
CS 109 Quiz 3 Review
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Continuous joint probability density functions
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Marginal distributions
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An observation: Connecting CDF to PDF
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(Fundamental 
Theorem of Calculus)
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Joint cumulative distribution function
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Joint CDF, graphically
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Note strict inequalities; these properties 
hold for both discrete and continuous RVs.

Probabilities from joint CDFs

7

 

 

 

 

 

 



Chris Piech and Jerry Cain, CS109, 2020

Independent continuous RVs
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(Bi)-variate Normal Distribution
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We will focus on understanding the 
shape of a bivariate Normal RV.
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Multiple Bayes’ Theorems
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with 
events

with
discrete 
RVs

with
continuous 
RVs

Really all 
the same 

idea!
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M,N are discrete. X, Y are 
continuous

OG 

Bayes

Mix B
ayes 

#1

Mix B
ayes 

#2

All 

Contin
uous

All the Bayes Belong to Us!
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Conditionally Independent RVs
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Constructing a Bayesian Network
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Inference via math

14

Flu Unde
r-

grad

TiredFeve
r

   

   

 

Compute joint 
probabilities
using chain rule.
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Inference via math
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TiredFeve
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1. Compute joint 
probabilities

2. Definition of conditional 
probability
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Inference via math
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Flu Unde
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TiredFeve
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1. Compute joint 
probabilities

2. Definition of conditional 
probability
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Rejection sampling algorithm

# Method: Make Sample
# -------------------
# create a single sample from the joint distribution
# based on the medical "WebMD" Bayesian Network
def make_sample():
    # prior on causal factors
    flu = bernoulli(0.1)
    und = bernoulli(0.8)

    # choose fever based on flu
    if flu == 1: fev = bernoulli(0.9)
    else:        fev = bernoulli(0.05)

    # choose tired based on (undergrad and flu)
    if   flu == 0 and und == 0: tir = bernoulli(0.1)
    elif flu == 0 and und == 1: tir = bernoulli(0.8)
    elif flu == 1 and und == 0: tir = bernoulli(0.9)
    else:                       tir = bernoulli(1.0)

    # a sample from the joint has an
    # assignment to *all* random variables
    return [flu, und, fev, tir] 17
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Quick check

  

18

✅
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Central Limit Theorem
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CLT explains a lot
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Sample of
size 15,

average 
values

(sample 
mean)
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?

What about other functions?
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Average of i.i.d. RVs

Max of i.i.d. RVs

(sample 
mean)

 

Sum of i.i.d. RVs

 

Gumb
el(see Fisher-Tippett Gnedenko 

Theorem)
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 Consider n random variables X1, X2, ... Xn

▪ Xi are all independently and identically distributed (I.I.D.)

▪ Have same distribution function F and E[Xi] = μ

▪ We call sequence of Xi a sample from distribution F

▪ How would you estimate the population mean??

Estimating the Mean

Sample Mean: This is a fancy 
way of saying "your 
estimate of the mean"
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Estimating the population variance
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populatio
n

variance

population 
mean

 
sample
varianc

e

sample 
mean
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Mean 
value
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By central limit 
theorem:

Insight: Sample Mean is an RV with known Var 



Chris Piech, Lisa Yan and Jerry Cain, CS109, 2021

The underlying 
distribution

The sample 
distribution

(aka the histogram of 
your data)

Bootstrapping Assumption
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Happine
ss

PM F
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Means = [82.7, 83.4, 82.9, 91.4, 79.3, 82.1, …, 
81.7]

Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:

a. Draw sample.size() new samples from 
PMF

b. Recalculate the mean on the resample
3. You now have a distribution of your 

means

Bootstrapping of Means
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Happine
ss

PM F
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Vars = [472.7, 478.4, 469.2, …, 
476.2]

Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:

a. Draw sample.size() new samples from 
PMF

b. Recalculate the var on the resample
3. You now have a distribution of your 

vars

Bootstrapping of Variance



 Let X be continuous random variable

 Let E be an event:

Continuous Conditional Distributions



 X is a Beta Random Variable: X ~ Beta(a, b)

▪ Probability Density Function (PDF):      (where a, b > 0)

       

▪ Symmetric when a = b

Beta Random Variable



 Can set X ~ Beta(a, b) as prior to reflect how biased you think coin is apriori

▪ This is a subjective probability (aka Bayesian)!

▪ Prior probability for X based on seeing (a + b – 2) “imaginary” trials, where 

    (a – 1) of them were heads.
    (b – 1) of them were tails.

▪ Beta(1, 1) = Uni(0, 1)  🡪  we haven’t seen any “imaginary trials”, so apriori know nothing about coin

 Update to get posterior probability

▪ X | (n heads and m tails) ~ Beta(a + n, b + m)

A beta understanding
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What are parameters?
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Maximum Likelihood Estimator
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Likelihood of your 
sample
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Argmax properties
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Finding the argmax with calculus

34

   

 

 

 
 Differentiate 

w.r.t.
argmax’s 

argumentSet to 0 and 
solve
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Maximum Likelihood Estimator
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Maximum Likelihood with Bernoulli
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3. Solve 
resulting
equations
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Maximum Likelihood with Poisson
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3. Solve 
resulting
equations
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Maximum Likelihood with Normal
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3. Solve 
resulting
equations

 

 
Two 

equations, 
two 

unknowns:     

       

biase
d

unbiase
d
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Maximum A Posteriori (MAP) Estimator
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Maximum 
Likelihood 
Estimator

(MLE)

 

 

 

Maximum
a Posteriori

(MAP) 
Estimator

 
 

likelihood of 
data
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Maximum A Posteriori (MAP) Estimator
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Intuition with Bayes’ 
Theorem:

posteri
or

likelihoo
d

prio
r 
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(Bayes’ 
Theorem)

 
(independenc
e)
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Beta is a conjugate distribution for Bernoulli
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Prio
r

Posteri
or

Experime
nt

 

 

 

 

(we’ll prove this in a few 
minutes)

Review
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How does MAP work?
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Observe 
data
 

 
 

maximize
log prior + 

log-likelihood

Review

o
r

If we choose a conjugate prior, we avoid 
calculus with MAP: just report mode of 
posterior.
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Laplace smoothing

44

   
head
s

tail
s

Laplace smoothing:
• Easy to implement/remember



Machine Learning

(inputs)

(prediction)

(model)



Training Data

Assume IID 
data:

n training datapoints

Each datapoint has m features and a 
single output

Training Data: assignments all random variables X 
and Y



Brute Force Bayes

Simply chose the class label that is the most likely 
given the data

* Note how similar this is to Hamilton 
example ☺

This is for one user



Simply chose the class label that is the most likely 
given the data

Brute Force Bayes m = 100



Big O of Brute Force Joint

What is the big O for # parameters?
m = # features.

Assuming each feature 

is binary…



Naïve Bayes Assumption

The Naïve Bayes 

assumption



Naïve Bayes

Our 

predictio
n fo

r 

y

Is a function 
of x

That choses the 
best value of y 

given x

Bayes rule! 

Naïve Bayes
Assumption 

This log version is useful for 
numerical stability



 Various probabilities you will need to compute for Naive Bayesian Classifier (using MLE here):

Computing Probabilities from Data



Logistic Regression



Background: Sigmoid Function

The sigmoid function squashes z to be a number between 
0 and 1

Caution: 
different use of 

sigma



 Could we model P(Y | X) directly?

▪ Welcome our friend: logistic regression!

0.8
1

[1, 1, 0]

Logistic Regression Assumption



+
z = 2.1 

σ(z) = 

0.7

Parameters Affect Prediction



Gradient Ascent Step

Do 
this
for 
all

thet
as!

𝜃1𝜃2

LL(𝜃
)



Gradient Descent Step
Assume some loss function with known derivative 

…exactly the 
same

𝜃1𝜃2

-LL(
𝜃)



Initialize: θj = 0 for all 0 ≤ j ≤ m

Logistic Regression Training

Repeat many times:

For each training example (x, y):

For each parameter j:

𝜃j += η * gradient[j] for all 0 ≤ j ≤ m

gradient[j] = 0 for all 0 ≤ j ≤ m

gradient[j] 


