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Four Prototypical Trajectories

Review



The Insight to Convolution Proofs
What is the 

probability that X + 
Y = n?

X Y i
0 n 0

1 n - 1 1

2 n - 2 2

n 0 n

…

P (X + Y = n)?
<latexit sha1_base64="BHln8RZAzkmDtbbPJfrTgyhu6wI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJUhLIrgr2IBS8eK9gPaZeSTbNtaJJdk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXhBzpo3rfjsrq2vrG5u5rfz2zu7efuHgsKGjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLyd+s0RVZpF8sGMY+oL3JcsZAQbK/m1Ugudo0d0jeTZTbdQdMvuDGiZeBkpQoZat/DV6UUkEVQawrHWbc+NjZ9iZRjhdJLvJJrGmAxxn7YtlVhQ7aezoyfo1Co9FEbKljRopv6eSLHQeiwC2ymwGehFbyr+57UTE1b8lMk4MVSS+aIw4chEaJoA6jFFieFjSzBRzN6KyAArTIzNKW9D8BZfXiaNi7Lnlr37y2K1ksWRg2M4gRJ4cAVVuIMa1IHAEzzDK7w5I+fFeXc+5q0rTjZzBH/gfP4AYFCP2Q==</latexit><latexit sha1_base64="BHln8RZAzkmDtbbPJfrTgyhu6wI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJUhLIrgr2IBS8eK9gPaZeSTbNtaJJdk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXhBzpo3rfjsrq2vrG5u5rfz2zu7efuHgsKGjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLyd+s0RVZpF8sGMY+oL3JcsZAQbK/m1Ugudo0d0jeTZTbdQdMvuDGiZeBkpQoZat/DV6UUkEVQawrHWbc+NjZ9iZRjhdJLvJJrGmAxxn7YtlVhQ7aezoyfo1Co9FEbKljRopv6eSLHQeiwC2ymwGehFbyr+57UTE1b8lMk4MVSS+aIw4chEaJoA6jFFieFjSzBRzN6KyAArTIzNKW9D8BZfXiaNi7Lnlr37y2K1ksWRg2M4gRJ4cAVVuIMa1IHAEzzDK7w5I+fFeXc+5q0rTjZzBH/gfP4AYFCP2Q==</latexit><latexit sha1_base64="BHln8RZAzkmDtbbPJfrTgyhu6wI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJUhLIrgr2IBS8eK9gPaZeSTbNtaJJdk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXhBzpo3rfjsrq2vrG5u5rfz2zu7efuHgsKGjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLyd+s0RVZpF8sGMY+oL3JcsZAQbK/m1Ugudo0d0jeTZTbdQdMvuDGiZeBkpQoZat/DV6UUkEVQawrHWbc+NjZ9iZRjhdJLvJJrGmAxxn7YtlVhQ7aezoyfo1Co9FEbKljRopv6eSLHQeiwC2ymwGehFbyr+57UTE1b8lMk4MVSS+aIw4chEaJoA6jFFieFjSzBRzN6KyAArTIzNKW9D8BZfXiaNi7Lnlr37y2K1ksWRg2M4gRJ4cAVVuIMa1IHAEzzDK7w5I+fFeXc+5q0rTjZzBH/gfP4AYFCP2Q==</latexit><latexit sha1_base64="BHln8RZAzkmDtbbPJfrTgyhu6wI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJUhLIrgr2IBS8eK9gPaZeSTbNtaJJdk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXhBzpo3rfjsrq2vrG5u5rfz2zu7efuHgsKGjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLyd+s0RVZpF8sGMY+oL3JcsZAQbK/m1Ugudo0d0jeTZTbdQdMvuDGiZeBkpQoZat/DV6UUkEVQawrHWbc+NjZ9iZRjhdJLvJJrGmAxxn7YtlVhQ7aezoyfo1Co9FEbKljRopv6eSLHQeiwC2ymwGehFbyr+57UTE1b8lMk4MVSS+aIw4chEaJoA6jFFieFjSzBRzN6KyAArTIzNKW9D8BZfXiaNi7Lnlr37y2K1ksWRg2M4gRJ4cAVVuIMa1IHAEzzDK7w5I+fFeXc+5q0rTjZzBH/gfP4AYFCP2Q==</latexit>

P (X = 0, Y = n)
<latexit sha1_base64="R3FGzRj+mdvs+u91kGzwM5f4Apc=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISEexGKLhxWcE+pA1lMp20QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPXO7hnHuZO8ePOVPacb6twtr6xuZWcbu0s7u3X7YPDtsqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8Sc3md95pFKxSNzraUy9EI8ECxjB2kgDu9ysdtE1cs7Rg2nibGBXnJozB1olbk4qkKM5sL/6w4gkIRWacKxUz3Vi7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL54TN0apQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOqh7KRNxoqkgi4eChCMdoSwFNGSSEs2nhmAimbkVkTGWmGiTVcmE4C5/eZW0L2quU3PvLiuNeh5HEY7hBKrgwhU04Baa0AICCTzDK7xZT9aL9W59LEYLVr5zBH9gff4AnvuQbQ==</latexit><latexit sha1_base64="R3FGzRj+mdvs+u91kGzwM5f4Apc=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISEexGKLhxWcE+pA1lMp20QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPXO7hnHuZO8ePOVPacb6twtr6xuZWcbu0s7u3X7YPDtsqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8Sc3md95pFKxSNzraUy9EI8ECxjB2kgDu9ysdtE1cs7Rg2nibGBXnJozB1olbk4qkKM5sL/6w4gkIRWacKxUz3Vi7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL54TN0apQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOqh7KRNxoqkgi4eChCMdoSwFNGSSEs2nhmAimbkVkTGWmGiTVcmE4C5/eZW0L2quU3PvLiuNeh5HEY7hBKrgwhU04Baa0AICCTzDK7xZT9aL9W59LEYLVr5zBH9gff4AnvuQbQ==</latexit><latexit sha1_base64="R3FGzRj+mdvs+u91kGzwM5f4Apc=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISEexGKLhxWcE+pA1lMp20QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPXO7hnHuZO8ePOVPacb6twtr6xuZWcbu0s7u3X7YPDtsqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8Sc3md95pFKxSNzraUy9EI8ECxjB2kgDu9ysdtE1cs7Rg2nibGBXnJozB1olbk4qkKM5sL/6w4gkIRWacKxUz3Vi7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL54TN0apQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOqh7KRNxoqkgi4eChCMdoSwFNGSSEs2nhmAimbkVkTGWmGiTVcmE4C5/eZW0L2quU3PvLiuNeh5HEY7hBKrgwhU04Baa0AICCTzDK7xZT9aL9W59LEYLVr5zBH9gff4AnvuQbQ==</latexit><latexit sha1_base64="R3FGzRj+mdvs+u91kGzwM5f4Apc=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISEexGKLhxWcE+pA1lMp20QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPXO7hnHuZO8ePOVPacb6twtr6xuZWcbu0s7u3X7YPDtsqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8Sc3md95pFKxSNzraUy9EI8ECxjB2kgDu9ysdtE1cs7Rg2nibGBXnJozB1olbk4qkKM5sL/6w4gkIRWacKxUz3Vi7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL54TN0apQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOqh7KRNxoqkgi4eChCMdoSwFNGSSEs2nhmAimbkVkTGWmGiTVcmE4C5/eZW0L2quU3PvLiuNeh5HEY7hBKrgwhU04Baa0AICCTzDK7xZT9aL9W59LEYLVr5zBH9gff4AnvuQbQ==</latexit>

P (X = 1, Y = n� 1)
<latexit sha1_base64="OJlQxypWIFNmhGQRwKnR4qUVJ/U=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSJU0JKIYDdCwY3LCvYhbSiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnLZZaOuByz2ccy9z5/gxZ0o7zre1srq2vrFZ2Cpu7+zu7dsHhy0VJZLQJol4JDs+VpQzQZuaaU47saQ49Dlt++Obqd9+pFKxSNzrNKZeiIeCBYxgbaS+XWpUOugauWfowTSBzpF72rfLTtWZAS0TNydlyNHo21+9QUSSkApNOFaq6zqx9jIsNSOcToq9RNEYkzEe0q6hAodUedns+Ak6McoABZE0JTSaqb83MhwqlYa+mQyxHqlFbyr+53UTHdS8jIk40VSQ+UNBwpGO0DQJNGCSEs1TQzCRzNyKyAhLTLTJq2hCcBe/vExaF1XXqbp3l+V6LY+jAEdwDBVw4QrqcAsNaAKBFJ7hFd6sJ+vFerc+5qMrVr5Tgj+wPn8AMlWRNA==</latexit><latexit sha1_base64="OJlQxypWIFNmhGQRwKnR4qUVJ/U=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSJU0JKIYDdCwY3LCvYhbSiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnLZZaOuByz2ccy9z5/gxZ0o7zre1srq2vrFZ2Cpu7+zu7dsHhy0VJZLQJol4JDs+VpQzQZuaaU47saQ49Dlt++Obqd9+pFKxSNzrNKZeiIeCBYxgbaS+XWpUOugauWfowTSBzpF72rfLTtWZAS0TNydlyNHo21+9QUSSkApNOFaq6zqx9jIsNSOcToq9RNEYkzEe0q6hAodUedns+Ak6McoABZE0JTSaqb83MhwqlYa+mQyxHqlFbyr+53UTHdS8jIk40VSQ+UNBwpGO0DQJNGCSEs1TQzCRzNyKyAhLTLTJq2hCcBe/vExaF1XXqbp3l+V6LY+jAEdwDBVw4QrqcAsNaAKBFJ7hFd6sJ+vFerc+5qMrVr5Tgj+wPn8AMlWRNA==</latexit><latexit sha1_base64="OJlQxypWIFNmhGQRwKnR4qUVJ/U=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSJU0JKIYDdCwY3LCvYhbSiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnLZZaOuByz2ccy9z5/gxZ0o7zre1srq2vrFZ2Cpu7+zu7dsHhy0VJZLQJol4JDs+VpQzQZuaaU47saQ49Dlt++Obqd9+pFKxSNzrNKZeiIeCBYxgbaS+XWpUOugauWfowTSBzpF72rfLTtWZAS0TNydlyNHo21+9QUSSkApNOFaq6zqx9jIsNSOcToq9RNEYkzEe0q6hAodUedns+Ak6McoABZE0JTSaqb83MhwqlYa+mQyxHqlFbyr+53UTHdS8jIk40VSQ+UNBwpGO0DQJNGCSEs1TQzCRzNyKyAhLTLTJq2hCcBe/vExaF1XXqbp3l+V6LY+jAEdwDBVw4QrqcAsNaAKBFJ7hFd6sJ+vFerc+5qMrVr5Tgj+wPn8AMlWRNA==</latexit><latexit sha1_base64="OJlQxypWIFNmhGQRwKnR4qUVJ/U=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSJU0JKIYDdCwY3LCvYhbSiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnLZZaOuByz2ccy9z5/gxZ0o7zre1srq2vrFZ2Cpu7+zu7dsHhy0VJZLQJol4JDs+VpQzQZuaaU47saQ49Dlt++Obqd9+pFKxSNzrNKZeiIeCBYxgbaS+XWpUOugauWfowTSBzpF72rfLTtWZAS0TNydlyNHo21+9QUSSkApNOFaq6zqx9jIsNSOcToq9RNEYkzEe0q6hAodUedns+Ak6McoABZE0JTSaqb83MhwqlYa+mQyxHqlFbyr+53UTHdS8jIk40VSQ+UNBwpGO0DQJNGCSEs1TQzCRzNyKyAhLTLTJq2hCcBe/vExaF1XXqbp3l+V6LY+jAEdwDBVw4QrqcAsNaAKBFJ7hFd6sJ+vFerc+5qMrVr5Tgj+wPn8AMlWRNA==</latexit>

P (X = 2, Y = n� 2)
<latexit sha1_base64="dfmQgUPOWZd0TJlHASSZLudYDLI=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyxCBS0zRbAboeDGZQX7kHYomTTThmYyQ5IRhqH+ihsXirj1Q9z5N6aPhbYeuNzDOfeSm+PHnCntON9Wbm19Y3Mrv13Y2d3bP7APj1oqSiShTRLxSHZ8rChngjY105x2Yklx6HPa9sc3U7/9SKVikbjXaUy9EA8FCxjB2kh9u9god9A1qp6jB9MEukDVs75dcirODGiVuAtSggUaffurN4hIElKhCcdKdV0n1l6GpWaE00mhlygaYzLGQ9o1VOCQKi+bHT9Bp0YZoCCSpoRGM/X3RoZDpdLQN5Mh1iO17E3F/7xuooOalzERJ5oKMn8oSDjSEZomgQZMUqJ5aggmkplbERlhiYk2eRVMCO7yl1dJq1pxnYp7d1mq1xZx5OEYTqAMLlxBHW6hAU0gkMIzvMKb9WS9WO/Wx3w0Zy12ivAH1ucPNWqRNg==</latexit><latexit sha1_base64="dfmQgUPOWZd0TJlHASSZLudYDLI=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyxCBS0zRbAboeDGZQX7kHYomTTThmYyQ5IRhqH+ihsXirj1Q9z5N6aPhbYeuNzDOfeSm+PHnCntON9Wbm19Y3Mrv13Y2d3bP7APj1oqSiShTRLxSHZ8rChngjY105x2Yklx6HPa9sc3U7/9SKVikbjXaUy9EA8FCxjB2kh9u9god9A1qp6jB9MEukDVs75dcirODGiVuAtSggUaffurN4hIElKhCcdKdV0n1l6GpWaE00mhlygaYzLGQ9o1VOCQKi+bHT9Bp0YZoCCSpoRGM/X3RoZDpdLQN5Mh1iO17E3F/7xuooOalzERJ5oKMn8oSDjSEZomgQZMUqJ5aggmkplbERlhiYk2eRVMCO7yl1dJq1pxnYp7d1mq1xZx5OEYTqAMLlxBHW6hAU0gkMIzvMKb9WS9WO/Wx3w0Zy12ivAH1ucPNWqRNg==</latexit><latexit sha1_base64="dfmQgUPOWZd0TJlHASSZLudYDLI=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyxCBS0zRbAboeDGZQX7kHYomTTThmYyQ5IRhqH+ihsXirj1Q9z5N6aPhbYeuNzDOfeSm+PHnCntON9Wbm19Y3Mrv13Y2d3bP7APj1oqSiShTRLxSHZ8rChngjY105x2Yklx6HPa9sc3U7/9SKVikbjXaUy9EA8FCxjB2kh9u9god9A1qp6jB9MEukDVs75dcirODGiVuAtSggUaffurN4hIElKhCcdKdV0n1l6GpWaE00mhlygaYzLGQ9o1VOCQKi+bHT9Bp0YZoCCSpoRGM/X3RoZDpdLQN5Mh1iO17E3F/7xuooOalzERJ5oKMn8oSDjSEZomgQZMUqJ5aggmkplbERlhiYk2eRVMCO7yl1dJq1pxnYp7d1mq1xZx5OEYTqAMLlxBHW6hAU0gkMIzvMKb9WS9WO/Wx3w0Zy12ivAH1ucPNWqRNg==</latexit><latexit sha1_base64="dfmQgUPOWZd0TJlHASSZLudYDLI=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyxCBS0zRbAboeDGZQX7kHYomTTThmYyQ5IRhqH+ihsXirj1Q9z5N6aPhbYeuNzDOfeSm+PHnCntON9Wbm19Y3Mrv13Y2d3bP7APj1oqSiShTRLxSHZ8rChngjY105x2Yklx6HPa9sc3U7/9SKVikbjXaUy9EA8FCxjB2kh9u9god9A1qp6jB9MEukDVs75dcirODGiVuAtSggUaffurN4hIElKhCcdKdV0n1l6GpWaE00mhlygaYzLGQ9o1VOCQKi+bHT9Bp0YZoCCSpoRGM/X3RoZDpdLQN5Mh1iO17E3F/7xuooOalzERJ5oKMn8oSDjSEZomgQZMUqJ5aggmkplbERlhiYk2eRVMCO7yl1dJq1pxnYp7d1mq1xZx5OEYTqAMLlxBHW6hAU0gkMIzvMKb9WS9WO/Wx3w0Zy12ivAH1ucPNWqRNg==</latexit>

P (X = n, Y = 0)
<latexit sha1_base64="NO8VpnpwHw2pQIXOaT7GrxcWF3I=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISEexGKLhxWcE+pA1lMp20QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPXO7hnHuZO8ePOVPacb6twtr6xuZWcbu0s7u3X7YPDtsqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8Sc3md95pFKxSNzraUy9EI8ECxjB2kgDu9ysdtE1EufowTTnbGBXnJozB1olbk4qkKM5sL/6w4gkIRWacKxUz3Vi7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL54TN0apQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOqh7KRNxoqkgi4eChCMdoSwFNGSSEs2nhmAimbkVkTGWmGiTVcmE4C5/eZW0L2quU3PvLiuNeh5HEY7hBKrgwhU04Baa0AICCTzDK7xZT9aL9W59LEYLVr5zBH9gff4AoK2QbQ==</latexit><latexit sha1_base64="NO8VpnpwHw2pQIXOaT7GrxcWF3I=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISEexGKLhxWcE+pA1lMp20QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPXO7hnHuZO8ePOVPacb6twtr6xuZWcbu0s7u3X7YPDtsqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8Sc3md95pFKxSNzraUy9EI8ECxjB2kgDu9ysdtE1EufowTTnbGBXnJozB1olbk4qkKM5sL/6w4gkIRWacKxUz3Vi7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL54TN0apQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOqh7KRNxoqkgi4eChCMdoSwFNGSSEs2nhmAimbkVkTGWmGiTVcmE4C5/eZW0L2quU3PvLiuNeh5HEY7hBKrgwhU04Baa0AICCTzDK7xZT9aL9W59LEYLVr5zBH9gff4AoK2QbQ==</latexit><latexit sha1_base64="NO8VpnpwHw2pQIXOaT7GrxcWF3I=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISEexGKLhxWcE+pA1lMp20QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPXO7hnHuZO8ePOVPacb6twtr6xuZWcbu0s7u3X7YPDtsqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8Sc3md95pFKxSNzraUy9EI8ECxjB2kgDu9ysdtE1EufowTTnbGBXnJozB1olbk4qkKM5sL/6w4gkIRWacKxUz3Vi7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL54TN0apQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOqh7KRNxoqkgi4eChCMdoSwFNGSSEs2nhmAimbkVkTGWmGiTVcmE4C5/eZW0L2quU3PvLiuNeh5HEY7hBKrgwhU04Baa0AICCTzDK7xZT9aL9W59LEYLVr5zBH9gff4AoK2QbQ==</latexit><latexit sha1_base64="NO8VpnpwHw2pQIXOaT7GrxcWF3I=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISEexGKLhxWcE+pA1lMp20QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPXO7hnHuZO8ePOVPacb6twtr6xuZWcbu0s7u3X7YPDtsqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8Sc3md95pFKxSNzraUy9EI8ECxjB2kgDu9ysdtE1EufowTTnbGBXnJozB1olbk4qkKM5sL/6w4gkIRWacKxUz3Vi7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL54TN0apQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOqh7KRNxoqkgi4eChCMdoSwFNGSSEs2nhmAimbkVkTGWmGiTVcmE4C5/eZW0L2quU3PvLiuNeh5HEY7hBKrgwhU04Baa0AICCTzDK7xZT9aL9W59LEYLVr5zBH9gff4AoK2QbQ==</latexit>

P (X + Y = n) =
nX

i=0

P (X = i, Y = n� i)
<latexit sha1_base64="Y+sTl2RXL2jJwIt+v+ZUtLDGjRU=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VoUWsigt0UCm5cVrAPaWOYTCft0MkkzEyEEvoZbvwVNy4Ucdudf+OkzUJbD9zL4Zx7mbnHixiVyrK+jdzK6tr6Rn6zsLW9s7tn7h+0ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblK//USEpCG/V+OIOAEacOpTjJSWXPOiUerAU/gAa5CXdevJOHATWrMmjxymXg3Ss7kNzyEtu2bRqlgzwGViZ6QIMjRcc9rrhzgOCFeYISm7thUpJ0FCUczIpNCLJYkQHqEB6WrKUUCkk8wOm8ATrfShHwpdXMGZ+nsjQYGU48DTkwFSQ7nopeJ/XjdWftVJKI9iRTieP+THDKoQpinBPhUEKzbWBGFB9V8hHiKBsNJZFnQI9uLJy6R1WbGtin13VaxXszjy4AgcgxKwwTWog1vQAE2AwTN4Be/gw3gx3oxP42s+mjOynUPwB8b0B+8fmqs=</latexit><latexit sha1_base64="Y+sTl2RXL2jJwIt+v+ZUtLDGjRU=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VoUWsigt0UCm5cVrAPaWOYTCft0MkkzEyEEvoZbvwVNy4Ucdudf+OkzUJbD9zL4Zx7mbnHixiVyrK+jdzK6tr6Rn6zsLW9s7tn7h+0ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblK//USEpCG/V+OIOAEacOpTjJSWXPOiUerAU/gAa5CXdevJOHATWrMmjxymXg3Ss7kNzyEtu2bRqlgzwGViZ6QIMjRcc9rrhzgOCFeYISm7thUpJ0FCUczIpNCLJYkQHqEB6WrKUUCkk8wOm8ATrfShHwpdXMGZ+nsjQYGU48DTkwFSQ7nopeJ/XjdWftVJKI9iRTieP+THDKoQpinBPhUEKzbWBGFB9V8hHiKBsNJZFnQI9uLJy6R1WbGtin13VaxXszjy4AgcgxKwwTWog1vQAE2AwTN4Be/gw3gx3oxP42s+mjOynUPwB8b0B+8fmqs=</latexit><latexit sha1_base64="Y+sTl2RXL2jJwIt+v+ZUtLDGjRU=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VoUWsigt0UCm5cVrAPaWOYTCft0MkkzEyEEvoZbvwVNy4Ucdudf+OkzUJbD9zL4Zx7mbnHixiVyrK+jdzK6tr6Rn6zsLW9s7tn7h+0ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblK//USEpCG/V+OIOAEacOpTjJSWXPOiUerAU/gAa5CXdevJOHATWrMmjxymXg3Ss7kNzyEtu2bRqlgzwGViZ6QIMjRcc9rrhzgOCFeYISm7thUpJ0FCUczIpNCLJYkQHqEB6WrKUUCkk8wOm8ATrfShHwpdXMGZ+nsjQYGU48DTkwFSQ7nopeJ/XjdWftVJKI9iRTieP+THDKoQpinBPhUEKzbWBGFB9V8hHiKBsNJZFnQI9uLJy6R1WbGtin13VaxXszjy4AgcgxKwwTWog1vQAE2AwTN4Be/gw3gx3oxP42s+mjOynUPwB8b0B+8fmqs=</latexit><latexit sha1_base64="Y+sTl2RXL2jJwIt+v+ZUtLDGjRU=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VoUWsigt0UCm5cVrAPaWOYTCft0MkkzEyEEvoZbvwVNy4Ucdudf+OkzUJbD9zL4Zx7mbnHixiVyrK+jdzK6tr6Rn6zsLW9s7tn7h+0ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblK//USEpCG/V+OIOAEacOpTjJSWXPOiUerAU/gAa5CXdevJOHATWrMmjxymXg3Ss7kNzyEtu2bRqlgzwGViZ6QIMjRcc9rrhzgOCFeYISm7thUpJ0FCUczIpNCLJYkQHqEB6WrKUUCkk8wOm8ATrfShHwpdXMGZ+nsjQYGU48DTkwFSQ7nopeJ/XjdWftVJKI9iRTieP+THDKoQpinBPhUEKzbWBGFB9V8hHiKBsNJZFnQI9uLJy6R1WbGtin13VaxXszjy4AgcgxKwwTWog1vQAE2AwTN4Be/gw3gx3oxP42s+mjOynUPwB8b0B+8fmqs=</latexit>
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Sum of dice rolls

Roll 𝑛 independent dice. Let 𝑋! be the outcome of roll 𝑖. 𝑋" are i.i.d.

5

!
!"#

#

𝑋!

2 4 6 8 10 12
0.0

0.1

0.2

1 2 3 4 5 6
0.0

0.1

0.2

3 5 7 9 11131517

!
!"#

$

𝑋! !
!"#

%

𝑋!
Sum of 1
die roll

Sum of 2
dice rolls

Sum of 3
dice rolls

How many ways
can you roll a total
of 3 vs 11?



Four Prototypical Trajectories

Sum of 50 dice?
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Central Limit Theorem
Consider 𝑛 independent and identically distributed (i.i.d) variables 𝑋!, 𝑋", … , 𝑋#
with 𝐸 𝑋$ = 𝜇 and Var 𝑋$ = 𝜎".

!
!"#

$

𝑋! ~𝒩(𝑛𝜇, 𝑛𝜎%)

The sum of 𝑛 i.i.d. random variables is normally distributed with mean 𝑛𝜇
and variance 𝑛𝜎#.

7

As 𝑛 → ∞
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True happiness

8
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CLT explains a lot

9

!
!"#

&

𝑋! ~𝒩(𝑛𝜇, 𝑛𝜎$)

0 1 2 3 4 5

𝑛 = 5

Galton Board, by Sir Francis Galton
(1822-1911)

As 𝑛 → ∞
The sum of 𝑛 i.i.d. random variables is normally 
distributed with mean 𝑛𝜇 and variance 𝑛𝜎$.
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CLT explains a lot

10

!
!"#

&

𝑋! ~𝒩(𝑛𝜇, 𝑛𝜎$)

Normal approximation of Binomial
Sum of i.i.d. Bernoulli RVs ≈ Normal

𝑋~Bin(𝑛, 𝑝)𝑋 =!
!"#

&

𝑋!

𝑋~𝒩 𝑛𝑝, 𝑛𝑝(1 − 𝑝)

New Explanation:

𝑋~𝒩 𝑛𝜇, 𝑛𝜎# CLT, as 𝑛 → ∞

(substitute mean,
variance of Bernoulli) 

Let 𝑋!~Ber(𝑝) for 𝑖 = 1,… , 𝑛, where 𝑋! are i.i.d.
𝐸 𝑋! = 𝑝, Var 𝑋! = 𝑝(1 − 𝑝)

As 𝑛 → ∞
The sum of 𝑛 i.i.d. random variables is normally 
distributed with mean 𝑛𝜇 and variance 𝑛𝜎$.
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Example CLT problem
You hit 10 traffic lights on your way to work. You don't know the full distribution of the 
wait time, but for each you observe the average wait time is 45 seconds and the 
standard deviation is 5 seconds. You will be on time if your total wait time is less than 
8 mins. What is the probability that you are on time? Assume the wait times are IID.

Answer: Let T be the total wait time. It is the sum of the 10 IID wait times. By the CLT

𝑇~𝒩 𝑛𝜇, 𝑛𝜎#

𝑇~𝒩 450, 250

𝑃 𝑇 ≤ 480 = Φ
480 − 450

15.8 ≈ 0.97
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Proof of CLT

13

The sum of 𝑛 i.i.d. random variables is normally 
distributed with mean 𝑛𝜇 and variance 𝑛𝜎$.!

!"#

&

𝑋! ~𝒩(𝑛𝜇, 𝑛𝜎$)

• The Fourier Transform of a PDF is called a characteristic function.
• Take the characteristic function of the probability mass of the sample, 

normalized
• Show that this approaches an

exponential function in the limit as 𝑛 → ∞: 
• This function is in turn the characteristic function of a Normal 

Distribution

Proof:

𝑓 𝑥 = 𝑒-
.!
#

(this proof is beyond the scope of CS109)

As 𝑛 → ∞
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For Details, See Video

14



Testing CLT

15
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Sum of 𝑛 independent Uniform RVs
Let 𝑋 = ∑!/01 𝑋! be sum of i.i.d. RVs, where 𝑋!~Uni 0,1 .

For different 𝑛, how close is the CLT approximation of 𝑃 𝑋 ≤ 𝑛/3 ?

16

𝑛 = 2: 𝑃 𝑋 ≤ 2/3 ≈ 0.2222

𝑋 ≈ 𝑌~𝒩(𝑛𝜇, 𝑛𝜎#)

Exact

𝑥

PD
F

CLT approximation

𝜇 = 𝐸 𝑋! = 1/2
𝜎$ = Var 𝑋! = 1/12

⟹ 𝑌~𝒩(1, 1/6)

𝑃 𝑋 ≤ 2/3 ≈ 𝑃 𝑌 ≤ 2/3

= Φ
2/3 − 1
1/6

≈ 0.2071
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Sum of 𝑛 independent Uniform RVs
Let 𝑋 = ∑!/01 𝑋! be sum of i.i.d. RVs, where 𝑋!~Uni 0,1 .

For different 𝑛, how close is the CLT approximation of 𝑃 𝑋 ≤ 𝑛/3 ?

17

𝑛 = 5: 𝑃 𝑋 ≤ 5/3 ≈ 0.1017

𝑋 ≈ 𝑌~𝒩(𝑛𝜇, 𝑛𝜎#)

Exact

𝑥

PD
F

CLT approximation

𝜇 = 𝐸 𝑋! = 1/2
𝜎$ = Var 𝑋! = 1/12

⟹ 𝑌~𝒩(5/2, 5/12)

𝑃 𝑋 ≤ 5/3 ≈ 𝑃 𝑌 ≤ 5/3

= Φ
5/3 − 5/2

5/12
≈ 0.0984
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Sum of 𝑛 independent Uniform RVs
Let 𝑋 = ∑!/01 𝑋! be sum of i.i.d. RVs, where 𝑋!~Uni 0,1 .

For different 𝑛, how close is the CLT approximation of 𝑃 𝑋 ≤ 𝑛/3 ?

18

𝑛 = 10: 𝑃 𝑋 ≤ 10/3 ≈ 0.0337

𝑋 ≈ 𝑌~𝒩(𝑛𝜇, 𝑛𝜎#)

Exact

𝑥

PD
F

CLT approximation

𝜇 = 𝐸 𝑋! = 1/2
𝜎$ = Var 𝑋! = 1/12

⟹ 𝑌~𝒩(5, 5/6)

𝑃 𝑋 ≤ 10/3 ≈ 𝑃 𝑌 ≤ 10/3

= Φ
10/3 − 5

5/6
≈ 0.0339
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Sum of 𝑛 independent Uniform RVs
Let 𝑋 = ∑!/01 𝑋! be sum of i.i.d. RVs, where 𝑋!~Uni 0,1 .

For different 𝑛, how close is the CLT approximation of 𝑃 𝑋 ≤ 𝑛/3 ?

19

𝑛 = 10:

𝑥

PD
F

𝜇 = 𝐸 𝑋! = 1/2
𝜎$ = Var 𝑋! = 1/12

Most books will tell you that CLT holds if 𝑛 ≥ 30, but it can hold 
for smaller 𝑛 depending on the distribution of your i.i.d. 𝑋!’s.

𝑛 = 5:

𝑥

PD
F

𝑛 = 2:

𝑥

PD
F
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The sum of independent, identically 
distributed variables:

Y ⇠ N(nµ, n�2)

Y =
nX

i=0

Xi

<latexit sha1_base64="uYDVuRJBbfczdMhsQ3y+/g7D7Fs=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURwW4KBTcuK9iHtDFMppN26GQSZiZCDcVfceNCEbf+hzv/xmmbhbYeuHA4517uvSdIOFPacb6twsrq2vpGcbO0tb2zu2fvH7RUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYyupn77gUrFYnGrxwn1IjwQLGQEayP59tEdqqGeSiM/YzVnci9Qx2e+XXYqzgxombg5KUOOhm9/9foxSSMqNOFYqa7rJNrLsNSMcDop9VJFE0xGeEC7hgocUeVls+sn6NQofRTG0pTQaKb+nshwpNQ4CkxnhPVQLXpT8T+vm+qw6mVMJKmmgswXhSlHOkbTKFCfSUo0HxuCiWTmVkSGWGKiTWAlE4K7+PIyaZ1XXKfi3lyU69U8jiIcwwmcgQuXUIdraEATCDzCM7zCm/VkvVjv1se8tWDlM4fwB9bnD90GlCk=</latexit><latexit sha1_base64="uYDVuRJBbfczdMhsQ3y+/g7D7Fs=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURwW4KBTcuK9iHtDFMppN26GQSZiZCDcVfceNCEbf+hzv/xmmbhbYeuHA4517uvSdIOFPacb6twsrq2vpGcbO0tb2zu2fvH7RUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYyupn77gUrFYnGrxwn1IjwQLGQEayP59tEdqqGeSiM/YzVnci9Qx2e+XXYqzgxombg5KUOOhm9/9foxSSMqNOFYqa7rJNrLsNSMcDop9VJFE0xGeEC7hgocUeVls+sn6NQofRTG0pTQaKb+nshwpNQ4CkxnhPVQLXpT8T+vm+qw6mVMJKmmgswXhSlHOkbTKFCfSUo0HxuCiWTmVkSGWGKiTWAlE4K7+PIyaZ1XXKfi3lyU69U8jiIcwwmcgQuXUIdraEATCDzCM7zCm/VkvVjv1se8tWDlM4fwB9bnD90GlCk=</latexit><latexit sha1_base64="uYDVuRJBbfczdMhsQ3y+/g7D7Fs=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURwW4KBTcuK9iHtDFMppN26GQSZiZCDcVfceNCEbf+hzv/xmmbhbYeuHA4517uvSdIOFPacb6twsrq2vpGcbO0tb2zu2fvH7RUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYyupn77gUrFYnGrxwn1IjwQLGQEayP59tEdqqGeSiM/YzVnci9Qx2e+XXYqzgxombg5KUOOhm9/9foxSSMqNOFYqa7rJNrLsNSMcDop9VJFE0xGeEC7hgocUeVls+sn6NQofRTG0pTQaKb+nshwpNQ4CkxnhPVQLXpT8T+vm+qw6mVMJKmmgswXhSlHOkbTKFCfSUo0HxuCiWTmVkSGWGKiTWAlE4K7+PIyaZ1XXKfi3lyU69U8jiIcwwmcgQuXUIdraEATCDzCM7zCm/VkvVjv1se8tWDlM4fwB9bnD90GlCk=</latexit><latexit sha1_base64="uYDVuRJBbfczdMhsQ3y+/g7D7Fs=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURwW4KBTcuK9iHtDFMppN26GQSZiZCDcVfceNCEbf+hzv/xmmbhbYeuHA4517uvSdIOFPacb6twsrq2vpGcbO0tb2zu2fvH7RUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYyupn77gUrFYnGrxwn1IjwQLGQEayP59tEdqqGeSiM/YzVnci9Qx2e+XXYqzgxombg5KUOOhm9/9foxSSMqNOFYqa7rJNrLsNSMcDop9VJFE0xGeEC7hgocUeVls+sn6NQofRTG0pTQaKb+nshwpNQ4CkxnhPVQLXpT8T+vm+qw6mVMJKmmgswXhSlHOkbTKFCfSUo0HxuCiWTmVkSGWGKiTWAlE4K7+PIyaZ1XXKfi3lyU69U8jiIcwwmcgQuXUIdraEATCDzCM7zCm/VkvVjv1se8tWDlM4fwB9bnD90GlCk=</latexit>

where µ = E[Xi]
<latexit sha1_base64="NOY5LD7OtUjaN8jQFu9+bWfgduE=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzEUIiOAxgnnA7hJmJ7PJkJnZZR5CCPkNLx4U8erPePNvnCR70MSChqKqm+6uJOdMG9//9tbWNza3tks75d29/YPDytFxW2dWEdoiGc9UN8GaciZpyzDDaTdXFIuE004yup35nSeqNMvkoxnnNBZ4IFnKCDZOiiJh0Q26C7s9FvcqVb/mz4FWSVCQKhRo9ipfUT8jVlBpCMdah4Gfm3iClWGE02k5sprmmIzwgIaOSiyojifzm6fo3Cl9lGbKlTRorv6emGCh9VgkrlNgM9TL3kz8zwutSevxhMncGirJYlFqOTIZmgWA+kxRYvjYEUwUc7ciMsQKE+NiKrsQguWXV0n7shb4teDhqtqoF3GU4BTO4AICuIYG3EMTWkAgh2d4hTfPei/eu/exaF3zipkT+APv8wesDJDA</latexit><latexit sha1_base64="NOY5LD7OtUjaN8jQFu9+bWfgduE=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzEUIiOAxgnnA7hJmJ7PJkJnZZR5CCPkNLx4U8erPePNvnCR70MSChqKqm+6uJOdMG9//9tbWNza3tks75d29/YPDytFxW2dWEdoiGc9UN8GaciZpyzDDaTdXFIuE004yup35nSeqNMvkoxnnNBZ4IFnKCDZOiiJh0Q26C7s9FvcqVb/mz4FWSVCQKhRo9ipfUT8jVlBpCMdah4Gfm3iClWGE02k5sprmmIzwgIaOSiyojifzm6fo3Cl9lGbKlTRorv6emGCh9VgkrlNgM9TL3kz8zwutSevxhMncGirJYlFqOTIZmgWA+kxRYvjYEUwUc7ciMsQKE+NiKrsQguWXV0n7shb4teDhqtqoF3GU4BTO4AICuIYG3EMTWkAgh2d4hTfPei/eu/exaF3zipkT+APv8wesDJDA</latexit><latexit sha1_base64="NOY5LD7OtUjaN8jQFu9+bWfgduE=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzEUIiOAxgnnA7hJmJ7PJkJnZZR5CCPkNLx4U8erPePNvnCR70MSChqKqm+6uJOdMG9//9tbWNza3tks75d29/YPDytFxW2dWEdoiGc9UN8GaciZpyzDDaTdXFIuE004yup35nSeqNMvkoxnnNBZ4IFnKCDZOiiJh0Q26C7s9FvcqVb/mz4FWSVCQKhRo9ipfUT8jVlBpCMdah4Gfm3iClWGE02k5sprmmIzwgIaOSiyojifzm6fo3Cl9lGbKlTRorv6emGCh9VgkrlNgM9TL3kz8zwutSevxhMncGirJYlFqOTIZmgWA+kxRYvjYEUwUc7ciMsQKE+NiKrsQguWXV0n7shb4teDhqtqoF3GU4BTO4AICuIYG3EMTWkAgh2d4hTfPei/eu/exaF3zipkT+APv8wesDJDA</latexit><latexit sha1_base64="NOY5LD7OtUjaN8jQFu9+bWfgduE=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzEUIiOAxgnnA7hJmJ7PJkJnZZR5CCPkNLx4U8erPePNvnCR70MSChqKqm+6uJOdMG9//9tbWNza3tks75d29/YPDytFxW2dWEdoiGc9UN8GaciZpyzDDaTdXFIuE004yup35nSeqNMvkoxnnNBZ4IFnKCDZOiiJh0Q26C7s9FvcqVb/mz4FWSVCQKhRo9ipfUT8jVlBpCMdah4Gfm3iClWGE02k5sprmmIzwgIaOSiyojifzm6fo3Cl9lGbKlTRorv6emGCh9VgkrlNgM9TL3kz8zwutSevxhMncGirJYlFqOTIZmgWA+kxRYvjYEUwUc7ciMsQKE+NiKrsQguWXV0n7shb4teDhqtqoF3GU4BTO4AICuIYG3EMTWkAgh2d4hTfPei/eu/exaF3zipkT+APv8wesDJDA</latexit>

�2 = Var(Xi)
<latexit sha1_base64="GJsLx2makHeUuEVOwtbUqjC273Q=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahbkpSBLsRCm5cVrAPaGKYTCft0MmDmRuxhIIbf8WNC0Xc+hPu/BunbRbaeuDC4Zx7ufcePxFcgWV9G4WV1bX1jeJmaWt7Z3fP3D9oqziVlLVoLGLZ9YligkesBRwE6yaSkdAXrOOPrqZ+555JxePoFsYJc0MyiHjAKQEteeaRo/ggJHc1fIkdYA+QtYmcVLoeP/PMslW1ZsDLxM5JGeVoeuaX049pGrIIqCBK9WwrATcjEjgVbFJyUsUSQkdkwHqaRiRkys1mP0zwqVb6OIilrgjwTP09kZFQqXHo686QwFAtelPxP6+XQlB3Mx4lKbCIzhcFqcAQ42kguM8loyDGmhAqub4V0yGRhIKOraRDsBdfXibtWtW2qvbNeblRz+MoomN0girIRheoga5RE7UQRY/oGb2iN+PJeDHejY95a8HIZw7RHxifP6ANltI=</latexit><latexit sha1_base64="GJsLx2makHeUuEVOwtbUqjC273Q=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahbkpSBLsRCm5cVrAPaGKYTCft0MmDmRuxhIIbf8WNC0Xc+hPu/BunbRbaeuDC4Zx7ufcePxFcgWV9G4WV1bX1jeJmaWt7Z3fP3D9oqziVlLVoLGLZ9YligkesBRwE6yaSkdAXrOOPrqZ+555JxePoFsYJc0MyiHjAKQEteeaRo/ggJHc1fIkdYA+QtYmcVLoeP/PMslW1ZsDLxM5JGeVoeuaX049pGrIIqCBK9WwrATcjEjgVbFJyUsUSQkdkwHqaRiRkys1mP0zwqVb6OIilrgjwTP09kZFQqXHo686QwFAtelPxP6+XQlB3Mx4lKbCIzhcFqcAQ42kguM8loyDGmhAqub4V0yGRhIKOraRDsBdfXibtWtW2qvbNeblRz+MoomN0girIRheoga5RE7UQRY/oGb2iN+PJeDHejY95a8HIZw7RHxifP6ANltI=</latexit><latexit sha1_base64="GJsLx2makHeUuEVOwtbUqjC273Q=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahbkpSBLsRCm5cVrAPaGKYTCft0MmDmRuxhIIbf8WNC0Xc+hPu/BunbRbaeuDC4Zx7ufcePxFcgWV9G4WV1bX1jeJmaWt7Z3fP3D9oqziVlLVoLGLZ9YligkesBRwE6yaSkdAXrOOPrqZ+555JxePoFsYJc0MyiHjAKQEteeaRo/ggJHc1fIkdYA+QtYmcVLoeP/PMslW1ZsDLxM5JGeVoeuaX049pGrIIqCBK9WwrATcjEjgVbFJyUsUSQkdkwHqaRiRkys1mP0zwqVb6OIilrgjwTP09kZFQqXHo686QwFAtelPxP6+XQlB3Mx4lKbCIzhcFqcAQ42kguM8loyDGmhAqub4V0yGRhIKOraRDsBdfXibtWtW2qvbNeblRz+MoomN0girIRheoga5RE7UQRY/oGb2iN+PJeDHejY95a8HIZw7RHxifP6ANltI=</latexit><latexit sha1_base64="GJsLx2makHeUuEVOwtbUqjC273Q=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahbkpSBLsRCm5cVrAPaGKYTCft0MmDmRuxhIIbf8WNC0Xc+hPu/BunbRbaeuDC4Zx7ufcePxFcgWV9G4WV1bX1jeJmaWt7Z3fP3D9oqziVlLVoLGLZ9YligkesBRwE6yaSkdAXrOOPrqZ+555JxePoFsYJc0MyiHjAKQEteeaRo/ggJHc1fIkdYA+QtYmcVLoeP/PMslW1ZsDLxM5JGeVoeuaX049pGrIIqCBK9WwrATcjEjgVbFJyUsUSQkdkwHqaRiRkys1mP0zwqVb6OIilrgjwTP09kZFQqXHo686QwFAtelPxP6+XQlB3Mx4lKbCIzhcFqcAQ42kguM8loyDGmhAqub4V0yGRhIKOraRDsBdfXibtWtW2qvbNeblRz+MoomN0girIRheoga5RE7UQRY/oGb2iN+PJeDHejY95a8HIZw7RHxifP6ANltI=</latexit>

Is normally distributed:
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Average of IID Variables?

Let 𝑋! be i.i.d. variables. There are n. Let      be the average X̄ ⇠ N(µ,
�2

n
)

å
=

=
n

i
iXn

X
1

1

Gaussian by CLT
Y ⇠ N(nµ, n�2)
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What about other functions?

Sum of iid? Normal

Average of iid? 

Max of iid? 
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By the Central Limit 
Theorem, the mean of IID 
variables are distributed 
normally. As n -> ∞ 

X̄ ⇠ N(µ,
�2

n
)
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Average of IID Variables Demo

http://onlinestatbook.com/stat_sim/sampling_dist/

http://onlinestatbook.com/stat_sim/sampling_dist/
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What about other functions?

Sum of iid? Normal

Average of iid? Normal

Max of iid? 
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What about other functions?

Sum of iid? Normal

Average of iid? Normal

Max of iid? Gumbel

See Fisher Trippett Gnedenko Theorem
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1733

Once Upon a Time…
Abraham De Moivre



Piech, CS109, Stanford University

• History of the Central Limit Theorem

§ 1733: CLT for X ~ Ber(1/2) postulated by           
Abraham de Moivre

§ 1823: Pierre-Simon Laplace extends de Moivre’s
work to approximating Bin(n, p) with Normal

§ 1901: Aleksandr Lyapunov provides precise                   
definition and rigorous proof of CLT

§ 2016: Beyonce releases Lemonade
o It was her 6th album, bringing her total number of songs 

to 214
oMean quality of subsamples of songs is Normally 

distributed (thanks to the Central Limit Theorem)

Once Upon a Time…
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• Have new algorithm to test for running time
§ Mean (clock) running time: µ = t sec.
§ Variance of running time: s2 = 4 sec2.
§ Run algorithm repeatedly (I.I.D. trials), measure time

oHow many trials s.t. estimated time = t ± 0.5 with 95% 
certainty?

oXi = running time of i-th run (for 1 £ i £ n),      is the 
mean

Estimating Clock Running Time

X̄

X̄ ⇠ N(µ,
�2

n
) ⇠ N(t,

4

n
)
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0.95 = P (�0.5 < X̄ � t < 0.5) X̄ � t ⇠ N(0,
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William Sealy Gosset
(aka Student)
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It’s play time!
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• You will roll 10 6-sided dice (X1, X2, …, X10)
§ X = total value of all 10 dice = X1 + X2 + … + X10
§ Win if:  X £ 25  or  X ³ 45
§ Roll!

• And now the truth (according to the CLT)…

Sum of Dice



• You will roll 10 6-sided dice (X1, X2, …, X10)
§ X = total value of all 10 dice = X1 + X2 + … + X10
§ Win if:  X £ 25  or  X ³ 45

• Recall CLT:

§ Determine P(X £ 25 or X ³ 45) using CLT:

0784.0)9608.01(2)1)76.1(2(1 =-»-F-»

[ ]
12
35)(Var                  5.3 2 ==== ii XXE sµ

Sum of Dice

Y =
X

i

Xi ! N(nE[Xi], nVar(Xi)) As n ! 1X =
nX

i

Xi ! N(nµ, n�2)

X ⇡ N(35, 29.2)

1� P (25.5 < X < 44.5) = 1� P (
25.5� 35p

29.2
< Z <

44.5� 35p
29.2

)



Sampling 
definitions

36

19a_intro
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Motivating example
You want to know the true mean and 
variance of happiness in Bhutan.
• But you can’t ask everyone.
• You poll 200 random people.
• Your data looks like this:

Happiness = {72, 85, 79, 91, 68, …, 71}

• The mean of all these numbers is 83.
Is this the true mean happiness of 
Bhutanese people?

37
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Population
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Sample
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Collect one (or more) numbers from each person

Sample
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Population

41

This is a population.
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Sample

42

A sample is selected from a population.
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Sample

43

Collect one (or more) numbers from each person



Chris Piech, CS109

Sample
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A sample, mathematically
Consider 𝑛 random variables 𝑋0, 𝑋#, … , 𝑋1.
The sequence 𝑋0, 𝑋#, … , 𝑋1 is a sample from distribution 𝐹 if:
• 𝑋! are all independent and identically distributed (i.i.d.)
• 𝑋! all have same distribution function 𝐹 (the underlying distribution), 

where 𝐸 𝑋! = 𝜇, Var 𝑋! = 𝜎#

45

𝜇

𝜎
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A sample of sample size 8:
𝑋!, 𝑋", 𝑋#, 𝑋$, 𝑋%, 𝑋&, 𝑋', 𝑋(

A realization of a sample of size 8:
𝑋!, 𝑋", 𝑋#, 𝑋$, 𝑋%, 𝑋&, 𝑋', 𝑋(

A sample, mathematically

46

59 87 94 99 87 78 69 91

2x
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If we had a distribution 𝐹 of our entire 
population, we could compute exact statistics 
about about happiness.

But we only have 200 people (a sample).

Today: If we only have a single sample,
• How do we report estimated statistics?
• How do we report estimated error of these 

estimates?
• How do we perform hypothesis testing?

A single sample

47

A happy
person



Estimating 
Core Statistics 
(Mean + Var)

48

19b_sample_stats
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If we had a distribution 𝐹 of our entire 
population, we could compute exact statistics 
about about happiness.

But we only have 200 people (a sample).

So these population statistics are unknown:
• 𝜇, the population mean
• 𝜎#, the population variance

A single sample

49

A happy
person
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If we had a distribution 𝐹 of our entire 
population, we could compute exact statistics 
about about happiness.

But we only have 200 people (a sample).

• From these 200 people, what is our
best estimate of population mean and 
population variance?

• How do we define best estimate?

A single sample

50

A happy
person
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Consider n random variables X1, X2, ... Xn
§ Xi are all independently and identically distributed (I.I.D.)
§ Have same distribution function F and E[Xi] = µ
§ We call sequence of Xi a sample from distribution F
§ How would you estimate the population mean??

Estimating the Mean

Estimate =
1

n

nX

i=0

Xi
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Sample Mean: This is a fancy way of 
saying "your estimate of the mean"

Edit: i should start at 1
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Consider n random variables X1, X2, ... Xn
§ Have same distribution function F and E[Xi] = µ
§ Is our estimate of mean any good??

Is that estimate any good?
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Estimating the population mean

If we only have a sample, 𝑋!, 𝑋", … , 𝑋# :

The best estimate of 𝜇 is the sample mean:

I𝑋 is an unbiased estimator of the population mean 𝜇. 𝐸 I𝑋 = 𝜇

Intuition: By the CLT, 

53

I𝑋 =
1
𝑛
J
$%!

#

𝑋$

1. What is our best estimate of 𝜇, the mean
happiness of Bhutanese people?

@𝑋 ~𝒩(𝜇,
𝜎!

𝑛
) If we could take multiple samples of size 𝑛:

1. For each sample, compute sample mean
2. On average, we would get the population mean
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Sample mean

54

Even if we can’t report 𝜇, we can report our 
sample mean 83.03, which is an unbiased 
estimate of 𝜇.

"𝑋 ~𝒩(𝜇,
𝜎)

𝑛 )
𝑋*~𝐹
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Estimating the population variance

If we knew the entire population 𝑥!, 𝑥", … , 𝑥& :

𝜎! = 𝐸 𝑋 − 𝜇 ! =
1
𝑁
!
"#$

%

𝑥" − 𝜇 !

If we only have a sample, 𝑋!, 𝑋", … , 𝑋# :

57

2. What is 𝜎", the variance of happiness of 
Bhutanese people?

population
variance

population mean

𝑆" =
1

𝑛 − 1
J
$%!

#

𝑋$ − I𝑋 "sample
variance

sample mean
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Calculating population statistics exactly 
requires us knowing all 𝑁 datapoints.

0
Happiness 𝜇

Intuition about the sample variance, 𝑆)

58

𝜎" =
1
𝑁
J
$%!

&

𝑥$ − 𝜇 "population
variance

population mean

𝑥" − 𝜇

Actual, 𝜎"

150

Population size, 𝑁
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Intuition about the sample variance, 𝑆)

59

𝑆" =
1

𝑛 − 1
J
$%!

#

𝑋$ − I𝑋 "sample
variance

sample mean
Estimate, 𝑆"

𝜎" =
1
𝑁
J
$%!

&

𝑥$ − 𝜇 "population
variance

population mean
Actual, 𝜎"

0
Happiness 𝜇

Population size, 𝑁

150
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Intuition about the sample variance, 𝑆)

60

𝑆" =
1

𝑛 − 1
J
$%!

#

𝑋$ − I𝑋 "𝜎" =
1
𝑁
J
$%!

&

𝑥$ − 𝜇 "population
variance

sample
variance

population mean sample mean
Actual, 𝜎" Estimate, 𝑆"

0
Happiness 𝜇

Population size, 𝑁
$𝑋

150
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Sample variance is an estimate using an 
estimate, so it needs additional scaling.

Intuition about the sample variance, 𝑆)

61

𝑆" =
1

𝑛 − 1
J
$%!

#

𝑋$ − I𝑋 "

1500
Happiness 𝜇

𝜎" =
1
𝑁
J
$%!

&

𝑥$ − 𝜇 "population
variance

sample
variance

population mean sample mean

Population size, 𝑁
$𝑋

𝑋$ − @𝑋

Actual, 𝜎" Estimate, 𝑆"
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Proof that 𝑆) is unbiased

62

𝐸 𝑆" = 𝜎"(just for reference)

𝐸 𝑆! = 𝐸
1

𝑛 − 1
-
"#$

%

𝑋" − /𝑋 ! ⇒ 𝑛 − 1 𝐸 𝑆! = 𝐸 -
"#$

%

𝑋" − /𝑋 !

𝑛 − 1 𝐸 𝑆! = 𝐸 -
"#$

%

𝑋" − 𝜇 + 𝜇 − /𝑋 !

= 𝐸 -
"#$

%

𝑋" − 𝜇 ! +-
"#$

%

𝜇 − /𝑋 ! + 2-
"#$

%

𝑋" − 𝜇 𝜇 − /𝑋

(introduce 𝜇 − 𝜇)

= 𝐸 -
"#$

%

𝑋" − 𝜇 ! + 𝑛 𝜇 − /𝑋 ! − 2𝑛 𝜇 − /𝑋 !

2 𝜇 − $𝑋 &
!"#

$

𝑋! − 𝜇

2 𝜇 − $𝑋 &
!"#

$

𝑋! − 𝑛𝜇

2 𝜇 − )𝑋 𝑛 )𝑋 − 𝜇

−2𝑛 𝜇 − )𝑋 !

= 𝐸 -
"#$

%

𝑋" − 𝜇 ! − 𝑛 𝜇 − /𝑋 ! =-
"#$

%

𝐸 𝑋" − 𝜇 ! − 𝑛𝐸 /𝑋 − 𝜇 !

= 𝑛𝜎! − 𝑛Var /𝑋 = 𝑛𝜎! − 𝑛
𝜎!

𝑛
= 𝑛𝜎! − 𝜎! = 𝑛 − 1 𝜎! Therefore 𝐸 𝑆! = 𝜎!
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Estimating the population variance

If we only have a sample, 𝑋!, 𝑋", … , 𝑋# :

The best estimate of 𝜎" is the sample variance:

𝑆" is an unbiased estimator of the population variance, 𝜎". 𝐸 𝑆" = σ"

63

𝑆" =
1

𝑛 − 1
J
$%!

#

𝑋$ − I𝑋 "

2. What is 𝜎", the variance of happiness of 
Bhutanese people?
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Sample Variance: Sample mean

Makes it “unbiased”
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Four Prototypical Trajectories

No Error Bars L
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Quick check  
1. 𝜇, the population mean 

2. 𝑋!, 𝑋", 𝑋5, 𝑋6, 𝑋7, 𝑋8, 𝑋9, 𝑋: , a sample

3. 𝜎", the population variance

4. I𝑋, the sample mean

5. I𝑋 = 83

6. (𝑋! = 59, 𝑋" = 87, 𝑋5 = 94, 𝑋6 = 99,
𝑋7 = 87, 𝑋8 = 78, 𝑋9 = 69, 𝑋: = 91)

67

A. Random variable(s)
B. Value
C. Event

🤔
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Mean value

Pr
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0
83 10461

E[X̄] X̄ ⇠ N(µ,
�2

n
)

By central limit theorem:

Var(X̄) =
�2

n
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Insight: Sample Mean is an RV with known Var 



Standard error 
of the mean
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19c_standard_error
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Sample mean

70

"𝑋 ~𝒩(𝜇,
𝜎)

𝑛 )

• Var I𝑋 is a measure of how “close” I𝑋 is to 𝜇.
• How do we estimate Var I𝑋 ?

𝑋*~𝐹
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def The standard error of the mean is an
estimate of the standard deviation of I𝑋.

71

Var I𝑋 =
𝜎"

𝑛
𝐸 $𝑋 = 𝜇

𝑆𝐸 =
𝑆"

𝑛
Intuition:
• 𝑆! is an unbiased estimate of 𝜎!
• 𝑆!/𝑛 is an unbiased estimate of 𝜎!/𝑛 = Var @𝑋
• 𝑆!/𝑛 can estimate Var @𝑋

We want to
estimate this

More info on bias of 
standard error: wikipedia

Standard Error of the Mean

https://en.wikipedia.org/wiki/Unbiased_estimation_of_standard_deviation
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Var(X̄) =
�2

n

=
S2

n

Std(X̄) =

r
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n

=

r
450
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Since S2 is an 
unbiased 
estimate

Change variance to 
standard deviation

The numbers for our 
Bhutanese poll

Bhutanese standard 
error of the mean

Standard Error of the Mean
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Std(S2)?

Claim: The average happiness of Bhutan is 83 ± 2

Our Report to Bhutan Government



Bootstraping

74
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Four Prototypical Trajectories

Come back on Wed!
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Four Prototypical Trajectories

Midterm
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Grade Distribution
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Midterm Correlations
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Midterm Distribution: By Question

79

Grading for equity
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Logistics
Released now (right after class)
Regrade requests open for 1 week

Grade is still under your control
Improvement between midterm and final
Challenge!
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