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CLT and Beyond
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The Insight to Convolution Proofs

What is the P(X+Y =n)?
probability that X +
Y= P(X+Y =n) = ZP =i,V =n—i)
X Y l
1 n-1 1 P(X=1,Y =n—1)
2 n-2 2 P(X =2Y =n—2)




Sum of dice rolls

Roll n independent dice. Let X; be the outcome of roll i. X; are i.i.d.

10 12

1 2 3 4 5 ©

1 2
Sum of 1 Sum of 2
ZXi die roll ZXi dice rolls

Chris Piech, CS109

How many ways
can you roll a total
of 3vs 11’P

y _.||||‘||||I||._

3 5 7 911131517

3
ZX' Sum of 3
£, " dicerolls
=1

Stanford University
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Sum of 50 dice?



Central Limit Theorem

Consider n independent and identically distributed (i.i.d) variables X4, X5, ..., X},
with E[X;] = u and Var(X;) = 2.

Asn — oo

2 X; ~N (nu,no*)

The sum of n i.i.d. random variables is normally distributed with mean nu
and variance no?.

Chris Piech, C$109 Stanford University 7




True happiness

Chris Piech, C$109 Stanford University




CLT explains a lot

Asn — oo

ZX ~N (nu,no?)

The sum of n i.i.d. random variables is normally
distributed with mean nu and variance no?.

O

Galton Board, by Sir Francis Galton
(1822-1911)

Chris Piech, C$109 Stanford University 9
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Example CLT problem

You hit 10 traffic lights on your way to work. You don't know the full distribution of the
wait time, but for each you observe the average wait time is 45 seconds and the
standard deviation is 5 seconds. You will be on time if your total wait time is less than
8 mins. What is the probability that you are on time? Assume the wait times are IID.

Answer: Let T be the total wait time. It is the sum of the 10 [ID wait times. By the CLT

T~N(nu,no?)
480 — 450 .5mles) 2 < =
P(T S 480) = CI)( 15.8 ) ~ 0'97 Fastestrute,theusualtrafﬂc

Chris Piech, C$109 Stanford University






Proof of CLT

Asn — oo

ZX ~N (nu,no?)

The sum of n i.i.d. random variables is normally
distributed with mean nu and variance no?.

Proof:

* The Fourier Transform of a PDF is called a characteristic function.

* Take the characteristic function of the probability mass of the sample,
normalized

* Show that this approaches an %2
exponential function in the limitasn » oo:  f(x) =e 2

* This function is in turn the characteristic function of a Normal
Distribution

(this proof is beyond the scope of CS109)

Chris Piech, C$109 Stanford University 13




For Details, See Video

«.% CLT Proof Video

PH=(1. £ 0@)

‘\
I errpn @ 1 Tof |\

Watch on (8 Youlube
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Testing CLT




Sum of n independent Uniform RVs

E[X;]=1/2
= Var(X;) = 1/12

For different n, how close is the CLT approximation of P(X <n/3)?

Let X = Y™, X, be sum of i.i.d. RVs, where X;~Uni(0,1). “

n=2:

Exact P(X <2/3) = 0.2222

1.0 " ar| CLT approximation

0.8
e X=Y~N(uno®) = Y~N(1,1/6)
Q

0.4- P(X<2/3)=P(Y <2/3)

0.2

2/3—1
0.0 = <I>< / > ~ (0.2071

J1/6

Chris Piech, C$109 Stanford University 16
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Sum of n independent Uniform RVs

Let X = Y™, X, be sum of i.i.d. RVs, where X;~Uni(0,1). “

E[X;]=1/2
= Var(X;) = 1/12

For different n, how close is the CLT approximation of P(X <n/3)?

n =>5;

0.6 1
0.5
0.41
L
£0.3
0.2 1
0.11
0.0

== Sum

CLT

Exact P(X <5/3) ~ 0.1017

CLT approximation

1.0 0.0

1.0

2.0

3.0

4.0

5.0

6.0 X

X=Y~N(uno®) = yY~N(5/2,5/12)

P(X <5/3)=P(Y <5/3)

o <5/3 —5/2
5/12

) ~ (0.0984

Chris Piech, C$109 Stanford University 17



Sum of n independent Uniform RVs

E[X;]=1/2
= Var(X;) = 1/12

For different n, how close is the CLT approximation of P(X <n/3)?

Let X = Y™, X, be sum of i.i.d. RVs, where X;~Uni(0,1). “

= 10:

= 1 Exact P(X < 10/3) ~ 0.0337

0.4 ) o | CLT approximation
03 X=Y~N(nuno®) = Y~N(5,5/6)
()
£0.2

P(X < 10/3) ~ P(Y < 10/3)
0.1
0.0 = (10/ 5~ 5) ~ 0.0339
00 20 40 60 80 100 * \V5/6
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Sum of n independent Uniform RVs

Let X = Y™, X, be sum of i.i.d. RVs, where X;~Uni(0,1). “

E[X;]=1/2
= Var(X;) = 1/12

For different n, how close is the CLT approximation of P(X <n/3)?

n=2:

1.0

0.8 1
L ]
) 0.6
o

0.4 1

0.2 1

0.0 1

n =>5: n = 10:

\
\
\
AN Y
A
| P -—

-—= Sum 0.6 - ,“;;\ === Sum

LT

J
0.5 / \
f \
L 0.4
/

E 0.3 1 /

)
0.2 { \
/
0.1- / \
’———4/ \
0.0 S~

1.0 00 10 20 30 40 50 60X 00 20 40 60 80 100

1.0 05 00 05 10 15 20 25 30X

Most books will tell you that CLT holds if n = 30, but it can hold
for smaller n depending on the distribution of your i.i.d. X;’s.

Chris Piech, C$109 Stanford University 19




The sum of independent, identically
distributed variables:

Y = zn:Xz-
1=0

Is normally distributed:

Y ~ N(nu,no?)

where = F|X|]

0'2 — V&I’(XZ)




Average of IID Variables?

Let X; be i.i.d. variables. There are n. Let X be the average

1
X=—)>) X,
n; |

-/<—Gaussian by CLT
N (np, no?)

Chris Piech, C$109 Stanford University




What about other functions?

Sum of iid? Normal

Average of iid?

Max of 1id?

Chris Piech, C$109 Stanford University




By the Central Limit
Theorem, the mean of IID
variables are distributed
normally. As n -> oo

0.2

X ~ N(u., —
(u,n)




Average of IID Variables Demo

Demo

http://onlinestatbook.com/stat_sim/sampling_dist/

Chris Piech, C$109 Stanford University



http://onlinestatbook.com/stat_sim/sampling_dist/

What about other functions?

Sum of iid? Normal

Average of 1id? Normal

Max of 1id?

Chris Piech, C$109 Stanford University




What about other functions?

Sum of iid? Normal

Average of 1id? Normal

Max of iid? Gumbel

/__J\

See Fisher Trippett Ghnedenko Theorem
Stanford University




Once Upon a Time...

TRHE

DOCTRINE
CHANCES:

O R,

A Mcthod of Caleunlating the Probability
of Events in Play.

RN & Rt B % $78 NS/ A A i x|V AL AU R e v XD W VR W L A

Yy A De Mosvre. T.R. S.

RIS AN TR T T DN D e T A €5 06 SO0 O DI 0

L ONDON:
Vrinted by W. Pearfon, for the Author. M DCCXVIIL

1733

Abraham De Moivre




Once Upon a Time...

History of the Central Limit Theorem

= 1733: CLT for X ~ Ber(1/2) postulated by
Abraham de Moivre

» 1823: Pierre-Simon Laplace extends de Moivre's
work to approximating Bin(n, p) with Normal

i 1901: Aleksandr Lyapunov provides precise
definition and rigorous proof of CLT

» 2016: Beyonce releases Lemonade

o It was her 61" album, bringing her total number of songs
to 214

o Mean quality of subsamples of songs is Normally
distributed (thanks to the Central Limit Theorem)




Estimating Clock Running Time

« Have new algorithm to test for running time
= Mean (clock) running time: u = t sec.
= Variance of running time: 2 = 4 sec?.
» Run algorithm repeatedly (l.1.D. trials), measure time
o How many trials s.t. estimated time =t + 0.5 with 95%

certainty?
o X; = running time of i-th run (for 1 <i<n), X is the
mean
_ 0'2
XNN(M?F)NN(t7_>




> 4
0.95=P(-0.5< X —t <0.5) X —t~N(0,—)
n
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It's play time!




Sum of Dice

* You will roll 10 6-sided dice (X4, X,, ..., X4p)
» X =total value of all 10 dice = X; + X, + ... + X,
» Win if: X<25 or X>45
= Roll!

* And now the truth (according to the CLT)...




Sum of Dice
- You will roll 10 6-sided dice (X4, X5, ..., X4o)

« X = total value of all 10 dice = X; + X, + ... + X,
« Winif: X<25 or X>45

Recall CLT: X = ZXZ- — N(nu,no?) As n — oo

» Determine P(X <25 or X >45) using CLT:

u=E[X =35 o’ :Var(Xl.):f—; X ~ N(35,29.2)
209.0 — 39 44.5 — 35
1 —P(25.5 < X <44.5)=1— P( < Z< )
V29.2 v29.2

~1—(20(1.76) —1) ~ 2(1-0.9608) = 0.0784
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Sampling
definitions




Motivating example

You want to know the true mean and
variance of happiness in Bhutan.

* But you can’t ask everyone.
* You poll 200 random people.
* Your data looks like this:

Happiness = {72, 85, 79, 91, 68, ..., 71}

* The mean of all these numbers is 83.

Is this the true mean happiness of
Bhutanese people?

Chris Piech, CS109

Bangladesh
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Collect one (or more) numbers from each person

Chris Piech, C$109 Stanford University




Population

This is a population.

Stanford University 41
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Sample

Stanford University 42

A sample is selected from a population.
Chris Piech, CS109




Sample

£y n)
=

=\ Vol
=
=) A Loa

o S
) e

Collect one (or more) numbers from each person

Chris Piech, CS109 Stanford University 43







A sample, mathematically

Consider n random variables X4, X5, ..., X,,.

The sequence X4, X5, ..., X,, is a sample from distribution F if:
* X; are all independent and identically distributed (i.i.d.)

« X; all have same distribution function F (the underlying distribution),
where E[Xl] = U, Var(Xi) = 0'2 Population Happiness (N = 10000)

0.016 A

0.014 A

0.012 -

0.010 -

PMF

0.008 A

0.006 -

0.004 A

0.002 A

0.000 -
Chris Piech, CS109
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A sample, mathematically

A sample of sample size 8:
(Xl’ XZ) X3' X4' XS' X6' X7! X8)

A realization of a sample of size 8:

(59,87,94,99,87,78,69,91)

PMF

0.016 A

0.014 1

0.012 -

0.010 A

0.008 -

0.006 -

0.004 A

0.002 -

0.000 -

Chris Piech, CS109

Population Happiness (N = 10000)

0

20 40 60 80 S%g%fordlipniver]ﬁgy 46

Happiness



A single sample

i~

A happy
person

If we had a distribution F of our entire
population, we could compute exact statistics

about about happiness.

But we only have 200 people (a sample).

Today: If we only have a single sample,
* How do we report estimated statistics?
* How do we report estimated error of these

estimates?
* How do we perform hypothesis testing?

Chris Piech, CS109 Stanford University 47
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Estimating

Core Statistics
(Mean + Var)




A single sample

-

. _»
3
< 7

‘U

A happy
person

If we had a distribution F of our entire
population, we could compute exact statistics

about about happiness.

But we only have 200 people (a sample).

So these population statistics are unknown:

* u, the population mean
» g2, the population variance

Chris Piech, C$109 Stanford University 49



A single sample

e

P
1\7

‘H

A happy
person

If we had a distribution F of our entire
population, we could compute exact statistics

about about happiness.

But we only have 200 people (a sample).

* From these 200 people, what is our
best estimate of population mean and

population variance”?

* How do we define best estimate?

Chris Piech, CS109
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Estimating the Mean

Consider n random variables X;, X,, ... X,
= X; are all independently and identically distributed (1.1.D.)

= Have same distribution function Fand E[X] = u
= We call sequence of X; a sample from distribution F
= How would you estimate the population mean??

o l —
Estimate = - E O X,
1=

n
_ 1
Sample Mean: This is a fancy way of — .
saying "your estimate of the mean"/’ X n E Xz
1=0

Edit: i should start at 1

Chris Piech, C$109 Stanford University



[s that estimate any good? =

Consider n random variables X, X,, ... X,
= Have same distribution function F and E[X] = u

= |s our estimate of mean any good??

w5 s

i=1 N

1 & 1 & 1
_;;E[Xi]—;;,u—;n,u—,u

Chris Piech, C$109 Stanford University




Estimating the population mean

-..»» 1. What is our best estimate of y, the mean
‘u ‘ happiness of Bhutanese people?

If we only have a sample, (X1, X5, ..., X,,):

n
1
The best estimate of u is the sample mean: X = 52 X;

X is an unbiased estimator of the population mean . E[X]=u
2

Intuition: By the CLT, X ~ N (y, _) If we could take multiple samples of size n:
[N 1. For each sample, compute sample mean

2. 0On average, we would get the population mean

Stanford University 53
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Sample mean

PMF

0.016

0.014 -

0.012 -

0.010 -

0.008 -

0.006 -

0.004 -

0.002 -

0.000 -

Population Happiness (N = 10000)

0 20 40 60 80 100 120 140
Happiness

Distribution of sample means

- pop mean, u
=== our mean, 83.03

0.200 1
0.175 1
0.150 1
0.125 | _ 0)
0.100 1 X ~ N(“’ —)
0.075 - n

0.050 A

PMF

1
1
1
1
0.025 - :
i

0.000 1 T t t f
70 75 80 85 90

Sample mean of happiness (n =200)

Even if we can’t report u, we can report our
sample mean 83.03, which is an unbiased
estimate of u.

Chris Piech, C$109 Stanford University 54




Our Report to Bhutan Government

Average Happiness

(D)
(-
S
o
(V)
T
(D)
‘o0
©
L
<
0
Bhutan
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Sample Mean: |
I'H') sdmple

Y
Y=y
=1

n

)

Size of the sample




Estimating the population variance

ﬁ 2. What is g2, the variance of happiness of
‘H ‘ Bhutanese people?

If we knew the entire population (x{, x5, ..., Xy): |
populatlon mean

population 5
variance  7- = E[(X — 1)?] Nz(xl “)

If we only have a sample, (X1, X5, ..., X,,): sample mean

1 _
sample 2 _ _7)\2
variance |0 n—1. (X = %)

Chris Piech, C$109 Stanford University 57




Intuition about the sample variance, S*

Actual, g2

population mean
1% v
population 2 _ & 2
variance ¢ T Nz(xi — W
=1

Xi—H
<

O

) ) M
O—O-0O O—O0O O
|(_)| | 150
appiness
u

Population size, N Calculating population statistics exactly

requires us knowing all N datapoints.

Chris Piech, C$109 Stanford University 58




Intuition about the sample variance, S*

Actual, g2 Estimate, S?
population mean sample mean
1 . * 1 n *
population ~ , & N2 sample _, o2
variance ¢ NE(xi u) variance © n—1 (X; —X)
=1 =1
N W M M M\
S O \_/ Q’O N\ U/
|(-)| | 150
appiness
U

Population size, N

Chris Piech, C$109 Stanford University 59



Intuition about the sample variance, S*

Actual, g2 Estimate, S?
population mean sample mean
1 . * 1 n *
population ~ , & N2 sample _, o2
variance ¢ NE(xi u) variance © n—1 (X; —X)
=1 =1
N W M M M\
S O \_/ Q’O N\ U/
|(-)| | 150
appiness —
PP X 1

Population size, N

Chris Piech, C$109 Stanford University 60




Intuition about the sample variance, S*

Actual, g2 Estimate, S?
population mean sample mean
1 . * 1 " ¢
population 5, > sample ., =\ 2
variance ¢ T NE(XL' H) variance © n—1 (le B X,)
- X1 — X Q) - >
< —>
M M M\ M\
a | 150
appiness —
X u

Population size, N Sample variance is an estimate using an

estimate, so it needs additional scaling.

Chris Piech, C$109 Stanford University 61




Proof that S is unbiased (ust for reference) E[S?] = o2

(n—1)E[S?] = E

_ g2 i(x )2
T ln=-1 !

Z((x W+ (- B))

2.0

= (n—-1E[S?] =

Z(X X)?

(introduce u — u)

—p)* + Z(u - X)? + Zz(Xi — W _g)} 2(u = X) ;(Xi D)

2(u—X) (in — nu)
|

=F E(X —w?+n(u—X)?-2n(u—X)>? o
b= J 2(u — D)n(X - )
Rk —2n(u — X)?
=F z —w)?—n(u— X)2]= Z E[(X; — w]* —nE[(X — pn)?]
= no? — nVar(X) = no? — nz =no? —d?=Mn-1)oc? Therefore E[S?] = o

Chris Piech, C$109 Stanford University 62



Estimating the population variance

ﬁ 2. What is 02, the variance of happiness of
‘H‘ Bhutanese people?

If we only have a sample, (X1, X5, ..., X,,):

1
The best estimate of o2 is the sample variance: §2 = -
n T "

1=1

(X; — X)?

n

S? is an unbiased estimator of the population variance, o?. E[S?] = o?

Chris Piech, C$109 Stanford University 63



Our Report to Bhutan Government

Average Happiness Variance of Happiness
@ 83
()
=
Q ‘O
S %
T -
O Q
W Q
5 T 450
)
e

|
0 0
Bhutan Bhutan
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Sample Variance:

-

S2 :Zn:(Xi_)?)z

- n—1

Makes it “unbiased”



No Error Bars ®



Quick check

1. u,the population mean A. Random variable(s)
2. Value

C. Event
2. (Xl)X2;X31X4-;X5)X61X7;X8)7 d Sample

3. o?, the population variance

4. X, the sample mean

5. X =83
6. (X, =59,X, =87,X; =94,X, =99, 55
X: = 87,X, = 78,X, = 69, Xy = 91)

Chris Piech, C$109 Stanford University 67




Insight: Sample Mean is an RV with known Var

By central limit theorem:

2
> _ o
5 ElX] X ~ N(p, —)
()] 9
- /A’
e
o
% -2
- Var(X) = —
© n
>
@
(D)
©
2
E
(qv]
O
o
“0
61 83 104 Mean value

Chris Piech, C$109 Stanford University




19c_standard_error

Standard error
of the mean




Sample mean

PMF

0.016

0.014 -

0.012 -

0.010 -

0.008 -

0.006 -

0.004 -

0.002 -

0.000 -

Population Happiness (N = 10000)

PMF

0 20 40 60 80 100 120 140
Happiness

0.200 -
0.175 1
0.150 A
0.125 -
0.100 -
0.075 A
0.050 A

0.025 A

0.000

Distribution of sample means

- pop mean, u
=== our mean, 83.03

70

1

75

80

|

85 90

Sample mean of happiness (n =200)

- Var(X) is a measure of how “close” X is to u.
» How do we estimate Var(X)?

Chris Piech, CS109
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Standard Error of the Mean

2

vl — =y _ 9 Wewantto
E[X] = var(X) = n | estimate this
def The standard error of the meanisan _ ,
estimate of the standard deviation of X. CF — o
\l n

Intuition:
- S%is an unbiased estimate of g2
- §?/nis an unbiased estimate of 0%/n = Var(X)

« /S?2/n can estimate \/Var()?) More info on bias of
standard error: wikipedia

Chris Piech, C$109 Stanford University 71



https://en.wikipedia.org/wiki/Unbiased_estimation_of_standard_deviation

Standard Error of the Mean

Var(X) = Var( j jVa ZXJ :"_
i=1 N

2

Var(X) =

Std(X

)

|| [
SR =

Q

SRR
-

[\
-]
-]

Chris Piech, CS109

Since S, is an
unbiased
estimate

Change variance to
standard deviation

The numbers for our
Bhutanese poll

Bhutanese standard
error of the mean

Stanford University



Our Report to Bhutan Government

Average Happiness Variance of Happiness
Std(X)
—
@ 83 l
()
=
S 2
T = Std(S%)?
() o
W Q
5 T 450
)
e
|
0 0
Bhutan Bhutan

. i ' +
Claim: The average happlnessC?IS Eerghg;tgggls 83+2 Stanford University




Bootstraping




Come back on Wed!



Midterm



Grade Distribution

40

35
30
25 _ _
Review major
20 concepts
15
10
Check in I
5
0 I

Tiny bit to review 95

~ 120

14
77 120
I Rock on

| -
|| || | | || | | ! || || | | || | | || || || | | ||
) O ) ) V) (- ) ) ) ) ') - U ) w )
<t v ') \O \O c~ o~ o0 o) (@) (@) (- ) — — @\
N PN N N - - - - - - - — — — — —
(-} ) o V) o w o ) (@) V) O - -~ N - -
<t <t w w \O \O ~ ~ o0 o0 (@) U'g) ) U@ ) )
—_ ~ ~ ~ ~ ~ N~ ~ ~ ~ ~ )} =) - — —
N—’ — — — —
~ ~ ~ ~
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Midterm Correlations

0.42

0.36

0.30

10.24

10.18

10.12

0.06

0.00

-0.06

Chris Piech, C$109 Stanford University 78




Midterm Distribution: By Question

10 11 12 13 14 15
Question L J

Grading for equity

Chris Piech, C$109 Stanford University 79




Logistics

Released now (right after class)
Regrade requests open for 1 week

Grade is still under your control

Improvement between midterm and final
Challenge!

Chris Piech, CS109
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