0p5jp1oP8dSM8LppNJLFU0wGeMh9QwVOKLKz2f3TtCJUQYojKUpodFM/T2R40ipLApMZ4T1SC16U/E/z0t1eOHnTCSppoLMF4UpRzpG0+fRgElKNM8MwUQycysiIywx0SaiignBWXx5mXQadceuO7dntWajiKMMR3AMp+DAOTThBlrQBgIcnuEV3qwH68V6tz7mrSWrmDmEP7A+fwCTZY+a</latexit><latexit sha1_base64="Pa5UQzNhSidukK0esk2WC7dbtCI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBehIILHCraNpKFstpt26WYTdzdCiP0TXjwo4tW/481/47bNQVsfDDzem2FmXpBwprRtf1ulldW19Y3yZmVre2d3r7p/0FFxKgltk5jH0g2wopwJ2tZMc+omkuIo4LQbjK+mfveRSsVicaezhPoRHgoWMoK1kdxrz326v8z8frVm1+0Z0DJxClKDAq1+9as3iEkaUaEJx0p5jp1oP8dSM8LppNJLFU0wGeMh9QwVOKLKz2f3TtCJUQYojKUpodFM/T2R40ipLApMZ4T1SC16U/E/z0t1eOHnTCSppoLMF4UpRzpG0+fRgElKNM8MwUQycysiIywx0SaiignBWXx5mXQadceuO7dntWajiKMMR3AMp+DAOTThBlrQBgIcnuEV3qwH68V6tz7mrSWrmDmEP7A+fwCTZY+a</latexit>

E[X = 5]
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Doesn’t make sense. Take expectation of random variables, not 
events

This is a number:

This is a function of y:

Conditional Expectation Function
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X = favorite number
Y = year in school

E[X] = 0 * 0.05 + … + 9 * 0.10 = 5.38 

Conditional Expectation Example



Chris Piech and Jerry Cain, CS109, 2021

X = favorite number
Y = year in school

E[X | Y] ?

Year in school, Y = y E[X | Y = y]

2 5.5

3 5.8

4 6.0

5 4.7

Conditional Expectation Example
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X = favorite number
Y = year in school

E[X | Y] ?

Year in school, Y = y E[X | Y = y]

2 5.5

3 5.8

4 6.0

5 4.7

Conditional Expectation Example
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X = units in fall quarter
Y = year in school

E[X | Y] ?

Conditional Expectation Example
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It’s been so long, our dice friends
• Roll two 6-sided dice.
• Let roll 1 be 𝐷&, roll 2 be 𝐷'. 
• Let 𝑆 = value of 𝐷& + 𝐷'.

1. What is 𝐸 𝑆|𝐷' = 6 ?
2. What is 𝐸 𝑆|𝐷' ?

A. A function of 𝑆
B. A function of 𝐷'
C. A number

3. Give an expression
for 𝐸 𝑆|𝐷' .

34

𝐸 𝑋|𝑌 = 𝑦 =)
!

𝑥𝑝"|$ 𝑥|𝑦

57
6
= 9.5

🤔
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It’s been so long, our dice friends
• Roll two 6-sided dice.
• Let roll 1 be 𝐷&, roll 2 be 𝐷'. 
• Let 𝑆 = value of 𝐷& + 𝐷'.

1. What is 𝐸 𝑆|𝐷' = 6 ?
2. What is 𝐸 𝑆|𝐷' ?

A. A function of 𝑆
B. A function of 𝐷'
C. A number

3. Give an expression
for 𝐸 𝑆|𝐷' .

35

𝐸 𝑋|𝑌 = 𝑦 =)
!

𝑥𝑝"|$ 𝑥|𝑦

57
6
= 9.5

𝐸 𝑆|𝐷, = 𝑑, = 𝐸 𝐷- + 𝑑,|𝐷, = 𝑑,

=)
3!

𝑑- + 𝑑, 𝑃 𝐷- = 𝑑-|𝐷, = 𝑑,

=)
3!

𝑑-𝑃 𝐷- = 𝑑- + 𝑑,)
3!

𝑃 𝐷- = 𝑑-

= 𝐸 𝐷- + 𝑑, = 3.5 + 𝑑, 𝐸 𝑆|𝐷' = 3.5 + 𝐷'

(𝐷% = 𝑑%, 𝐷& = 𝑑&
independent 

events)



Law of Total 
Expectation

36

14d_law_of_total_expectation
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Properties of conditional expectation

37

1. LOTUS:

𝐸 𝑔 𝑋 |𝑌 = 𝑦 =)
!

𝑔 𝑥 𝑝.|/(𝑥|𝑦)

2. Linearity of conditional expectation:

𝐸 )
01-

2

𝑋0 | 𝑌 = 𝑦 =)
01-

2

𝐸 𝑋0|𝑌 = 𝑦

3. Law of total expectation:

𝐸 𝑋 = 𝐸 𝐸 𝑋|𝑌 what?!



Chris Piech and Jerry Cain, CS109, 2021

Law of Total Expectation

E[X] =
X

y

E[X|Y = y]P (Y = y)
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𝐸 𝑋 can be calculated using 𝐸 𝑋|𝑌
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Proof of Law of Total Expectation 𝐸 𝑋 = 𝐸 𝐸 𝑋|𝑌

E[E[X|Y ]] =
X

y

E[X|Y = y]P (Y = y)

=
X

y

X

x

xP (X = x|Y = y)P (Y = y)

=
X

y

X

x

xP (X = x, Y = y)

=
X

x

X

y

xP (X = x, Y = y)

=
X

x

x
X

y

P (X = x, Y = y)

=
X

x

xP (X = x)

= E[X]

g(Y) = E[X|Y]

Def of E[X|Y]

Chain rule!

I switch the order of the sums

Move that x outside the y sum

Marginalization

Def of E[X]
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Another way to compute 𝐸 𝑋

If we only have a conditional PMF of 𝑋 on some discrete variable 𝑌,
we can compute 𝐸 𝑋 as follows:
1. Compute expectation of 𝑋 given some value of 𝑌 = 𝑦
2. Repeat step 1 for all values of 𝑌
3. Compute a weighted sum (where weights are 𝑃 𝑌 = 𝑦 )

40

𝐸 𝑋 = 𝐸 𝐸 𝑋|𝑌

𝐸 𝐸 𝑋|𝑌 =)
"

𝑃 𝑌 = 𝑦 𝐸 𝑋|𝑌 = 𝑦 = 𝐸 𝑋

Useful for analyzing recursive code!!

def recurse():
if (random.random() < 0.5):

return 3
else: return (2 + recurse())
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Quick check
1. 𝐸 𝑋

2. 𝐸 𝑋, 𝑌

3. 𝐸 𝑋 + 𝑌

4. 𝐸 𝑋|𝑌

5. 𝐸 𝑋|𝑌 = 6

6. 𝐸 𝑋 = 1

7. 𝐸 𝑌|𝑋 = 𝑥

41

A. value
B. one RV, function on 𝑌
C. one RV, function on 𝑋
D. two RVs, function on 𝑋 and 𝑌
E. doesn’t make sense

*
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Analyzing recursive code

42

def recurse():
# equally likely values 1,2,3
x = np.random.choice([1,2,3])
if (x == 1): return 3
elif (x == 2): return (5 + recurse())
else: return (7 + recurse())

Let 𝑌 = return value of recurse().
What is 𝐸 𝑌 ?

𝐸 𝑋 = 𝐸 𝐸 𝑋|𝑌 =)
'

𝐸 𝑋|𝑌 = 𝑦 𝑃 𝑌 = 𝑦
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Analyzing recursive code

43

def recurse():
# equally likely values 1,2,3
x = np.random.choice([1,2,3])
if (x == 1): return 3
elif (x == 2): return (5 + recurse())
else: return (7 + recurse())

Let 𝑌 = return value of recurse().
What is 𝐸 𝑌 ?

𝐸 𝑋 = 𝐸 𝐸 𝑋|𝑌 =)
'

𝐸 𝑋|𝑌 = 𝑦 𝑃 𝑌 = 𝑦

When 𝑋 = 1, return 3.
𝐸 𝑌|𝑋 = 1 = 3

𝐸 𝑌 = 𝐸 𝑌|𝑋 = 1 𝑃 𝑋 = 1 + 𝐸 𝑌|𝑋 = 2 𝑃 𝑋 = 2 + 𝐸 𝑌|𝑋 = 3 𝑃 𝑋 = 3
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🤔
44

Analyzing recursive code

def recurse():
# equally likely values 1,2,3
x = np.random.choice([1,2,3])
if (x == 1): return 3
elif (x == 2): return (5 + recurse())
else: return (7 + recurse())

Let 𝑌 = return value of recurse().
What is 𝐸 𝑌 ?

𝐸 𝑋 = 𝐸 𝐸 𝑋|𝑌 =)
'

𝐸 𝑋|𝑌 = 𝑦 𝑃 𝑌 = 𝑦
If 𝑌 discrete

What is 𝐸 𝑌|𝑋 = 2 ?
A. 𝐸 5 + 𝑌
B. 𝐸 𝑌 + 5 = 5 + 𝐸 𝑌
C. 5 + 𝐸 𝑌|𝑋 = 2

𝐸 𝑌|𝑋 = 1 = 3

𝐸 𝑌 = 𝐸 𝑌|𝑋 = 1 𝑃 𝑋 = 1 + 𝐸 𝑌|𝑋 = 2 𝑃 𝑋 = 2 + 𝐸 𝑌|𝑋 = 3 𝑃 𝑋 = 3

(by yourself)
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Analyzing recursive code

45

def recurse():
# equally likely values 1,2,3
x = np.random.choice([1,2,3])
if (x == 1): return 3
elif (x == 2): return (5 + recurse())
else: return (7 + recurse())

Let 𝑌 = return value of recurse().
What is 𝐸 𝑌 ?

𝐸 𝑋 = 𝐸 𝐸 𝑋|𝑌 =)
'

𝐸 𝑋|𝑌 = 𝑦 𝑃 𝑌 = 𝑦
If 𝑌 discrete

When 𝑋 = 2, return 5 +
a future return value of recurse().

What is 𝐸 𝑌|𝑋 = 2 ?
A. 𝐸 5 + 𝑌
B. 𝐸 𝑌 + 5 = 5 + 𝐸 𝑌
C. 5 + 𝐸 𝑌|𝑋 = 2

𝐸 𝑌|𝑋 = 1 = 3

𝐸 𝑌 = 𝐸 𝑌|𝑋 = 1 𝑃 𝑋 = 1 + 𝐸 𝑌|𝑋 = 2 𝑃 𝑋 = 2 + 𝐸 𝑌|𝑋 = 3 𝑃 𝑋 = 3
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Analyzing recursive code

46

def recurse():
# equally likely values 1,2,3
x = np.random.choice([1,2,3])
if (x == 1): return 3
elif (x == 2): return (5 + recurse())
else: return (7 + recurse())

Let 𝑌 = return value of recurse().
What is 𝐸 𝑌 ?

𝐸 𝑋 = 𝐸 𝐸 𝑋|𝑌 =)
'

𝐸 𝑋|𝑌 = 𝑦 𝑃 𝑌 = 𝑦
If 𝑌 discrete

𝐸 𝑌|𝑋 = 1 = 3 𝐸 𝑌|𝑋 = 2 = 𝐸 5 + 𝑌 When 𝑋 = 3, return 
7 + a future return value 
of recurse().

𝐸 𝑌|𝑋 = 3 = 𝐸 7 + 𝑌

𝐸 𝑌 = 𝐸 𝑌|𝑋 = 1 𝑃 𝑋 = 1 + 𝐸 𝑌|𝑋 = 2 𝑃 𝑋 = 2 + 𝐸 𝑌|𝑋 = 3 𝑃 𝑋 = 3
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Analyzing recursive code

47

def recurse():
# equally likely values 1,2,3
x = np.random.choice([1,2,3])
if (x == 1): return 3
elif (x == 2): return (5 + recurse())
else: return (7 + recurse())

Let 𝑌 = return value of recurse().
What is 𝐸 𝑌 ?

𝐸 𝑋 = 𝐸 𝐸 𝑋|𝑌 =)
'

𝐸 𝑋|𝑌 = 𝑦 𝑃 𝑌 = 𝑦
If 𝑌 discrete

𝐸 𝑌 = 𝐸 𝑌|𝑋 = 1 𝑃 𝑋 = 1 + 𝐸 𝑌|𝑋 = 2 𝑃 𝑋 = 2 + 𝐸 𝑌|𝑋 = 3 𝑃 𝑋 = 3

𝐸 𝑌 = 3 1/3 + 5 + 𝐸 𝑌 1/3 + 7 + 𝐸 𝑌 1/3

𝐸 𝑌 = 1/3 15 + 2𝐸 𝑌 = 5 + 2/3 𝐸 𝑌

𝐸 𝑌 = 15

𝐸 𝑌|𝑋 = 1 = 3 𝐸 𝑌|𝑋 = 2 = 𝐸 5 + 𝑌 𝐸 𝑌|𝑋 = 3 = 𝐸 7 + 𝑌

On your own: What is Var 𝑌 ?
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Your company has one job opening 
for a software engineer.

You have n candidates. But you 
have to say yes/no immediately
after each interview!

Proposed algorithm: reject the first 
k and accept the next one who is 
better than all of them.

What’s the best value of k?

xkcd by Randall Munroe

Hiring and Engineer

https://xkcd.com/1185
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n candidates, must say yes/no immediately after each interview.
Reject the first k, accept the next who is better than all of them.
What’s the best value of k?

B: event that you hire the best engineer
X: position of the best engineer on the interview schedule

Hiring and Engineer

What is the P (B|X = i)?
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P (B|X = i) =
k

i� 1
if i > k
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n candidates, must say yes/no immediately after each interview.
Reject the first k, accept the next who is better than all of them.
What’s the best value of k?

B: event that you hire the best engineer
X: position of the best engineer on the interview schedule

Hiring and Engineer

ik

Hint: where is the best 
among the first i – 1 

candidates?



Chris Piech and Jerry Cain, CS109, 2021

n candidates, must say yes/no immediately after each interview.
Reject the first k, accept the next who is better than all of them.
What’s the best value of k?

B: event that you hire the best engineer
X: position of the best engineer on the interview schedule

Hiring and Engineer

Pk(B) =
1

n

nX

i=1

Pk(B|X = i)

=
1

n

nX

i=k+1

k

i� 1
since we know Pk(Best|X = i)

⇡ 1

n

Z n

i=k+1

k

i� 1
di By Riemann Sum approximation

=
k

n
ln(i = 1)

����
n

k+1

=
k

n
ln

n� 1

k
⇡ k

n
ln

n

k

Pk(B) =
nX

i=1

Pk(B|X = i)P (X = i)
<latexit sha1_base64="x4GJHQLtKmbt8smUcmTP/bC2ZcA=">AAACFHicbVBNS8NAEN3Ur1q/oh69LBahRShJEfRSKHrxGMG2gTaGzXbTLt1swu5GKLE/wot/xYsHRbx68Oa/cdvmoK0PBh7vzTAzL0gYlcqyvo3Cyura+kZxs7S1vbO7Z+4ftGWcCkxaOGaxcAMkCaOctBRVjLiJICgKGOkEo6up37knQtKY36pxQrwIDTgNKUZKS7556vijyiWswgbsyTTyM9qwJ3cczuUH6GqDVp2K26BV3yxbNWsGuEzsnJRBDsc3v3r9GKcR4QozJGXXthLlZUgoihmZlHqpJAnCIzQgXU05ioj0stlTE3iilT4MY6GLKzhTf09kKJJyHAW6M0JqKBe9qfif101VeOFllCepIhzPF4UpgyqG04RgnwqCFRtrgrCg+laIh0ggrHSOJR2CvfjyMmnXa7ZVs2/Oys16HkcRHIFjUAE2OAdNcA0c0AIYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+AIDMmqQ=</latexit><latexit sha1_base64="x4GJHQLtKmbt8smUcmTP/bC2ZcA=">AAACFHicbVBNS8NAEN3Ur1q/oh69LBahRShJEfRSKHrxGMG2gTaGzXbTLt1swu5GKLE/wot/xYsHRbx68Oa/cdvmoK0PBh7vzTAzL0gYlcqyvo3Cyura+kZxs7S1vbO7Z+4ftGWcCkxaOGaxcAMkCaOctBRVjLiJICgKGOkEo6up37knQtKY36pxQrwIDTgNKUZKS7556vijyiWswgbsyTTyM9qwJ3cczuUH6GqDVp2K26BV3yxbNWsGuEzsnJRBDsc3v3r9GKcR4QozJGXXthLlZUgoihmZlHqpJAnCIzQgXU05ioj0stlTE3iilT4MY6GLKzhTf09kKJJyHAW6M0JqKBe9qfif101VeOFllCepIhzPF4UpgyqG04RgnwqCFRtrgrCg+laIh0ggrHSOJR2CvfjyMmnXa7ZVs2/Oys16HkcRHIFjUAE2OAdNcA0c0AIYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+AIDMmqQ=</latexit><latexit sha1_base64="x4GJHQLtKmbt8smUcmTP/bC2ZcA=">AAACFHicbVBNS8NAEN3Ur1q/oh69LBahRShJEfRSKHrxGMG2gTaGzXbTLt1swu5GKLE/wot/xYsHRbx68Oa/cdvmoK0PBh7vzTAzL0gYlcqyvo3Cyura+kZxs7S1vbO7Z+4ftGWcCkxaOGaxcAMkCaOctBRVjLiJICgKGOkEo6up37knQtKY36pxQrwIDTgNKUZKS7556vijyiWswgbsyTTyM9qwJ3cczuUH6GqDVp2K26BV3yxbNWsGuEzsnJRBDsc3v3r9GKcR4QozJGXXthLlZUgoihmZlHqpJAnCIzQgXU05ioj0stlTE3iilT4MY6GLKzhTf09kKJJyHAW6M0JqKBe9qfif101VeOFllCepIhzPF4UpgyqG04RgnwqCFRtrgrCg+laIh0ggrHSOJR2CvfjyMmnXa7ZVs2/Oys16HkcRHIFjUAE2OAdNcA0c0AIYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+AIDMmqQ=</latexit><latexit sha1_base64="x4GJHQLtKmbt8smUcmTP/bC2ZcA=">AAACFHicbVBNS8NAEN3Ur1q/oh69LBahRShJEfRSKHrxGMG2gTaGzXbTLt1swu5GKLE/wot/xYsHRbx68Oa/cdvmoK0PBh7vzTAzL0gYlcqyvo3Cyura+kZxs7S1vbO7Z+4ftGWcCkxaOGaxcAMkCaOctBRVjLiJICgKGOkEo6up37knQtKY36pxQrwIDTgNKUZKS7556vijyiWswgbsyTTyM9qwJ3cczuUH6GqDVp2K26BV3yxbNWsGuEzsnJRBDsc3v3r9GKcR4QozJGXXthLlZUgoihmZlHqpJAnCIzQgXU05ioj0stlTE3iilT4MY6GLKzhTf09kKJJyHAW6M0JqKBe9qfif101VeOFllCepIhzPF4UpgyqG04RgnwqCFRtrgrCg+laIh0ggrHSOJR2CvfjyMmnXa7ZVs2/Oys16HkcRHIFjUAE2OAdNcA0c0AIYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+AIDMmqQ=</latexit>

By the law of total expectation



Chris Piech and Jerry Cain, CS109, 2021

n candidates, must say yes/no immediately after each interview.
Reject the first k, accept the next who is better than all of them.
What’s the best value of k?

B: event that you hire the best engineer
X: position of the best engineer on the interview schedule

Hiring and Engineer

Pk(B) =
nX

i=1

Pk(B|X = i)P (X = i)
<latexit sha1_base64="x4GJHQLtKmbt8smUcmTP/bC2ZcA=">AAACFHicbVBNS8NAEN3Ur1q/oh69LBahRShJEfRSKHrxGMG2gTaGzXbTLt1swu5GKLE/wot/xYsHRbx68Oa/cdvmoK0PBh7vzTAzL0gYlcqyvo3Cyura+kZxs7S1vbO7Z+4ftGWcCkxaOGaxcAMkCaOctBRVjLiJICgKGOkEo6up37knQtKY36pxQrwIDTgNKUZKS7556vijyiWswgbsyTTyM9qwJ3cczuUH6GqDVp2K26BV3yxbNWsGuEzsnJRBDsc3v3r9GKcR4QozJGXXthLlZUgoihmZlHqpJAnCIzQgXU05ioj0stlTE3iilT4MY6GLKzhTf09kKJJyHAW6M0JqKBe9qfif101VeOFllCepIhzPF4UpgyqG04RgnwqCFRtrgrCg+laIh0ggrHSOJR2CvfjyMmnXa7ZVs2/Oys16HkcRHIFjUAE2OAdNcA0c0AIYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+AIDMmqQ=</latexit><latexit sha1_base64="x4GJHQLtKmbt8smUcmTP/bC2ZcA=">AAACFHicbVBNS8NAEN3Ur1q/oh69LBahRShJEfRSKHrxGMG2gTaGzXbTLt1swu5GKLE/wot/xYsHRbx68Oa/cdvmoK0PBh7vzTAzL0gYlcqyvo3Cyura+kZxs7S1vbO7Z+4ftGWcCkxaOGaxcAMkCaOctBRVjLiJICgKGOkEo6up37knQtKY36pxQrwIDTgNKUZKS7556vijyiWswgbsyTTyM9qwJ3cczuUH6GqDVp2K26BV3yxbNWsGuEzsnJRBDsc3v3r9GKcR4QozJGXXthLlZUgoihmZlHqpJAnCIzQgXU05ioj0stlTE3iilT4MY6GLKzhTf09kKJJyHAW6M0JqKBe9qfif101VeOFllCepIhzPF4UpgyqG04RgnwqCFRtrgrCg+laIh0ggrHSOJR2CvfjyMmnXa7ZVs2/Oys16HkcRHIFjUAE2OAdNcA0c0AIYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+AIDMmqQ=</latexit><latexit sha1_base64="x4GJHQLtKmbt8smUcmTP/bC2ZcA=">AAACFHicbVBNS8NAEN3Ur1q/oh69LBahRShJEfRSKHrxGMG2gTaGzXbTLt1swu5GKLE/wot/xYsHRbx68Oa/cdvmoK0PBh7vzTAzL0gYlcqyvo3Cyura+kZxs7S1vbO7Z+4ftGWcCkxaOGaxcAMkCaOctBRVjLiJICgKGOkEo6up37knQtKY36pxQrwIDTgNKUZKS7556vijyiWswgbsyTTyM9qwJ3cczuUH6GqDVp2K26BV3yxbNWsGuEzsnJRBDsc3v3r9GKcR4QozJGXXthLlZUgoihmZlHqpJAnCIzQgXU05ioj0stlTE3iilT4MY6GLKzhTf09kKJJyHAW6M0JqKBe9qfif101VeOFllCepIhzPF4UpgyqG04RgnwqCFRtrgrCg+laIh0ggrHSOJR2CvfjyMmnXa7ZVs2/Oys16HkcRHIFjUAE2OAdNcA0c0AIYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+AIDMmqQ=</latexit><latexit sha1_base64="x4GJHQLtKmbt8smUcmTP/bC2ZcA=">AAACFHicbVBNS8NAEN3Ur1q/oh69LBahRShJEfRSKHrxGMG2gTaGzXbTLt1swu5GKLE/wot/xYsHRbx68Oa/cdvmoK0PBh7vzTAzL0gYlcqyvo3Cyura+kZxs7S1vbO7Z+4ftGWcCkxaOGaxcAMkCaOctBRVjLiJICgKGOkEo6up37knQtKY36pxQrwIDTgNKUZKS7556vijyiWswgbsyTTyM9qwJ3cczuUH6GqDVp2K26BV3yxbNWsGuEzsnJRBDsc3v3r9GKcR4QozJGXXthLlZUgoihmZlHqpJAnCIzQgXU05ioj0stlTE3iilT4MY6GLKzhTf09kKJJyHAW6M0JqKBe9qfif101VeOFllCepIhzPF4UpgyqG04RgnwqCFRtrgrCg+laIh0ggrHSOJR2CvfjyMmnXa7ZVs2/Oys16HkcRHIFjUAE2OAdNcA0c0AIYPIJn8ArejCfjxXg3PuatBSOfOQR/YHz+AIDMmqQ=</latexit>

By the law of total expectation

Pk(B) ⇡ k

n
ln

n

k
<latexit sha1_base64="IjEAjF1Fvx7yHsjbk17/CXz6vdw=">AAACEnicbVC7TsMwFHXKq5RXgJHFokJqlyqpkGCsYGEsEn1ITRQ5rtNadezIdhBVlG9g4VdYGECIlYmNv8FtM0DLka50fM698r0nTBhV2nG+rdLa+sbmVnm7srO7t39gHx51lUglJh0smJD9ECnCKCcdTTUj/UQSFIeM9MLJ9czv3ROpqOB3epoQP0YjTiOKkTZSYNfbwaR2BevQQ0kixQP0IolwNskznnuML148N0JgV52GMwdcJW5BqqBAO7C/vKHAaUy4xgwpNXCdRPsZkppiRvKKlyqSIDxBIzIwlKOYKD+bn5TDM6MMYSSkKa7hXP09kaFYqWkcms4Y6bFa9mbif94g1dGln1GepJpwvPgoShnUAs7ygUMqCdZsagjCkppdIR4jk4I2KVZMCO7yyauk22y4TsO9Pa+2mkUcZXACTkENuOACtMANaIMOwOARPINX8GY9WS/Wu/WxaC1Zxcwx+APr8wdoGZ3w</latexit><latexit sha1_base64="IjEAjF1Fvx7yHsjbk17/CXz6vdw=">AAACEnicbVC7TsMwFHXKq5RXgJHFokJqlyqpkGCsYGEsEn1ITRQ5rtNadezIdhBVlG9g4VdYGECIlYmNv8FtM0DLka50fM698r0nTBhV2nG+rdLa+sbmVnm7srO7t39gHx51lUglJh0smJD9ECnCKCcdTTUj/UQSFIeM9MLJ9czv3ROpqOB3epoQP0YjTiOKkTZSYNfbwaR2BevQQ0kixQP0IolwNskznnuML148N0JgV52GMwdcJW5BqqBAO7C/vKHAaUy4xgwpNXCdRPsZkppiRvKKlyqSIDxBIzIwlKOYKD+bn5TDM6MMYSSkKa7hXP09kaFYqWkcms4Y6bFa9mbif94g1dGln1GepJpwvPgoShnUAs7ygUMqCdZsagjCkppdIR4jk4I2KVZMCO7yyauk22y4TsO9Pa+2mkUcZXACTkENuOACtMANaIMOwOARPINX8GY9WS/Wu/WxaC1Zxcwx+APr8wdoGZ3w</latexit><latexit sha1_base64="IjEAjF1Fvx7yHsjbk17/CXz6vdw=">AAACEnicbVC7TsMwFHXKq5RXgJHFokJqlyqpkGCsYGEsEn1ITRQ5rtNadezIdhBVlG9g4VdYGECIlYmNv8FtM0DLka50fM698r0nTBhV2nG+rdLa+sbmVnm7srO7t39gHx51lUglJh0smJD9ECnCKCcdTTUj/UQSFIeM9MLJ9czv3ROpqOB3epoQP0YjTiOKkTZSYNfbwaR2BevQQ0kixQP0IolwNskznnuML148N0JgV52GMwdcJW5BqqBAO7C/vKHAaUy4xgwpNXCdRPsZkppiRvKKlyqSIDxBIzIwlKOYKD+bn5TDM6MMYSSkKa7hXP09kaFYqWkcms4Y6bFa9mbif94g1dGln1GepJpwvPgoShnUAs7ygUMqCdZsagjCkppdIR4jk4I2KVZMCO7yyauk22y4TsO9Pa+2mkUcZXACTkENuOACtMANaIMOwOARPINX8GY9WS/Wu/WxaC1Zxcwx+APr8wdoGZ3w</latexit><latexit sha1_base64="IjEAjF1Fvx7yHsjbk17/CXz6vdw=">AAACEnicbVC7TsMwFHXKq5RXgJHFokJqlyqpkGCsYGEsEn1ITRQ5rtNadezIdhBVlG9g4VdYGECIlYmNv8FtM0DLka50fM698r0nTBhV2nG+rdLa+sbmVnm7srO7t39gHx51lUglJh0smJD9ECnCKCcdTTUj/UQSFIeM9MLJ9czv3ROpqOB3epoQP0YjTiOKkTZSYNfbwaR2BevQQ0kixQP0IolwNskznnuML148N0JgV52GMwdcJW5BqqBAO7C/vKHAaUy4xgwpNXCdRPsZkppiRvKKlyqSIDxBIzIwlKOYKD+bn5TDM6MMYSSkKa7hXP09kaFYqWkcms4Y6bFa9mbif94g1dGln1GepJpwvPgoShnUAs7ygUMqCdZsagjCkppdIR4jk4I2KVZMCO7yyauk22y4TsO9Pa+2mkUcZXACTkENuOACtMANaIMOwOARPINX8GY9WS/Wu/WxaC1Zxcwx+APr8wdoGZ3w</latexit>

Fun fact. Optimized when: k =
n

e
<latexit sha1_base64="fZJ2nsGyimp9zn2s6vjRljTohOI=">AAAB+HicbVBNS8NAEJ3Ur1o/WvXoZbEInkpSBL0IBS8eK9gPaEPZbCft0s0m7G6EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCARXBvX/XYKG5tb2zvF3dLe/sFhuXJ03NZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5Hbudx5RaR7LBzNN0I/oSPKQM2qsNKiUJ+SG9ENFWSZnGc4Glapbcxcg68TLSRVyNAeVr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni8Nn5NwqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rw2s+4TFKDki0XhakgJibzFMiQK2RGTC2hTHF7K2FjalMwNquSDcFbfXmdtOs1z61595fVRj2PowincAYX4MEVNOAOmtACBik8wyu8OU/Oi/PufCxbC04+cwJ/4Hz+AFZ7ktQ=</latexit><latexit sha1_base64="fZJ2nsGyimp9zn2s6vjRljTohOI=">AAAB+HicbVBNS8NAEJ3Ur1o/WvXoZbEInkpSBL0IBS8eK9gPaEPZbCft0s0m7G6EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCARXBvX/XYKG5tb2zvF3dLe/sFhuXJ03NZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5Hbudx5RaR7LBzNN0I/oSPKQM2qsNKiUJ+SG9ENFWSZnGc4Glapbcxcg68TLSRVyNAeVr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni8Nn5NwqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rw2s+4TFKDki0XhakgJibzFMiQK2RGTC2hTHF7K2FjalMwNquSDcFbfXmdtOs1z61595fVRj2PowincAYX4MEVNOAOmtACBik8wyu8OU/Oi/PufCxbC04+cwJ/4Hz+AFZ7ktQ=</latexit><latexit sha1_base64="fZJ2nsGyimp9zn2s6vjRljTohOI=">AAAB+HicbVBNS8NAEJ3Ur1o/WvXoZbEInkpSBL0IBS8eK9gPaEPZbCft0s0m7G6EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCARXBvX/XYKG5tb2zvF3dLe/sFhuXJ03NZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5Hbudx5RaR7LBzNN0I/oSPKQM2qsNKiUJ+SG9ENFWSZnGc4Glapbcxcg68TLSRVyNAeVr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni8Nn5NwqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rw2s+4TFKDki0XhakgJibzFMiQK2RGTC2hTHF7K2FjalMwNquSDcFbfXmdtOs1z61595fVRj2PowincAYX4MEVNOAOmtACBik8wyu8OU/Oi/PufCxbC04+cwJ/4Hz+AFZ7ktQ=</latexit><latexit sha1_base64="fZJ2nsGyimp9zn2s6vjRljTohOI=">AAAB+HicbVBNS8NAEJ3Ur1o/WvXoZbEInkpSBL0IBS8eK9gPaEPZbCft0s0m7G6EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCARXBvX/XYKG5tb2zvF3dLe/sFhuXJ03NZxqhi2WCxi1Q2oRsEltgw3AruJQhoFAjvB5Hbudx5RaR7LBzNN0I/oSPKQM2qsNKiUJ+SG9ENFWSZnGc4Glapbcxcg68TLSRVyNAeVr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni8Nn5NwqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rw2s+4TFKDki0XhakgJibzFMiQK2RGTC2hTHF7K2FjalMwNquSDcFbfXmdtOs1z61595fVRj2PowincAYX4MEVNOAOmtACBik8wyu8OU/Oi/PufCxbC04+cwJ/4Hz+AFZ7ktQ=</latexit>


