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Biometric Keystrokes



Scores for a standardized test that students in Poland are 
required to pass before moving on in school

See if you can guess the minimum score to pass the test.

3http://freakonomics.com/2011/07/07/another-case-of-teacher-cheating-or-is-it-just-altruism/comment-page-2/

Altruism?

http://freakonomics.com/2011/07/07/another-case-of-teacher-cheating-or-is-it-just-altruism/comment-page-2/


• Consider n random variables X1, X2, ... Xn
§ Xi are all independently and identically distributed (I.I.D.)
§ All have the same PMF (if discrete) or PDF (if continuous)
§ All have the same expectation
§ All have the same variance

IID Random Variables

IID iid
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Quick check
Are 𝑋!, 𝑋", … , 𝑋# i.i.d. with the following distributions?

1. 𝑋$~Exp 𝜆 , 𝑋$ independent

2. 𝑋$~Exp 𝜆$ , 𝑋$ independent

3. 𝑋$~Exp 𝜆 , 𝑋! = 𝑋" = ⋯ = 𝑋#

4. 𝑋$~Bin 𝑛$ , 𝑝 , 𝑋$ independent
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✅

❌ (unless 𝜆! equal)

❌ dependent: 𝑋" = 𝑋# = ⋯ = 𝑋$

❌ (unless 𝑛! equal)
Note underlying Bernoulli RVs are i.i.d.!



Four Prototypical Trajectories

What happens when you add random 
variables?



Sum of Two Dice

Y =
2X

i=0

Xi

<latexit sha1_base64="UJGg5iVnsksgWiflT0EMR4O5Hv8=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiRFsJtCwY3LCvYhbQyT6aQdOpmEmYlQQ/FX3LhQxK3/4c6/cdpmoa0HLhzOuZd77wkSzpR2nG9rZXVtfWOzsFXc3tnd27cPDlsqTiWhTRLzWHYCrChngjY105x2EklxFHDaDkZXU7/9QKVisbjV44R6ER4IFjKCtZF8+/gO1VBPpZGfsZozua+gjs98u+SUnRnQMnFzUoIcDd/+6vVjkkZUaMKxUl3XSbSXYakZ4XRS7KWKJpiM8IB2DRU4osrLZtdP0JlR+iiMpSmh0Uz9PZHhSKlxFJjOCOuhWvSm4n9eN9Vh1cuYSFJNBZkvClOOdIymUaA+k5RoPjYEE8nMrYgMscREm8CKJgR38eVl0qqUXafs3lyU6tU8jgKcwCmcgwuXUIdraEATCDzCM7zCm/VkvVjv1se8dcXKZ47gD6zPH4Emk+0=</latexit><latexit sha1_base64="UJGg5iVnsksgWiflT0EMR4O5Hv8=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiRFsJtCwY3LCvYhbQyT6aQdOpmEmYlQQ/FX3LhQxK3/4c6/cdpmoa0HLhzOuZd77wkSzpR2nG9rZXVtfWOzsFXc3tnd27cPDlsqTiWhTRLzWHYCrChngjY105x2EklxFHDaDkZXU7/9QKVisbjV44R6ER4IFjKCtZF8+/gO1VBPpZGfsZozua+gjs98u+SUnRnQMnFzUoIcDd/+6vVjkkZUaMKxUl3XSbSXYakZ4XRS7KWKJpiM8IB2DRU4osrLZtdP0JlR+iiMpSmh0Uz9PZHhSKlxFJjOCOuhWvSm4n9eN9Vh1cuYSFJNBZkvClOOdIymUaA+k5RoPjYEE8nMrYgMscREm8CKJgR38eVl0qqUXafs3lyU6tU8jgKcwCmcgwuXUIdraEATCDzCM7zCm/VkvVjv1se8dcXKZ47gD6zPH4Emk+0=</latexit><latexit sha1_base64="UJGg5iVnsksgWiflT0EMR4O5Hv8=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiRFsJtCwY3LCvYhbQyT6aQdOpmEmYlQQ/FX3LhQxK3/4c6/cdpmoa0HLhzOuZd77wkSzpR2nG9rZXVtfWOzsFXc3tnd27cPDlsqTiWhTRLzWHYCrChngjY105x2EklxFHDaDkZXU7/9QKVisbjV44R6ER4IFjKCtZF8+/gO1VBPpZGfsZozua+gjs98u+SUnRnQMnFzUoIcDd/+6vVjkkZUaMKxUl3XSbSXYakZ4XRS7KWKJpiM8IB2DRU4osrLZtdP0JlR+iiMpSmh0Uz9PZHhSKlxFJjOCOuhWvSm4n9eN9Vh1cuYSFJNBZkvClOOdIymUaA+k5RoPjYEE8nMrYgMscREm8CKJgR38eVl0qqUXafs3lyU6tU8jgKcwCmcgwuXUIdraEATCDzCM7zCm/VkvVjv1se8dcXKZ47gD6zPH4Emk+0=</latexit><latexit sha1_base64="UJGg5iVnsksgWiflT0EMR4O5Hv8=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiRFsJtCwY3LCvYhbQyT6aQdOpmEmYlQQ/FX3LhQxK3/4c6/cdpmoa0HLhzOuZd77wkSzpR2nG9rZXVtfWOzsFXc3tnd27cPDlsqTiWhTRLzWHYCrChngjY105x2EklxFHDaDkZXU7/9QKVisbjV44R6ER4IFjKCtZF8+/gO1VBPpZGfsZozua+gjs98u+SUnRnQMnFzUoIcDd/+6vVjkkZUaMKxUl3XSbSXYakZ4XRS7KWKJpiM8IB2DRU4osrLZtdP0JlR+iiMpSmh0Uz9PZHhSKlxFJjOCOuhWvSm4n9eN9Vh1cuYSFJNBZkvClOOdIymUaA+k5RoPjYEE8nMrYgMscREm8CKJgR38eVl0qqUXafs3lyU6tU8jgKcwCmcgwuXUIdraEATCDzCM7zCm/VkvVjv1se8dcXKZ47gD6zPH4Emk+0=</latexit>

Xi is the outcome of dice roll i

Xi s ar
e iid



Sum of Three Dice

Xi is the outcome of dice roll i

Xi s ar
e iid

Y =
3X

i=0

Xi

<latexit sha1_base64="tOTYB5md1IfHAd16I63dMOKJ8KM=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiQq2E2h4MZlBfuQNobJdNIOnUnCzESoofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99wQJZ0o7zre1tLyyurZe2Chubm3v7Np7+00Vp5LQBol5LNsBVpSziDY005y2E0mxCDhtBcOrid96oFKxOLrVo4R6AvcjFjKCtZF8+/AOVVFXpcLPWNUZ35+jts98u+SUnSnQInFzUoIcdd/+6vZikgoaacKxUh3XSbSXYakZ4XRc7KaKJpgMcZ92DI2woMrLpteP0YlReiiMpalIo6n6eyLDQqmRCEynwHqg5r2J+J/XSXVY8TIWJammEZktClOOdIwmUaAek5RoPjIEE8nMrYgMsMREm8CKJgR3/uVF0jwru07Zvbko1Sp5HAU4gmM4BRcuoQbXUIcGEHiEZ3iFN+vJerHerY9Z65KVzxzAH1ifP4Kuk+4=</latexit><latexit sha1_base64="tOTYB5md1IfHAd16I63dMOKJ8KM=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiQq2E2h4MZlBfuQNobJdNIOnUnCzESoofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99wQJZ0o7zre1tLyyurZe2Chubm3v7Np7+00Vp5LQBol5LNsBVpSziDY005y2E0mxCDhtBcOrid96oFKxOLrVo4R6AvcjFjKCtZF8+/AOVVFXpcLPWNUZ35+jts98u+SUnSnQInFzUoIcdd/+6vZikgoaacKxUh3XSbSXYakZ4XRc7KaKJpgMcZ92DI2woMrLpteP0YlReiiMpalIo6n6eyLDQqmRCEynwHqg5r2J+J/XSXVY8TIWJammEZktClOOdIwmUaAek5RoPjIEE8nMrYgMsMREm8CKJgR3/uVF0jwru07Zvbko1Sp5HAU4gmM4BRcuoQbXUIcGEHiEZ3iFN+vJerHerY9Z65KVzxzAH1ifP4Kuk+4=</latexit><latexit sha1_base64="tOTYB5md1IfHAd16I63dMOKJ8KM=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiQq2E2h4MZlBfuQNobJdNIOnUnCzESoofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99wQJZ0o7zre1tLyyurZe2Chubm3v7Np7+00Vp5LQBol5LNsBVpSziDY005y2E0mxCDhtBcOrid96oFKxOLrVo4R6AvcjFjKCtZF8+/AOVVFXpcLPWNUZ35+jts98u+SUnSnQInFzUoIcdd/+6vZikgoaacKxUh3XSbSXYakZ4XRc7KaKJpgMcZ92DI2woMrLpteP0YlReiiMpalIo6n6eyLDQqmRCEynwHqg5r2J+J/XSXVY8TIWJammEZktClOOdIwmUaAek5RoPjIEE8nMrYgMsMREm8CKJgR3/uVF0jwru07Zvbko1Sp5HAU4gmM4BRcuoQbXUIcGEHiEZ3iFN+vJerHerY9Z65KVzxzAH1ifP4Kuk+4=</latexit><latexit sha1_base64="tOTYB5md1IfHAd16I63dMOKJ8KM=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiQq2E2h4MZlBfuQNobJdNIOnUnCzESoofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99wQJZ0o7zre1tLyyurZe2Chubm3v7Np7+00Vp5LQBol5LNsBVpSziDY005y2E0mxCDhtBcOrid96oFKxOLrVo4R6AvcjFjKCtZF8+/AOVVFXpcLPWNUZ35+jts98u+SUnSnQInFzUoIcdd/+6vZikgoaacKxUh3XSbSXYakZ4XRc7KaKJpgMcZ92DI2woMrLpteP0YlReiiMpalIo6n6eyLDQqmRCEynwHqg5r2J+J/XSXVY8TIWJammEZktClOOdIwmUaAek5RoPjIEE8nMrYgMsMREm8CKJgR3/uVF0jwru07Zvbko1Sp5HAU4gmM4BRcuoQbXUIcGEHiEZ3iFN+vJerHerY9Z65KVzxzAH1ifP4Kuk+4=</latexit>



Sum of One Dice
This is the PMF of the sum of one dice

0.0

0.1

0.2

1 2 3 4 5 6



This is the PMF of the sum of two dice

Why is there more mass in the middle?

Sum of Two Dice

2 4 6 8 10 12



This is the PMF of the sum of three dice

Why is there more mass in the middle?

Sum of Three Dice

0.0

0.1

0.2

3 5 7 9 11131517



Four Prototypical Trajectories

Sum of 50 dice?



The Insight to Convolution
Imagine a game 

where each player independently scores between 0 and 100 points:

Let X be the amount of points you score.
Let Y be the amount of points your opponent scores.

Let’s say you know P(X = x) and P(Y = y).

What is the probability of a tie?

P (tie) =
100X

i=0

P (X = i, Y = i)

=
100X

I=0

P (X = i)P (Y = i) if independent
<latexit sha1_base64="BW49qVBZp868Cq084QXXYifvz2E="></latexit><latexit sha1_base64="BW49qVBZp868Cq084QXXYifvz2E="></latexit><latexit sha1_base64="BW49qVBZp868Cq084QXXYifvz2E="></latexit><latexit sha1_base64="BW49qVBZp868Cq084QXXYifvz2E="></latexit>

P (tie) =
100X

i=0

P (X = i, Y = i)

=
100X

i=0

P (X = i)P (Y = i) if independent
<latexit sha1_base64="ybb1zPAbvNiaN/3OHW35xpEdYNk="></latexit><latexit sha1_base64="ybb1zPAbvNiaN/3OHW35xpEdYNk="></latexit><latexit sha1_base64="ybb1zPAbvNiaN/3OHW35xpEdYNk="></latexit><latexit sha1_base64="ybb1zPAbvNiaN/3OHW35xpEdYNk="></latexit>



The Insight to Convolution Proofs
What is the 

probability that X + 
Y = n?

X Y i
0 n 0

1 n - 1 1

2 n - 2 2

n 0 n

…

P (X + Y = n)?
<latexit sha1_base64="BHln8RZAzkmDtbbPJfrTgyhu6wI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJUhLIrgr2IBS8eK9gPaZeSTbNtaJJdk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXhBzpo3rfjsrq2vrG5u5rfz2zu7efuHgsKGjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLyd+s0RVZpF8sGMY+oL3JcsZAQbK/m1Ugudo0d0jeTZTbdQdMvuDGiZeBkpQoZat/DV6UUkEVQawrHWbc+NjZ9iZRjhdJLvJJrGmAxxn7YtlVhQ7aezoyfo1Co9FEbKljRopv6eSLHQeiwC2ymwGehFbyr+57UTE1b8lMk4MVSS+aIw4chEaJoA6jFFieFjSzBRzN6KyAArTIzNKW9D8BZfXiaNi7Lnlr37y2K1ksWRg2M4gRJ4cAVVuIMa1IHAEzzDK7w5I+fFeXc+5q0rTjZzBH/gfP4AYFCP2Q==</latexit><latexit sha1_base64="BHln8RZAzkmDtbbPJfrTgyhu6wI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJUhLIrgr2IBS8eK9gPaZeSTbNtaJJdk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXhBzpo3rfjsrq2vrG5u5rfz2zu7efuHgsKGjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLyd+s0RVZpF8sGMY+oL3JcsZAQbK/m1Ugudo0d0jeTZTbdQdMvuDGiZeBkpQoZat/DV6UUkEVQawrHWbc+NjZ9iZRjhdJLvJJrGmAxxn7YtlVhQ7aezoyfo1Co9FEbKljRopv6eSLHQeiwC2ymwGehFbyr+57UTE1b8lMk4MVSS+aIw4chEaJoA6jFFieFjSzBRzN6KyAArTIzNKW9D8BZfXiaNi7Lnlr37y2K1ksWRg2M4gRJ4cAVVuIMa1IHAEzzDK7w5I+fFeXc+5q0rTjZzBH/gfP4AYFCP2Q==</latexit><latexit sha1_base64="BHln8RZAzkmDtbbPJfrTgyhu6wI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJUhLIrgr2IBS8eK9gPaZeSTbNtaJJdk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXhBzpo3rfjsrq2vrG5u5rfz2zu7efuHgsKGjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLyd+s0RVZpF8sGMY+oL3JcsZAQbK/m1Ugudo0d0jeTZTbdQdMvuDGiZeBkpQoZat/DV6UUkEVQawrHWbc+NjZ9iZRjhdJLvJJrGmAxxn7YtlVhQ7aezoyfo1Co9FEbKljRopv6eSLHQeiwC2ymwGehFbyr+57UTE1b8lMk4MVSS+aIw4chEaJoA6jFFieFjSzBRzN6KyAArTIzNKW9D8BZfXiaNi7Lnlr37y2K1ksWRg2M4gRJ4cAVVuIMa1IHAEzzDK7w5I+fFeXc+5q0rTjZzBH/gfP4AYFCP2Q==</latexit><latexit sha1_base64="BHln8RZAzkmDtbbPJfrTgyhu6wI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJUhLIrgr2IBS8eK9gPaZeSTbNtaJJdk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXhBzpo3rfjsrq2vrG5u5rfz2zu7efuHgsKGjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLyd+s0RVZpF8sGMY+oL3JcsZAQbK/m1Ugudo0d0jeTZTbdQdMvuDGiZeBkpQoZat/DV6UUkEVQawrHWbc+NjZ9iZRjhdJLvJJrGmAxxn7YtlVhQ7aezoyfo1Co9FEbKljRopv6eSLHQeiwC2ymwGehFbyr+57UTE1b8lMk4MVSS+aIw4chEaJoA6jFFieFjSzBRzN6KyAArTIzNKW9D8BZfXiaNi7Lnlr37y2K1ksWRg2M4gRJ4cAVVuIMa1IHAEzzDK7w5I+fFeXc+5q0rTjZzBH/gfP4AYFCP2Q==</latexit>

P (X = 0, Y = n)
<latexit sha1_base64="R3FGzRj+mdvs+u91kGzwM5f4Apc=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISEexGKLhxWcE+pA1lMp20QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPXO7hnHuZO8ePOVPacb6twtr6xuZWcbu0s7u3X7YPDtsqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8Sc3md95pFKxSNzraUy9EI8ECxjB2kgDu9ysdtE1cs7Rg2nibGBXnJozB1olbk4qkKM5sL/6w4gkIRWacKxUz3Vi7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL54TN0apQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOqh7KRNxoqkgi4eChCMdoSwFNGSSEs2nhmAimbkVkTGWmGiTVcmE4C5/eZW0L2quU3PvLiuNeh5HEY7hBKrgwhU04Baa0AICCTzDK7xZT9aL9W59LEYLVr5zBH9gff4AnvuQbQ==</latexit><latexit sha1_base64="R3FGzRj+mdvs+u91kGzwM5f4Apc=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISEexGKLhxWcE+pA1lMp20QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPXO7hnHuZO8ePOVPacb6twtr6xuZWcbu0s7u3X7YPDtsqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8Sc3md95pFKxSNzraUy9EI8ECxjB2kgDu9ysdtE1cs7Rg2nibGBXnJozB1olbk4qkKM5sL/6w4gkIRWacKxUz3Vi7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL54TN0apQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOqh7KRNxoqkgi4eChCMdoSwFNGSSEs2nhmAimbkVkTGWmGiTVcmE4C5/eZW0L2quU3PvLiuNeh5HEY7hBKrgwhU04Baa0AICCTzDK7xZT9aL9W59LEYLVr5zBH9gff4AnvuQbQ==</latexit><latexit sha1_base64="R3FGzRj+mdvs+u91kGzwM5f4Apc=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISEexGKLhxWcE+pA1lMp20QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPXO7hnHuZO8ePOVPacb6twtr6xuZWcbu0s7u3X7YPDtsqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8Sc3md95pFKxSNzraUy9EI8ECxjB2kgDu9ysdtE1cs7Rg2nibGBXnJozB1olbk4qkKM5sL/6w4gkIRWacKxUz3Vi7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL54TN0apQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOqh7KRNxoqkgi4eChCMdoSwFNGSSEs2nhmAimbkVkTGWmGiTVcmE4C5/eZW0L2quU3PvLiuNeh5HEY7hBKrgwhU04Baa0AICCTzDK7xZT9aL9W59LEYLVr5zBH9gff4AnvuQbQ==</latexit><latexit sha1_base64="R3FGzRj+mdvs+u91kGzwM5f4Apc=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISEexGKLhxWcE+pA1lMp20QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPXO7hnHuZO8ePOVPacb6twtr6xuZWcbu0s7u3X7YPDtsqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8Sc3md95pFKxSNzraUy9EI8ECxjB2kgDu9ysdtE1cs7Rg2nibGBXnJozB1olbk4qkKM5sL/6w4gkIRWacKxUz3Vi7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL54TN0apQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOqh7KRNxoqkgi4eChCMdoSwFNGSSEs2nhmAimbkVkTGWmGiTVcmE4C5/eZW0L2quU3PvLiuNeh5HEY7hBKrgwhU04Baa0AICCTzDK7xZT9aL9W59LEYLVr5zBH9gff4AnvuQbQ==</latexit>

P (X = 1, Y = n� 1)
<latexit sha1_base64="OJlQxypWIFNmhGQRwKnR4qUVJ/U=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSJU0JKIYDdCwY3LCvYhbSiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnLZZaOuByz2ccy9z5/gxZ0o7zre1srq2vrFZ2Cpu7+zu7dsHhy0VJZLQJol4JDs+VpQzQZuaaU47saQ49Dlt++Obqd9+pFKxSNzrNKZeiIeCBYxgbaS+XWpUOugauWfowTSBzpF72rfLTtWZAS0TNydlyNHo21+9QUSSkApNOFaq6zqx9jIsNSOcToq9RNEYkzEe0q6hAodUedns+Ak6McoABZE0JTSaqb83MhwqlYa+mQyxHqlFbyr+53UTHdS8jIk40VSQ+UNBwpGO0DQJNGCSEs1TQzCRzNyKyAhLTLTJq2hCcBe/vExaF1XXqbp3l+V6LY+jAEdwDBVw4QrqcAsNaAKBFJ7hFd6sJ+vFerc+5qMrVr5Tgj+wPn8AMlWRNA==</latexit><latexit sha1_base64="OJlQxypWIFNmhGQRwKnR4qUVJ/U=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSJU0JKIYDdCwY3LCvYhbSiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnLZZaOuByz2ccy9z5/gxZ0o7zre1srq2vrFZ2Cpu7+zu7dsHhy0VJZLQJol4JDs+VpQzQZuaaU47saQ49Dlt++Obqd9+pFKxSNzrNKZeiIeCBYxgbaS+XWpUOugauWfowTSBzpF72rfLTtWZAS0TNydlyNHo21+9QUSSkApNOFaq6zqx9jIsNSOcToq9RNEYkzEe0q6hAodUedns+Ak6McoABZE0JTSaqb83MhwqlYa+mQyxHqlFbyr+53UTHdS8jIk40VSQ+UNBwpGO0DQJNGCSEs1TQzCRzNyKyAhLTLTJq2hCcBe/vExaF1XXqbp3l+V6LY+jAEdwDBVw4QrqcAsNaAKBFJ7hFd6sJ+vFerc+5qMrVr5Tgj+wPn8AMlWRNA==</latexit><latexit sha1_base64="OJlQxypWIFNmhGQRwKnR4qUVJ/U=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSJU0JKIYDdCwY3LCvYhbSiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnLZZaOuByz2ccy9z5/gxZ0o7zre1srq2vrFZ2Cpu7+zu7dsHhy0VJZLQJol4JDs+VpQzQZuaaU47saQ49Dlt++Obqd9+pFKxSNzrNKZeiIeCBYxgbaS+XWpUOugauWfowTSBzpF72rfLTtWZAS0TNydlyNHo21+9QUSSkApNOFaq6zqx9jIsNSOcToq9RNEYkzEe0q6hAodUedns+Ak6McoABZE0JTSaqb83MhwqlYa+mQyxHqlFbyr+53UTHdS8jIk40VSQ+UNBwpGO0DQJNGCSEs1TQzCRzNyKyAhLTLTJq2hCcBe/vExaF1XXqbp3l+V6LY+jAEdwDBVw4QrqcAsNaAKBFJ7hFd6sJ+vFerc+5qMrVr5Tgj+wPn8AMlWRNA==</latexit><latexit sha1_base64="OJlQxypWIFNmhGQRwKnR4qUVJ/U=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSJU0JKIYDdCwY3LCvYhbSiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnLZZaOuByz2ccy9z5/gxZ0o7zre1srq2vrFZ2Cpu7+zu7dsHhy0VJZLQJol4JDs+VpQzQZuaaU47saQ49Dlt++Obqd9+pFKxSNzrNKZeiIeCBYxgbaS+XWpUOugauWfowTSBzpF72rfLTtWZAS0TNydlyNHo21+9QUSSkApNOFaq6zqx9jIsNSOcToq9RNEYkzEe0q6hAodUedns+Ak6McoABZE0JTSaqb83MhwqlYa+mQyxHqlFbyr+53UTHdS8jIk40VSQ+UNBwpGO0DQJNGCSEs1TQzCRzNyKyAhLTLTJq2hCcBe/vExaF1XXqbp3l+V6LY+jAEdwDBVw4QrqcAsNaAKBFJ7hFd6sJ+vFerc+5qMrVr5Tgj+wPn8AMlWRNA==</latexit>

P (X = 2, Y = n� 2)
<latexit sha1_base64="dfmQgUPOWZd0TJlHASSZLudYDLI=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyxCBS0zRbAboeDGZQX7kHYomTTThmYyQ5IRhqH+ihsXirj1Q9z5N6aPhbYeuNzDOfeSm+PHnCntON9Wbm19Y3Mrv13Y2d3bP7APj1oqSiShTRLxSHZ8rChngjY105x2Yklx6HPa9sc3U7/9SKVikbjXaUy9EA8FCxjB2kh9u9god9A1qp6jB9MEukDVs75dcirODGiVuAtSggUaffurN4hIElKhCcdKdV0n1l6GpWaE00mhlygaYzLGQ9o1VOCQKi+bHT9Bp0YZoCCSpoRGM/X3RoZDpdLQN5Mh1iO17E3F/7xuooOalzERJ5oKMn8oSDjSEZomgQZMUqJ5aggmkplbERlhiYk2eRVMCO7yl1dJq1pxnYp7d1mq1xZx5OEYTqAMLlxBHW6hAU0gkMIzvMKb9WS9WO/Wx3w0Zy12ivAH1ucPNWqRNg==</latexit><latexit sha1_base64="dfmQgUPOWZd0TJlHASSZLudYDLI=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyxCBS0zRbAboeDGZQX7kHYomTTThmYyQ5IRhqH+ihsXirj1Q9z5N6aPhbYeuNzDOfeSm+PHnCntON9Wbm19Y3Mrv13Y2d3bP7APj1oqSiShTRLxSHZ8rChngjY105x2Yklx6HPa9sc3U7/9SKVikbjXaUy9EA8FCxjB2kh9u9god9A1qp6jB9MEukDVs75dcirODGiVuAtSggUaffurN4hIElKhCcdKdV0n1l6GpWaE00mhlygaYzLGQ9o1VOCQKi+bHT9Bp0YZoCCSpoRGM/X3RoZDpdLQN5Mh1iO17E3F/7xuooOalzERJ5oKMn8oSDjSEZomgQZMUqJ5aggmkplbERlhiYk2eRVMCO7yl1dJq1pxnYp7d1mq1xZx5OEYTqAMLlxBHW6hAU0gkMIzvMKb9WS9WO/Wx3w0Zy12ivAH1ucPNWqRNg==</latexit><latexit sha1_base64="dfmQgUPOWZd0TJlHASSZLudYDLI=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyxCBS0zRbAboeDGZQX7kHYomTTThmYyQ5IRhqH+ihsXirj1Q9z5N6aPhbYeuNzDOfeSm+PHnCntON9Wbm19Y3Mrv13Y2d3bP7APj1oqSiShTRLxSHZ8rChngjY105x2Yklx6HPa9sc3U7/9SKVikbjXaUy9EA8FCxjB2kh9u9god9A1qp6jB9MEukDVs75dcirODGiVuAtSggUaffurN4hIElKhCcdKdV0n1l6GpWaE00mhlygaYzLGQ9o1VOCQKi+bHT9Bp0YZoCCSpoRGM/X3RoZDpdLQN5Mh1iO17E3F/7xuooOalzERJ5oKMn8oSDjSEZomgQZMUqJ5aggmkplbERlhiYk2eRVMCO7yl1dJq1pxnYp7d1mq1xZx5OEYTqAMLlxBHW6hAU0gkMIzvMKb9WS9WO/Wx3w0Zy12ivAH1ucPNWqRNg==</latexit><latexit sha1_base64="dfmQgUPOWZd0TJlHASSZLudYDLI=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyxCBS0zRbAboeDGZQX7kHYomTTThmYyQ5IRhqH+ihsXirj1Q9z5N6aPhbYeuNzDOfeSm+PHnCntON9Wbm19Y3Mrv13Y2d3bP7APj1oqSiShTRLxSHZ8rChngjY105x2Yklx6HPa9sc3U7/9SKVikbjXaUy9EA8FCxjB2kh9u9god9A1qp6jB9MEukDVs75dcirODGiVuAtSggUaffurN4hIElKhCcdKdV0n1l6GpWaE00mhlygaYzLGQ9o1VOCQKi+bHT9Bp0YZoCCSpoRGM/X3RoZDpdLQN5Mh1iO17E3F/7xuooOalzERJ5oKMn8oSDjSEZomgQZMUqJ5aggmkplbERlhiYk2eRVMCO7yl1dJq1pxnYp7d1mq1xZx5OEYTqAMLlxBHW6hAU0gkMIzvMKb9WS9WO/Wx3w0Zy12ivAH1ucPNWqRNg==</latexit>

P (X = n, Y = 0)
<latexit sha1_base64="NO8VpnpwHw2pQIXOaT7GrxcWF3I=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISEexGKLhxWcE+pA1lMp20QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPXO7hnHuZO8ePOVPacb6twtr6xuZWcbu0s7u3X7YPDtsqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8Sc3md95pFKxSNzraUy9EI8ECxjB2kgDu9ysdtE1EufowTTnbGBXnJozB1olbk4qkKM5sL/6w4gkIRWacKxUz3Vi7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL54TN0apQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOqh7KRNxoqkgi4eChCMdoSwFNGSSEs2nhmAimbkVkTGWmGiTVcmE4C5/eZW0L2quU3PvLiuNeh5HEY7hBKrgwhU04Baa0AICCTzDK7xZT9aL9W59LEYLVr5zBH9gff4AoK2QbQ==</latexit><latexit sha1_base64="NO8VpnpwHw2pQIXOaT7GrxcWF3I=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISEexGKLhxWcE+pA1lMp20QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPXO7hnHuZO8ePOVPacb6twtr6xuZWcbu0s7u3X7YPDtsqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8Sc3md95pFKxSNzraUy9EI8ECxjB2kgDu9ysdtE1EufowTTnbGBXnJozB1olbk4qkKM5sL/6w4gkIRWacKxUz3Vi7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL54TN0apQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOqh7KRNxoqkgi4eChCMdoSwFNGSSEs2nhmAimbkVkTGWmGiTVcmE4C5/eZW0L2quU3PvLiuNeh5HEY7hBKrgwhU04Baa0AICCTzDK7xZT9aL9W59LEYLVr5zBH9gff4AoK2QbQ==</latexit><latexit sha1_base64="NO8VpnpwHw2pQIXOaT7GrxcWF3I=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISEexGKLhxWcE+pA1lMp20QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPXO7hnHuZO8ePOVPacb6twtr6xuZWcbu0s7u3X7YPDtsqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8Sc3md95pFKxSNzraUy9EI8ECxjB2kgDu9ysdtE1EufowTTnbGBXnJozB1olbk4qkKM5sL/6w4gkIRWacKxUz3Vi7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL54TN0apQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOqh7KRNxoqkgi4eChCMdoSwFNGSSEs2nhmAimbkVkTGWmGiTVcmE4C5/eZW0L2quU3PvLiuNeh5HEY7hBKrgwhU04Baa0AICCTzDK7xZT9aL9W59LEYLVr5zBH9gff4AoK2QbQ==</latexit><latexit sha1_base64="NO8VpnpwHw2pQIXOaT7GrxcWF3I=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISEexGKLhxWcE+pA1lMp20QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPXO7hnHuZO8ePOVPacb6twtr6xuZWcbu0s7u3X7YPDtsqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8Sc3md95pFKxSNzraUy9EI8ECxjB2kgDu9ysdtE1EufowTTnbGBXnJozB1olbk4qkKM5sL/6w4gkIRWacKxUz3Vi7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL54TN0apQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOqh7KRNxoqkgi4eChCMdoSwFNGSSEs2nhmAimbkVkTGWmGiTVcmE4C5/eZW0L2quU3PvLiuNeh5HEY7hBKrgwhU04Baa0AICCTzDK7xZT9aL9W59LEYLVr5zBH9gff4AoK2QbQ==</latexit>

P (X + Y = n) =
nX

i=0

P (X = i, Y = n� i)
<latexit sha1_base64="Y+sTl2RXL2jJwIt+v+ZUtLDGjRU=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VoUWsigt0UCm5cVrAPaWOYTCft0MkkzEyEEvoZbvwVNy4Ucdudf+OkzUJbD9zL4Zx7mbnHixiVyrK+jdzK6tr6Rn6zsLW9s7tn7h+0ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblK//USEpCG/V+OIOAEacOpTjJSWXPOiUerAU/gAa5CXdevJOHATWrMmjxymXg3Ss7kNzyEtu2bRqlgzwGViZ6QIMjRcc9rrhzgOCFeYISm7thUpJ0FCUczIpNCLJYkQHqEB6WrKUUCkk8wOm8ATrfShHwpdXMGZ+nsjQYGU48DTkwFSQ7nopeJ/XjdWftVJKI9iRTieP+THDKoQpinBPhUEKzbWBGFB9V8hHiKBsNJZFnQI9uLJy6R1WbGtin13VaxXszjy4AgcgxKwwTWog1vQAE2AwTN4Be/gw3gx3oxP42s+mjOynUPwB8b0B+8fmqs=</latexit><latexit sha1_base64="Y+sTl2RXL2jJwIt+v+ZUtLDGjRU=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VoUWsigt0UCm5cVrAPaWOYTCft0MkkzEyEEvoZbvwVNy4Ucdudf+OkzUJbD9zL4Zx7mbnHixiVyrK+jdzK6tr6Rn6zsLW9s7tn7h+0ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblK//USEpCG/V+OIOAEacOpTjJSWXPOiUerAU/gAa5CXdevJOHATWrMmjxymXg3Ss7kNzyEtu2bRqlgzwGViZ6QIMjRcc9rrhzgOCFeYISm7thUpJ0FCUczIpNCLJYkQHqEB6WrKUUCkk8wOm8ATrfShHwpdXMGZ+nsjQYGU48DTkwFSQ7nopeJ/XjdWftVJKI9iRTieP+THDKoQpinBPhUEKzbWBGFB9V8hHiKBsNJZFnQI9uLJy6R1WbGtin13VaxXszjy4AgcgxKwwTWog1vQAE2AwTN4Be/gw3gx3oxP42s+mjOynUPwB8b0B+8fmqs=</latexit><latexit sha1_base64="Y+sTl2RXL2jJwIt+v+ZUtLDGjRU=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VoUWsigt0UCm5cVrAPaWOYTCft0MkkzEyEEvoZbvwVNy4Ucdudf+OkzUJbD9zL4Zx7mbnHixiVyrK+jdzK6tr6Rn6zsLW9s7tn7h+0ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblK//USEpCG/V+OIOAEacOpTjJSWXPOiUerAU/gAa5CXdevJOHATWrMmjxymXg3Ss7kNzyEtu2bRqlgzwGViZ6QIMjRcc9rrhzgOCFeYISm7thUpJ0FCUczIpNCLJYkQHqEB6WrKUUCkk8wOm8ATrfShHwpdXMGZ+nsjQYGU48DTkwFSQ7nopeJ/XjdWftVJKI9iRTieP+THDKoQpinBPhUEKzbWBGFB9V8hHiKBsNJZFnQI9uLJy6R1WbGtin13VaxXszjy4AgcgxKwwTWog1vQAE2AwTN4Be/gw3gx3oxP42s+mjOynUPwB8b0B+8fmqs=</latexit><latexit sha1_base64="Y+sTl2RXL2jJwIt+v+ZUtLDGjRU=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VoUWsigt0UCm5cVrAPaWOYTCft0MkkzEyEEvoZbvwVNy4Ucdudf+OkzUJbD9zL4Zx7mbnHixiVyrK+jdzK6tr6Rn6zsLW9s7tn7h+0ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblK//USEpCG/V+OIOAEacOpTjJSWXPOiUerAU/gAa5CXdevJOHATWrMmjxymXg3Ss7kNzyEtu2bRqlgzwGViZ6QIMjRcc9rrhzgOCFeYISm7thUpJ0FCUczIpNCLJYkQHqEB6WrKUUCkk8wOm8ATrfShHwpdXMGZ+nsjQYGU48DTkwFSQ7nopeJ/XjdWftVJKI9iRTieP+THDKoQpinBPhUEKzbWBGFB9V8hHiKBsNJZFnQI9uLJy6R1WbGtin13VaxXszjy4AgcgxKwwTWog1vQAE2AwTN4Be/gw3gx3oxP42s+mjOynUPwB8b0B+8fmqs=</latexit>



The Insight to Convolution Proofs

P (X + Y = n) =
nX

k=0

P (X = k, Y = n� k) Since the events are mutually exclusive

=
nX

k=0

P (X = k)P (Y = n� k) If they are independent
P (X + Y = n) =

nX

k=0

P (X = k, Y = n� k) Since the events are mutually exclusive

=
nX

k=0

P (X = k)P (Y = n� k) If they are independent

If the random variables are independent

Since this is the OR or mutually exclusive events

What is the 
probability that X + 

Y = n?

P (X + Y = n)?
<latexit sha1_base64="BHln8RZAzkmDtbbPJfrTgyhu6wI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJUhLIrgr2IBS8eK9gPaZeSTbNtaJJdk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXhBzpo3rfjsrq2vrG5u5rfz2zu7efuHgsKGjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLyd+s0RVZpF8sGMY+oL3JcsZAQbK/m1Ugudo0d0jeTZTbdQdMvuDGiZeBkpQoZat/DV6UUkEVQawrHWbc+NjZ9iZRjhdJLvJJrGmAxxn7YtlVhQ7aezoyfo1Co9FEbKljRopv6eSLHQeiwC2ymwGehFbyr+57UTE1b8lMk4MVSS+aIw4chEaJoA6jFFieFjSzBRzN6KyAArTIzNKW9D8BZfXiaNi7Lnlr37y2K1ksWRg2M4gRJ4cAVVuIMa1IHAEzzDK7w5I+fFeXc+5q0rTjZzBH/gfP4AYFCP2Q==</latexit><latexit sha1_base64="BHln8RZAzkmDtbbPJfrTgyhu6wI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJUhLIrgr2IBS8eK9gPaZeSTbNtaJJdk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXhBzpo3rfjsrq2vrG5u5rfz2zu7efuHgsKGjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLyd+s0RVZpF8sGMY+oL3JcsZAQbK/m1Ugudo0d0jeTZTbdQdMvuDGiZeBkpQoZat/DV6UUkEVQawrHWbc+NjZ9iZRjhdJLvJJrGmAxxn7YtlVhQ7aezoyfo1Co9FEbKljRopv6eSLHQeiwC2ymwGehFbyr+57UTE1b8lMk4MVSS+aIw4chEaJoA6jFFieFjSzBRzN6KyAArTIzNKW9D8BZfXiaNi7Lnlr37y2K1ksWRg2M4gRJ4cAVVuIMa1IHAEzzDK7w5I+fFeXc+5q0rTjZzBH/gfP4AYFCP2Q==</latexit><latexit sha1_base64="BHln8RZAzkmDtbbPJfrTgyhu6wI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJUhLIrgr2IBS8eK9gPaZeSTbNtaJJdk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXhBzpo3rfjsrq2vrG5u5rfz2zu7efuHgsKGjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLyd+s0RVZpF8sGMY+oL3JcsZAQbK/m1Ugudo0d0jeTZTbdQdMvuDGiZeBkpQoZat/DV6UUkEVQawrHWbc+NjZ9iZRjhdJLvJJrGmAxxn7YtlVhQ7aezoyfo1Co9FEbKljRopv6eSLHQeiwC2ymwGehFbyr+57UTE1b8lMk4MVSS+aIw4chEaJoA6jFFieFjSzBRzN6KyAArTIzNKW9D8BZfXiaNi7Lnlr37y2K1ksWRg2M4gRJ4cAVVuIMa1IHAEzzDK7w5I+fFeXc+5q0rTjZzBH/gfP4AYFCP2Q==</latexit><latexit sha1_base64="BHln8RZAzkmDtbbPJfrTgyhu6wI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJUhLIrgr2IBS8eK9gPaZeSTbNtaJJdk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXhBzpo3rfjsrq2vrG5u5rfz2zu7efuHgsKGjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLyd+s0RVZpF8sGMY+oL3JcsZAQbK/m1Ugudo0d0jeTZTbdQdMvuDGiZeBkpQoZat/DV6UUkEVQawrHWbc+NjZ9iZRjhdJLvJJrGmAxxn7YtlVhQ7aezoyfo1Co9FEbKljRopv6eSLHQeiwC2ymwGehFbyr+57UTE1b8lMk4MVSS+aIw4chEaJoA6jFFieFjSzBRzN6KyAArTIzNKW9D8BZfXiaNi7Lnlr37y2K1ksWRg2M4gRJ4cAVVuIMa1IHAEzzDK7w5I+fFeXc+5q0rTjZzBH/gfP4AYFCP2Q==</latexit>



Sum of Two Dice
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Let X+Y be the value of the sum of two dice
(aka two independent random variables)

P (X + Y = n) =
nX

k=0

P (X = k, Y = n� k) Since the events are mutually exclusive

=
nX

k=0

P (X = k)P (Y = n� k) If they are independent
P(

X
+ 

Y
= 

n)

n

1

36
<latexit sha1_base64="HMlAbUcyNa9bibvYBZjNqAT40S8=">AAAB83icbZBLSwMxFIXv1Fetr6pLN8EiuCozKuqy4MZlC/YBnaFk0jttaCYzJBmhDAV/hRsXirj1z7jz35g+Ftp6IHA454bcfGEquDau++0U1tY3NreK26Wd3b39g/LhUUsnmWLYZIlIVCekGgWX2DTcCOykCmkcCmyHo7tp335EpXkiH8w4xSCmA8kjzqixke9HirLcm+SX15NeueJW3ZnIqvEWpgIL1XvlL7+fsCxGaZigWnc9NzVBTpXhTOCk5GcaU8pGdIBdayWNUQf5bOcJObNJn0SJskcaMkt/38hprPU4Du1kTM1QL3fT8L+um5noNsi5TDODks0fijJBTEKmAEifK2RGjK2hTHG7K2FDajEYi6lkIXjLX141rYuq51a9xlWl1nia4yjCCZzCOXhwAzW4hzo0gUEKz/AKb07mvDjvzsd8tOAsEB7DHzmfP+AdkgM=</latexit><latexit sha1_base64="HMlAbUcyNa9bibvYBZjNqAT40S8=">AAAB83icbZBLSwMxFIXv1Fetr6pLN8EiuCozKuqy4MZlC/YBnaFk0jttaCYzJBmhDAV/hRsXirj1z7jz35g+Ftp6IHA454bcfGEquDau++0U1tY3NreK26Wd3b39g/LhUUsnmWLYZIlIVCekGgWX2DTcCOykCmkcCmyHo7tp335EpXkiH8w4xSCmA8kjzqixke9HirLcm+SX15NeueJW3ZnIqvEWpgIL1XvlL7+fsCxGaZigWnc9NzVBTpXhTOCk5GcaU8pGdIBdayWNUQf5bOcJObNJn0SJskcaMkt/38hprPU4Du1kTM1QL3fT8L+um5noNsi5TDODks0fijJBTEKmAEifK2RGjK2hTHG7K2FDajEYi6lkIXjLX141rYuq51a9xlWl1nia4yjCCZzCOXhwAzW4hzo0gUEKz/AKb07mvDjvzsd8tOAsEB7DHzmfP+AdkgM=</latexit><latexit sha1_base64="HMlAbUcyNa9bibvYBZjNqAT40S8=">AAAB83icbZBLSwMxFIXv1Fetr6pLN8EiuCozKuqy4MZlC/YBnaFk0jttaCYzJBmhDAV/hRsXirj1z7jz35g+Ftp6IHA454bcfGEquDau++0U1tY3NreK26Wd3b39g/LhUUsnmWLYZIlIVCekGgWX2DTcCOykCmkcCmyHo7tp335EpXkiH8w4xSCmA8kjzqixke9HirLcm+SX15NeueJW3ZnIqvEWpgIL1XvlL7+fsCxGaZigWnc9NzVBTpXhTOCk5GcaU8pGdIBdayWNUQf5bOcJObNJn0SJskcaMkt/38hprPU4Du1kTM1QL3fT8L+um5noNsi5TDODks0fijJBTEKmAEifK2RGjK2hTHG7K2FDajEYi6lkIXjLX141rYuq51a9xlWl1nia4yjCCZzCOXhwAzW4hzo0gUEKz/AKb07mvDjvzsd8tOAsEB7DHzmfP+AdkgM=</latexit><latexit sha1_base64="HMlAbUcyNa9bibvYBZjNqAT40S8=">AAAB83icbZBLSwMxFIXv1Fetr6pLN8EiuCozKuqy4MZlC/YBnaFk0jttaCYzJBmhDAV/hRsXirj1z7jz35g+Ftp6IHA454bcfGEquDau++0U1tY3NreK26Wd3b39g/LhUUsnmWLYZIlIVCekGgWX2DTcCOykCmkcCmyHo7tp335EpXkiH8w4xSCmA8kjzqixke9HirLcm+SX15NeueJW3ZnIqvEWpgIL1XvlL7+fsCxGaZigWnc9NzVBTpXhTOCk5GcaU8pGdIBdayWNUQf5bOcJObNJn0SJskcaMkt/38hprPU4Du1kTM1QL3fT8L+um5noNsi5TDODks0fijJBTEKmAEifK2RGjK2hTHG7K2FDajEYi6lkIXjLX141rYuq51a9xlWl1nia4yjCCZzCOXhwAzW4hzo0gUEKz/AKb07mvDjvzsd8tOAsEB7DHzmfP+AdkgM=</latexit>



Four Prototypical Trajectories

Why should you care?



Four Prototypical Trajectories

Many Processes
(think binomial)



Four Prototypical Trajectories

Comparing random variables



Zero Sum Games

How do you model zero sum games?
What is the probability that the Warriors win?



Motivating Idea: Zero Sum Games
How it works:
• Each team has an “ELO” score S, calculated based on their 

past performance.
• Each game, the team has ability A ~ N(S, 2002)
• The team with the higher sampled ability wins.

AW ⇠ N (1797, 2002)

17971555 ability

p
Arpad Elo

AR ⇠ N (1555, 2002)AB ⇠

P (Warriors win) = P (AW > AR)

⇡ 0.87

P (AW > AB)



Motivating Idea: Zero Sum Games

P (Warriors win) = P (AW > AR)

⇡ 0.87

P (AW > AB)

AW ⇠ N (1797, 2002)

AR ⇠ N (1555, 2002)AB ⇠

Sums (or subtractions) of random variables show up all the time. But we have no 
explicit tools for dealing with them!

In class we solved this by sampling. But that is a bit of a “cheat” and is 
computationally expensive. 

P (Warriors win) = P (AW �AB > 0)
<latexit sha1_base64="W+9gV5tS7KWEUXe4e1poDWOeFK4=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSAkhWFXBNMoiTaWK5gHJGGZnUySIbOzy8xdNSz5Bht/xcZCEVsrO//GyaPQxAMXDufcy733+JHgGmz720otLa+srqXXMxubW9s72d29mg5jRVmVhiJUDZ9oJrhkVeAgWCNSjAS+YHV/cDX263dMaR7KWxhGrB2QnuRdTgkYycsW3HwL2AMkdaIUD5XG91yOCvgcu/mKV8fHuOJd4gtsF7xszi7aE+BF4sxIDs3getmvViekccAkUEG0bjp2BO2EKOBUsFGmFWsWETogPdY0VJKA6XYyeWmEj4zSwd1QmZKAJ+rviYQEWg8D33QGBPp63huL/3nNGLqldsJlFAOTdLqoGwsMIR7ngztcMQpiaAihiptbMe0TRSiYFDMmBGf+5UVSOyk6dtG5Oc2VS7M40ugAHaI8ctAZKqNr5KIqougRPaNX9GY9WS/Wu/UxbU1Zs5l99AfW5w+iBZrO</latexit><latexit sha1_base64="W+9gV5tS7KWEUXe4e1poDWOeFK4=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSAkhWFXBNMoiTaWK5gHJGGZnUySIbOzy8xdNSz5Bht/xcZCEVsrO//GyaPQxAMXDufcy733+JHgGmz720otLa+srqXXMxubW9s72d29mg5jRVmVhiJUDZ9oJrhkVeAgWCNSjAS+YHV/cDX263dMaR7KWxhGrB2QnuRdTgkYycsW3HwL2AMkdaIUD5XG91yOCvgcu/mKV8fHuOJd4gtsF7xszi7aE+BF4sxIDs3getmvViekccAkUEG0bjp2BO2EKOBUsFGmFWsWETogPdY0VJKA6XYyeWmEj4zSwd1QmZKAJ+rviYQEWg8D33QGBPp63huL/3nNGLqldsJlFAOTdLqoGwsMIR7ngztcMQpiaAihiptbMe0TRSiYFDMmBGf+5UVSOyk6dtG5Oc2VS7M40ugAHaI8ctAZKqNr5KIqougRPaNX9GY9WS/Wu/UxbU1Zs5l99AfW5w+iBZrO</latexit><latexit sha1_base64="W+9gV5tS7KWEUXe4e1poDWOeFK4=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSAkhWFXBNMoiTaWK5gHJGGZnUySIbOzy8xdNSz5Bht/xcZCEVsrO//GyaPQxAMXDufcy733+JHgGmz720otLa+srqXXMxubW9s72d29mg5jRVmVhiJUDZ9oJrhkVeAgWCNSjAS+YHV/cDX263dMaR7KWxhGrB2QnuRdTgkYycsW3HwL2AMkdaIUD5XG91yOCvgcu/mKV8fHuOJd4gtsF7xszi7aE+BF4sxIDs3getmvViekccAkUEG0bjp2BO2EKOBUsFGmFWsWETogPdY0VJKA6XYyeWmEj4zSwd1QmZKAJ+rviYQEWg8D33QGBPp63huL/3nNGLqldsJlFAOTdLqoGwsMIR7ngztcMQpiaAihiptbMe0TRSiYFDMmBGf+5UVSOyk6dtG5Oc2VS7M40ugAHaI8ctAZKqNr5KIqougRPaNX9GY9WS/Wu/UxbU1Zs5l99AfW5w+iBZrO</latexit><latexit sha1_base64="W+9gV5tS7KWEUXe4e1poDWOeFK4=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSAkhWFXBNMoiTaWK5gHJGGZnUySIbOzy8xdNSz5Bht/xcZCEVsrO//GyaPQxAMXDufcy733+JHgGmz720otLa+srqXXMxubW9s72d29mg5jRVmVhiJUDZ9oJrhkVeAgWCNSjAS+YHV/cDX263dMaR7KWxhGrB2QnuRdTgkYycsW3HwL2AMkdaIUD5XG91yOCvgcu/mKV8fHuOJd4gtsF7xszi7aE+BF4sxIDs3getmvViekccAkUEG0bjp2BO2EKOBUsFGmFWsWETogPdY0VJKA6XYyeWmEj4zSwd1QmZKAJ+rviYQEWg8D33QGBPp63huL/3nNGLqldsJlFAOTdLqoGwsMIR7ngztcMQpiaAihiptbMe0TRSiYFDMmBGf+5UVSOyk6dtG5Oc2VS7M40ugAHaI8ctAZKqNr5KIqougRPaNX9GY9WS/Wu/UxbU1Zs5l99AfW5w+iBZrO</latexit>

Challenge: try and come up with the way to solve this by the end of class



Four Prototypical Trajectories

Sometimes Adding is Easy:



• Let X and Y be independent binomials with the 
same value for p:
§ X ~ Bin(n1, p) and  Y ~ Bin(n2, p) 
§ X + Y ~ Bin(n1 + n2, p)

• Intuition:
§ X has n1 trials and Y has n2 trials

o Each trial has same “success” probability p

§ Define Z to be n1 + n2 trials, each with success prob. p
§ Z ~ Bin(n1 + n2, p), and also Z = X + Y

Sum of Independent Binomials



• Let X and Y be independent random variables
§ X ~ N(µ1, s12)  and  Y ~ N(µ2, s22)
§ X + Y ~ N(µ1 + µ2, s12 + s22) 

• Generally, have n independent random variables     
Xi ~ N(µi, si2)  for  i = 1, 2, ..., n:
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Sum of Independent Normals



• Let X and Y be independent random variables
§ X ~ Poi(l1)  and  Y ~ Poi(l2)
§ X + Y ~ Poi(l1 + l2) 

Sum of Independent Poissons



• Say you are working with the WHO to plan a 
response to a the initial conditions of a virus:
§ Two exposed groups
§ P1: 50 people, each independently infected with p = 0.1
§ P2: 100 people, each independently infected with p = 0.4
§ Question: Probability of more than 40 infections?

Virus Infections

Sanity check: Should we use the Binomial 
Sum-of-RVs shortcut?
A. YES!
B. NO!
C. Other/none/more



• Say you are working with the WHO to plan a 
response to a the initial conditions of a virus:
§ Two exposed groups
§ P1: 50 people, each independently infected with p = 0.1
§ P2: 100 people, each independently infected with p = 0.4
§ A = # infected in P1 A ~ Bin(50, 0.1)   » X ~ N(5, 4.5)
§ B = # infected in P2 B ~ Bin(100, 0.4) » Y ~ N(40, 24)
§ What is P(≥ 40 people infected)?
§ P(A + B ≥ 40) » P(X + Y ≥ 39.5)
§ X + Y = W ~ N(5 + 40 = 45, 4.5 + 24 = 28.5)
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Virus Infections



Linear Transform
X ⇠ N(µ,�2)

Y ⇠ N(2µ, 4�2)

Y = X +X = 2 ·X

Y = X +X = 2 ·X

X +X ⇠ N(µ+ µ,�2 + �2)

Y ⇠ N(2µ, 2�2)

X is not ind
ependent

 of 

X

By Linear Transform

By Sum of Independent Normals



• Let X and Y be independent random variables
§ X ~ Poi(l1)  and  Y ~ Poi(l2)
§ X + Y ~ Poi(l1 + l2) 

Sum of Independent Poissons
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Binomial theorem:

https://en.wikipedia.org/wiki/Binomial_theorem



Let X and Y be independent random variables: X ~ Poi(l1)  and  Y ~ Poi(l2):
What is X + Y?
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Poisson PMF Binomial Theorem



We talked about sum of Binomial, Normal and 
Poisson…who’s missing from this party? 

Uniform. 

CON



• Let X and Y be independent random variables

§ Probability Density Function (PDF) of X + Y:

§ In discrete case, replace    with     , and f(y) with p(y)
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Dance, Dance Convolution



• Let X and Y be independent random variables
§ X ~ Uni(0, 1)  and  Y ~ Uni(0, 1)  à f(x) = 1 for 0 £ x £ 1

Sum of Independent Uniforms

1

1
f(x)

For both X and Y



X ⇠ Uni(0, 1)
<latexit sha1_base64="bsfwAExZQAi/e/aUXOtd20ENOZM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYKphSaUzXbTLt1swu5ELKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXpoJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtnWSKMo8mIlGdkGgmuGQecBCskypG4lCw+3B0PfXvH5jSPJF3ME5ZEJOB5BGnBIzUs4862Nc8xj6wR8g9ySc15xy7Zz276tSdGfAycQtSRQVaPfvL7yc0i5kEKojWXddJIciJAk4Fm1T8TLOU0BEZsK6hksRMB/nsgQk+NUofR4kyJQHP1N8TOYm1Hseh6YwJDPWiNxX/87oZRI0g5zLNgEk6XxRlAkOCp2ngPleMghgbQqji5lZMh0QRCiazignBXXx5mbQv6q5Td28vq81GEUcZHaMTVEMuukJNdINayEMUTdAzekVv1pP1Yr1bH/PWklXMHKI/sD5/AIvRlQc=</latexit><latexit sha1_base64="bsfwAExZQAi/e/aUXOtd20ENOZM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYKphSaUzXbTLt1swu5ELKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXpoJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtnWSKMo8mIlGdkGgmuGQecBCskypG4lCw+3B0PfXvH5jSPJF3ME5ZEJOB5BGnBIzUs4862Nc8xj6wR8g9ySc15xy7Zz276tSdGfAycQtSRQVaPfvL7yc0i5kEKojWXddJIciJAk4Fm1T8TLOU0BEZsK6hksRMB/nsgQk+NUofR4kyJQHP1N8TOYm1Hseh6YwJDPWiNxX/87oZRI0g5zLNgEk6XxRlAkOCp2ngPleMghgbQqji5lZMh0QRCiazignBXXx5mbQv6q5Td28vq81GEUcZHaMTVEMuukJNdINayEMUTdAzekVv1pP1Yr1bH/PWklXMHKI/sD5/AIvRlQc=</latexit><latexit sha1_base64="bsfwAExZQAi/e/aUXOtd20ENOZM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYKphSaUzXbTLt1swu5ELKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXpoJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtnWSKMo8mIlGdkGgmuGQecBCskypG4lCw+3B0PfXvH5jSPJF3ME5ZEJOB5BGnBIzUs4862Nc8xj6wR8g9ySc15xy7Zz276tSdGfAycQtSRQVaPfvL7yc0i5kEKojWXddJIciJAk4Fm1T8TLOU0BEZsK6hksRMB/nsgQk+NUofR4kyJQHP1N8TOYm1Hseh6YwJDPWiNxX/87oZRI0g5zLNgEk6XxRlAkOCp2ngPleMghgbQqji5lZMh0QRCiazignBXXx5mbQv6q5Td28vq81GEUcZHaMTVEMuukJNdINayEMUTdAzekVv1pP1Yr1bH/PWklXMHKI/sD5/AIvRlQc=</latexit><latexit sha1_base64="bsfwAExZQAi/e/aUXOtd20ENOZM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYKphSaUzXbTLt1swu5ELKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXpoJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtnWSKMo8mIlGdkGgmuGQecBCskypG4lCw+3B0PfXvH5jSPJF3ME5ZEJOB5BGnBIzUs4862Nc8xj6wR8g9ySc15xy7Zz276tSdGfAycQtSRQVaPfvL7yc0i5kEKojWXddJIciJAk4Fm1T8TLOU0BEZsK6hksRMB/nsgQk+NUofR4kyJQHP1N8TOYm1Hseh6YwJDPWiNxX/87oZRI0g5zLNgEk6XxRlAkOCp2ngPleMghgbQqji5lZMh0QRCiazignBXXx5mbQv6q5Td28vq81GEUcZHaMTVEMuukJNdINayEMUTdAzekVv1pP1Yr1bH/PWklXMHKI/sD5/AIvRlQc=</latexit>

Y ⇠ Uni(0, 1)
<latexit sha1_base64="X7FJKkXH+K6LYbqv5nNAhOKZgTQ=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYJpK00pm+22XbrZhN2JWEIu/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMviAXX4DjfVmFldW19o7hZ2tre2d2z9w+aOkoUZR6NRKTaAdFMcMk84CBYO1aMhIFgrWB8PfVbD0xpHsk7mMSsG5Kh5ANOCRipZx/dY1/zEPvAHiH1JM8qzjl2z3p22ak6M+Bl4uakjHI0evaX349oEjIJVBCtO64TQzclCjgVLCv5iWYxoWMyZB1DJQmZ7qazBzJ8apQ+HkTKlAQ8U39PpCTUehIGpjMkMNKL3lT8z+skMKh1Uy7jBJik80WDRGCI8DQN3OeKURATQwhV3NyK6YgoQsFkVjIhuIsvL5PmRdV1qu7tZbley+MoomN0girIRVeojm5QA3mIogw9o1f0Zj1ZL9a79TFvLVj5zCH6A+vzB41rlQg=</latexit><latexit sha1_base64="X7FJKkXH+K6LYbqv5nNAhOKZgTQ=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYJpK00pm+22XbrZhN2JWEIu/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMviAXX4DjfVmFldW19o7hZ2tre2d2z9w+aOkoUZR6NRKTaAdFMcMk84CBYO1aMhIFgrWB8PfVbD0xpHsk7mMSsG5Kh5ANOCRipZx/dY1/zEPvAHiH1JM8qzjl2z3p22ak6M+Bl4uakjHI0evaX349oEjIJVBCtO64TQzclCjgVLCv5iWYxoWMyZB1DJQmZ7qazBzJ8apQ+HkTKlAQ8U39PpCTUehIGpjMkMNKL3lT8z+skMKh1Uy7jBJik80WDRGCI8DQN3OeKURATQwhV3NyK6YgoQsFkVjIhuIsvL5PmRdV1qu7tZbley+MoomN0girIRVeojm5QA3mIogw9o1f0Zj1ZL9a79TFvLVj5zCH6A+vzB41rlQg=</latexit><latexit sha1_base64="X7FJKkXH+K6LYbqv5nNAhOKZgTQ=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYJpK00pm+22XbrZhN2JWEIu/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMviAXX4DjfVmFldW19o7hZ2tre2d2z9w+aOkoUZR6NRKTaAdFMcMk84CBYO1aMhIFgrWB8PfVbD0xpHsk7mMSsG5Kh5ANOCRipZx/dY1/zEPvAHiH1JM8qzjl2z3p22ak6M+Bl4uakjHI0evaX349oEjIJVBCtO64TQzclCjgVLCv5iWYxoWMyZB1DJQmZ7qazBzJ8apQ+HkTKlAQ8U39PpCTUehIGpjMkMNKL3lT8z+skMKh1Uy7jBJik80WDRGCI8DQN3OeKURATQwhV3NyK6YgoQsFkVjIhuIsvL5PmRdV1qu7tZbley+MoomN0girIRVeojm5QA3mIogw9o1f0Zj1ZL9a79TFvLVj5zCH6A+vzB41rlQg=</latexit><latexit sha1_base64="X7FJKkXH+K6LYbqv5nNAhOKZgTQ=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYJpK00pm+22XbrZhN2JWEIu/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMviAXX4DjfVmFldW19o7hZ2tre2d2z9w+aOkoUZR6NRKTaAdFMcMk84CBYO1aMhIFgrWB8PfVbD0xpHsk7mMSsG5Kh5ANOCRipZx/dY1/zEPvAHiH1JM8qzjl2z3p22ak6M+Bl4uakjHI0evaX349oEjIJVBCtO64TQzclCjgVLCv5iWYxoWMyZB1DJQmZ7qazBzJ8apQ+HkTKlAQ8U39PpCTUehIGpjMkMNKL3lT8z+skMKh1Uy7jBJik80WDRGCI8DQN3OeKURATQwhV3NyK6YgoQsFkVjIhuIsvL5PmRdV1qu7tZbley+MoomN0girIRVeojm5QA3mIogw9o1f0Zj1ZL9a79TFvLVj5zCH6A+vzB41rlQg=</latexit>

X and Y are independent
fX+Y (↵)?
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Sum of Uniforms and Sum of Dice



Four Prototypical Trajectories

Sum of 100 uniforms???



Were talking about the sum of uniforms



Four Prototypical Trajectories

Sum of 100 poissons???



And now a moment of silence...

...before we present...

...a beautiful result of probability theory!

Silence!!



(silent drumroll)
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Chris Piech, CS109

Central Limit Theorem
Consider 𝑛 independent and identically distributed (i.i.d) variables 𝑋!, 𝑋", … , 𝑋#
with 𝐸 𝑋$ = 𝜇 and Var 𝑋$ = 𝜎".

!
!"#

$

𝑋! ~𝒩(𝑛𝜇, 𝑛𝜎%)

The sum of 𝑛 i.i.d. random variables is normally distributed with mean 𝑛𝜇
and variance 𝑛𝜎!.

44

As 𝑛 → ∞



Chris Piech, CS109

True happiness

45



Chris Piech, CS109

Sum of dice rolls

Roll 𝑛 independent dice. Let 𝑋" be the outcome of roll 𝑖. 𝑋# are i.i.d.

46
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"

𝑋!

2 4 6 8 10 12
0.0

0.1

0.2

1 2 3 4 5 6
0.0

0.1

0.2

3 5 7 9 11131517

(
!%"

#

𝑋! (
!%"

&

𝑋!
Sum of 1
die roll

Sum of 2
dice rolls

Sum of 3
dice rolls

How many ways
can you roll a total
of 3 vs 11?
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CLT explains a lot
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$

𝑋! ~𝒩(𝑛𝜇, 𝑛𝜎#)

0 1 2 3 4 5

𝑛 = 5

Galton Board, by Sir Francis Galton
(1822-1911)

As 𝑛 → ∞
The sum of 𝑛 i.i.d. random variables is normally 
distributed with mean 𝑛𝜇 and variance 𝑛𝜎#.



Chris Piech, CS109

CLT explains a lot
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$

𝑋! ~𝒩(𝑛𝜇, 𝑛𝜎#)

Normal approximation of Binomial
Sum of i.i.d. Bernoulli RVs ≈ Normal

𝑋~Bin(𝑛, 𝑝)𝑋 =(
!%"

$

𝑋!

𝑋~𝒩 𝑛𝑝, 𝑛𝑝(1 − 𝑝)

Proof:

𝑋~𝒩 𝑛𝜇, 𝑛𝜎! CLT, as 𝑛 → ∞

(substitute mean,
variance of Bernoulli) 

Let 𝑋!~Ber(𝑝) for 𝑖 = 1,… , 𝑛, where 𝑋! are i.i.d.
𝐸 𝑋! = 𝑝, Var 𝑋! = 𝑝(1 − 𝑝)

As 𝑛 → ∞
The sum of 𝑛 i.i.d. random variables is normally 
distributed with mean 𝑛𝜇 and variance 𝑛𝜎#.
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CLT explains a lot
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$

𝑋! ~𝒩(𝑛𝜇, 𝑛𝜎#)

Sample of
size 15,

sum values

Distribution of 𝑋! Distribution of ∑!%""' 𝑋!

As 𝑛 → ∞
The sum of 𝑛 i.i.d. random variables is normally 
distributed with mean 𝑛𝜇 and variance 𝑛𝜎#.
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CLT explains a lot
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(
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$

𝑋! ~𝒩(𝑛𝜇, 𝑛𝜎#)

Sample of
size 15,

average values

(sample mean) Distribution of "
"'
∑!%""' 𝑋!Distribution of 𝑋!

As 𝑛 → ∞
The sum of 𝑛 i.i.d. random variables is normally 
distributed with mean 𝑛𝜇 and variance 𝑛𝜎#.
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Proof of CLT

51

The sum of 𝑛 i.i.d. random variables is normally 
distributed with mean 𝑛𝜇 and variance 𝑛𝜎#.(

!%"

$

𝑋! ~𝒩(𝑛𝜇, 𝑛𝜎#)

• The Fourier Transform of a PDF is called a characteristic function.
• Take the characteristic function of the probability mass of the sample 

distance from the mean, divided by standard deviation
• Show that this approaches an

exponential function in the limit as 𝑛 → ∞: 
• This function is in turn the characteristic function of the Standard 

Normal, 𝑍~ 𝒩(0,1).

Proof:

𝑓 𝑥 = 𝑒-
.!
!

(this proof is beyond the scope of CS109)

As 𝑛 → ∞



CLT example
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Sum of 𝑛 independent Uniform RVs
Let 𝑋 = ∑"/01 𝑋" be sum of i.i.d. RVs, where 𝑋"~Uni 0,1 .

For different 𝑛, how close is the CLT approximation of 𝑃 𝑋 ≤ 𝑛/3 ?

53

𝑛 = 2: 𝑃 𝑋 ≤ 2/3 ≈ 0.2222

𝑋 ≈ 𝑌~𝒩(𝑛𝜇, 𝑛𝜎!)

Exact

𝑥

PD
F

CLT approximation

𝜇 = 𝐸 𝑋! = 1/2
𝜎# = Var 𝑋! = 1/12

⟹ 𝑌~𝒩(1, 1/6)

𝑃 𝑋 ≤ 2/3 ≈ 𝑃 𝑌 ≤ 2/3

= Φ
2/3 − 1
1/6

≈ 0.2071



Chris Piech, CS109

Sum of 𝑛 independent Uniform RVs
Let 𝑋 = ∑"/01 𝑋" be sum of i.i.d. RVs, where 𝑋"~Uni 0,1 .

For different 𝑛, how close is the CLT approximation of 𝑃 𝑋 ≤ 𝑛/3 ?

54

𝑛 = 5: 𝑃 𝑋 ≤ 5/3 ≈ 0.1017

𝑋 ≈ 𝑌~𝒩(𝑛𝜇, 𝑛𝜎!)

Exact

𝑥

PD
F

CLT approximation

𝜇 = 𝐸 𝑋! = 1/2
𝜎# = Var 𝑋! = 1/12

⟹ 𝑌~𝒩(5/2, 5/12)

𝑃 𝑋 ≤ 5/3 ≈ 𝑃 𝑌 ≤ 5/3

= Φ
5/3 − 5/2

5/12
≈ 0.0984
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Sum of 𝑛 independent Uniform RVs
Let 𝑋 = ∑"/01 𝑋" be sum of i.i.d. RVs, where 𝑋"~Uni 0,1 .

For different 𝑛, how close is the CLT approximation of 𝑃 𝑋 ≤ 𝑛/3 ?
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𝑛 = 10: 𝑃 𝑋 ≤ 10/3 ≈ 0.0337

𝑋 ≈ 𝑌~𝒩(𝑛𝜇, 𝑛𝜎!)

Exact

𝑥

PD
F

CLT approximation

𝜇 = 𝐸 𝑋! = 1/2
𝜎# = Var 𝑋! = 1/12

⟹ 𝑌~𝒩(5, 5/6)

𝑃 𝑋 ≤ 10/3 ≈ 𝑃 𝑌 ≤ 10/3

= Φ
10/3 − 5

5/6
≈ 0.0339
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Sum of 𝑛 independent Uniform RVs
Let 𝑋 = ∑"/01 𝑋" be sum of i.i.d. RVs, where 𝑋"~Uni 0,1 .

For different 𝑛, how close is the CLT approximation of 𝑃 𝑋 ≤ 𝑛/3 ?
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𝑛 = 10:

𝑥

PD
F

𝜇 = 𝐸 𝑋! = 1/2
𝜎# = Var 𝑋! = 1/12

Most books will tell you that CLT holds if 𝑛 ≥ 30, but it can hold 
for smaller 𝑛 depending on the distribution of your i.i.d. 𝑋!’s.

𝑛 = 5:

𝑥

PD
F

𝑛 = 2:

𝑥

PD
F



Piech, CS109, Stanford University

The sum of independent, identically 
distributed variables:

Y ⇠ N(nµ, n�2)

Y =
nX

i=0

Xi
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where µ = E[Xi]
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�2 = Var(Xi)
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Is normally distributed:
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What about other functions?

Sum of iid? Normal

Average of iid? 

Max of iid? 
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• Consider I.I.D. random variables X1, X2, ...

§ Xi have same distribution with E[Xi] = µ and 
Var(Xi) = s2

§ Let: 

§ Central Limit Theorem:
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The Central Limit Theorem

http://onlinestatbook.com/stat_sim/sampling_dist/

http://onlinestatbook.com/stat_sim/sampling_dist/
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Demo Time!

60

http://onlinestatbook.com/stat_sim/sampling_dist/

http://onlinestatbook.com/stat_sim/sampling_dist/
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By the Central Limit 
Theorem, the mean of IID 
variables are distributed 
normally.

X̄ ⇠ N(µ,
�2

n
)
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What about other functions?

Sum of iid? Normal

Average of iid? Normal 

Max of iid? 
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What about other functions?

Sum of iid? Normal

Average of iid? Normal 

Max of iid? Gumbel 
See Fisher Trippett Gnedenko Theorem
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Once Upon a Time…
Abraham De Moivre



Piech, CS109, Stanford University

• History of the Central Limit Theorem

§ 1733: CLT for X ~ Ber(1/2) postulated by           
Abraham de Moivre

§ 1823: Pierre-Simon Laplace extends de Moivre’s
work to approximating Bin(n, p) with Normal

§ 1901: Aleksandr Lyapunov provides precise                   
definition and rigorous proof of CLT

§ 2016: Beyonce releases Lemonade
o It was her 6th album, bringing her total number of songs 

to 214
oMean quality of subsamples of songs is Normally 

distributed (thanks to the Central Limit Theorem)

Once Upon a Time…
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• Have new algorithm to test for running time
§ Mean (clock) running time: µ = t sec.
§ Variance of running time: s2 = 4 sec2.
§ Run algorithm repeatedly (I.I.D. trials), measure time

oHow many trials s.t. estimated time = t ± 0.5 with 95% 
certainty?

oXi = running time of i-th run (for 1 £ i £ n),      is the 
mean

Estimating Clock Running Time

X̄

X̄ ⇠ N(µ,
�2

n
) ⇠ N(t,

4

n
)
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0.95 = P (�0.5 < X̄ � t < 0.5) X̄ � t ⇠ N(0,
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William Sealy Gosset
(aka Student)
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It’s play time!
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• You will roll 10 6-sided dice (X1, X2, …, X10)
§ X = total value of all 10 dice = X1 + X2 + … + X10

§ Win if:  X £ 25  or  X ³ 45
§ Roll!

• And now the truth (according to the CLT)…

Sum of Dice



• You will roll 10 6-sided dice (X1, X2, …, X10)
§ X = total value of all 10 dice = X1 + X2 + … + X10

§ Win if:  X £ 25  or  X ³ 45

• Recall CLT:

§ Determine P(X £ 25 or X ³ 45) using CLT:

0784.0)9608.01(2)1)76.1(2(1 =-»-F-»

[ ]
12
35)(Var                  5.3 2 ==== ii XXE sµ

Sum of Dice

Y =
X

i

Xi ! N(nE[Xi], nVar(Xi)) As n ! 1X =
nX

i

Xi ! N(nµ, n�2)

X ⇡ N(35, 29.2)

1� P (25.5 < X < 44.5) = 1� P (
25.5� 35p

29.2
< Z <

44.5� 35p
29.2

)



Piech, CS109, Stanford University

I know of scarcely anything so apt to impress the imagination 
as the wonderful form of cosmic order expressed by the 
”[Central limit theorem]". The law would have been personified 
by the Greeks and deified, if they had known of it. It reigns 
with serenity and in complete self-effacement, amidst the 
wildest confusion. The huger the mob, and the greater the 
apparent anarchy, the more perfect is its sway. It is the 
supreme law of Unreason. Whenever a large sample of 
chaotic elements are taken in hand and marshalled in the 
order of their magnitude, an unsuspected and most beautiful 
form of regularity proves to have been latent all along.
- Sir Francis Galton

-

Wonderful Form of Cosmic Order



Four Prototypical Trajectories

That’s all folks!


