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Instructor: Alex Tsun, Tim Gianitsos 

Lecture Topics: 7.3 Method of Moments Estimation, 7.4 Beta/Dirichlet Distributions  
 
[Tags: Estimation] 

1. Suppose 𝑥 = (𝑥1, … , 𝑥𝑛) are iid samples from the following distributions. Estimate the 
parameter(s) using your favorite technique (MLE or MoM). Hint: Use MoM. 

a. The 𝐺𝑎𝑚𝑚𝑎(𝑟, 𝜆) distribution. Estimate both 𝑟 and 𝜆. 

b. The 𝑅𝑎𝑦𝑙𝑒𝑖𝑔ℎ(𝜎) distribution with density 𝑓𝑋(𝑥; 𝜎) =
𝑥

𝜎2 𝑒−𝑥2/2𝜎2
, 𝑥 ≥ 0 with 

expectation 𝜎√
𝜋

2
.  

 
Solution:  

a. We have 𝑘 = 2 parameters to estimate. Let 𝑥̅ =
1

𝑛
∑ 𝑥𝑖

𝑛
𝑖=1  and 𝑥2̅̅ ̅ =

1

𝑛
∑ 𝑥𝑖

2𝑛
𝑖=1  We set 

 

𝐸[𝑋] = 𝑥̅ 

𝐸[𝑋2] = 𝑥2̅̅ ̅ 

For a 𝐺𝑎𝑚𝑚𝑎(𝑟, 𝜆) rv,  

𝐸[𝑋] =
𝑟

𝜆
,                          𝐸[𝑋2] = 𝑉𝑎𝑟(𝑋) + 𝐸[𝑋]2 =

𝑟

𝜆2
+ (

𝑟

𝜆
)

2

=
𝑟(𝑟 + 1)

𝜆2
 

 
So we must solve the two equations: 

𝑟

𝜆
= 𝐸[𝑋] = 𝑥̅ ,        

𝑟(𝑟 + 1)

𝜆2
= 𝐸[𝑋2] = 𝑥2̅̅ ̅ 

 

Let’s divide the second equation by the first (note 𝑥̅2 ≠ 𝑥2̅̅ ̅), then subtract 
𝑟

𝜆
= 𝑥̅:  

 

𝑥2̅̅ ̅

𝑥̅
=

𝐸[𝑋2]

𝐸[𝑋]
=

𝑟(𝑟 + 1)
𝜆2

𝑟
𝜆

=
𝑟 + 1

𝜆
    →         

1

𝜆
=

𝑟 + 1

𝜆
−

𝑟

𝜆
=

𝑥2̅̅ ̅

𝑥̅
− 𝑥̅ =

𝑥2̅̅ ̅ − 𝑥̅2

𝑥̅
 

 
Hence, taking the reciprocal gives 

𝜆̂ =
𝑥̅

𝑥2̅̅ ̅ − 𝑥̅2
 

 

Then, since 
𝑟

𝜆
= 𝑥̅ or equivalently 𝑟 = 𝜆𝑥̅, we get 

𝑟̂ = 𝜆̂𝑥̅ =
𝑥̅2

𝑥2̅̅ ̅ − 𝑥̅2
 

 
b. We set 

𝜎√
𝜋

2
= 𝐸[𝑋] = 𝑥̅      →      𝜎̂ = 𝑥̅√

2

𝜋
  

[Tags: Beta/Dirichlet] 



2. Suppose we roll a (possibly unfair) 4-sided die 29 times. Then, the number of times each digit 

appears is 𝑿 = (𝑋1, 𝑋2, 𝑋3, 𝑋4)~𝑀𝑢𝑙𝑡4(𝑛 = 29, 𝒑), where 𝒑 = (𝑝1, 𝑝2, 𝑝3, 𝑝4) is unknown. 
We happened to observe 5 ones, 7 twos, 6 threes, and 11 fours. 

a. A 𝐵𝑒𝑡𝑎(𝛼1, 𝛽1) rv would be suitable to model our belief on 𝑝1 (the probability of rolling 

a one) with what parameters 𝛼1, 𝛽1? 

b. A 𝐵𝑒𝑡𝑎(𝛼2, 𝛽2) rv would be suitable to model our belief on 𝑝2 (the probability of rolling 

a two) with what parameters 𝛼2, 𝛽2? 

c. Let’s instead say we wanted to jointly model all the unknown parameters 𝒑. A 

𝐷𝑖𝑟𝑖𝑐ℎ𝑙𝑒𝑡(𝜸) would be suitable, more efficient than modelling all four separately, and 

also enforce that ∑ 𝑝𝑖
4
𝑖=1 = 1. Which parameter vector 𝛾 = (𝛾1, 𝛾2 , 𝛾3 , 𝛾4) would best 

model our belief? 
 
Solution:  

a. We have 𝐵𝑒𝑡𝑎(𝛼1 = 6, 𝛽1 = 25) since we saw 𝛼1 − 1 = 5 ones and 𝛽1 − 1 = 24 = 7 +

 6 + 11 other values. 

b. We have 𝐵𝑒𝑡𝑎(𝛼2 = 8, 𝛽2 = 23) since we saw 𝛼2 − 1 = 7 twos and 𝛽2 − 1 = 22 = 5 +

 6 +  11 other values. 

c. We have 𝐷𝑖𝑟𝑖𝑐ℎ𝑙𝑒𝑡(𝛾1 = 6, 𝛾2 = 8, 𝛾3 = 7, 𝛾4 = 12) since we saw 𝛾1 − 1 = 5 ones, 𝛾2 −

1 = 7 twos, 𝛾3 − 1 = 6 threes, and 𝛾4 − 1 = 12 fours. 


