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Goal: help you be able to do two pset questions



Expectation of the Sum

E[X + Y] = E[X] + E[Y]

Generalized: E{ZX} = Zn:E[Xi]

Holds regardless of dependency between X/'s
(e.g. they don’t need to be independent)
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Differential Privacy

Real World Motivation: Can we
learn trends from a dataset
without violating privacy of
individuals in the dataset?

Cynthia Dwork’s celebrity look alike is Cynthia Dwork.
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Key Idea: Randomize some
responses so that individuals have
“plausible deniability”
-Warner et al (1965)




Differential Privacy

100 independent values X, ... X190 Where X; ~ Bern(p)

/

def calculateYi

obfuscate =|random()

if obfuscate®

return indicator(random())

else:
return Xi

random( ) returns True

or False with equal
likelihood

~
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Differential Privacy

100 independent values X, ... X190 Where X; ~ Bern(p)

4 I
def calculateYi(Xi):
obfuscate = random() random( ) returns True
if obfuscate: or False with equal
return indicator(random()) likelihood
else:
return Xi
- J

What is E[Y;]?
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Differential Privacy

100 independent values X, ... X190 Where X; ~ Bern(p)

4 N\
def calculateYi(Xi):
obfuscate = random() random( ) returns True
if obfuscate: or False with equal
return indicator(random()) likelihood
else:
return Xi
- J
100
Let 7 — Z Y; What is the E[Z]?
i=1
100 100 100 D 1
1= 1= 1=
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Differential Privacy

100 independent values X, ... X190 Where X; ~ Bern(p)

4 )
def calculateYi(Xi):
obfuscate = random() random( ) returns True
if obfuscate: or False with equal
return indicator(random()) likelihood
else:
return Xi
- J
100
let 7 _ ZYZ E[Z] = 50p + 25 How do you estimate p?
i=1
/Z — 25
P~ 50

Challenge: What is the+robability that eur estimate is good? Stanford University




Computer Cluster Utilization

Computer cluster with k servers
» Requests independently go to server i with probability p;
« Let event A, = server j receives no requests
« X=#ofevents A, A,, ... A, that occur
« E[X] after first n requests?
. Since requests independent: P(4,)=(1-p,)"

Let Bernoulli B; be an indicator for A,

k
X =) B
1=1

E[X] = E{ZBz] = ZE[Bz'] = ZP(Ai) = Z(l —pi)"

k k k k






dinazZon
webservices™

* 52% of Amazons Profits

**More profitable than Amazon’s North
America commerce operations

http://www.zdnet.com/article/amazons-finds-its-profit-horse-in-aws-why-its-so-disruptive-to-its-old-guard/



Amazon Segment Breakdown

Based on Amazon's Q2 FY 2021 ended June 30, 2021

. North America
. International

o oAws

Revenue Profit



One of the reason expectation is
so useful is because the
expectation of a sum is easy to
calculate




14c_cond_expectation

Conditional
Expectation




Conditional Expectation

Conditional Distributions Expectation
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Conditional expectation

Recall the the conditional PMF of X given Y = y:
PX=xY=y)
P(Y =y)

The conditional expectation of X givenY =y is

P(X =x|Y = y) =

EIXIY =y = ) xP(X =x|Y = y)

X
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It's been so long, our dice friends EIXIY = y] = ) xpay (x1y)

* Roll two 6-sided dice.
* Letroll 1 be D4, roll 2 be D,.

* Let S =value of D; + D,.

'S :
3

vy

V2.
1. Whatis E[S|D, = 6]? E[s|D, = 6] = pr(s = x|D, = 6)

xX="+

1
=(E)(7+8+9+10+11+12)

57 9
=—==9
Intuitively: 6+ E[D;] =6+3.5=9.5 Let’s prove this!
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Properties of conditional expectation

1. LOTUS:
ElgCOlY =yl = ) g@pxy(xly)

2. Sum of conditional expectation:

n n
> XilY =y] = ) ElXi|Y =]
i=1 =1

E

Chris Piech and Jerry Cain, C$109, 2021 Stanford University 19




Conditional Expectation Function

This is a number:

X

This is a function of v:

EX]Y =y

Doesn’t make sense. Take expectation of random variables, not
E [X — 5] events
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Conditional Expectation Function

'\

T h is is a Cﬁ%mngertciagmg 2w i.l. h y as i n P lJ.I.Stanford University




Conditional Expectation Function

R

6
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Conditional Expectation Example

X = favorite number
Y = year in school

Favorite Digit
0.300

0.200

Marginal

0.100

0.000

EX]=0*0.05+...+9 *0.10 =5.38
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Conditional Expectation Example

X = favorite number
Y = year in school

E[X]|Y]"?
2 2.5
3 5.8
4 6.0
5 4.7
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Conditional Expectation Example

X = favorite number
Y = year in school

E[X | Y] ?

5.5

E[X|Y=y]

4.5

3 4

Year in School (y=y)

Stanford University



Conditional Expectation Example

X = units in fall quarter
Y = year in school

=y]

Expected Units E[X|Y

E[X | Y] ?
18

17

16

15

1 2 3 L S

Year at Stanford (Y =)

Stanford University



14d_law_of_total_expectation

Law of Total
Expectation




Properties of conditional expectation

1. LOTUS:
ElgCOlY =yl = ) g@pxy(xly)

2. Linearity of conditional expectation:

n n
> XilY =y] = ) ElXi|Y =]
i=1 =1

3. Law of total expectation:

E[X] = E[E[X|Y]] what?!

E
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Law of Total Expectation

If E|X|Y = y] is a function of y,
then E|X|Y] is a random variable!

If E[X|Y]is a random variable, we can
get its expected value, E[E[X]|Y]] !

Remarkably, E[E[X|Y]| = E[X]

E[X]=) E[X|Y =y|P(Y =y)
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Proof of Law of Total Expectation E[X] = E[E[XIY]

E[E[X|Y]] ZEX]Y—y] (Y = y) g(Y) = E[X|Y]

:Zzwp(xza;]y:y)p(y:y) Def of E[X|Y]
Yy x

= Z Z tP(X =z,Y =y) | switch the order of the sums
r Yy

= Z x Z P X =uxzY =y) Move that x outside the y sum
x Yy

— pr(x = 1) Marginalization

— F [X] Def of E[X]
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Another way to compute E[X] E[X] = E[E[xY]

E[ELXIYI] = ) P(Y = YEIXIY = y] = EIX]
y

If we only have a conditional PMF of X on some discrete variable Y,
we can compute E|[X] as follows:

Compute expectation of X given some valueof Y =y
Repeat step 1 for all values of Y
Compute a weighted sum (where weights are P(Y = y))

def recurse():
if (random.random() < 0.5):

return 3 _ _
else: return (2 + recurse()) Useful for analyzing recursive code!!
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Quick check © one RV
C. two RVs
1. E|X] D. doesn’t make sense
0. E[X,Y]
3. E[X+7Y]
4. E[X|Y]
5. E[X|Y = 6]
6. E[X =1]
7* E[Y|X = x]
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Quick check © one RV
C. two RVs
1. E[X] A D. doesn’t make sense
2. E :X , Y] D (maybe interpret as E[vector of R.V.s]? But that's beyond scope)
3. E|IX+Y] A
4. E[X|Y] B
5. E[X|Y = 6] A
6. E[X =1] D
7T E[Y|X = x] A (function of x)
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Analyzing recursive code

E[X] = E[EXIYV]] = ) EIX|Y = y]P(Y =)

y

def recurse():
# equally likely values 1,2,
X = np.random.choice([1,2,3]
if (x == 1): return 3
elif (x == 2):
else:

3
)

return (7 + recurse())

return (5 + recurse())

Chris Piech and Jerry Cain, CS109, 2021

Let Y = return value of recurse().
What is E|Y]?

Stanford University 34



Analyzing recursive code BIX] = E[ELXIYI] = ) BIXIY = yIP(Y =)

y

def recurse():

# equally likely values 1,2,3

X = np.random.choice([1,2,3]) Let Y = return value of recurse().
if (x == 1): return 3 What is E[Y1?

elif (x == 2): return (5 + recurse()) YT

else: return (7 + recurse())

E[Y] = E[Y|X =1]P(X = 1) + E[Y|X = 2]P(X = 2) + E[Y|X = 3]P(X =3)

ElY|IX=1]=3
When X = 1, return 3.
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If Y discrete

Analyzing recursive code BIX] = E[ELXIY]] = ) BIXIY = yIP(Y =)

y

def recurse():

# equally likely values 1,2,3

X = np.random.choice([1,2,3]) Let Y = return value of recurse().
if (x == 1): return 3 What is E[Y1?

elif (x == 2): return (5 + recurse()) YT

else: return (7 + recurse())

E[Y] = E[Y|X =1]P(X = 1) + E[Y|X = 2]P(X = 2) + E[Y|X = 3]P(X =3)

What is E[Y|X = 2]?

A. E[5]+Y N -
3. E[Y +5] =5+ E[Y] @
C. 5+ E[Y|X = 2] oyyourseld 15

Chris Piech and Jerry Cain, C$109, 2021 Stanford Ul‘liVCI‘Sity 36



If Y discrete

Analyzing recursive code BIX] = E[ELXIY]] = ) BIXIY = yIP(Y =)

y

def recurse():
# equally likely values 1,2,
X = np.random.choice([1,2,3] Let Y = return value of recurse().

if (x == 1): return 3 What is E[Y]?

elif (x == 2): return (5 + recurse())
else: return (7 + recurse())

3
)

E[Y] = E[Y|X =1]P(X = 1) + E[Y|X = 2]P(X = 2) + E[Y|X = 3]P(X =3)

When X = 2, return 5 +

a future return value of recurse().
What is E|Y|X = 2]?

A E[5]+7Y
B. E|IY+5]=5+E[Y]
C. 5+E[Y|X =2]
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If Y discrete

Analyzing recursive code BIX] = E[ELXIY]] = ) BIXIY = yIP(Y =)

y

def recurse():
# equally likely values

’2’
X = np.random.choice([1,2,3] Let Y = return value of recurse().

if (x == 1): return 3 What is E[Y]?

elif (x == 2): return (5 + recurse())
else: return (7 + recurse())

3
)

E[Y] = E[Y|X =1]P(X = 1) + E[Y|X = 2]P(X = 2) + E[Y|X = 3]P(X =3)

When X = 3, return
7 + a future return value
of recurse().

E[Y|X =3] = E[7 + Y]
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If Y discrete
Analyzing recursive code EIX] = E[EXIY]] = ) EIXIY = yIP(Y = 3)

y

def recurse():
# equally likely values 1,2,
X = np.random.choice([1,2,3] Let Y = return value of recurse().
if (x == 1): return 3 What is E[Y1?
elif (x == 2): return (5 + recurse()) YT
else: return (7 + recurse())

3
)

E[Y] = E[Y|X =1]P(X = 1) + E[Y|X = 2]P(X = 2) + E[Y|X = 3]P(X = 3)

ElY] = 3(1/3) + 5+ E|Y]D(1/3) + (7+E|IYD(/3)

E[Y] = (1/3)(15 + 2E[Y]) = 5 + (2/3)E[Y]
E[Y] = 15
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