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Review Timel!

Random Variables
Joint Distributions

Joint RV Statistics

Conditional Distribution
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Expectation & Variance

Discrete definition = Continuous definition
E[X] = z p(x) - x E[X] = fbx F(x)dx
Properties of Expectation Proper:ies of Variance
EIX+Y]=EX]+E[Y]  Var(X)=E[(X= p)’]
ElaX+ bl=aE|X]|+ b Var(X) = E[X?] = E[X]?
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Discrete Random Variables

Ber(p) Bin(n, p) Poi(A) Geo(p) NegBin(r,p)
P(X)=p  [Ere-n” A=pfp | (hru-er
EX]=p | E[X]=np | E[X]=A E[X]= E[X] =

1/p r/p
Var(X) = Var(X) = l1=p r(1=p)
X) (X) Var(X) = A : :
p(1-p) np(1-p) P P
Number of success Number of Number of
1 experiment with prob over experiment independent trials until independent trials

p of success

n independent trials with
prob p of success

duration, A rate of
SUCCesS

first success

until r successes




Continuous Random Variables - PDF

For continuous RVs, we need to calculate the PDF,
instead of the PMF

PDF for RV X
f(x) = 0suchthat —oo < x <

b
P(a < x < b) =f f(x)dx



Continuous Random Variables

Uni(a, 3) Exp(A) N(u, 0 2)

f0) =5 f(x) = A=W fx) = m/12n e
P(aS XS b)=5— F(x)=1= ™ F = o (1)

E[X]=a;ﬁ EIX]=1/A E[X]=(
Var(x) =£=2 Var(x) == Var(x) = 02

Duration of time until success
occurs. A is rate of success




Approximations

When can we approximate a binomial?

Poisson Normal
* n>20 * n>20
 pis small * p is moderate
A =npis moderate  np(1-p) > 10

« Nn>20and p<0.05 -+ Independent trials

- n>100and p <0.1
+ Slight dependence ok



Continuity Correction

In our website testing, Y~N (50, 25) approximates X~Bin(100,0.5).

0.09
0.08

@ Bin(100, 0.5)

0.00 — Normal(50, 25)

P(X 2 65) Binoﬁial

~ P(Y > 645) Normal

64 65 66

~ (0.0018 the better You must perform a continuity correction when
Approach 2 approximating a Binomial RV with a Normal RV.

Discrete (e.g., Binomial) Continuous (Normal)
probability question probability question

P(X =6) P(55<Y <65) - s
P(X 26) P(Y > 5.5) _ “ Nornal5.25
P> 0) P(Y'265) g lll-.-__
P(X <6) P(Y <5.5)

P(X <6) P(Y <6.5)

p(x) or f(x)




Joint Distributions — Discrete

For two discrete joint random variables X and Y,
the joint probability mass function is defined as:

pxy(a,b) =P(X =a,Y = b)

The marginal distributions of the joint PMF are defined as:

px(a) =P(X =a) = Z Pxy(a,y)
y

py(b) =P(Y =b) = z pxy(x,b) Use marginal distributions to
p” get a 1-D RV from a joint PMF.




Multinomial RVs

Consider an experiment of n independent trials:
Each trial results in one of m outcomes. P(outcome i) = p;, zpl —1

Let X;= # trials with outcome {

Joint PMF -
C1_C C
P(X1=c1, Xz = Czp e, Xin = C) = (C1,Cz, s Cm )pllpzz " Pm

m m
where Zci=n and Zpi=1
- i=1

1=1

Example:
Rolling 2 twos, 3 threes, and 5 fives on 10 rolls of a fair-sided die
Generating a random 5-word phrase with 1 “the”, 2 “bacon”, 1 “put”, 1 “on




Independent Discrete RVs

Two discrete random variables X and Y are independent if for all x, y:

PX=xY=y)=PX=x)P(Y =vy)



Sum of Independent RVs

Sum of independent Binomials

. If X ~Bin(n{,p) and Y ~ Bin(n,,p) and Xand Y are
independent, then X + Y~Bin(n{ + n,,p)

Sum of independent Poisson RVs

. If X ~ Poi(A;) and Y ~ Poi(4,) and Xand Y are
independent, then X + Y~Poi(1,; + 4,)

Sum of Independent Normal RVs

. fX ~N(uy,02)and Y ~N(u,, 0£)and X and Y are
independent, %f?enX+Y~5\léu ) 3

L ¥ Uy, 0 + 03)



Variance

For any random variables X and Y,
Var(X+Y)=Var(X)+ 2 -Cov(X,Y) + Var(Y)

When X and Y are independent,
Var(X +Y) =Var(X) + Var(Y)



Covariance

Cov(X,Y) =E[(X—-E|X]D(Y — E|[Y]]
= E[XY] — E[X]E[Y]

Note: if X and Y are independent, then Cov(X, Y) = 0. We can't
make the same assumption in the reverse direction.



Correlation

Correlation reps

What is the correlation coefficient p(X,Y)?

p(X,Y)=-1

Y=—aX+0b
a>0

p(X,¥) =0 p(X,Y) =0

“@ »” I .'._"_. :.:.-; i ., -,...".:-:‘.'..',. [ . 2
uncorrelated 1 s y=X

B
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X and Y can be nonlinearly related even if p(X,Y) = 0.




Correlation

Correlation of Xand Y
Cov(X,Y —
o(X,Y) = ov(X,Y) 0f = Var(Y)

05'€%%

Note: —1 < p(X,Y) <1
Measures the linear relationship between X and Y

p(X,Y)=1 = Y = aX + b,where a = gy /oy
p(X,Y)=—-1 =Y =aX+ b,wherea = —oagy/oy

p(X,Y)=0 = “uncorrelated” (absence of linear relationship)




Conditional Distribution

Conditional PMF for discrete X given Y

P(X=xY=
P(X =x|Y = y) = (P(;C:y)y)

Conditional Expectation

E[X|Y = y] =2xP(X=x\Y=y)

X



Law of Total Expectation

E[EIXIY]] = ) P(Y = EIXIY = y] = E[X]
y

If we only have a conditional PMF of X on some discrete variable Y,
we can compute E[X] as follows:

Compute expectation of X given some value of Y =y
Repeat step 1 for all values of Y

Compute a weighted sum (where weights are P(Y = y))

def recurse():
if (random.random() < 0.5):

return 3 . _
else: return (2 + recurse()) Useful for analyzing recursive code!!




Practice Problems!



Practice Problems

The Huffmeister flood plane in Houston has
historically been estimated to flood at an average
rate of 1 flood for every 500 years.

* What is the probability of observing at least 3
floods in 500 years?

 What is the probability that a flood will occur within
the next 100 years?

* What is the expected number of years until the
next flood?



Practice Problems

* What is the probability of observing at least 3 floods in 500
years?
* Let X denote the number of floods we observe in 500 years.
* X ~Poi(1) ; we observe 1 flood every 500 years

. P(X23)=1—P(X<3)=1—Z%=0P(X:i):1_%

* What is the probability that a flood will occur within the next
100 years?
* Let Y denote the number of years until the next flood.
* Y~ Exp(1/500)
« P(Y < 100) = F(100) = 1- 7% = 0.181

* What is the expected number of years until the next flood?

. E[Y] =2 =—= 500

A —
500



Practice Problems

int Near() {
int b = randomInteger(l, 4); // equally likely to be 1, 2, 3 or 4
if (b == 1) return 2;
else if (b == 2) return 4;
else if (b == 3) return (6 + Near()):
else return (8 + Near()):

}

int Far() {
int a = randomInteger(l, 3); // equally likely to be 1, 2 or 3
if (a == 1) return 2;
else if (a == 2) return (2 + Near()):
else return (4 + Far()) .,

Let Y = the value returned by Far().
Let X = the value returned by Near ().

What is E[Y]?




Practice Problems

Return value for Far() is based on Near (), so
calculate E[X] first.

int Near() {
int b = randomInteger(l, 4); // equally likely to be 1, 2, 3 or 4
if (b == 1) return 2;
else if (b == 2) return 4;

else if (b == 3) return (6 + Near()):;
else return (8 + Near()):;

}

E[X] =X/, P(B=10)E[X|B =i]

=% (2+4+E[6+X]+E[8+X])

=% (2+4+6+E[X]+8+E[X])

=% (20 + 2E[X])

=5+ % E[X]
We have an equation solely in terms of E[X].
¥ E[X] =5, so E[X] = 10.



Practice Problems

Now, we are ready to calculate E[Y].

int Far() {
int a = randomInteger(l, 3); // equally likely to be 1, 2 or 3
if (a == 1) return 2;
else if (a == 2) return (2 + Near()):;

else return (4 + Far());

E[Y]=Y7_,P(A=10E[Y|A =]
=% (2+E[2+X]+E[4+Y])
=% (2+2+E[X]+4+E[Y])
=% (8 + E[X] + E[Y])
=% (8 + 10 + E[Y])
=6 + J5E[Y]

Therefore, E[Y] =9



Practice Problems

int Near() {
int b = randomInteger(l, 4); // equally likely to be 1, 2, 3 or 4
if (b == 1) return 2;
else if (b == 2) return 4;
else if (b == 3) return (6 + Near()):,
else return (8 + Near()):

}

int Far() {
int a = randomInteger(l, 3); // equally likely to be 1, 2 or 3
if (a == 1) return 2;
else if (a == 2) return (2 + Near()):;
else return (4 + Far());

Let Y = the value returned by Far ().
Let X = the value returned by Near ().
What is Var[Y]?



Practice Problems

int Near() {
int b = randomInteger(l, 4); // equally likely to be 1, 2, 3 or 4
if (b == 1) return 2;
else if (b == 2) return 4;
else if (b == 3) return (6 + Near()):,
else return (8 + Near()):

}

int Far() {
int a = randomInteger(l, 3); // equally likely to be 1, 2 or 3
if (a == 1) return 2;
else if (a == 2) return (2 + Near()):;
else return (4 + Far());

Let Y = the value returned by Far ().
Let X = the value returned by Near ().
What is Var[Y]?

Note: Var[Y] = E[Y2] — E[Y]2. We know E[Y]?, but we need to solve for E[Y2].
To find E[Y2], we need to find E[X?], as before.



Practice Problems

L ’ f' d E Xz int Near() {

et S In [ ]. int b = randomInteger(l, 4); // equally likely to be 1, 2, 3 or 4
if (b == 1) return 2;
else if (b == 2) return 4;

else if (b == 3) return (6 + Near()):
else return (8 + Near()):

E[X?] = Xf, P(B = DE[X?|B = i
=% (22 + 4% + E[(6 + X)?] + E[(8 + X)’]
=% (4 + 16 + 36 + 12E[X] + E[X?] + 64 + 16E[X] + E[X?])
= % (120 + 28E[X] + 2E[X2])
=1 (120 + 28(10) + 2E[X?])
= % (400 + 2E[X?])
=100 + % E[X]

F[X2] = 2(100) = 200



Practice Problems

int Far() {

pd()\ﬁ], \AJEE'flr](j int a = randomInteger(l, 3); // equally likely to be 1, 2 or 3
2 if (a == 1) return 2;
E[Y ], else if (a == 2) return (2 + Near()):

else return (4 + Far());

}

E[Y]=Y3_, P(A=1E[Y?|A =]
=73(22 + E[(2 + X)?]+ E[(4 + Y)?]
= Y5(4 + 4 + 4E[X] + E[X?] + 16 + 8E[Y] + E[Y?])
= Y3(24 + 40 + E[X?] + 8(9) + E[Y2])
= 14(136 + 200 + E[Y?])
= 14(336 + E[Y?])

E[Y?] = 336/2 = 168



Practice Problems

Now that we have E[X?] and E[Y?], we are ready to
calculate VarlY]

Var[Y] = E[Y?] — E[Y]?= 168 — (9)° = 168 — 81 = 87



