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Announcements
• Midterm next Tuesday.

• Practice and info is on cs109.stanford.edu

• Midterm review Thurs 7p.
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Where are we in CS109?
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Discrete 
Models:

General Case,
Multinomial

Continuous 
Models:

General Case,
Multi-Gauss

Inference
Conclusions 

from 
Observations

Modelling:
Make your own!

General 
Inference:

Use computers 
to infer

Where are we locally?
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Last Week

Joint Distribution noun

The probability of a simultaneous assignment to all the 
random variables in a probabilistic model.

Eg:
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Monday: Inference

Inference noun

An updated belief about a random variable (or multiple) 
based on conditional knowledge regarding another 
random variable (or multiple) in a probabilistic model. 

TLDR: conditional probability with random variables.
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All the Bayes Belong to Us
M,N are discrete. X, Y are continuous

p
N|X (n|x) =

f
X|N (x|n)pN (n)

fX (x)

P (X = x|N = n) =
P (N = n|X = x)P (X = x)

P (N = n)

P
X|N (x|n) =

P
N|X (n|x)PX (x)

PN (n)

f
X|N (x|n) · ✏x =

P
N|X (n|x)fX (x) · ✏x

PN (n)

f
X|N (x|n) =

P
N|X (n|x)fX (x)

PN (n)

p
M|N (m|n) =

P
N|M (n|m)pM (m)

pN (n)OG Bay
es

Mix B
ayes

 #1

Mix B
ayes

 #2

f
X|Y (x|y) =

f
Y |X (y|x)fX (x)

fY (y)
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Proof is based on this claim
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Medium Inference

Q: At birth, girl elephant weights are distributed as a Gaussian with mean = 160kg, std  = 
7kg. At birth, boy elephant weights are distributed as a Gaussian with mean = 165kg, std = 
3kg. All you know about a newborn elephant is that it is 163kg. What is the probability that 
it is a girl? 
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Notation: These are all the same
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Four Prototypical Trajectories

So it begins…
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1. Perspective on the artform of how to design probabilistic models
2. How to calculate Correlations

3. Use and verify Independence with Random Variables

Learning Goals
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Computers Couldn’t Understand Code

You need to 
move and 

turn in your 
loop

60,000 students attempted this problem
37,000 unique solutions

Challenge Student Code Insight
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Generative Model of Characters
Lake et al, 2015
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Four Prototypical Trajectories

Lets talk about how to make a model



Chris Piech, CS109, 2021

Model Version #1: Python That Outputs a Joint Sample

18

Sample Baby
Elephant

Sex: Female
Weight: 161kg 



Chris Piech, CS109, 2021

Model Version #2: Bayesian Network

19

Weight
X

IsFemale
G

X | G = 1 is N(μ = 160, σ2 = 72)
X | G = 0 is N(μ = 165, σ2 = 32)

G = 1 is Bern(p = 0.5)

Does this define the joint?
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Why You Need a Model

20
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Inference

21
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Inference

22

Flu

Cold

Under-
grad

Chest 
pain

TiredSore
Throat

Fever

Nausea

Inference question:

Given the values of some random
variables, what are the conditional
distributions of some other random
variables?

Strep
Throat
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Inference

23

Flu

Cold

Under-
grad

Chest 
pain

TiredSore
Throat

Fever

Nausea

One inference question:

𝑃 𝐹 = 1|𝑁 = 1, 𝑇 = 1

=
𝑃 𝐹 = 1,𝑁 = 1, 𝑇 = 1

𝑃 𝑁 = 1, 𝑇 = 1

Strep
Throat
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Inference

24

Flu

Cold

Under-
grad

Chest 
pain

TiredSore
Throat

Fever

Nausea

Another inference question:

𝑃 𝐶! = 1, 𝑈 = 1|𝑆 = 0, 𝐹" = 0

=
𝑃 𝐶! = 1,𝑈 = 1, 𝑆 = 0, 𝐹" = 0

𝑃 𝑆 = 0, 𝐹" = 0

Strep
Throat
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Inference
If we knew the joint distribution,
we can answer all probabilistic
inference questions.

What is the size of the joint 
probability table? 
A. 2#$% entries
B. 𝑁& entries
C. 2# entries
D. None/other/don’t know

Flu

Cold

Under-
grad

Chest 
pain

TiredSore
Throat

Fever

Nausea 𝑁 = 9
all binary RVs

Strep
Throat
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Inference
If we knew the joint distribution,
we can answer all probabilistic
inference questions.

What is the size of the joint 
probability table? 
A. 2#$% entries
B. 𝑁& entries
C. 2# entries
D. None/other/don’t know

Flu

Cold

Under-
grad

Chest 
pain

TiredSore
Throat

Fever

Nausea 𝑁 = 9
all binary RVs

Naively specifying a joint distribution 
is, in general, intractable.

Strep
Throat



Chris Piech, CS109, 2021

N can be large…

27



Bayesian 
Networks

28
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A simpler WebMD

Great! Just specify 2' = 16 joint 
probabilities…?

𝑃 𝐹() = 𝑎, 𝐹"* = 𝑏, 𝑈 = 𝑐, 𝑇 = 𝑑

What would a Stanford flu expert do?

29

Flu Under-
grad

TiredFever

Describe the joint distribution using 
causality!
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Constructing a Bayesian Network
What would a Stanford flu expert do?
1. Describe the joint distribution using 

causality.
2. Provide 𝑃 values|parents for each 

random variable
3. Implicitly assumes independences.

30

Flu Under-
grad

TiredFever

✅
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Constructing a Bayesian Network
In a Bayesian Network,
Each random variable is caused by 
its parents. Def P(node | parents)

• Node: random variable
• Directed edge: causality

Examples:
• 𝑃 𝐹!" = 1
• 𝑃 𝑈 = 0
• 𝑃 𝐹#$ = 1|𝐹!" = 1 , 𝑃 𝐹#$ = 1|𝐹!" = 0
• 𝑃 𝑇 = 1|𝐹!" = 0, 𝑈 = 0 …

31

Flu Under-
grad

TiredFever

𝑃 𝑇 = 1|𝐹!" = 0, 𝑈 = 0
𝑃 𝑇 = 1|𝐹!" = 0, 𝑈 = 1
𝑃 𝑇 = 1|𝐹!" = 1, 𝑈 = 0
𝑃 𝑇 = 1|𝐹!" = 1, 𝑈 = 1
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Constructing a Bayesian Network
What would a Stanford flu expert do?
1. Describe the joint distribution using 

causality.
2. Provide 𝑃 values|parents for each 

random variable
3. Implicitly assumes independences.

32

Flu Under-
grad

TiredFever

✅

✅

✅
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Constructing a Bayesian Network
This model assumes that Flu and being 
an Undergraduate are independent.

Advanced: it also assumes that fever 
and tired are conditionally independent 
given Flu.

You need to tell a generative story. The 
independence assumptions come for 
free. 

33

Flu Under-
grad

TiredFever
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Bug: Constructing a Bayesian Network

34

Flu Under-
grad

TiredFever

Must by acyclic!
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Four Prototypical Trajectories

Independence of RVs
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Independent discrete RVs
Recall the definition of independent
events 𝐸 and 𝐹:

Two discrete random variables 𝑋 and 𝑌 are independent if:

𝑃 𝑋 = 𝑥, 𝑌 = 𝑦 = 𝑃 𝑋 = 𝑥 𝑃 𝑌 = 𝑦

𝑝 𝑥, 𝑦 = 𝑝 𝑥 𝑝 𝑦

• Intuitively: knowing value of 𝑋 tells us nothing about
the distribution of 𝑌 (and vice versa)

• If two variables are not independent, they are called dependent.

36

for all 𝑥, 𝑦:

Different notation,
same idea:

𝑃 𝐸𝐹 = 𝑃 𝐸 𝑃 𝐹



Chris Piech, CS109, 2021

Dice (after all this time, still our friends)
Let: 𝐷% and 𝐷& be the outcomes of two rolls

𝑆 = 𝐷% + 𝐷&, the sum of two rolls
• Each roll of a fair, 6-sided die is an independent trial.
• Random variables 𝐷* and 𝐷+ are independent.

1. Are events 𝐷% = 1 and
𝑆 = 7 independent?

2. Are events 𝐷% = 1 and
𝑆 = 5 independent?

3. Are random variables 𝐷% and 𝑆 independent?

37
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Dice (after all this time, still our friends)
Let: 𝐷% and 𝐷& be the outcomes of two rolls

𝑆 = 𝐷% + 𝐷&, the sum of two rolls
• Each roll of a 6-sided die is an independent trial.
• Random variables 𝐷* and 𝐷+ are independent.

1. Are events 𝐷% = 1 and
𝑆 = 7 independent?

2. Are events 𝐷% = 1 and
𝑆 = 5 independent?

3. Are random variables 𝐷% and 𝑆 independent?

38

❌

❌

✅

All events 𝑋 = 𝑥, 𝑌 = 𝑦 must be independent for 𝑋, 𝑌 to be independent RVs.
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Independence Assumption in Bayes Net

39

Flu Under-
grad

TiredFever

𝑃 𝐹,- = 1,𝑈 = 0 = 𝑃 𝐹,- = 1 𝑃 𝑈 = 0Assumes:
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Independence Assumption in Bayes Net

40

Flu Under-
grad

TiredFever

𝑃 𝐹./ = 1, 𝑇 = 0|𝐹,- = 1 = 𝑃 𝐹./ = 1|𝐹,- = 1 𝑃 𝑇 = 0|𝐹,- = 1Assumes:
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Independence Assumption in Bayes Net

Bayes Nets tell a generative story.

This leads to many independence assumptions

Makes it tractable to represent the join
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Challenge: Exact Inference in a Bayes Net 

42

Flu Under-
grad

TiredFever
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Four Prototypical Trajectories

Can I discover independence from 
data?
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Why is it harder to 
find independences 
here than for bat 
DNA expression?



Dance of the 
Covariance

46
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Recall our Ebola Bats
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Gene1 Gene2 Gene3 Gene4 Gene5 Trait
TRUE FALSE TRUE TRUE FALSE FALSE
FALSE FALSE TRUE TRUE TRUE TRUE
TRUE FALSE TRUE FALSE FALSE FALSE
TRUE FALSE TRUE TRUE TRUE FALSE
FALSE TRUE TRUE TRUE TRUE TRUE
FALSE FALSE FALSE TRUE FALSE FALSE
TRUE FALSE FALSE TRUE FALSE FALSE
TRUE FALSE FALSE TRUE FALSE FALSE
TRUE FALSE TRUE FALSE FALSE FALSE
FALSE TRUE FALSE TRUE FALSE FALSE
TRUE TRUE FALSE TRUE FALSE FALSE
TRUE FALSE FALSE TRUE FALSE FALSE
TRUE FALSE TRUE TRUE TRUE FALSE
FALSE FALSE TRUE TRUE FALSE FALSE
TRUE FALSE FALSE TRUE FALSE FALSE
TRUE FALSE FALSE TRUE FALSE FALSE

…
TRUE FALSE FALSE TRUE FALSE FALSE

Bat Data
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Gene5 Trait
0.76 0.83
0.94 0.85
0.82 0.03
0.94 0.32
0.50 0.10
0.40 0.53
0.90 0.67
0.29 0.71
0.72 0.25
0.15 0.24
0.79 0.98
0.68 0.77
0.71 0.37
0.36 0.18
0.62 0.08
0.59 0.38

0.82 0.76

Expression Amount
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-4

0

4

-4 0 4

-4

0

4

-4 0 4

Spot The Difference
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Spot The Difference



Chris Piech, CS109, 2021

-2

0

2

4

6

0 5

x� E[x] = 3

y � E[y] = 2.6

(x� E[x])(y � E[y]) = 7.8

Vary Together
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-2

0

2

4

6

0 5

Vary Together

(x� E[x])(y � E[y]) = 0

x� E[x] ⇡ 0

y � E[y] ⇡ 0
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-2

0

2

4

6

0 5

Vary Together

y � E[y] = �2.8

x� E[x] = �1.1

(x� E[x])(y � E[y]) ⇡ 3.1
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Understanding Covariance
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Say X and Y are arbitrary random variables
Covariance of X and Y:

])][])([[(),(Cov YEYXEXEYX --=

The Dance of the Covariance

x y (x – E[X])(y – E[Y])p(x,y)

Above 
mean

Above 
mean

Positive

Bellow 
mean

Bellow 
mean

Positive

Bellow 
mean

Above 
mean

Negative

Above 
mean

Bellow 
mean

Negative
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Say X and Y are arbitrary random variables
Covariance of X and Y:

Equivalently:

§ X and Y independent, E[XY] = E[X]E[Y] à Cov(X,Y) = 0
§ But Cov(X,Y) = 0 does not imply X and Y independent!

])][])([[(),(Cov YEYXEXEYX --=

]][][][][[),(Cov XEYEYXEYXEXYEYX +--=

][][][][][][][ YEXEYEXEYEXEXYE +--=

][][][ YEXEXYE -=

The Dance of the Covariance
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Consider the following data:
Weight Height Weight * Height

64 57 3648
71 59 4189
53 49 2597
67 62 4154
55 51 2805
58 50 2900
77 55 4235
57 48 2736
56 42 2352
51 42 2142
76 61 4636
68 57 3876

E[W]      
= 62.75

E[H]      
= 52.75

E[W*H]                     
= 3355.83

30
35
40
45
50
55
60
65

40 45 50 55 60 65 70 75 80

He
ig
ht

Weight

Cov(W, H) = E[W*H] – E[W]E[H]
= 3355.83 – (62.75)(52.75)
= 45.77

Covariance and Data
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Covariance
Poll: (a) positive, (b) negative, (c) zero
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Covariance
Is the Covariance: (a) positive, (b) negative, (c) zero

Positive
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Covariance
Is the Covariance: (a) positive, (b) negative, (c) zero
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Covariance
Is the Covariance: (a) positive, (b) negative, (c) zero

Negative
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Covariance
Is the Covariance: (a) positive, (b) negative, (c) zero



Chris Piech, CS109, 2021

Covariance
Is the Covariance: (a) positive, (b) negative, (c) zero

Zero
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X and Y are random variables with PMF:

§ E[X] = -1(1/3) + 0(1/3) + 1(1/3) = 0
§ E[Y] = 0(2/3) + 1(1/3) = 1/3
§ Since XY = 0, E[XY] = 0
§ Cov(X, Y) = E[XY] – E[X]E[Y] = 0 – 0 = 0

But, X and Y are clearly dependent!

X
Y -1 0 1 pY(y)

0 1/3 0 1/3 2/3

1 0 1/3 0 1/3

pX(x) 1/3 1/3 1/3 1

î
í
ì ¹

=
 otherwise       1

   0 if       0 X
Y

Independence and Covariance
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Say X and Y are arbitrary random variables
§

§

§

),(Cov),(Cov XYYX =

)(Var][][][),(Cov 2 XXEXEXEXX =-=

),(Cov),(Cov  YXaYbaX =+

Properties of Covariance
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Four Prototypical Trajectories

Correlation
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Consider the following data:
Weight Height Weight * Height

64 57 3648
71 59 4189
53 49 2597
67 62 4154
55 51 2805
58 50 2900
77 55 4235
57 48 2736
56 42 2352
51 42 2142
76 61 4636
68 57 3876

E[W]      
= 62.75

E[H]      
= 52.75

E[W*H]                     
= 3355.83

30
35
40
45
50
55
60
65

40 45 50 55 60 65 70 75 80

He
ig
ht

Weight

Cov(W, H) = E[W*H] – E[W]E[H]
= 3355.83 – (62.75)(52.75)
= 45.77

What is Wrong With This?
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�Std(X)Std(Y )  Cov(X,Y )  Std(X)Std(Y )

Cauchy Schwarz, a great way to normalize!
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Say X and Y are arbitrary random variables
• Correlation of X and Y, denoted r(X, Y):

• Note: -1 £ r(X, Y) £ 1 
• Correlation measures linearity between X and Y
• r(X, Y) = 1 Þ Y = aX + b   where a = sy/sx

• r(X, Y) = -1 Þ Y = aX + b   where a = -sy/sx

• r(X, Y) = 0 Þ absence of linear relationship
◦ But, X and Y can still be related in some other way!

• If r(X, Y) = 0, we say X and Y are “uncorrelated”
◦ Note: Independence implies uncorrelated, but not vice versa!

Y)Var(X)Var(
),(Cov),( YXYX =r

Viva La Correlatión
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Say X and Y are arbitrary random variables
• Correlation of X and Y, denoted r(X, Y):

Say Y = cX. Correlation should be 1.

Viva La Correlatión

Y)Var(X)Var(
),(Cov),( YXYX =r
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Correlation of 
Music Tastes

74



Correlation of 
Music Tastes

75
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From Correlation to Bayes Net



Chris Piech, CS109, 2021

reggae

From Correlation to Bayes Net

rocky

music

funky folky

opera punk country

dancyclassy

categories
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reggae

From Correlation to Bayes Net
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reggae

From Correlation to Bayes Net. Alternative!

rocky funky folky

opera punk country

dancy

pop

classy

categories

music
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Rock Music Vs Oil?

High Correlation

Hubbert Peak Theory
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Tell your friends!
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Divorce Vs Butter?
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Four Prototypical Trajectories

What about Code.org?
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Computers Couldn’t Understand Code

You need to 
move and 

turn in your 
loop

60,000 students attempted this problem
37,000 unique solutions

Challenge Student Code Insight
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Generative Model of Grading

Generative model

Inference model

Decision process Output solution

Lake et al, 2015 Muke Wu, Ali Malik, Noah Goodman, Chris Piech, 2019

Outstanding Student
paper award, AAAI 2019
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Friday: General Inference

88

Generative model

Inference model

Decision process Output solution
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Four Prototypical Trajectories

See you Friday.
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Four Prototypical Trajectories

Que te vayas bien


