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Announcements

• Midterm next-next Tuesday.

• 7-9p in Hewlett 200. Oct 26th

• Need accommodations? Let us know before Thurs, Oct 21st 9a.

• Cumulative up until next Friday. Most emphasis will be on the

topics in the first 3 psets. Practice starting next Monday.

• No class the day before the midterm!

• Pset #3 we removed problem 9c.
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Where are we in CS109?
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CS109 Flow

Discrete Joint 
Distributions:
General Case

Multinomial: 
A parametric 
Discrete Joint

Cont. Joint 
Distributions: 
General Case

Today
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1. Know how to use a multinomial
2. Be able to calculate large bayes problems using a computer

3. Use a Joint CDF

Learning Goals
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Products become Sums!

log(
Y

i

ai) =
X

i

log(ai)

log(a · b) = log(a) + log(b)

* Spoiler alert: This is important because the product of many 
small numbers gets hard for computers to represent.
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For Multiple RVs, Joint is Complete Information!

7

A joint distribution is complete 
information. It can be used to answer 

any probability question.

Single Relationship Complicated

Frosh 0.13 0.08 0.02

Soph 0.17 0.11 0.02

Junior 0.09 0.10 0.02

Senior 0.02 0.07 0.01

5+ 0.06 0.09 0.04

For discrete random variables the joint 
might look like a table.
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Joint Probability Table
Roommates 2RoomDbl

Shared 
Partner Single

Frosh 0.30 0.07 0.00 0.00 0.37
Soph 0.12 0.18 0.00 0.03 0.32
Junior 0.04 0.01 0.00 0.10 0.15
Senior 0.01 0.02 0.02 0.01 0.05

5+ 0.02 0.00 0.05 0.04 0.11
0.49 0.27 0.07 0.18 1.00

Pr
ob
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Change in Marginal Year

Fall quarter ‘18 Spr quarter ‘19
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Four Prototypical Trajectories

Can’t always use tables 
(size grows exponentially with 

number of RVs)



Chris Piech, CS109, 2021

Multinomial distribution
§ n independent trials of experiment performed
§ Each trial results in one of m outcomes, with        

respective probabilities: p1, p2, …, pm where
§ Xi = number of trials with outcome i

where                  and
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The Multinomial

Joint distribution Multinomial # ways of 
ordering the successes

Probabilities of each 
ordering are equal and 

mutually exclusive
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According to the Global Language Monitor there are 988,968 words in the english 
language used on the internet.

The

Probabilistic Text Analysis
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Four Prototypical Trajectories

Who wrote the federalist papers?
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Who wrote Federalist Paper 53?

15

madison.txt hamilton.txt unknown.txt
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P (H|D) =
P (D|H)P (H)

P (D)
<latexit sha1_base64="cLTXQ9Pwa+Y0KjAED8DLzr4sxwY=">AAACCnicbZDLSsNAFIYnXmu9RV26GS1CsymJCLoRinbRZQR7gTaUyXTSDp1MwsxEKGnWbnwVNy4UcesTuPNtnLZZaOsPAx//OYcz5/djRqWy7W9jZXVtfWOzsFXc3tnd2zcPDpsySgQmDRyxSLR9JAmjnDQUVYy0Y0FQ6DPS8ke303rrgQhJI36vxjHxQjTgNKAYKW31zBO3XJ/ULHgNu4FAOHXLtUnd0qaVTdnKYM8s2RV7JrgMTg4lkMvtmV/dfoSTkHCFGZKy49ix8lIkFMWMZMVuIkmM8AgNSEcjRyGRXjo7JYNn2unDIBL6cQVn7u+JFIVSjkNfd4ZIDeVibWr+V+skKrjyUsrjRBGO54uChEEVwWkusE8FwYqNNSAsqP4rxEOkI1E6vaIOwVk8eRma5xVH891FqXqTx1EAx+AUlIEDLkEV1IELGgCDR/AMXsGb8WS8GO/Gx7x1xchnjsAfGZ8/hC+Xmg==</latexit><latexit sha1_base64="cLTXQ9Pwa+Y0KjAED8DLzr4sxwY=">AAACCnicbZDLSsNAFIYnXmu9RV26GS1CsymJCLoRinbRZQR7gTaUyXTSDp1MwsxEKGnWbnwVNy4UcesTuPNtnLZZaOsPAx//OYcz5/djRqWy7W9jZXVtfWOzsFXc3tnd2zcPDpsySgQmDRyxSLR9JAmjnDQUVYy0Y0FQ6DPS8ke303rrgQhJI36vxjHxQjTgNKAYKW31zBO3XJ/ULHgNu4FAOHXLtUnd0qaVTdnKYM8s2RV7JrgMTg4lkMvtmV/dfoSTkHCFGZKy49ix8lIkFMWMZMVuIkmM8AgNSEcjRyGRXjo7JYNn2unDIBL6cQVn7u+JFIVSjkNfd4ZIDeVibWr+V+skKrjyUsrjRBGO54uChEEVwWkusE8FwYqNNSAsqP4rxEOkI1E6vaIOwVk8eRma5xVH891FqXqTx1EAx+AUlIEDLkEV1IELGgCDR/AMXsGb8WS8GO/Gx7x1xchnjsAfGZ8/hC+Xmg==</latexit><latexit sha1_base64="cLTXQ9Pwa+Y0KjAED8DLzr4sxwY=">AAACCnicbZDLSsNAFIYnXmu9RV26GS1CsymJCLoRinbRZQR7gTaUyXTSDp1MwsxEKGnWbnwVNy4UcesTuPNtnLZZaOsPAx//OYcz5/djRqWy7W9jZXVtfWOzsFXc3tnd2zcPDpsySgQmDRyxSLR9JAmjnDQUVYy0Y0FQ6DPS8ke303rrgQhJI36vxjHxQjTgNKAYKW31zBO3XJ/ULHgNu4FAOHXLtUnd0qaVTdnKYM8s2RV7JrgMTg4lkMvtmV/dfoSTkHCFGZKy49ix8lIkFMWMZMVuIkmM8AgNSEcjRyGRXjo7JYNn2unDIBL6cQVn7u+JFIVSjkNfd4ZIDeVibWr+V+skKrjyUsrjRBGO54uChEEVwWkusE8FwYqNNSAsqP4rxEOkI1E6vaIOwVk8eRma5xVH891FqXqTx1EAx+AUlIEDLkEV1IELGgCDR/AMXsGb8WS8GO/Gx7x1xchnjsAfGZ8/hC+Xmg==</latexit><latexit sha1_base64="cLTXQ9Pwa+Y0KjAED8DLzr4sxwY=">AAACCnicbZDLSsNAFIYnXmu9RV26GS1CsymJCLoRinbRZQR7gTaUyXTSDp1MwsxEKGnWbnwVNy4UcesTuPNtnLZZaOsPAx//OYcz5/djRqWy7W9jZXVtfWOzsFXc3tnd2zcPDpsySgQmDRyxSLR9JAmjnDQUVYy0Y0FQ6DPS8ke303rrgQhJI36vxjHxQjTgNKAYKW31zBO3XJ/ULHgNu4FAOHXLtUnd0qaVTdnKYM8s2RV7JrgMTg4lkMvtmV/dfoSTkHCFGZKy49ix8lIkFMWMZMVuIkmM8AgNSEcjRyGRXjo7JYNn2unDIBL6cQVn7u+JFIVSjkNfd4ZIDeVibWr+V+skKrjyUsrjRBGO54uChEEVwWkusE8FwYqNNSAsqP4rxEOkI1E6vaIOwVk8eRma5xVH891FqXqTx1EAx+AUlIEDLkEV1IELGgCDR/AMXsGb8WS8GO/Gx7x1xchnjsAfGZ8/hC+Xmg==</latexit>

Who wrote Federalist Paper 53?

Prob Hamilton given 
Document

Prob Document 
given Hamilton

Prior belief it was 
Hamilton

Prob of the 
document???
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P (H|D) =
P (D|H)P (H)

P (D)
<latexit sha1_base64="cLTXQ9Pwa+Y0KjAED8DLzr4sxwY=">AAACCnicbZDLSsNAFIYnXmu9RV26GS1CsymJCLoRinbRZQR7gTaUyXTSDp1MwsxEKGnWbnwVNy4UcesTuPNtnLZZaOsPAx//OYcz5/djRqWy7W9jZXVtfWOzsFXc3tnd2zcPDpsySgQmDRyxSLR9JAmjnDQUVYy0Y0FQ6DPS8ke303rrgQhJI36vxjHxQjTgNKAYKW31zBO3XJ/ULHgNu4FAOHXLtUnd0qaVTdnKYM8s2RV7JrgMTg4lkMvtmV/dfoSTkHCFGZKy49ix8lIkFMWMZMVuIkmM8AgNSEcjRyGRXjo7JYNn2unDIBL6cQVn7u+JFIVSjkNfd4ZIDeVibWr+V+skKrjyUsrjRBGO54uChEEVwWkusE8FwYqNNSAsqP4rxEOkI1E6vaIOwVk8eRma5xVH891FqXqTx1EAx+AUlIEDLkEV1IELGgCDR/AMXsGb8WS8GO/Gx7x1xchnjsAfGZ8/hC+Xmg==</latexit><latexit sha1_base64="cLTXQ9Pwa+Y0KjAED8DLzr4sxwY=">AAACCnicbZDLSsNAFIYnXmu9RV26GS1CsymJCLoRinbRZQR7gTaUyXTSDp1MwsxEKGnWbnwVNy4UcesTuPNtnLZZaOsPAx//OYcz5/djRqWy7W9jZXVtfWOzsFXc3tnd2zcPDpsySgQmDRyxSLR9JAmjnDQUVYy0Y0FQ6DPS8ke303rrgQhJI36vxjHxQjTgNKAYKW31zBO3XJ/ULHgNu4FAOHXLtUnd0qaVTdnKYM8s2RV7JrgMTg4lkMvtmV/dfoSTkHCFGZKy49ix8lIkFMWMZMVuIkmM8AgNSEcjRyGRXjo7JYNn2unDIBL6cQVn7u+JFIVSjkNfd4ZIDeVibWr+V+skKrjyUsrjRBGO54uChEEVwWkusE8FwYqNNSAsqP4rxEOkI1E6vaIOwVk8eRma5xVH891FqXqTx1EAx+AUlIEDLkEV1IELGgCDR/AMXsGb8WS8GO/Gx7x1xchnjsAfGZ8/hC+Xmg==</latexit><latexit sha1_base64="cLTXQ9Pwa+Y0KjAED8DLzr4sxwY=">AAACCnicbZDLSsNAFIYnXmu9RV26GS1CsymJCLoRinbRZQR7gTaUyXTSDp1MwsxEKGnWbnwVNy4UcesTuPNtnLZZaOsPAx//OYcz5/djRqWy7W9jZXVtfWOzsFXc3tnd2zcPDpsySgQmDRyxSLR9JAmjnDQUVYy0Y0FQ6DPS8ke303rrgQhJI36vxjHxQjTgNKAYKW31zBO3XJ/ULHgNu4FAOHXLtUnd0qaVTdnKYM8s2RV7JrgMTg4lkMvtmV/dfoSTkHCFGZKy49ix8lIkFMWMZMVuIkmM8AgNSEcjRyGRXjo7JYNn2unDIBL6cQVn7u+JFIVSjkNfd4ZIDeVibWr+V+skKrjyUsrjRBGO54uChEEVwWkusE8FwYqNNSAsqP4rxEOkI1E6vaIOwVk8eRma5xVH891FqXqTx1EAx+AUlIEDLkEV1IELGgCDR/AMXsGb8WS8GO/Gx7x1xchnjsAfGZ8/hC+Xmg==</latexit><latexit sha1_base64="cLTXQ9Pwa+Y0KjAED8DLzr4sxwY=">AAACCnicbZDLSsNAFIYnXmu9RV26GS1CsymJCLoRinbRZQR7gTaUyXTSDp1MwsxEKGnWbnwVNy4UcesTuPNtnLZZaOsPAx//OYcz5/djRqWy7W9jZXVtfWOzsFXc3tnd2zcPDpsySgQmDRyxSLR9JAmjnDQUVYy0Y0FQ6DPS8ke303rrgQhJI36vxjHxQjTgNKAYKW31zBO3XJ/ULHgNu4FAOHXLtUnd0qaVTdnKYM8s2RV7JrgMTg4lkMvtmV/dfoSTkHCFGZKy49ix8lIkFMWMZMVuIkmM8AgNSEcjRyGRXjo7JYNn2unDIBL6cQVn7u+JFIVSjkNfd4ZIDeVibWr+V+skKrjyUsrjRBGO54uChEEVwWkusE8FwYqNNSAsqP4rxEOkI1E6vaIOwVk8eRma5xVH891FqXqTx1EAx+AUlIEDLkEV1IELGgCDR/AMXsGb8WS8GO/Gx7x1xchnjsAfGZ8/hC+Xmg==</latexit>

Who wrote Federalist Paper 53?

Model document as a 
multinomial where we care 

about count of words
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P (H|D) =

� n
c1...ck

�
·
Q

i h
ci
i · P (H)

P (D)
<latexit sha1_base64="VJ52/KheM9uijagW83XFmXaL1es="></latexit><latexit sha1_base64="VJ52/KheM9uijagW83XFmXaL1es="></latexit><latexit sha1_base64="VJ52/KheM9uijagW83XFmXaL1es="></latexit><latexit sha1_base64="VJ52/KheM9uijagW83XFmXaL1es="></latexit>

Who wrote Federalist Paper 53?

Prob Hamilton given 
Document

Prob hamilton
would write word i

Prior belief it was 
Hamilton

Prob of the 
document???

Number of times 
word i is in the doc

Loop over unique 
words
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Who wrote Federalist Paper 53?

P (H|D) =
P (D|H)P (H)

P (D)

=
P (H) ·

� n
c1...cm

�
·
Q

i h
ci
i

P (D)
<latexit sha1_base64="TnllklTXq5cGGkkwVgWb+OsaTo8="></latexit><latexit sha1_base64="TnllklTXq5cGGkkwVgWb+OsaTo8="></latexit><latexit sha1_base64="TnllklTXq5cGGkkwVgWb+OsaTo8="></latexit><latexit sha1_base64="TnllklTXq5cGGkkwVgWb+OsaTo8="></latexit>

Prob that Hamilton wrote it Prob that Madison wrote it

P (M |D) =
P (D|M)P (M)

P (D)

=
P (M) ·
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c1...cm

�
·
Q
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i

P (D)
<latexit sha1_base64="3IPse5SENVvOW68QApg0DP0MMQc="></latexit><latexit sha1_base64="3IPse5SENVvOW68QApg0DP0MMQc="></latexit><latexit sha1_base64="3IPse5SENVvOW68QApg0DP0MMQc="></latexit><latexit sha1_base64="3IPse5SENVvOW68QApg0DP0MMQc="></latexit>
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<latexit sha1_base64="DU/QTwLESw4GnjOYHx0sQbesqUM="></latexit><latexit sha1_base64="DU/QTwLESw4GnjOYHx0sQbesqUM="></latexit><latexit sha1_base64="DU/QTwLESw4GnjOYHx0sQbesqUM="></latexit><latexit sha1_base64="DU/QTwLESw4GnjOYHx0sQbesqUM="></latexit>
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To the code

20
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What happened?
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All our probabilities are zero…

22
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Use logs when probabilities become too small!

23

P (H|D)

P (M |D)
=

Q
i m

ci
iQ

i h
ci
i

<latexit sha1_base64="EA+5F6nGgV0xakLt7Tu7r4/lBY8="></latexit><latexit sha1_base64="EA+5F6nGgV0xakLt7Tu7r4/lBY8="></latexit><latexit sha1_base64="EA+5F6nGgV0xakLt7Tu7r4/lBY8="></latexit><latexit sha1_base64="EA+5F6nGgV0xakLt7Tu7r4/lBY8="></latexit>

log
P (H|D)

P (M |D)
= log

Q
i h

ci
iQ

i m
ci
i
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log hci
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X
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logmci
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ci · log hi �
X

i

ci logmi

<latexit sha1_base64="Juhnf4GnVG1MEuvFqIJA2GaXOys="></latexit><latexit sha1_base64="Juhnf4GnVG1MEuvFqIJA2GaXOys="></latexit><latexit sha1_base64="Juhnf4GnVG1MEuvFqIJA2GaXOys="></latexit><latexit sha1_base64="Juhnf4GnVG1MEuvFqIJA2GaXOys="></latexit>
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What does it mean if a log value is positive / negative

24

If a log is positive, its input was > 1

If a log is negative, its input was between 0 and 1
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Four Prototypical Trajectories

woot
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Joint Random Variables
Use a joint table, density function or CDF to solve 
probability question

Use and find independence of random variables

Think about conditional probabilities with joint variables 
(which might be continuous)

What happens when you add random variables?

Use and find expectation of random variables



27

Continuous Random Variables

Joint Distributions
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Four Prototypical Trajectories

Continuous Joint Distribution
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Riding the Marguerite

You are running to the bus stop. 
You don’t know exactly when 
the bus arrives. You arrive at 
2:20pm.

What is P(wait < 5 min)?
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Joint Dart Distribution

P(hit within R pixels of center)?

What is the probability that a dart hits at (456.234231234122355, 532.12344123456)?
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Joint Dart Distribution

Dart x location

D
ar

t y
 lo

ca
tio

n

0.005

0.12

P(hit within R pixels of center)?
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Joint Dart Distribution

Dart x location

D
ar

t y
 lo

ca
tio

n

0.005

0.12

P(hit within R pixels of center)?
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Joint Dart Distribution

Dart x location

D
ar

t y
 lo

ca
tio

n

P(hit within R pixels of center)?
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0

y

x
900

900

Joint Dart Distribution

In the limit, as you break down continuous values into 
intestinally small buckets, you end up with 

multidimensional probability density

f(X = x, Y = y)
<latexit sha1_base64="IzJZfcVxr840eVaXMuoBDUMtN40=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBahgpSkCHopFLx4rGA/pA1ls920SzebsLsRQ+jf8OJBEa/+GW/+G7dtDtr6YODx3gwz8/yYM6Ud59sqrK1vbG4Vt+2d3b39g9LhUVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uRm5nceqVQsEvc6jakX4pFgASNYG6lvB5Vu/enioZ6eo0Gp7FSdOdAqcXNShhzNQemrP4xIElKhCcdK9Vwn1l6GpWaE06ndTxSNMZngEe0ZKnBIlZfNb56iM6MMURBJU0Kjufp7IsOhUmnom84Q67Fa9mbif14v0cG1lzERJ5oKslgUJBzpCM0CQEMmKdE8NQQTycytiIyxxESbmGwTgrv88ipp16quU3XvLsuNWh5HEU7gFCrgwhU04Baa0AICMTzDK7xZifVivVsfi9aClc8cwx9Ynz+dYJAL</latexit><latexit sha1_base64="IzJZfcVxr840eVaXMuoBDUMtN40=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBahgpSkCHopFLx4rGA/pA1ls920SzebsLsRQ+jf8OJBEa/+GW/+G7dtDtr6YODx3gwz8/yYM6Ud59sqrK1vbG4Vt+2d3b39g9LhUVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uRm5nceqVQsEvc6jakX4pFgASNYG6lvB5Vu/enioZ6eo0Gp7FSdOdAqcXNShhzNQemrP4xIElKhCcdK9Vwn1l6GpWaE06ndTxSNMZngEe0ZKnBIlZfNb56iM6MMURBJU0Kjufp7IsOhUmnom84Q67Fa9mbif14v0cG1lzERJ5oKslgUJBzpCM0CQEMmKdE8NQQTycytiIyxxESbmGwTgrv88ipp16quU3XvLsuNWh5HEU7gFCrgwhU04Baa0AICMTzDK7xZifVivVsfi9aClc8cwx9Ynz+dYJAL</latexit><latexit sha1_base64="IzJZfcVxr840eVaXMuoBDUMtN40=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBahgpSkCHopFLx4rGA/pA1ls920SzebsLsRQ+jf8OJBEa/+GW/+G7dtDtr6YODx3gwz8/yYM6Ud59sqrK1vbG4Vt+2d3b39g9LhUVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uRm5nceqVQsEvc6jakX4pFgASNYG6lvB5Vu/enioZ6eo0Gp7FSdOdAqcXNShhzNQemrP4xIElKhCcdK9Vwn1l6GpWaE06ndTxSNMZngEe0ZKnBIlZfNb56iM6MMURBJU0Kjufp7IsOhUmnom84Q67Fa9mbif14v0cG1lzERJ5oKslgUJBzpCM0CQEMmKdE8NQQTycytiIyxxESbmGwTgrv88ipp16quU3XvLsuNWh5HEU7gFCrgwhU04Baa0AICMTzDK7xZifVivVsfi9aClc8cwx9Ynz+dYJAL</latexit><latexit sha1_base64="IzJZfcVxr840eVaXMuoBDUMtN40=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBahgpSkCHopFLx4rGA/pA1ls920SzebsLsRQ+jf8OJBEa/+GW/+G7dtDtr6YODx3gwz8/yYM6Ud59sqrK1vbG4Vt+2d3b39g9LhUVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uRm5nceqVQsEvc6jakX4pFgASNYG6lvB5Vu/enioZ6eo0Gp7FSdOdAqcXNShhzNQemrP4xIElKhCcdK9Vwn1l6GpWaE06ndTxSNMZngEe0ZKnBIlZfNb56iM6MMURBJU0Kjufp7IsOhUmnom84Q67Fa9mbif14v0cG1lzERJ5oKslgUJBzpCM0CQEMmKdE8NQQTycytiIyxxESbmGwTgrv88ipp16quU3XvLsuNWh5HEU7gFCrgwhU04Baa0AICMTzDK7xZifVivVsfi9aClc8cwx9Ynz+dYJAL</latexit>
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A joint probability density function gives the 
relative likelihood of more than one continuous 
random variable each taking on a specific value.

Joint Probability Density Funciton

0

y

x 900

900

0 900

900

P (a1 < X < a2, b1 < Y < b2) =

a2Z

x=a1

b2Z

y=b1

f(X = x, Y = y) @y@x

<latexit sha1_base64="Hjui1xB1EZ75Rrpz7ZR4VxHCCe8="></latexit><latexit sha1_base64="Hjui1xB1EZ75Rrpz7ZR4VxHCCe8="></latexit><latexit sha1_base64="Hjui1xB1EZ75Rrpz7ZR4VxHCCe8="></latexit><latexit sha1_base64="Hjui1xB1EZ75Rrpz7ZR4VxHCCe8="></latexit>
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a1
a2

b2
b1

fX,Y (x, y)

xy

Joint Probability Density Funciton

P (a1 < X < a2, b1 < Y < b2) =

a2Z

x=a1

b2Z

y=b1

f(X = x, Y = y) @y@x
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Let X and Y be two continuous random variables
§where 0 ≤ X ≤ 1 and 0 ≤ Y ≤ 2

We want to integrate g(x,y) = xy w.r.t. X and Y:
§First, do “innermost” integral (treat y as a 
constant):

§Then, evaluate remaining (single) integral:
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Multiple Integrals Without Tears
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Marginal probabilities give the distribution of 
a subset of the variables (often, just one) of a 
joint distribution.

Sum/integrate over the variables you don’t 
care about.

Marginalization

pX(a) =
X

y

pX,Y (a, y)

fX(a) =

1Z

�1

fX,Y (a, y) dy

fY (b) =

1Z

�1

fX,Y (x, b) dx
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<latexit sha1_base64="ynNUMEnN59f6hfbLOCh/+pVKcGM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCHopFLx4rGA/tA1ls920SzebsLsRQui/8OJBEa/+G2/+G7dpDtr6YODx3gwz87yIM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo44KY0lom4Q8lD0PK8qZoG3NNKe9SFIceJx2venN3O8+UalYKO51ElE3wGPBfEawNtKjX+018MVDIzkflit2zc6AVomTkwrkaA3LX4NRSOKACk04Vqrv2JF2Uyw1I5zOSoNY0QiTKR7TvqECB1S5aXbxDJ0ZZYT8UJoSGmXq74kUB0olgWc6A6wnatmbi/95/Vj7127KRBRrKshikR9zpEM0fx+NmKRE88QQTCQztyIywRITbUIqmRCc5ZdXSadec+yac3dZadbzOIpwAqdQBQeuoAm30II2EBDwDK/wZinrxXq3PhatBSufOYY/sD5/AOz/j7Y=</latexit><latexit sha1_base64="ynNUMEnN59f6hfbLOCh/+pVKcGM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCHopFLx4rGA/tA1ls920SzebsLsRQui/8OJBEa/+G2/+G7dpDtr6YODx3gwz87yIM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo44KY0lom4Q8lD0PK8qZoG3NNKe9SFIceJx2venN3O8+UalYKO51ElE3wGPBfEawNtKjX+018MVDIzkflit2zc6AVomTkwrkaA3LX4NRSOKACk04Vqrv2JF2Uyw1I5zOSoNY0QiTKR7TvqECB1S5aXbxDJ0ZZYT8UJoSGmXq74kUB0olgWc6A6wnatmbi/95/Vj7127KRBRrKshikR9zpEM0fx+NmKRE88QQTCQztyIywRITbUIqmRCc5ZdXSadec+yac3dZadbzOIpwAqdQBQeuoAm30II2EBDwDK/wZinrxXq3PhatBSufOYY/sD5/AOz/j7Y=</latexit><latexit sha1_base64="ynNUMEnN59f6hfbLOCh/+pVKcGM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCHopFLx4rGA/tA1ls920SzebsLsRQui/8OJBEa/+G2/+G7dpDtr6YODx3gwz87yIM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo44KY0lom4Q8lD0PK8qZoG3NNKe9SFIceJx2venN3O8+UalYKO51ElE3wGPBfEawNtKjX+018MVDIzkflit2zc6AVomTkwrkaA3LX4NRSOKACk04Vqrv2JF2Uyw1I5zOSoNY0QiTKR7TvqECB1S5aXbxDJ0ZZYT8UJoSGmXq74kUB0olgWc6A6wnatmbi/95/Vj7127KRBRrKshikR9zpEM0fx+NmKRE88QQTCQztyIywRITbUIqmRCc5ZdXSadec+yac3dZadbzOIpwAqdQBQeuoAm30II2EBDwDK/wZinrxXq3PhatBSufOYY/sD5/AOz/j7Y=</latexit><latexit sha1_base64="ynNUMEnN59f6hfbLOCh/+pVKcGM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCHopFLx4rGA/tA1ls920SzebsLsRQui/8OJBEa/+G2/+G7dpDtr6YODx3gwz87yIM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo44KY0lom4Q8lD0PK8qZoG3NNKe9SFIceJx2venN3O8+UalYKO51ElE3wGPBfEawNtKjX+018MVDIzkflit2zc6AVomTkwrkaA3LX4NRSOKACk04Vqrv2JF2Uyw1I5zOSoNY0QiTKR7TvqECB1S5aXbxDJ0ZZYT8UJoSGmXq74kUB0olgWc6A6wnatmbi/95/Vj7127KRBRrKshikR9zpEM0fx+NmKRE88QQTCQztyIywRITbUIqmRCc5ZdXSadec+yac3dZadbzOIpwAqdQBQeuoAm30II2EBDwDK/wZinrxXq3PhatBSufOYY/sD5/AOz/j7Y=</latexit>

P (X = a)
<latexit sha1_base64="bOmdzfStL23T2j/tDOC62KFJhrU=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpewWQS9CwYvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPBjfW8b7S2vrG5tV3YKe7u7R8clo6OW0almrImVULpTkgME1yypuVWsE6iGYlDwdrh+Hbmt5+YNlzJBztJWBCToeQRp8Q6qdWodG7IRb9U9qreHHiV+DkpQ45Gv/TVGyiaxkxaKogxXd9LbJARbTkVbFrspYYlhI7JkHUdlSRmJsjm107xuVMGOFLalbR4rv6eyEhszCQOXWdM7MgsezPxP6+b2ug6yLhMUsskXSyKUoGtwrPX8YBrRq2YOEKo5u5WTEdEE2pdQEUXgr/88ipp1aq+V/XvL8v1Wh5HAU7hDCrgwxXU4Q4a0AQKj/AMr/CGFHpB7+hj0bqG8pkT+AP0+QNRLY49</latexit><latexit sha1_base64="bOmdzfStL23T2j/tDOC62KFJhrU=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpewWQS9CwYvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPBjfW8b7S2vrG5tV3YKe7u7R8clo6OW0almrImVULpTkgME1yypuVWsE6iGYlDwdrh+Hbmt5+YNlzJBztJWBCToeQRp8Q6qdWodG7IRb9U9qreHHiV+DkpQ45Gv/TVGyiaxkxaKogxXd9LbJARbTkVbFrspYYlhI7JkHUdlSRmJsjm107xuVMGOFLalbR4rv6eyEhszCQOXWdM7MgsezPxP6+b2ug6yLhMUsskXSyKUoGtwrPX8YBrRq2YOEKo5u5WTEdEE2pdQEUXgr/88ipp1aq+V/XvL8v1Wh5HAU7hDCrgwxXU4Q4a0AQKj/AMr/CGFHpB7+hj0bqG8pkT+AP0+QNRLY49</latexit><latexit sha1_base64="bOmdzfStL23T2j/tDOC62KFJhrU=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpewWQS9CwYvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPBjfW8b7S2vrG5tV3YKe7u7R8clo6OW0almrImVULpTkgME1yypuVWsE6iGYlDwdrh+Hbmt5+YNlzJBztJWBCToeQRp8Q6qdWodG7IRb9U9qreHHiV+DkpQ45Gv/TVGyiaxkxaKogxXd9LbJARbTkVbFrspYYlhI7JkHUdlSRmJsjm107xuVMGOFLalbR4rv6eyEhszCQOXWdM7MgsezPxP6+b2ug6yLhMUsskXSyKUoGtwrPX8YBrRq2YOEKo5u5WTEdEE2pdQEUXgr/88ipp1aq+V/XvL8v1Wh5HAU7hDCrgwxXU4Q4a0AQKj/AMr/CGFHpB7+hj0bqG8pkT+AP0+QNRLY49</latexit><latexit sha1_base64="bOmdzfStL23T2j/tDOC62KFJhrU=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpewWQS9CwYvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPBjfW8b7S2vrG5tV3YKe7u7R8clo6OW0almrImVULpTkgME1yypuVWsE6iGYlDwdrh+Hbmt5+YNlzJBztJWBCToeQRp8Q6qdWodG7IRb9U9qreHHiV+DkpQ45Gv/TVGyiaxkxaKogxXd9LbJARbTkVbFrspYYlhI7JkHUdlSRmJsjm107xuVMGOFLalbR4rv6eyEhszCQOXWdM7MgsezPxP6+b2ug6yLhMUsskXSyKUoGtwrPX8YBrRq2YOEKo5u5WTEdEE2pdQEUXgr/88ipp1aq+V/XvL8v1Wh5HAU7hDCrgwxXU4Q4a0AQKj/AMr/CGFHpB7+hj0bqG8pkT+AP0+QNRLY49</latexit>

f(X = a)
<latexit sha1_base64="VJX02wjN1OjxsORw+dKfsCdhRKQ=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJewGQS9CwIvHCOYByRJmJ7PJmHksM7NCWPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUcKZsb7/7a2tb2xubRd2irt7+weHpaPjllGpJrRJFFe6E2FDOZO0aZnltJNoikXEaTsa38789hPVhin5YCcJDQUeShYzgq2TWnGlc4Mv+qWyX/XnQKskyEkZcjT6pa/eQJFUUGkJx8Z0Az+xYYa1ZYTTabGXGppgMsZD2nVUYkFNmM2vnaJzpwxQrLQradFc/T2RYWHMRESuU2A7MsveTPzP66Y2vg4zJpPUUkkWi+KUI6vQ7HU0YJoSyyeOYKKZuxWREdaYWBdQ0YUQLL+8Slq1auBXg/vLcr2Wx1GAUziDCgRwBXW4gwY0gcAjPMMrvHnKe/HevY9F65qXz5zAH3ifP3LzjlM=</latexit><latexit sha1_base64="VJX02wjN1OjxsORw+dKfsCdhRKQ=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJewGQS9CwIvHCOYByRJmJ7PJmHksM7NCWPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUcKZsb7/7a2tb2xubRd2irt7+weHpaPjllGpJrRJFFe6E2FDOZO0aZnltJNoikXEaTsa38789hPVhin5YCcJDQUeShYzgq2TWnGlc4Mv+qWyX/XnQKskyEkZcjT6pa/eQJFUUGkJx8Z0Az+xYYa1ZYTTabGXGppgMsZD2nVUYkFNmM2vnaJzpwxQrLQradFc/T2RYWHMRESuU2A7MsveTPzP66Y2vg4zJpPUUkkWi+KUI6vQ7HU0YJoSyyeOYKKZuxWREdaYWBdQ0YUQLL+8Slq1auBXg/vLcr2Wx1GAUziDCgRwBXW4gwY0gcAjPMMrvHnKe/HevY9F65qXz5zAH3ifP3LzjlM=</latexit><latexit sha1_base64="VJX02wjN1OjxsORw+dKfsCdhRKQ=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJewGQS9CwIvHCOYByRJmJ7PJmHksM7NCWPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUcKZsb7/7a2tb2xubRd2irt7+weHpaPjllGpJrRJFFe6E2FDOZO0aZnltJNoikXEaTsa38789hPVhin5YCcJDQUeShYzgq2TWnGlc4Mv+qWyX/XnQKskyEkZcjT6pa/eQJFUUGkJx8Z0Az+xYYa1ZYTTabGXGppgMsZD2nVUYkFNmM2vnaJzpwxQrLQradFc/T2RYWHMRESuU2A7MsveTPzP66Y2vg4zJpPUUkkWi+KUI6vQ7HU0YJoSyyeOYKKZuxWREdaYWBdQ0YUQLL+8Slq1auBXg/vLcr2Wx1GAUziDCgRwBXW4gwY0gcAjPMMrvHnKe/HevY9F65qXz5zAH3ifP3LzjlM=</latexit><latexit sha1_base64="VJX02wjN1OjxsORw+dKfsCdhRKQ=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJewGQS9CwIvHCOYByRJmJ7PJmHksM7NCWPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUcKZsb7/7a2tb2xubRd2irt7+weHpaPjllGpJrRJFFe6E2FDOZO0aZnltJNoikXEaTsa38789hPVhin5YCcJDQUeShYzgq2TWnGlc4Mv+qWyX/XnQKskyEkZcjT6pa/eQJFUUGkJx8Z0Az+xYYa1ZYTTabGXGppgMsZD2nVUYkFNmM2vnaJzpwxQrLQradFc/T2RYWHMRESuU2A7MsveTPzP66Y2vg4zJpPUUkkWi+KUI6vQ7HU0YJoSyyeOYKKZuxWREdaYWBdQ0YUQLL+8Slq1auBXg/vLcr2Wx1GAUziDCgRwBXW4gwY0gcAjPMMrvHnKe/HevY9F65qXz5zAH3ifP3LzjlM=</latexit>
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Cumulative Density Function (CDF):
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Joint Cumulative Density Function

FX,Y (a, b) = P (X < a, Y < b)
<latexit sha1_base64="dSeAv8GAi6lbSe+0enumc8Mzb0k=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovQQimJCHahUBDEZQXbprQhTKaTduhkEmYmQgndufFX3LhQxK2/4M6/cdpmoa0HLvdwzr3M3OPHjEplWd9GbmV1bX0jv1nY2t7Z3TP3D1oySgQmTRyxSDg+koRRTpqKKkacWBAU+oy0/dH11G8/ECFpxO/VOCZuiAacBhQjpSXPPL7xUqfSmZRQxS/DK9goOfASogrs6OaXPbNoVa0Z4DKxM1IEGRqe+dXrRzgJCVeYISm7thUrN0VCUczIpNBLJIkRHqEB6WrKUUikm87umMBTrfRhEAldXMGZ+nsjRaGU49DXkyFSQ7noTcX/vG6igpqbUh4ninA8fyhIGFQRnIYC+1QQrNhYE4QF1X+FeIgEwkpHV9Ah2IsnL5PWWdW2qvbdebFey+LIgyNwAkrABhegDm5BAzQBBo/gGbyCN+PJeDHejY/5aM7Idg7BHxifP8fjlV0=</latexit><latexit sha1_base64="dSeAv8GAi6lbSe+0enumc8Mzb0k=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovQQimJCHahUBDEZQXbprQhTKaTduhkEmYmQgndufFX3LhQxK2/4M6/cdpmoa0HLvdwzr3M3OPHjEplWd9GbmV1bX0jv1nY2t7Z3TP3D1oySgQmTRyxSDg+koRRTpqKKkacWBAU+oy0/dH11G8/ECFpxO/VOCZuiAacBhQjpSXPPL7xUqfSmZRQxS/DK9goOfASogrs6OaXPbNoVa0Z4DKxM1IEGRqe+dXrRzgJCVeYISm7thUrN0VCUczIpNBLJIkRHqEB6WrKUUikm87umMBTrfRhEAldXMGZ+nsjRaGU49DXkyFSQ7noTcX/vG6igpqbUh4ninA8fyhIGFQRnIYC+1QQrNhYE4QF1X+FeIgEwkpHV9Ah2IsnL5PWWdW2qvbdebFey+LIgyNwAkrABhegDm5BAzQBBo/gGbyCN+PJeDHejY/5aM7Idg7BHxifP8fjlV0=</latexit><latexit sha1_base64="dSeAv8GAi6lbSe+0enumc8Mzb0k=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovQQimJCHahUBDEZQXbprQhTKaTduhkEmYmQgndufFX3LhQxK2/4M6/cdpmoa0HLvdwzr3M3OPHjEplWd9GbmV1bX0jv1nY2t7Z3TP3D1oySgQmTRyxSDg+koRRTpqKKkacWBAU+oy0/dH11G8/ECFpxO/VOCZuiAacBhQjpSXPPL7xUqfSmZRQxS/DK9goOfASogrs6OaXPbNoVa0Z4DKxM1IEGRqe+dXrRzgJCVeYISm7thUrN0VCUczIpNBLJIkRHqEB6WrKUUikm87umMBTrfRhEAldXMGZ+nsjRaGU49DXkyFSQ7noTcX/vG6igpqbUh4ninA8fyhIGFQRnIYC+1QQrNhYE4QF1X+FeIgEwkpHV9Ah2IsnL5PWWdW2qvbdebFey+LIgyNwAkrABhegDm5BAzQBBo/gGbyCN+PJeDHejY/5aM7Idg7BHxifP8fjlV0=</latexit><latexit sha1_base64="dSeAv8GAi6lbSe+0enumc8Mzb0k=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovQQimJCHahUBDEZQXbprQhTKaTduhkEmYmQgndufFX3LhQxK2/4M6/cdpmoa0HLvdwzr3M3OPHjEplWd9GbmV1bX0jv1nY2t7Z3TP3D1oySgQmTRyxSDg+koRRTpqKKkacWBAU+oy0/dH11G8/ECFpxO/VOCZuiAacBhQjpSXPPL7xUqfSmZRQxS/DK9goOfASogrs6OaXPbNoVa0Z4DKxM1IEGRqe+dXrRzgJCVeYISm7thUrN0VCUczIpNBLJIkRHqEB6WrKUUikm87umMBTrfRhEAldXMGZ+nsjRaGU49DXkyFSQ7noTcX/vG6igpqbUh4ninA8fyhIGFQRnIYC+1QQrNhYE4QF1X+FeIgEwkpHV9Ah2IsnL5PWWdW2qvbdebFey+LIgyNwAkrABhegDm5BAzQBBo/gGbyCN+PJeDHejY/5aM7Idg7BHxifP8fjlV0=</latexit>
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plot by Academo

Joint CDF

FX,Y (a, b) = P (X < a, Y < b)
<latexit sha1_base64="dSeAv8GAi6lbSe+0enumc8Mzb0k=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovQQimJCHahUBDEZQXbprQhTKaTduhkEmYmQgndufFX3LhQxK2/4M6/cdpmoa0HLvdwzr3M3OPHjEplWd9GbmV1bX0jv1nY2t7Z3TP3D1oySgQmTRyxSDg+koRRTpqKKkacWBAU+oy0/dH11G8/ECFpxO/VOCZuiAacBhQjpSXPPL7xUqfSmZRQxS/DK9goOfASogrs6OaXPbNoVa0Z4DKxM1IEGRqe+dXrRzgJCVeYISm7thUrN0VCUczIpNBLJIkRHqEB6WrKUUikm87umMBTrfRhEAldXMGZ+nsjRaGU49DXkyFSQ7noTcX/vG6igpqbUh4ninA8fyhIGFQRnIYC+1QQrNhYE4QF1X+FeIgEwkpHV9Ah2IsnL5PWWdW2qvbdebFey+LIgyNwAkrABhegDm5BAzQBBo/gGbyCN+PJeDHejY/5aM7Idg7BHxifP8fjlV0=</latexit><latexit sha1_base64="dSeAv8GAi6lbSe+0enumc8Mzb0k=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovQQimJCHahUBDEZQXbprQhTKaTduhkEmYmQgndufFX3LhQxK2/4M6/cdpmoa0HLvdwzr3M3OPHjEplWd9GbmV1bX0jv1nY2t7Z3TP3D1oySgQmTRyxSDg+koRRTpqKKkacWBAU+oy0/dH11G8/ECFpxO/VOCZuiAacBhQjpSXPPL7xUqfSmZRQxS/DK9goOfASogrs6OaXPbNoVa0Z4DKxM1IEGRqe+dXrRzgJCVeYISm7thUrN0VCUczIpNBLJIkRHqEB6WrKUUikm87umMBTrfRhEAldXMGZ+nsjRaGU49DXkyFSQ7noTcX/vG6igpqbUh4ninA8fyhIGFQRnIYC+1QQrNhYE4QF1X+FeIgEwkpHV9Ah2IsnL5PWWdW2qvbdebFey+LIgyNwAkrABhegDm5BAzQBBo/gGbyCN+PJeDHejY/5aM7Idg7BHxifP8fjlV0=</latexit><latexit sha1_base64="dSeAv8GAi6lbSe+0enumc8Mzb0k=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovQQimJCHahUBDEZQXbprQhTKaTduhkEmYmQgndufFX3LhQxK2/4M6/cdpmoa0HLvdwzr3M3OPHjEplWd9GbmV1bX0jv1nY2t7Z3TP3D1oySgQmTRyxSDg+koRRTpqKKkacWBAU+oy0/dH11G8/ECFpxO/VOCZuiAacBhQjpSXPPL7xUqfSmZRQxS/DK9goOfASogrs6OaXPbNoVa0Z4DKxM1IEGRqe+dXrRzgJCVeYISm7thUrN0VCUczIpNBLJIkRHqEB6WrKUUikm87umMBTrfRhEAldXMGZ+nsjRaGU49DXkyFSQ7noTcX/vG6igpqbUh4ninA8fyhIGFQRnIYC+1QQrNhYE4QF1X+FeIgEwkpHV9Ah2IsnL5PWWdW2qvbdebFey+LIgyNwAkrABhegDm5BAzQBBo/gGbyCN+PJeDHejY/5aM7Idg7BHxifP8fjlV0=</latexit><latexit sha1_base64="dSeAv8GAi6lbSe+0enumc8Mzb0k=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovQQimJCHahUBDEZQXbprQhTKaTduhkEmYmQgndufFX3LhQxK2/4M6/cdpmoa0HLvdwzr3M3OPHjEplWd9GbmV1bX0jv1nY2t7Z3TP3D1oySgQmTRyxSDg+koRRTpqKKkacWBAU+oy0/dH11G8/ECFpxO/VOCZuiAacBhQjpSXPPL7xUqfSmZRQxS/DK9goOfASogrs6OaXPbNoVa0Z4DKxM1IEGRqe+dXrRzgJCVeYISm7thUrN0VCUczIpNBLJIkRHqEB6WrKUUikm87umMBTrfRhEAldXMGZ+nsjRaGU49DXkyFSQ7noTcX/vG6igpqbUh4ninA8fyhIGFQRnIYC+1QQrNhYE4QF1X+FeIgEwkpHV9Ah2IsnL5PWWdW2qvbdebFey+LIgyNwAkrABhegDm5BAzQBBo/gGbyCN+PJeDHejY/5aM7Idg7BHxifP8fjlV0=</latexit>

https://academo.org/demos/3d-surface-plotter/?expression=1/(1+exp(-x))*1/(1+exp(-y))&xRange=-10,10&yRange=-10,10&resolution=25
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Jointly Continuous
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Probabilities from Joint CDF
𝑃 𝑎! < 𝑋 ≤ 𝑎",𝑏! < 𝑌 ≤ 𝑏" = 𝐹$,% 𝑎",𝑏"
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−𝐹$,% 𝑎!,𝑏"

−𝐹$,% 𝑎",𝑏!
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Probabilities from Joint CDF
𝑃 𝑎! < 𝑋 ≤ 𝑎",𝑏! < 𝑌 ≤ 𝑏" = 𝐹$,% 𝑎",𝑏"

−𝐹$,% 𝑎!,𝑏"

−𝐹$,% 𝑎",𝑏!
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Probabilities from Joint CDF
𝑃 𝑎! < 𝑋 ≤ 𝑎",𝑏! < 𝑌 ≤ 𝑏" = 𝐹$,% 𝑎",𝑏"

−𝐹$,% 𝑎!,𝑏"

−𝐹$,% 𝑎",𝑏!

+𝐹$,% 𝑎!,𝑏!
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𝑃 𝑎! < 𝑋 ≤ 𝑎",𝑏! < 𝑌 ≤ 𝑏" = 𝐹$,% 𝑎",𝑏"

−𝐹$,% 𝑎!,𝑏"

−𝐹$,% 𝑎",𝑏!

+𝐹$,% 𝑎!,𝑏!

a
1

a
2

b
1

b
2

Probabilities from Joint CDF
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Probability for Instagram!
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Gaussian Blur
In image processing, a Gaussian blur is the result of blurring 
an image by a Gaussian function. It is a widely used effect in 
graphics software, typically to reduce image noise. 

Gaussian blurring with StDev = 3, is based on a joint probability 
distribution:

fX,Y (x, y) =
1

2⇡ · 32 e
� x2+y2

2·32

FX,Y (x, y) = �
⇣x
3

⌘
· �

⇣y
3

⌘

Joint PDF

Joint CDF

Used to generate this weight matrix
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Gaussian Blur

fX,Y (x, y) =
1

2⇡ · 32 e
� x2+y2

2·32

FX,Y (x, y) = �
⇣x
3

⌘
· �

⇣y
3

⌘

Joint PDF

Joint CDF

Each pixel is given a weight equal to the 
probability that X and Y are both within the 
pixel bounds. The center pixel covers the area 
where 

-0.5 ≤ x ≤ 0.5 and -0.5 ≤ y ≤ 0.5
What is the weight of the center pixel?
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Four Prototypical Trajectories

Special case of a Multivariate 
Gaussian. Each gaussian is 

independent! 
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900

900

How do you integrate under a circle?

f(X = x, Y = y)
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Four Prototypical Trajectories

Pedagogic Pause
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Joint Random Variables
Use a joint table, density function or CDF to solve 
probability question

Use and find independence of random variables

Think about conditional probabilities with joint variables 
(which might be continuous)

What happens when you add random variables?

Use and find expectation of multiple random variables
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Four Prototypical Trajectories

Conditionals with multiple variables
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Recall that for events E and F:

0)(     
)(
)()|( >= FP

FP
EFPFEP  where

Conditionals with Events

EF F

F
E
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Recall that for events E and F:

Now, have X and Y as discrete random variables
§ Conditional PMF of X given Y:

0)(     
)(
)()|( >= FP

FP
EFPFEP  where

)(
),(

)(
),()|()|( ,

| yp
yxp

yYP
yYxXPyYxXPyxP

Y

YX
YX =

=
==

====

Discrete Conditional Distributions

Different notations, same 
idea.
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Joint Probability Table
Roommates 2RoomDbl

Shared 
Partner Single

Frosh 0.30 0.07 0.00 0.00 0.37
Soph 0.12 0.18 0.00 0.03 0.32
Junior 0.04 0.01 0.00 0.10 0.15
Senior 0.01 0.02 0.02 0.01 0.05

5+ 0.02 0.00 0.05 0.04 0.11
0.49 0.27 0.07 0.18 1.00

Pr
ob

ab
ili
ty
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Room | Year
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Transport | Year
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Lunch | Year
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Relationship Status | Year



Chris Piech, CS109, 2021

Number or Function?

P (X = 2|Y = 5)
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Number
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P (X = 2|Y = y)
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Function
(or 1D table)

Number or Function?
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Number or Function?

P (X = x|Y = y)
<latexit sha1_base64="uIJAN6Q1siFJ7g0JWN+eLqzrlng=">AAAB8XicbVDLSsNAFL2pr1pfVZduBotQNyURQTeFghuXKdiHtqFMppN26GQSZiZiiAU/wo0LRdz6N+78G6ePhbYeuHA4517uvcePOVPatr+t3Mrq2vpGfrOwtb2zu1fcP2iqKJGENkjEI9n2saKcCdrQTHPajiXFoc9pyx9dTfzWPZWKReJGpzH1QjwQLGAEayPdueV29eHxtpqe9oolu2JPgZaJMyclmMPtFb+6/YgkIRWacKxUx7Fj7WVYakY4HRe6iaIxJiM8oB1DBQ6p8rLpxWN0YpQ+CiJpSmg0VX9PZDhUKg190xliPVSL3kT8z+skOrj0MibiRFNBZouChCMdocn7qM8kJZqnhmAimbkVkSGWmGgTUsGE4Cy+vEyaZxXHrjj181Kt/jSLIw9HcAxlcOACanANLjSAgIBneIU3S1kv1rv1MWvNWfMID+EPrM8fmBKQpg==</latexit><latexit sha1_base64="uIJAN6Q1siFJ7g0JWN+eLqzrlng=">AAAB8XicbVDLSsNAFL2pr1pfVZduBotQNyURQTeFghuXKdiHtqFMppN26GQSZiZiiAU/wo0LRdz6N+78G6ePhbYeuHA4517uvcePOVPatr+t3Mrq2vpGfrOwtb2zu1fcP2iqKJGENkjEI9n2saKcCdrQTHPajiXFoc9pyx9dTfzWPZWKReJGpzH1QjwQLGAEayPdueV29eHxtpqe9oolu2JPgZaJMyclmMPtFb+6/YgkIRWacKxUx7Fj7WVYakY4HRe6iaIxJiM8oB1DBQ6p8rLpxWN0YpQ+CiJpSmg0VX9PZDhUKg190xliPVSL3kT8z+skOrj0MibiRFNBZouChCMdocn7qM8kJZqnhmAimbkVkSGWmGgTUsGE4Cy+vEyaZxXHrjj181Kt/jSLIw9HcAxlcOACanANLjSAgIBneIU3S1kv1rv1MWvNWfMID+EPrM8fmBKQpg==</latexit><latexit sha1_base64="uIJAN6Q1siFJ7g0JWN+eLqzrlng=">AAAB8XicbVDLSsNAFL2pr1pfVZduBotQNyURQTeFghuXKdiHtqFMppN26GQSZiZiiAU/wo0LRdz6N+78G6ePhbYeuHA4517uvcePOVPatr+t3Mrq2vpGfrOwtb2zu1fcP2iqKJGENkjEI9n2saKcCdrQTHPajiXFoc9pyx9dTfzWPZWKReJGpzH1QjwQLGAEayPdueV29eHxtpqe9oolu2JPgZaJMyclmMPtFb+6/YgkIRWacKxUx7Fj7WVYakY4HRe6iaIxJiM8oB1DBQ6p8rLpxWN0YpQ+CiJpSmg0VX9PZDhUKg190xliPVSL3kT8z+skOrj0MibiRFNBZouChCMdocn7qM8kJZqnhmAimbkVkSGWmGgTUsGE4Cy+vEyaZxXHrjj181Kt/jSLIw9HcAxlcOACanANLjSAgIBneIU3S1kv1rv1MWvNWfMID+EPrM8fmBKQpg==</latexit><latexit sha1_base64="uIJAN6Q1siFJ7g0JWN+eLqzrlng=">AAAB8XicbVDLSsNAFL2pr1pfVZduBotQNyURQTeFghuXKdiHtqFMppN26GQSZiZiiAU/wo0LRdz6N+78G6ePhbYeuHA4517uvcePOVPatr+t3Mrq2vpGfrOwtb2zu1fcP2iqKJGENkjEI9n2saKcCdrQTHPajiXFoc9pyx9dTfzWPZWKReJGpzH1QjwQLGAEayPdueV29eHxtpqe9oolu2JPgZaJMyclmMPtFb+6/YgkIRWacKxUx7Fj7WVYakY4HRe6iaIxJiM8oB1DBQ6p8rLpxWN0YpQ+CiJpSmg0VX9PZDhUKg190xliPVSL3kT8z+skOrj0MibiRFNBZouChCMdocn7qM8kJZqnhmAimbkVkSGWmGgTUsGE4Cy+vEyaZxXHrjj181Kt/jSLIw9HcAxlcOACanANLjSAgIBneIU3S1kv1rv1MWvNWfMID+EPrM8fmBKQpg==</latexit>

2D Function
(or 2D table)



Chris Piech, CS109, 2021

Conditional Probability with Random Variables

74



Chris Piech, CS109, 2021

Four Prototypical Trajectories

Have a Great Weekend


