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Permutations I




Unique 6-digit passcodes with six smudges

How many unique 6-digit passcodes are possible if a
phone password uses each of six distinct numbers?

Piech + Cain, CS109, Stanford University




Sort n distinct objects




Sort n distinct objects

Irina Joey




Sort n distinct objects

Steps:

1. Choose 1%t can 5 options
2. Choose 2" can 4 options
5. Choose 5™ can 1 option

Total =5Xx4X3x2X1
=120




Permutations

* A permutation is an ordered arrangement of objects.

* The number of unique orderings (permutations) of n distinct
objects is
n=nxn—-1)xXxn—-2) xX---x2x1.




Unique 6-digit passcodes with six smudges

How many unique 6-digit passcodes are possible if a
phone password uses each of six distinct numbers?

Total = 6! = 720 passcodes

How many unique passcodes are possible if a phone
password is some ordered subset of any 6 digits?

Total =10 X9 X8X7X6X5

10!
= — = 151200 passcodes

4!

Piech + Cain, CS109, Stanford University
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Summary of Combinatorics

Counting tasks on n objects

T

Sort objects Choose k objects Put objects in r
(permutations) (combinations) buckets
Distinct
(distinguishable)

R

Stanford University 10



Sort n distinct objects

Ayesha Tim Irina Joey Waddie

# of permutations =

Stanford University 11



Summary of Combinatorics

Counting tasks on n objects

T

Sort objects Choose k objects Put objects in r
(permutations) (combinations) buckets
Distinct Some

(distinguishable) distinct

o

Stanford University 12



Order n

Sort Semi-diStinCt Ob] eCtS distinct objects n!

All distinct Some indistinct

Stanford University 13



Sort semi-distinct objects

How do we find the number of permutations considering
some objects are indistinct?

By the product rule, permutations of distinct objects is a two-step process:

: permutations Permutations
permutations — . :
of distinct obiects  —— considering some X of just the
J objects are indistinct indistinct objects

Stanford University 14



Sort semi-distinct objects

How do we find the number of permutations considering

some objects are indistinct?

By the product rule, permutations of distinct objects is a two-step process:

permutations
of distinct objects

Permutations
of just the
indistinct objects

permutations
considering some
objects are indistinct

Stanford University 15



General approach to counting permutations

When there are n objects such that
n, are the same (indistinguishable or indistinct), and
n, are the same, and

n, are the same,
The number of unique orderings (permutations) is

nl

nl!nz! nrl .

For each group of indistinct objects,
Divide by the overcounted permutations.

Stanford University

16



Order n semi- n!

Sort semi-distinct objects | distinct objects T, 170
(

How many permutations?

Cok Co Coke Coke0 Coke0

Stanford University 17



Summary of Combinatorics

Counting tasks on n objects

T

Sort objects Choose k objects Put objects in r
(permutations) (combinations) buckets
Distinct Some

(distinguishable) distinct

n!

n!
nl!nz! “'Tlr!

Stanford University 1s



. Order n semi- n!

Strlngs distinct:;bjects nyn,!-n,!
/0 _[

How many Ietter\ogderings are possible for the following strings? 3! /14

T —  ——

. CHRISDADDY
T T A\

. MISSISSIPPI RTE

up to her chin when she’s thinking. H

This is Jerry’s dog, Doris. She puts her little Doris paw
Stanford University 19




Order n semi- n!

Strings distinct objects ny!n,!---n,!

How many letter orderings are possible for the following strings?

10!

. CHRISDADDY = - = 604,800

11!

o MISSISSIPPL =-———= = 34,650

11414121

Stanford University 20



Order n semi- n!

Unique 6-digit passcodes with six smudges aistinct objects mrmr-—m1

How many unique 6-digit passcodes are possible if a
phone password uses each of six distinct numbers?

Total = 6!
= 720 passcodes

Piech + Cain, CS109, Stanford University Stanford University 21



Order n semi- n!

Unique 6-digit passcodes with five smudges aistinct objects mrmr-—m1

How many unique 6-digit passcodes are possible if a
phone password uses each of five distinct numbers?

Steps:
1. Choose digit to repeat 5 outcomes
2. Create passcode (sort 6 digits:

4 distinct, 2 indistinct)

= 1,800 passcodes

Piech + Cain, CS109, Stanford University Stanford University 22
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Combinations I




Summary of Combinatorics

Counting tasks on n objects

T

Sort objects Choose k objects Put objects in r
(permutations) (combinations) buckets

/ \ Distinct
Distinct Some [6

(distinguishable) distinct

n!

n!
nl!nz! “'Tlr!

Stanford University 24



Combinations with cake

There are n = 20 people.
How many ways can we choose k = 5 people to get cake?

Consider the following
generative process...

Stanford University 25



Combinations with cake

There are n = 20 people.
How many ways can we choose k = 5 people to get cake?

1. n people
getin line

n! ways

Piech + Cain, CS109, Stanford University Stanford University 26



Combinations with cake

There are n = 20 people.
How many ways can we choose k = 5 people to get cake?

&

\w‘

l:‘lsﬂl')l;

ggiémﬁ

16

1. n people 2. Putfirst k
get in line in cake room

n! ways 1 way

Piech + Cain, CS109, Stanford University Stanford University 27



Combinations with cake

There are n = 20 people.
How many ways can we choose k = 5 people to get cake?

(o) " 8 7 6 7 8 9 10 11 12 13
sE®ee |, -

14 15 16 17 18 19 20

2. Putfirst k
IN cake room

1 way

Stanford University 28



Combinations with cake

There are n = 20 people.
How many ways can we choose k = 5 people to get cake?

A\

Vit

Q;HQ; 6 7 8 9 10

14 15 16 17 18

3. Allow cake
group to mingle
k! different

permutations lead to
the same mingle

11 12 13

19 20

Stanford University 29



Combinations with cake

There are n = 20 people.
How many ways can we choose k = 5 people to get cake?

o

‘-\.‘;‘ ‘;;’;‘ :_'.: .

A &8 A2
s & vCveewwwwwe

6 I 8 9 10 11 13

12

~ ﬁﬁé: £ ‘i!; - I M “!! g
« ® g Yvovwve
16 17 18 20

14 15 19
1. n people 2. Putfirst k 3. Allow cake 4. Allow non-cake
get in line In cake room group to mingle group to mingle
k! different
n! ways 1 way permutations lead to

the same mingle
Piech + Cain, CS109, Stanford University Stanford University 3o



Combinations with cake

There are n = 20 people.
How many ways can we choose k = 5 people to get cake?

- = e
N H = X
1. n people 2. Putfirst k 3. Allow cake 4. Allow non-cake
get in line In cake room group to group to mingle
MIPElGerent (n — k)! different
n! ways 1 way permutations lead to permutations lead to the

the same mingle same mingle
Piech + Cain, CS109, Stanford University Stanford University 31



Combinations

A combination is an unordered selection of k objects
from a set of n distinct objects.

The number of ways of making this selection is

1 1 1
K-~ xk!x(n—k)!%
Mﬁ\/ 4. Overcounted:
any ordering
1.0rdern 5 Take first k< Overcounted: of unchosen
distinct as chosen any ordering of group is
objects chosen group is same choice

same choice Stanford University 32



Combinations

A combination is an unordered selection of k objects W - W) b
from a set of n distinct objects. (% ) ) = E (\Q) e
The number of ways of making this selection is _
n! %1 x 1 o I Binomial
l(n— k) | — k) iCi
]‘(Ti(% k)! k! (n—k)! coefficient

Fun Fact:

Stanford University 33



e Ch kof (T
PrObablllty tEthOOkS ndistinc(:)tojte)}jecfc)s (k)

How many ways are there to choose 3 books
from a set of 6 distinct books?

(6)_ 6! _ 20
3) T 3131 cCO WS

Stanford University 34



Choose k of (n)

PrObablllty tEthOOkS n distinct objects \k

2. What if we do not want to read both the 9t and 10th edition of Ross?

6 6\ _ 6 4y _
A (9) = () = 5 ways 0 (©-()=16
6!
C. F.  Something else

2 ErE=1e
’,
Al

Stanford University 35




1 Ch kof (T
Probability textbooks n distnct ojects i)

2. What if we do not want to read both the 9t and 10t edition of Ross?

Strategy 1: Sum j

CWA (z)
0 \ (%)

Stanford University 3s6



1 Ch kof (T
Probability textbooks n distnct ojects i)

2. What if we do not want to read both the 9t and 10t edition of Ross?

Strategy 2: “Forbidden method” (unofficial name)

(5)- () =i
\mw Forbidden method: It is

sometimes easier to
exclude invalid cases than

to include cases.

Stanford University 37




Combinations II




Summary of Combinatorics

Counting tasks on n objects

T

Sort objects Choose k objects Put objects in r
(permutations) (combinations) buckets

|
/ \ Distinct

Distinct Some / \

(distinguishable) distinct 1 group r groups

!
n nl!nzn!---nr! (:) Q

Stanford University 39



General approach to combinations

The number of ways to choose r groups of n distinct objects such that
Foralli =1,...,r, group [ has size n;, and
i1 n; = n (all objects are assigned), is

Multinomial coefficient

Stanford University 4o



Datacenters

Choose k of n distinct objects n
into r groups of size nq, ... n,

nl’nz’ ...,nr

13 different computers are to be allocated
to 3 datacenters as shown in the table:

How many different divisions are possible?

Datacenter # machines
A o6
B 4
C 3
13
(6,4,3) = 60,060

($)(2) () = 60,060

6-1001-10 = 60,060

A and B > <)
All of the above ;9

Stanford University 41



Choose k of n distinct objects ( n )

Datacenters into r groups of size n4, ... n, Ny, Ny, -+, Ny
Datacenter # machines
13 different computers are to be allocated A 6
to 3 datacenters as shown in the table: B A
How many different divisions are possible? C 3
13
(6’4,3) = 60,060

() (5) () = 60060
61001 - 10 = 60,060

A and B
All of the above

Stanford University 42




Choose k of n distinct objects n
Datacenters into r groups of size n4, ... N, <n1, Ny, -, Ny )
Datacenter # machines
13 different computers are to be allocated to A 6
3 datacenters as shown in the table: B A
How many.different divisi sible? C 3

60,060

Strategy:Combinations into 3 group

Group 1 (datacenterA): n; =6
Group 2 (datacenter B): n, =4
Group 3 (datacenter C): n3; =3

Stanford University 43



Choose k of n distinct objects n
Datacenters into r groups of size nq, ... n, <n1, Ny, -, Ny )
Datacenter # machines
13 different computers are to be allocated to A 6
3 datacenters as shown in the table: B A

How many different divisions are possib

Strategy: Product rule with 3 steps
Choose 6 computers forA (%

Choose 4 computersforB (7
Choose 3 computers for C 3)

21,
25l

Stanford University 44



Choose k of n distinct objects n
DatacenteI‘S into r groups of size nq, ...n, <n1, Ny, -, Ny )
Datacenter # machines
13 different computers are to be allocated A 6
to 3 datacenters as shown in the table: B A
How many different divisions are possible? C 3
13 _ (13)(7) (3) _
(6,4,3) = 60,060 6 J\a)\3) = 60,060
Strategy: Combinations into 3 groups Strategy: Product rule with 3 steps

Choose 6 computers for A (
Choose 4 computersforB (7
Choose 3 computers for C 3)

Group 1 (datacenterA): n; =6
Group 2 (datacenterB): n, =4
Group 3 (datacenter C): n3; =3

Your approach will determine if you use
binomial/multinomial coefficients or factorials.

Stanford University 45




Buckets and The
Divider Method




Summary of Combinatorics

Counting tasks on n objects

T

Sort objects Choose k objects Put objects in r
(permutations) (combinations) buckets

N e N\
Distinct Some PN

(distinguishable) distinct 1 group r groups Distinct Indistinct
n! n n E@
G )
nl!nz!...nr! k Ny, Ny, , Ny

Stanford University 47



Ballsandurns Hash tables and distinct strings

How many ways are there to hash n distinct strings to r buckets?

madagascar

japan

south korea

1taly

r

Steps:
1. Bucket 18t string —» ¥

2. Bucket 2" string ——= |~ \

n. Bucket nt" string —>

r™ outcomes

Stanford University 4s



Summary of Combinatorics

Counting tasks on n objects

T

Sort objects Choose k objects Put objects in r
(permutations) (combinations) buckets

N e N\
Distinct Some PN

(distinguishable) distinct 1 group r groups Distinct Indistinct
n! n ( n ) [6
| n
n nl!nz!“'nr! (k) ni, Ny, -, Ny 4

Stanford University 49



Servers and indistinct requests

How many ways are there to distribute n indistinct web requests to r servers?

NS ——N S
request request
request request

Goal
Server 1 has x; requests,
Server 2 has x, requests,

Server r has x, requests

constraint: );i_, x; = n

Stanford University so



Simple example: n = 3 requests and r = 2 servers

sl 4w
00| R s

RS
| Leg

Stanford University s1



Bicycle helmet sales

How many ways can we assign n = 5 indistinct children to r = 4 distinct
bicycle helmet styles?

PN
H "
oa

Piech + Cain, CS109, Stanford University Stanford University 52




Bicycle helmet sales

1 possible assignment outcome:

Goal Order n indistinct objects and r — 1 indistinct dividers.

| | A
——X XX —
Consider the
following g é
generative m 6\..‘ d.‘ om J
& art

process...

Piech + Cain, CS109, Stanford University Stanford University 53



The divider method: A generative proof

How many ways can we assign n = 5 indistinct children to r = 4 distinct
bicycle helmet styles?

Goal Order n indistinct objects and r — 1 indistinct dividers.

0. Make objects and dividers distinct

® & & ©
Ah4dha | 4

Stanford University 54



The divider method: A generative proof

How many ways can we assign n = 5 indistinct children to r = 4 distinct
bicycle helmet styles?

Goal Order n indistinct objects and r — 1 indistinct dividers.

© 66

1. Order n distinct
objectsand r — 1
distinct dividers

n+r-—1)!

Stanford University 55



The divider method: A generative proof

How many ways can we assign n = 5 indistinct children to r = 4 distinct
bicycle helmet styles?

Goal Order n indistinct objects and r — 1 indistinct dividers.

® &6 6 ©
F-vv X

2. Make n objects
indistinct
1
n!

Stanford University se



The divider method: A generative proof

How many ways can we assign n = 5 indistinct children to r = 4 distinct
bicycle helmet styles?

Goal Order n indistinct objects and r — 1 indistinct dividers.

3. Make r — 1 dividers
indistinct
1
(r—1)!

Stanford University 57




The divider method

The number of ways to distribute n indistinct objects into r buckets is

equivalent to the number of ways to permute n + r — 1 objects such that
n are indistinct objects, and
r — 1 are indistinct dividers:

1 1
Total=(n+r—1)!'X X
Lt D X )

Y

utcome
r — 1

Stanford University ss



. . Divider method /m+71r —1
Integel‘ SO]UthnS tO equatlons (n indistinct objects, r buckets) ( r—1 )

How many integer solutions are there to the following equation:
x1+x2+°“+xr = n,

where for all i, x; is an integer such that 0 < x; < n?
AN =

Positive integer equations can be
solved with the divider method.

Stanford University so



. . Divider method /m+71r —1
Venture CapltahStS (n indistinct objects, r buckets) ( r—1 )

You have $10 million to invest in 4 companies (in $1 million increments).
How many ways can you fully allocate your $10 million?
What if you want to invest at least $3 million in company 17?
What if you don’t have to invest all your money?

i
&

Stanford University e0



. . Divider method /m+71r —1
Venture CapltahStS. #1 (n indistinct objects, r buckets) ( r—1 )

You have $10 million to invest in 4 companies (in $1 million increments).
1. How many ways can you fully allocate your $10 million? ()o,p 4 —|

4 -\

Set up Solve
x1+x2 +x3 +X4 =10

x;: amount invested in company i

X; = 0
c, ¢, C 2 C j
f D @ O
T ¢ o O
3 & 2 ( Stanford University 61



. . Divider method /m+71r —1
Venture CapltahStS. #2 (n indistinct objects, r buckets) ( r—1 )

You have $10 million to invest in 4 companies (in $1 million increments).

What if you want to invest at least $3 million in company 17?

Solve <7 e

Set up i\f/)
X1t Xy + X3+ X4 = 10
x;: amount invested in company i _ C\ ) >
X123,x220,x320,x420 ’5

Mt Ky +Re Xy =

Stanford University e2



. . Divider method /m+71r —1
Venture CapltahStS. #3 (n indistinct objects, r buckets) ( r—1 )

You have $10 million to invest in 4 companies (in $1 million increments).

3. What if you don’t have to invest all your money? V0 4 6 —1
Set up Solve

G -\

x;: amount invested in compar
Xi >0

yi

K)+><ZJF;<3+><M@)D
k——-/J_\/K)

Stanford University 63



Summary of Combinatorics

Counting tasks on n objects

T

Sort objects Choose k objects Put objects in r
(permutations) (combinations) buckets

SN e/

Distinct Some / \

(distinguishable) distinct Distinct Indistinct

1 group r groups

* Determine if objects are distinct
» Use Product Rule if several steps
* Use Inclusion-Exclusion if different cases Stanford University 64




