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Four Prototypical Trajectories

<Review>



General “Inference”



Probabilistic Model

Fever
Tired

Flu Undergrad

P (U = 1) = 0.8
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P (Fl = 1) = 0.1
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P (T = 1|Flu = 0, U = 0) = 0.1

P (T = 1|Flu = 0, U = 1) = 0.8

P (T = 1|Flu = 1, U = 0) = 0.9

P (T = 1|Flu = 1, U = 1) = 1.0
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Fev|Flu = 0 ⇠ N(100.0, 1.81)

Fev|Flu = 1 ⇠ N(98.25, 0.73)
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If you know the probability of each random variables 
given the ones that directly cause it, you can joint 
sample!



General Inference



Alg #1: Rejection Sampling

[Flu, Ugrad, Fever, Tired]

Each one of these is 
one posterior sample:



Where Do The Numbers Come From?

Fever
Tired

Flu Undergrad

P (U = 1) = 0.8
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P (T = 1|Flu = 0, U = 0) = 0.1
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P (T = 1|Flu = 1, U = 1) = 1.0
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Fev|Flu = 0 ⇠ N(100.0, 1.81)
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Four Prototypical Trajectories

End Review



Four Prototypical Trajectories

Suspense



Four Prototypical Trajectories

At this point, if you are given a model, 
with all the involved probabilities, you 

can make predictions



Four Prototypical Trajectories

But what if you want to learn the 
probabilities in the model?



Four Prototypical Trajectories

But what if you want to learn the 
probabilities in the model?

Oh can we also learn the structure of 
the model too?



Four Prototypical Trajectories

But what if you want to learn the 
probabilities in the model?

Oh can we also learn the structure of 
the model too?

I wish. Another day J



Four Prototypical Trajectories

But what if you want to learn the 
probabilities in the model?



Four Prototypical Trajectories

Machine Learning



AI and Machine Learning

ML: Rooted in probability theory

Artificial 
Intelligence

Machine 
Learning

Deep 
Learning
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Jump Straight to Deep Learning?

Tensor Flow



Jump Straight to Deep Learning?



Understand the theory to help you debug



But another reason…



Machine Learning Uses a Lot of Data



One Shot Learning

Single training example: 

Test set:



One Shot Learning

Single
training
example:



Computers struggle...



… especially for human problems.



Understand the theory 
to push on the grand challenges







Once upon a time…



…there was parameter estimation



Consider some probability distributions:
§ Ber(p)
§ Poi(λ)
§ Uni(⍺, β)
§ Normal(μ, s2)
§ Y = mX + b
§ etc…

Call these “parametric models”
Given model, parameters yield actual distribution
§ Usually refer to parameters of distribution as q
§ Note that q that can be a vector of parameters

q = p
q = l
q = (a, b)
q = (µ, s2)
q = (m, b)

What are Parameters?



Why Do We Care?

Real World Problem

Formal Model 𝜃

Prediction 
Function 𝜃*

Model the problem

Learning Algorithm

Testing
Data

Training 
Data

Evaluation
score



Modelling

Real World Problem

Formal Model 𝜃

Prediction 
Function 𝜃*

Model the problem

Learning Algorithm

Testing
Data

Training 
Data

Evaluation
score



Parameter Estimation (aka Training)

Real World Problem

Formal Model 𝜃

Prediction 
Function 𝜃*

Model the problem

Learning Algorithm

Testing
Data

Training 
Data

Evaluation
score



Testing

Real World Problem

Formal Model 𝜃

Prediction 
Function 𝜃*

Model the problem

Learning Algorithm

Testing
Data

Training 
Data

Evaluation
score



Basis for learning from data
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We’ve already seen some estimations
𝑋!, 𝑋", … , 𝑋# are 𝑛 i.i.d. random variables,
where 𝑋$ drawn from distribution 𝐹 with 𝐸 𝑋$ = 𝜇, Var 𝑋$ = 𝜎".

Sample mean:

43

*𝑋 =
1
𝑛
,
$%!

#

𝑋$ unbiased estimate of 𝜇

Sample variance: 𝑆" =
1

𝑛 − 1
,
$%!

#

𝑋$ − *𝑋 " unbiased estimate of 𝜎"



Limited tool: how could we use that for 
fitting a “Mixture of Gaussians”?



Great idea in Machine Learning



Demo: Likelihood of Data

46







Maximum Likelihood Algorithm

4. Use an optimization algorithm to calculate argmax

1. Decide on a model for the distribution of your samples. 
Define the PMF / PDF for your sample.

2. Write out the log likelihood function.

3. State that the optimal parameters are 
the argmax of the log likelihood 
function.



Õ
=

=
n

i
iXfL

1

)|()( qq

The Likelihood Function
n I.I.D. data points X1, X2, ..., Xn

We explicitly specify 
parameter q of distributionThis is just a 

product since Xi
are I.I.D.



Likelihood (of data given 
parameters):

Õ
=

=
n

i
iXfL

1

)|()( qq

Either the 
PDF (continuous) or 
PMF (discrete), or 

joint if multiple variables per datapoint



Argmax

f(x) = �x2 + 5

max
x

� x2 + 5 = 5

argmax
x

� x2 + 5 = 0



Argmax of Log

Claim:

Log is monotonic

argmax
x

f(x) = argmax
x

log f(x)

x ≤ y Û log(x) ≤ log(y) for all x, y > 0



Argmax of Log

argmax
x

f(x) = argmax
x

log f(x)



log(ab) = log(a) + log(b)

Log I Love You



Natural Log

log(x)

loge(x)

ln(x)



Maximum Likelihood Algorithm

4. Use an optimization algorithm to calculate argmax

1. Decide on a model for the distribution of 
your samples. Define the PMF / PDF for 
your sample.

2. Write out the log likelihood function.

3. State that the optimal 
parameters are the argmax of 
the log likelihood function.



Story so far: We can chose parameters by 
finding the argmax of the log likelihood of our 

data



Maximum Likelihood

Õ
=

=
n

i
iXfL

1

)|()( qq

LL(✓) =
nX

i=1

log f(Xi|✓)

✓̂ = argmax
✓

LL(✓)



arg ma
x



But how do we compute argmax?



Option #1: Straight optimization



Finding the argmax with calculus
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"𝑥 = arg max
!

𝑓 𝑥 Let 𝑓 𝑥 = −𝑥" + 4, 
where −2 < 𝑥 < 2.

0

1

2

3

4

-2 -1 0 1 2

𝑓 𝑥

𝑥

𝑑
𝑑𝑥
𝑓 𝑥 =

𝑑
𝑑𝑥

𝑥" + 4 = 2𝑥Differentiate w.r.t.
argmax’s argument

Set to 0 and solve 2𝑥 = 0 ⇒ &𝑥 = 0

Make sure #𝑥
is a maximum

• Check 𝑓 #𝑥 ± 𝜖 < 𝑓 #𝑥
• Generally ignored in expository derivations
• We’ll ignore it here too (and won’t require it in class)
• arg min is defined similarly, relevant for gradient descent



Computing the MLE

General approach for finding 𝜃&'( , the MLE of 𝜃:
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𝜃!"# = arg max
$

𝐿𝐿 𝜃

1. Determine 
formula for 𝐿𝐿 𝜃

2. Differentiate 𝐿𝐿 𝜃
w.r.t. (each) 𝜃

𝐿𝐿 𝜃 =0
!"#

$

log 𝑓 𝑋!|𝜃
𝜕𝐿𝐿 𝜃
𝜕𝜃

3. Solve

To maximize:
𝜕𝐿𝐿 𝜃
𝜕𝜃

= 0

4. Technically, make sure derived 6𝜃%&' is a maximum 
• Check 𝐿𝐿 𝜃%&' ± 𝜖 < 𝐿𝐿 𝜃%&'
• Often ignored in expository derivations
• We’ll ignore it here too (and won’t require it in class)

(algebra or
computer)

𝐿𝐿 𝜃 is often easier to 
differentiate than 𝐿 𝜃 .



Maximizing Likelihood with Bernoulli

Consider I.I.D. random variables X1, X2, ..., Xn
§ Xi ~ Ber(p)
§ Probability mass function, f(Xi | p): 



Consider I.I.D. random variables X1, X2, ..., Xn
§ Xi ~ Ber(p)
§ Probability mass function, f(Xi | p): 

Maximizing Likelihood with Bernoulli

0 1

p

1 - p

PMF of Bernoulli

1    0     )1()|( 1 or where =-= -
i

xx
i xpppXf ii

PMF of Bernoulli (p = 0.2)

f(x) = 0.2x(1� 0.2)1�x



Bernoulli PMF

f(X = x|p) = px(1� p)1�x

X ⇠ Ber(p)



Maximum Likelihood with Bernoulli
Consider a sample of 𝑛 i.i.d. RVs 𝑋!, 𝑋", … , 𝑋#.
What is 𝜃&'( = 𝑝&'(?

68

1. Determine 
formula for 𝐿𝐿 𝜃

• Let 𝑋$~Ber 𝑝 .

2. Differentiate 𝐿𝐿 𝜃
w.r.t. (each) 𝜃, set to 0

3. Solve resulting
equations

𝑓 𝑋$|𝑝 = 0𝑝 if 𝑋$ = 1
1 − 𝑝 if 𝑋$ = 0

𝐿𝐿 𝜃 =0
!"#

$

log 𝑓 𝑋!|𝑝

?



Maximum Likelihood with Bernoulli
Consider a sample of 𝑛 i.i.d. RVs 𝑋!, 𝑋", … , 𝑋#.
What is 𝜃&'( = 𝑝&'(?

69

1. Determine 
formula for 𝐿𝐿 𝜃

• Let 𝑋$~Ber 𝑝 .
• 𝑓 𝑋!|𝑝 = 𝑝(! 1 − 𝑝 #)(!

2. Differentiate 𝐿𝐿 𝜃
w.r.t. (each) 𝜃, set to 0

3. Solve resulting
equations

𝐿𝐿 𝜃 =0
!"#

$

log 𝑓 𝑋!|𝑝

𝑓 𝑋$|𝑝 = 𝑝3! 1 − 𝑝 !43! where 𝑋$ ∈ {0,1}

• Is differentiable with respect to 𝑝
• Valid PMF over discrete domain✅

𝑓 𝑋$|𝑝 = 0𝑝 if 𝑋$ = 1
1 − 𝑝 if 𝑋$ = 0



𝐿𝐿 𝜃 =0
!"#

$

log 𝑓 𝑋!|𝑝

Maximum Likelihood with Bernoulli
Consider a sample of 𝑛 i.i.d. RVs 𝑋!, 𝑋", … , 𝑋#.
What is 𝜃&'( = 𝑝&'(?

70

1. Determine 
formula for 𝐿𝐿 𝜃

• Let 𝑋$~Ber 𝑝 .
• 𝑓 𝑋!|𝑝 = 𝑝(! 1 − 𝑝 #)(!

2. Differentiate 𝐿𝐿 𝜃
w.r.t. (each) 𝜃, set to 0

3. Solve resulting
equations

=0
!"#

$

log 𝑝(! 1 − 𝑝 #)(!

𝑌 =0
!"#

$

𝑋!

=0
!"#

$

𝑋! log 𝑝 + 1 − 𝑋! log 1 − 𝑝

= 𝑌 log 𝑝 + 𝑛 − 𝑌 log 1 − 𝑝 , where 



Maximum Likelihood with Bernoulli
Consider a sample of 𝑛 i.i.d. RVs 𝑋!, 𝑋", … , 𝑋#.
What is 𝜃&'( = 𝑝&'(?
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1. Determine 
formula for 𝐿𝐿 𝜃

• Let 𝑋$~Ber 𝑝 .
• 𝑓 𝑋!|𝑝 = 𝑝(! 1 − 𝑝 #)(!

2. Differentiate 𝐿𝐿 𝜃
w.r.t. (each) 𝜃, set to 0

3. Solve resulting
equations

= 𝑌 log 𝑝 + 𝑛 − 𝑌 log 1 − 𝑝 , where 𝑌 =0
!"#

$

𝑋!

𝐿𝐿 𝜃 =0
!"#

$

𝑋! log 𝑝 + 1 − 𝑋! log 1 − 𝑝

𝜕𝐿𝐿 𝜃
𝜕𝑝

= 𝑌
1
𝑝
+ 𝑛 − 𝑌

−1
1 − 𝑝

= 0



Maximum Likelihood with Bernoulli
Consider a sample of 𝑛 i.i.d. RVs 𝑋!, 𝑋", … , 𝑋#.
What is 𝜃&'( = 𝑝&'(?
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1. Determine 
formula for 𝐿𝐿 𝜃

• Let 𝑋$~Ber 𝑝 .
• 𝑓 𝑋!|𝑝 = 𝑝(! 1 − 𝑝 #)(!

2. Differentiate 𝐿𝐿 𝜃
w.r.t. (each) 𝜃, set to 0

3. Solve resulting
equations

= 𝑌 log 𝑝 + 𝑛 − 𝑌 log 1 − 𝑝 , where 𝑌 =0
!"#

$

𝑋!

𝐿𝐿 𝜃 =0
!"#

$

𝑋! log 𝑝 + 1 − 𝑋! log 1 − 𝑝

𝜕𝐿𝐿 𝜃
𝜕𝑝

= 𝑌
1
𝑝
+ 𝑛 − 𝑌

−1
1 − 𝑝

= 0



Maximum Likelihood with Bernoulli
Consider a sample of 𝑛 i.i.d. RVs 𝑋!, 𝑋", … , 𝑋#.
What is 𝜃&'( = 𝑝&'(?

73

1. Determine 
formula for 𝐿𝐿 𝜃

• Let 𝑋$~Ber 𝑝 .
• 𝑓 𝑋!|𝑝 = 𝑝(! 1 − 𝑝 #)(!

2. Differentiate 𝐿𝐿 𝜃
w.r.t. (each) 𝜃, set to 0

3. Solve resulting
equations

= 𝑌 log 𝑝 + 𝑛 − 𝑌 log 1 − 𝑝 , where 𝑌 =0
!"#

$

𝑋!

𝐿𝐿 𝜃 =0
!"#

$

𝑋! log 𝑝 + 1 − 𝑋! log 1 − 𝑝

𝜕𝐿𝐿 𝜃
𝜕𝑝

= 𝑌
1
𝑝
+ 𝑛 − 𝑌

−1
1 − 𝑝

= 0

𝑝%&' =
1
𝑛
𝑌 =

1
𝑛
0
!"#

$

𝑋!
MLE of the Bernoulli parameter, 
𝑝%&', is the unbiased estimate of 
the mean, >𝑋 (sample mean)



Isn’t that the same as 
unbiased estimator?



Yes. For Bernoulli.



MLE of Bernoulli is the sample mean

76



Quick check
• You draw 𝑛 i.i.d. random variables 𝑋!, 𝑋", … , 𝑋# from the distribution 𝐹,

yielding the following sample:
0, 0, 1, 1, 1, 1, 1, 1, 1, 1

• Suppose distribution 𝐹 = Ber 𝑝 with unknown parameter 𝑝.

77

(𝑛 = 10)

A. 1.0
B. 0.5
C. 0.8
D. 0.2
E. None/other

1. What is 𝑝&'( , the MLE of the parameter 𝑝?

𝑝%&' = >𝑋 =
1
𝑛
0
!"#

$

𝑋!



Quick check
• You draw 𝑛 i.i.d. random variables 𝑋!, 𝑋", … , 𝑋# from the distribution 𝐹, 

yielding the following sample:
0, 0, 1, 1, 1, 1, 1, 1, 1, 1

• Suppose distribution 𝐹 = Ber 𝑝 with unknown parameter 𝑝.
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A. 1.0
B. 0.5
C. 0.8
D. 0.2
E. None/other

1. What is 𝑝&'( , the MLE of the parameter 𝑝?

𝑝%&' = >𝑋 =
1
𝑛
0
!"#

$

𝑋!

(𝑛 = 10)



Quick check
• You draw 𝑛 i.i.d. random variables 𝑋!, 𝑋", … , 𝑋# from the distribution 𝐹, 

yielding the following sample:
0, 0, 1, 1, 1, 1, 1, 1, 1, 1

• Suppose distribution 𝐹 = Ber 𝑝 with unknown parameter 𝑝.

79

C. 0.8

𝐿 𝜃 =?
!"#

$

𝑓 𝑋!|𝑝

1. What is 𝑝&'( , the MLE of the parameter 𝑝?
2. What is the likelihood 𝐿 𝜃 of this particular sample?

𝑓 𝑋!|𝑝 = 𝑝(! 1 − 𝑝 #)(! where 𝑋! ∈ {0,1}

= 𝑝* 1 − 𝑝 +

where 𝜃 = 𝑝

(𝑛 = 10)



Maximum Likelihood Algorithm

4. Use an optimization algorithm to calculate argmax

1. Decide on a model for the distribution of 
your samples. Define the PMF / PDF for 
your sample.

2. Write out the log likelihood function.

3. State that the optimal 
parameters are the argmax of 
the log likelihood function.





MLE for Poisson

82



Maximum Likelihood with Poisson
Consider a sample of 𝑛 i.i.d. RVs 𝑋!, 𝑋", … , 𝑋#.
What is 𝜃&'( = 𝜆&'(?
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1. Determine 
formula for 𝐿𝐿 𝜃

𝐿𝐿 𝜃 =$
!"#

$

log
𝑒%&𝜆'!
𝑋!!

= −𝑛𝜆 + log 𝜆 $
!"#

$

𝑋! −$
!"#

$

log 𝑋!!

=$
!"#

$

−𝜆 log 𝑒 + 𝑋! log 𝜆 − log𝑋!!

(using natural 
log, ln 𝑒 = 1)

𝑓 𝑋!|𝜆 =
𝑒),𝜆(!
𝑋!!

• Let 𝑋$~Poi 𝜆 .
• PMF:



Maximum Likelihood with Poisson
Consider a sample of 𝑛 i.i.d. RVs 𝑋!, 𝑋", … , 𝑋#.
What is 𝜃&'( = 𝜆&'(?

84

1. Determine 
formula for 𝐿𝐿 𝜃

𝐿𝐿 𝜃 =$
!"#

$

log
𝑒%&𝜆'!
𝑋!!

= −𝑛𝜆 + log 𝜆 $
!"#

$

𝑋! −$
!"#

$

log 𝑋!!

=$
!"#

$

−𝜆 log 𝑒 + 𝑋! log 𝜆 − log𝑋!!

(using natural 
log, ln 𝑒 = 1)

𝑓 𝑋!|𝜆 =
𝑒),𝜆(!
𝑋!!

• Let 𝑋$~Poi 𝜆 .
• PMF:

2. Differentiate 𝐿𝐿 𝜃
w.r.t. (each) 𝜃, set to 0

−𝑛 +
1
𝜆=
%&'

(

𝑋% + 𝑛 log 𝜆 −=
%&'

(
1
𝑋%!

⋅
𝜕𝑋%!
𝜕𝑋%

−𝑛 +
1
𝜆
0
!"#

$

𝑋!
A. B. C. None/other/

don’t know 🤔

𝜕𝐿𝐿 𝜃
𝜕𝜆

= ?



Maximum Likelihood with Poisson
Consider a sample of 𝑛 i.i.d. RVs 𝑋!, 𝑋", … , 𝑋#.
What is 𝜃&'( = 𝜆&'(?

85

1. Determine 
formula for 𝐿𝐿 𝜃

𝐿𝐿 𝜃 =$
!"#

$

log
𝑒%&𝜆'!
𝑋!!

= −𝑛𝜆 + log 𝜆 $
!"#

$

𝑋! −$
!"#

$

log 𝑋!!

=$
!"#

$

−𝜆 log 𝑒 + 𝑋! log 𝜆 − log𝑋!!

(using natural 
log, ln 𝑒 = 1)

𝑓 𝑋!|𝜆 =
𝑒),𝜆(!
𝑋!!

• Let 𝑋$~Poi 𝜆 .
• PMF:

2. Differentiate 𝐿𝐿 𝜃
w.r.t. (each) 𝜃, set to 0

−𝑛 +
1
𝜆=
%&'

(

𝑋% + 𝑛 log 𝜆 −=
%&'

(
1
𝑋%!

⋅
𝜕𝑋%!
𝜕𝑋%

−𝑛 +
1
𝜆
0
!"#

$

𝑋!
A. B. C. None/other/

don’t know

𝜕𝐿𝐿 𝜃
𝜕𝜆

= ?



Maximum Likelihood with Poisson
Consider a sample of 𝑛 i.i.d. RVs 𝑋!, 𝑋", … , 𝑋#.
What is 𝜃&'( = 𝜆&'(?
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1. Determine 
formula for 𝐿𝐿 𝜃

𝐿𝐿 𝜃 =$
!"#

$

log
𝑒%&𝜆'!
𝑋!!

= −𝑛𝜆 + log 𝜆 $
!"#

$

𝑋! −$
!"#

$

log 𝑋!!

=$
!"#

$

−𝜆 log 𝑒 + 𝑋! log 𝜆 − log𝑋!!

(using natural 
log, ln 𝑒 = 1)

𝑓 𝑋!|𝜆 =
𝑒),𝜆(!
𝑋!!

• Let 𝑋$~Poi 𝜆 .
• PMF:

2. Differentiate 𝐿𝐿 𝜃
w.r.t. (each) 𝜃, set to 0

𝜕𝐿𝐿 𝜃
𝜕𝜆

= −𝑛 +
1
𝜆
0
!"#

$

𝑋! = 0

3. Solve resulting
equations

𝜆%&' =
1
𝑛
0
!"#

$

𝑋!



Maximum Likelihood with Poisson
Consider a sample of 𝑛 i.i.d. RVs 𝑋!, 𝑋", … , 𝑋#.
What is 𝜃&'( = 𝜆&'(?

87

1. Determine 
formula for 𝐿𝐿 𝜃

𝐿𝐿 𝜃 =$
!"#

$

log
𝑒%&𝜆'!
𝑋!!

= −𝑛𝜆 + log 𝜆 $
!"#

$

𝑋! −$
!"#

$

log 𝑋!!

=$
!"#

$

−𝜆 log 𝑒 + 𝑋! log 𝜆 − log𝑋!!

(using natural 
log, ln 𝑒 = 1)

𝑓 𝑋!|𝜆 =
𝑒),𝜆(!
𝑋!!

• Let 𝑋$~Poi 𝜆 .
• PMF:

2. Differentiate 𝐿𝐿 𝜃
w.r.t. (each) 𝜃, set to 0

𝜕𝐿𝐿 𝜃
𝜕𝜆

= −𝑛 +
1
𝜆
0
!"#

$

𝑋! = 0

3. Solve resulting
equations

𝜆%&' =
1
𝑛
0
!"#

$

𝑋!

MLE of the Poisson 
parameter, 𝜆%&', is the 
unbiased estimate of the 
mean, >𝑋 (sample mean)



Its so general!



MLE for Gaussian

89



Maximum Likelihood with Normal

90

𝐿𝐿 𝜃 =0
!"#

$

log
1
2𝜋𝜎

𝑒) (!)- "/ +/" =0
!"#

$

− log 2𝜋𝜎 − 𝑋! − 𝜇 +/ 2𝜎+

(using natural log)

= −0
!"#

$

log 2𝜋𝜎 −0
!"#

$

𝑋! − 𝜇 +/ 2𝜎+

Consider a sample of 𝑛 i.i.d. random variables 𝑋!, 𝑋", … , 𝑋#.
• Let 𝑋!~𝒩 𝜇, 𝜎+ .

What is 𝜃&'( = 𝜇&'( , 𝜎&'(" ?
1. Determine 

formula for 𝐿𝐿 𝜃
3. Solve resulting

equations
2. Differentiate 𝐿𝐿 𝜃

w.r.t. (each) 𝜃, set to 0

𝑓 𝑋!|𝜇, 𝜎+ =
1
2𝜋𝜎

𝑒) (!)- "/ +/"



Maximum Likelihood with Normal
Consider a sample of 𝑛 i.i.d. random variables 𝑋!, 𝑋", … , 𝑋#.
• Let 𝑋!~𝒩 𝜇, 𝜎+ .

What is 𝜃&'( = 𝜇&'( , 𝜎&'(" ?
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1. Determine 
formula for 𝐿𝐿 𝜃

3. Solve resulting
equations

𝐿𝐿 𝜃 = −0
!"#

$

log 2𝜋𝜎 −0
!"#

$

𝑋! − 𝜇 +/ 2𝜎+

2. Differentiate 𝐿𝐿 𝜃
w.r.t. (each) 𝜃, set to 0

𝑓 𝑋!|𝜇, 𝜎+ =
1
2𝜋𝜎

𝑒) (!)- "/ +/"

𝜕𝐿𝐿 𝜃
𝜕𝜇

=0
!"#

$

2 𝑋! − 𝜇 / 2𝜎+

=
1
𝜎+
0
!"#

$

𝑋! − 𝜇 = 0

with respect to 𝜇



Maximum Likelihood with Normal
Consider a sample of 𝑛 i.i.d. random variables 𝑋!, 𝑋", … , 𝑋#.
• Let 𝑋!~𝒩 𝜇, 𝜎+ .

What is 𝜃&'( = 𝜇&'( , 𝜎&'(" ?
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1. Determine 
formula for 𝐿𝐿 𝜃

3. Solve resulting
equations

𝐿𝐿 𝜃 = −0
!"#

$

log 2𝜋𝜎 −0
!"#

$

𝑋! − 𝜇 +/ 2𝜎+

2. Differentiate 𝐿𝐿 𝜃
w.r.t. (each) 𝜃, set to 0

𝑓 𝑋!|𝜇, 𝜎+ =
1
2𝜋𝜎

𝑒) (!)- "/ +/"

𝜕𝐿𝐿 𝜃
𝜕𝜇

=0
!"#

$

2 𝑋! − 𝜇 / 2𝜎+

=
1
𝜎+
0
!"#

$

𝑋! − 𝜇 = 0

with respect to 𝜇 with respect to 𝜎

𝜕𝐿𝐿 𝜃
𝜕𝜎

= −0
!"#

$
1
𝜎
+0

!"#

$

2 𝑋! − 𝜇 +/ 2𝜎0

= −
𝑛
𝜎
+
1
𝜎0
0
!"#

$

𝑋! − 𝜇 + = 0



Maximum Likelihood with Normal
Consider a sample of 𝑛 i.i.d. random variables 𝑋!, 𝑋", … , 𝑋#.
• Let 𝑋!~𝒩 𝜇, 𝜎+ .

What is 𝜃&'( = 𝜇&'( , 𝜎&'(" ?
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3. Solve resulting
equations

𝑓 𝑋!|𝜇, 𝜎+ =
1
2𝜋𝜎

𝑒) (!)- "/ +/"

1
𝜎+
0
!"#

$

𝑋! − 𝜇 = 0Two equations, 
two unknowns:

First, solve
for 𝜇%&':

1
𝜎+0

!"#

$

𝑋! −
1
𝜎+0

!"#

$

𝜇 = 0 ⇒ 0
!"#

$

𝑋! = 𝑛𝜇 ⇒ 𝜇%&' =
1
𝑛
0
!"#

$

𝑋!
unbiased

−
𝑛
𝜎
+
1
𝜎0
0
!"#

$

𝑋! − 𝜇 + = 0



Maximum Likelihood with Normal
Consider a sample of 𝑛 i.i.d. random variables 𝑋!, 𝑋", … , 𝑋#.
• Let 𝑋!~𝒩 𝜇, 𝜎+ .

What is 𝜃&'( = 𝜇&'( , 𝜎&'(" ?
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3. Solve resulting
equations

𝑓 𝑋!|𝜇, 𝜎+ =
1
2𝜋𝜎

𝑒) (!)- "/ +/"

−
𝑛
𝜎
+
1
𝜎0
0
!"#

$

𝑋! − 𝜇 + = 0Two equations, 
two unknowns:

1
𝜎+0

!"#

$

𝑋! −
1
𝜎+0

!"#

$

𝜇 = 0 ⇒ 0
!"#

$

𝑋! = 𝑛𝜇 ⇒ 𝜇%&' =
1
𝑛
0
!"#

$

𝑋!

Next, solve
for 𝜎%&':

1
𝜎0
0
!"#

$

𝑋! − 𝜇 + =
𝑛
𝜎 ⇒0

!"#

$

𝑋! − 𝜇 + = 𝜎+𝑛 ⇒ 𝜎%&'+ =
1
𝑛
0
!"#

$

𝑋! − 𝜇%&' +

biased

unbiased

First, solve
for 𝜇%&':

1
𝜎+
0
!"#

$

𝑋! − 𝜇 = 0



Consider I.I.D. random variables X1, X2, ..., Xn
§ Xi ~ Uni(0, 1)

§ Observe data:
o0.15, 0.20, 0.30, 0.40, 0.65, 0.70, 0.75

Likelihood: L(a,1)

a

L(a,1)

Likelihood: L(0, b)

b

L(0, b)

Understanding MLE with Uniform



How do small samples affect MLE?
§ In many cases,                      = sample mean 
oUnbiased.  Not too shabby…

§ As seen with Normal,
oBiased.  Underestimates for small n (e.g., 0 for n = 1)

§ As seen with Uniform, aMLE ≥ a and bMLE ≤ b
oBiased.  Problematic for small n (e.g., a = b when n = 1)

§ Small sample phenomena intuitively make sense:
oMaximum likelihood Þ best explain data we’ve seen
oDoes not attempt to generalize to unseen data

å
=

=
n

i
iMLE X

n 1

1µ

å
=

-=
n

i
MLEiXnMLE

1

22 )(1 µs

Small Samples = Problems



Maximum Likelihood Estimators are generally:
§ Consistent:                                      for e > 0

§ Potentially biased (though asymptotically less so)
§ Asymptotically optimal
oHas smallest variance of “good” estimators for large samples

§ Often used in practice where sample size is large 
relative to parameter space
oBut be careful, there are some very large parameter spaces

1) |ˆ(|lim =<-
¥®

eqqP
n

Properties of MLE



Machine Learning: 
Learn parameters (mostly with MLE) for 

probabilistic models.




