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Maximum Likelihood Estimation

Maximum A Posteriori

✓̂MAP = argmax
✓

f(✓|x(1), . . . , x(n))
<latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit><latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit><latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit><latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit>

✓̂MLE = argmax
✓

f(x(1), . . . , x(n)|✓)

= argmax
✓

⇣X

i

log f(x(i)|✓)
⌘

<latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit><latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit><latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit><latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit>

MLE vs MAP

✓̂MLE = argmax
✓

f(x(1), . . . , x(n)|✓)

= argmax
✓

⇣X

i

log f(x(i)|✓)
⌘

<latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit><latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit><latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit><latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit>

x(1), . . . , x(n)
<latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit><latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit><latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit><latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit>

Data:

= argmax
✓

 
log(g(✓)) +

nX

i=1

log(f(x(i)|✓))
!

<latexit sha1_base64="2Vyh+F2J1WNRU3hIn/gc2jRPn/U="></latexit><latexit sha1_base64="2Vyh+F2J1WNRU3hIn/gc2jRPn/U="></latexit><latexit sha1_base64="2Vyh+F2J1WNRU3hIn/gc2jRPn/U="></latexit><latexit sha1_base64="2Vyh+F2J1WNRU3hIn/gc2jRPn/U="></latexit>



Event Shorthand

✓̂MAP = argmax
✓

f(⇥ = ✓|X(1) = x(1), . . . , X(n) = x(n))
<latexit sha1_base64="CThWmp611GyF340xXnLlj+lHfLg="></latexit><latexit sha1_base64="CThWmp611GyF340xXnLlj+lHfLg="></latexit><latexit sha1_base64="CThWmp611GyF340xXnLlj+lHfLg="></latexit><latexit sha1_base64="CThWmp611GyF340xXnLlj+lHfLg="></latexit>

x(i) is shorthand for the event: X(i) = x(i)
<latexit sha1_base64="Lc8LdtVOnd31m6WsQdhiC9Ir3ow=">AAACJ3icbVDLSgMxFM34tr6qLt0Ei6CbMiOCIiiCG5cK9gFtLZn0jhPMJENyRyxD/8aNv+JGUBFd+iem7Sx83dXhPJJ7T5hKYdH3P7yJyanpmdm5+dLC4tLySnl1rW51ZjjUuJbaNENmQQoFNRQooZkaYEkooRHenA71xi0YK7S6xH4KnYRdKxEJztBR3fLx3VW+LXYGtI1whzkVltpYG4yZ6tFIG4oxULgFhYd0QJuF+YgWsW654lf90dC/IChAhRRz3i0/t3uaZ4l7kEtmbSvwU+zkzKDgEgaldmYhZfyGXUPLQcUSsJ18dOeAbjlmvFWkFdIR+z2Rs8TafhI6Z8Iwtr+1Ifmf1sowOujkQqUZguLjj6JMUtR0WBrtCQMcZd8Bxo1wu1IeM8M4umpLroTg98l/QX23GvjV4GKvcnJQ1DFHNsgm2SYB2Scn5Iyckxrh5J48khfy6j14T96b9z62TnhFZp38GO/zC+s+pKY=</latexit><latexit sha1_base64="Lc8LdtVOnd31m6WsQdhiC9Ir3ow=">AAACJ3icbVDLSgMxFM34tr6qLt0Ei6CbMiOCIiiCG5cK9gFtLZn0jhPMJENyRyxD/8aNv+JGUBFd+iem7Sx83dXhPJJ7T5hKYdH3P7yJyanpmdm5+dLC4tLySnl1rW51ZjjUuJbaNENmQQoFNRQooZkaYEkooRHenA71xi0YK7S6xH4KnYRdKxEJztBR3fLx3VW+LXYGtI1whzkVltpYG4yZ6tFIG4oxULgFhYd0QJuF+YgWsW654lf90dC/IChAhRRz3i0/t3uaZ4l7kEtmbSvwU+zkzKDgEgaldmYhZfyGXUPLQcUSsJ18dOeAbjlmvFWkFdIR+z2Rs8TafhI6Z8Iwtr+1Ifmf1sowOujkQqUZguLjj6JMUtR0WBrtCQMcZd8Bxo1wu1IeM8M4umpLroTg98l/QX23GvjV4GKvcnJQ1DFHNsgm2SYB2Scn5Iyckxrh5J48khfy6j14T96b9z62TnhFZp38GO/zC+s+pKY=</latexit><latexit sha1_base64="Lc8LdtVOnd31m6WsQdhiC9Ir3ow=">AAACJ3icbVDLSgMxFM34tr6qLt0Ei6CbMiOCIiiCG5cK9gFtLZn0jhPMJENyRyxD/8aNv+JGUBFd+iem7Sx83dXhPJJ7T5hKYdH3P7yJyanpmdm5+dLC4tLySnl1rW51ZjjUuJbaNENmQQoFNRQooZkaYEkooRHenA71xi0YK7S6xH4KnYRdKxEJztBR3fLx3VW+LXYGtI1whzkVltpYG4yZ6tFIG4oxULgFhYd0QJuF+YgWsW654lf90dC/IChAhRRz3i0/t3uaZ4l7kEtmbSvwU+zkzKDgEgaldmYhZfyGXUPLQcUSsJ18dOeAbjlmvFWkFdIR+z2Rs8TafhI6Z8Iwtr+1Ifmf1sowOujkQqUZguLjj6JMUtR0WBrtCQMcZd8Bxo1wu1IeM8M4umpLroTg98l/QX23GvjV4GKvcnJQ1DFHNsgm2SYB2Scn5Iyckxrh5J48khfy6j14T96b9z62TnhFZp38GO/zC+s+pKY=</latexit><latexit sha1_base64="Lc8LdtVOnd31m6WsQdhiC9Ir3ow=">AAACJ3icbVDLSgMxFM34tr6qLt0Ei6CbMiOCIiiCG5cK9gFtLZn0jhPMJENyRyxD/8aNv+JGUBFd+iem7Sx83dXhPJJ7T5hKYdH3P7yJyanpmdm5+dLC4tLySnl1rW51ZjjUuJbaNENmQQoFNRQooZkaYEkooRHenA71xi0YK7S6xH4KnYRdKxEJztBR3fLx3VW+LXYGtI1whzkVltpYG4yZ6tFIG4oxULgFhYd0QJuF+YgWsW654lf90dC/IChAhRRz3i0/t3uaZ4l7kEtmbSvwU+zkzKDgEgaldmYhZfyGXUPLQcUSsJ18dOeAbjlmvFWkFdIR+z2Rs8TafhI6Z8Iwtr+1Ifmf1sowOujkQqUZguLjj6JMUtR0WBrtCQMcZd8Bxo1wu1IeM8M4umpLroTg98l/QX23GvjV4GKvcnJQ1DFHNsgm2SYB2Scn5Iyckxrh5J48khfy6j14T96b9z62TnhFZp38GO/zC+s+pKY=</latexit>

✓ is shorthand for the event: ⇥ = ✓
<latexit sha1_base64="oCuU1hhK/Az3jg80lcCu+mGiTT4="></latexit><latexit sha1_base64="oCuU1hhK/Az3jg80lcCu+mGiTT4="></latexit><latexit sha1_base64="oCuU1hhK/Az3jg80lcCu+mGiTT4="></latexit><latexit sha1_base64="oCuU1hhK/Az3jg80lcCu+mGiTT4="></latexit>

✓̂MAP = argmax
✓

f(✓|x(1), . . . , x(n))
<latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit><latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit><latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit><latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit>

Our shorthand notation

MAP, now with shorthand

MAP, without shorthand



MAP For Bernoulli

1 Infer the posterior belief in params

2

Return the argmax
(aka mode)



Quick MAP for Bernoulli and Binomial
Beta 𝑎, 𝑏 is a conjugate prior for the
probability of success in Bernoulli and 
Binomial distributions.

Prior Beta 𝑎, 𝑏
Saw 𝑎 + 𝑏 − 2 imaginary trials: 𝑎 − 1 successes, 𝑏 − 1 failures

Experiment Observe 𝑛 +𝑚 new trials: 𝑛 successes, 𝑚 failures

Posterior Beta 𝑎 + 𝑛, 𝑏 + 𝑚

8

MAP: 𝑝 =
𝑎 + 𝑛 − 1

𝑎 + 𝑏 + 𝑛 +𝑚 − 2

𝑓 𝑥 =
1

𝐵 𝑎, 𝑏
𝑥!"# 1 − 𝑥 $"#

Review



Quick MAP for Bernoulli with Laplace
Beta 𝑎, 𝑏 is a conjugate prior for the
probability of success in Bernoulli and 
Binomial distributions.

Prior Beta 𝑎 = 2, 𝑏 = 2
Saw 2 imaginary trials: 1 successes, 1 failures

Experiment Observe 𝑛 +𝑚 new trials: 𝑛 successes, 𝑚 failures

Posterior Beta 2 + 𝑛, 2 + 𝑚

9

MAP: 𝑝 =
𝑛 + 1

𝑛 +𝑚 + 2

𝑓 𝑥 =
1

𝐵 𝑎, 𝑏
𝑥!"# 1 − 𝑥 $"#

Review



End Review



Conjugate distributions
MAP
estimator:

11

𝜃!"# = arg max
$

𝑓 𝜃|𝑋%, 𝑋&, … , 𝑋' The mode of the
posterior distribution of 𝜃

Distribution parameter Conjugate distribution
Bernoulli 𝑝 Beta
Binomial 𝑝 Beta
Multinomial 𝑝! Dirichlet
Poisson 𝜆 Gamma
Exponential 𝜆 Gamma
Normal 𝜇 Normal
Normal 𝜎" Inverse Gamma

Don’t need to know 
Inverse Gamma…
but it will know you J

CS109: We’ll only focus on MAP for 
Bernoulli/Binomial 𝑝, Multinomial 𝑝%, and Poisson 𝜆.



Multinomial

multinomial is parameterized by pi: 
the likelihood of outcome i on any one experiment.

Each experiment has M possible outcomes. What is the likelihood of a particular count of 
each outcome?



Multinomial
Each experiment has M possible outcomes. What is the likelihood of a particular count of 

each outcome?

multinomial is parameterized by pi: 
the likelihood of outcome i on any one experiment.

Dice:
M = 6
pi = 1/6



MLE for Multinomial

MLE esti
mate of 

the 

probab
ility of 

outcom
e i

number of observed 
outcomes of type i

number of observations

pi =
ni

n
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✓i and pi
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✓i and pi
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MAP for Multinomial, Leplace Prior

✓i and pi
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✓i and pi
<latexit sha1_base64="DGpmvZSX9UEwj6citT5IawVssH8=">AAACAnicbVDLSgNBEJz1GeMr6km8DAbBU9gNgh4DXjxGMA9IlmV2tpMMmZ1dZnrFsAQv/ooXD4p49Su8+TdOHgdNLGgoqrrp7gpTKQy67rezsrq2vrFZ2Cpu7+zu7ZcODpsmyTSHBk9kotshMyCFggYKlNBONbA4lNAKh9cTv3UP2ohE3eEoBT9mfSV6gjO0UlA67uIAkAWCdhEeMKdMRXRM00AEpbJbcaegy8SbkzKZox6UvrpRwrMYFHLJjOl4bop+zjQKLmFc7GYGUsaHrA8dSxWLwfj59IUxPbNKRHuJtqWQTtXfEzmLjRnFoe2MGQ7MojcR//M6Gfau/FyoNENQfLaol0mKCZ3kQSOhgaMcWcK4FvZWygdMM442taINwVt8eZk0qxXPrXi3F+VadR5HgZyQU3JOPHJJauSG1EmDcPJInskreXOenBfn3fmYta4485kj8gfO5w+RLZbT</latexit><latexit sha1_base64="DGpmvZSX9UEwj6citT5IawVssH8=">AAACAnicbVDLSgNBEJz1GeMr6km8DAbBU9gNgh4DXjxGMA9IlmV2tpMMmZ1dZnrFsAQv/ooXD4p49Su8+TdOHgdNLGgoqrrp7gpTKQy67rezsrq2vrFZ2Cpu7+zu7ZcODpsmyTSHBk9kotshMyCFggYKlNBONbA4lNAKh9cTv3UP2ohE3eEoBT9mfSV6gjO0UlA67uIAkAWCdhEeMKdMRXRM00AEpbJbcaegy8SbkzKZox6UvrpRwrMYFHLJjOl4bop+zjQKLmFc7GYGUsaHrA8dSxWLwfj59IUxPbNKRHuJtqWQTtXfEzmLjRnFoe2MGQ7MojcR//M6Gfau/FyoNENQfLaol0mKCZ3kQSOhgaMcWcK4FvZWygdMM442taINwVt8eZk0qxXPrXi3F+VadR5HgZyQU3JOPHJJauSG1EmDcPJInskreXOenBfn3fmYta4485kj8gfO5w+RLZbT</latexit><latexit sha1_base64="DGpmvZSX9UEwj6citT5IawVssH8=">AAACAnicbVDLSgNBEJz1GeMr6km8DAbBU9gNgh4DXjxGMA9IlmV2tpMMmZ1dZnrFsAQv/ooXD4p49Su8+TdOHgdNLGgoqrrp7gpTKQy67rezsrq2vrFZ2Cpu7+zu7ZcODpsmyTSHBk9kotshMyCFggYKlNBONbA4lNAKh9cTv3UP2ohE3eEoBT9mfSV6gjO0UlA67uIAkAWCdhEeMKdMRXRM00AEpbJbcaegy8SbkzKZox6UvrpRwrMYFHLJjOl4bop+zjQKLmFc7GYGUsaHrA8dSxWLwfj59IUxPbNKRHuJtqWQTtXfEzmLjRnFoe2MGQ7MojcR//M6Gfau/FyoNENQfLaol0mKCZ3kQSOhgaMcWcK4FvZWygdMM442taINwVt8eZk0qxXPrXi3F+VadR5HgZyQU3JOPHJJauSG1EmDcPJInskreXOenBfn3fmYta4485kj8gfO5w+RLZbT</latexit><latexit sha1_base64="DGpmvZSX9UEwj6citT5IawVssH8=">AAACAnicbVDLSgNBEJz1GeMr6km8DAbBU9gNgh4DXjxGMA9IlmV2tpMMmZ1dZnrFsAQv/ooXD4p49Su8+TdOHgdNLGgoqrrp7gpTKQy67rezsrq2vrFZ2Cpu7+zu7ZcODpsmyTSHBk9kotshMyCFggYKlNBONbA4lNAKh9cTv3UP2ohE3eEoBT9mfSV6gjO0UlA67uIAkAWCdhEeMKdMRXRM00AEpbJbcaegy8SbkzKZox6UvrpRwrMYFHLJjOl4bop+zjQKLmFc7GYGUsaHrA8dSxWLwfj59IUxPbNKRHuJtqWQTtXfEzmLjRnFoe2MGQ7MojcR//M6Gfau/FyoNENQfLaol0mKCZ3kQSOhgaMcWcK4FvZWygdMM442taINwVt8eZk0qxXPrXi3F+VadR5HgZyQU3JOPHJJauSG1EmDcPJInskreXOenBfn3fmYta4485kj8gfO5w+RLZbT</latexit>

is
For a multinomial



Recall example of 6-sides die rolls:
§ X ~ Multinomial(p1, p2, p3, p4, p5, p6)
§ Roll n = 12 times. Result: 3 ones, 2 twos, 0 threes, 

3 fours, 1 fives, 3 sixes
oMLE: p1=3/12, p2=2/12, p3=0/12, p4=3/12, p5=1/12, p6=3/12

oLaplace estimate:

oLaplace: p1=4/18, p2=3/18, p3=1/18, p4=4/18, p5=2/18, p6=4/18

oNo longer have 0 probability of rolling a three!

Your Happy Laplace

pi =
ni + k

n+ k ·m
<latexit sha1_base64="2Dvjjb/ykx/u9hOeHXFAd0dmEgw=">AAACDHicbZDLSgMxFIYzXmu9VV26CRZBEMqMCLoRim5cVrAX6Awlk8m0obkMSUYowzyAG1/FjQtF3PoA7nwbM+0stPVAyMf/n0Ny/jBhVBvX/XaWlldW19YrG9XNre2d3drefkfLVGHSxpJJ1QuRJowK0jbUMNJLFEE8ZKQbjm8Kv/tAlKZS3JtJQgKOhoLGFCNjpUGtngwovIJ+rBDOhOVTOM4zUVzQx5E0kOe2y22404KL4JVQB2W1BrUvP5I45UQYzJDWfc9NTJAhZShmJK/6qSYJwmM0JH2LAnGig2y6TA6PrRLBWCp7hIFT9fdEhrjWEx7aTo7MSM97hfif109NfBlkVCSpIQLPHopTBo2ERTIwoopgwyYWEFbU/hXiEbK5GJtf1Ybgza+8CJ2zhmf57rzevC7jqIBDcAROgAcuQBPcghZoAwwewTN4BW/Ok/PivDsfs9Ylp5w5AH/K+fwB+U+ZqQ==</latexit><latexit sha1_base64="2Dvjjb/ykx/u9hOeHXFAd0dmEgw=">AAACDHicbZDLSgMxFIYzXmu9VV26CRZBEMqMCLoRim5cVrAX6Awlk8m0obkMSUYowzyAG1/FjQtF3PoA7nwbM+0stPVAyMf/n0Ny/jBhVBvX/XaWlldW19YrG9XNre2d3drefkfLVGHSxpJJ1QuRJowK0jbUMNJLFEE8ZKQbjm8Kv/tAlKZS3JtJQgKOhoLGFCNjpUGtngwovIJ+rBDOhOVTOM4zUVzQx5E0kOe2y22404KL4JVQB2W1BrUvP5I45UQYzJDWfc9NTJAhZShmJK/6qSYJwmM0JH2LAnGig2y6TA6PrRLBWCp7hIFT9fdEhrjWEx7aTo7MSM97hfif109NfBlkVCSpIQLPHopTBo2ERTIwoopgwyYWEFbU/hXiEbK5GJtf1Ybgza+8CJ2zhmf57rzevC7jqIBDcAROgAcuQBPcghZoAwwewTN4BW/Ok/PivDsfs9Ylp5w5AH/K+fwB+U+ZqQ==</latexit><latexit sha1_base64="2Dvjjb/ykx/u9hOeHXFAd0dmEgw=">AAACDHicbZDLSgMxFIYzXmu9VV26CRZBEMqMCLoRim5cVrAX6Awlk8m0obkMSUYowzyAG1/FjQtF3PoA7nwbM+0stPVAyMf/n0Ny/jBhVBvX/XaWlldW19YrG9XNre2d3drefkfLVGHSxpJJ1QuRJowK0jbUMNJLFEE8ZKQbjm8Kv/tAlKZS3JtJQgKOhoLGFCNjpUGtngwovIJ+rBDOhOVTOM4zUVzQx5E0kOe2y22404KL4JVQB2W1BrUvP5I45UQYzJDWfc9NTJAhZShmJK/6qSYJwmM0JH2LAnGig2y6TA6PrRLBWCp7hIFT9fdEhrjWEx7aTo7MSM97hfif109NfBlkVCSpIQLPHopTBo2ERTIwoopgwyYWEFbU/hXiEbK5GJtf1Ybgza+8CJ2zhmf57rzevC7jqIBDcAROgAcuQBPcghZoAwwewTN4BW/Ok/PivDsfs9Ylp5w5AH/K+fwB+U+ZqQ==</latexit><latexit sha1_base64="2Dvjjb/ykx/u9hOeHXFAd0dmEgw=">AAACDHicbZDLSgMxFIYzXmu9VV26CRZBEMqMCLoRim5cVrAX6Awlk8m0obkMSUYowzyAG1/FjQtF3PoA7nwbM+0stPVAyMf/n0Ny/jBhVBvX/XaWlldW19YrG9XNre2d3drefkfLVGHSxpJJ1QuRJowK0jbUMNJLFEE8ZKQbjm8Kv/tAlKZS3JtJQgKOhoLGFCNjpUGtngwovIJ+rBDOhOVTOM4zUVzQx5E0kOe2y22404KL4JVQB2W1BrUvP5I45UQYzJDWfc9NTJAhZShmJK/6qSYJwmM0JH2LAnGig2y6TA6PrRLBWCp7hIFT9fdEhrjWEx7aTo7MSM97hfif109NfBlkVCSpIQLPHopTBo2ERTIwoopgwyYWEFbU/hXiEbK5GJtf1Ybgza+8CJ2zhmf57rzevC7jqIBDcAROgAcuQBPcghZoAwwewTN4BW/Ok/PivDsfs9Ylp5w5AH/K+fwB+U+ZqQ==</latexit>



More Generally with Dirichlet
Dirichlet 𝑎%, 𝑎&, … , 𝑎, is a conjugate for Multinomial.
• Generalizes Beta in the

same way Multinomial
generalizes Bernoulli/Binomial:

Prior Dirichlet 𝑎%, 𝑎&, … , 𝑎,
Saw ∑-.%, 𝑎- −𝑚 imaginary trials, with 𝑎- − 1 of outcome 𝑖

Experiment Observe 𝑛% + 𝑛& +⋯+ 𝑛, new trials, with 𝑛- of outcome 𝑖

Posterior Dirichlet 𝑎% + 𝑛%, 𝑎& + 𝑛&, … , 𝑎, + 𝑛,

17

MAP: 𝑝% =
𝑎% + 𝑛% − 1

∑%&#' 𝑎% + ∑%&#' 𝑛% −𝑚

𝑓 𝑥#, 𝑥(, … , 𝑥' =
1

𝐵 𝑎#, 𝑎(, … , 𝑎'
3
%&#

'

𝑥%
!!"#



Good times with Gamma
Gamma 𝛼, 𝛽 is a conjugate for Poisson.
• Also conjugate for Exponential,

but we won’t delve into that
• Mode of gamma: 𝛼 − 1 /𝛽

Prior 𝜃~Gamma 𝛼, 𝛽 = /
!0!"#1"$%

2(4)
Saw 𝛼 − 1 total imaginary events during 𝛽 prior time periods

Experiment Observe 𝑛 events during next 𝑘 time periods

Posterior 𝜃|𝑛 events in 𝑘 periods ~Gamma 𝛼 + 𝑛, 𝛽 + 𝑘

18

𝜃)*+ =
𝑎 + 𝑛 − 1
𝛽 + 𝑘

MAP:

Gamma 𝛼, 𝛽 = !
!"!"##"$%

$(&)



MAP for Poisson
Let 𝜆 be the average # of successes in a time period.

1. What does it mean to have
a prior of 𝜃~Gamma 11,5 ?

Now perform the experiment and see 11 events in next 2 time periods.
2. Given your prior, what is the

posterior distribution?

3. What is 𝜃!"#?

19

Gamma 𝛼, 𝛽
is conjugate for Poisson

Observe 10 imaginary events
in 5 time periods,
i.e., observe at Poisson rate = 2

🤔

Mode: #$%
&



MAP for Poisson
Let 𝜆 be the average # of successes in a time period.

1. What does it mean to have
a prior of 𝜃~Gamma 11,5 ?

Now perform the experiment and see 11 events in next 2 time periods.
2. Given your prior, what is the

posterior distribution?

3. What is 𝜃!"#?

20

Gamma 𝛼, 𝛽
is conjugate for Poisson Mode: #$%

&

Observe 10 imaginary events
in 5 time periods,
i.e., observe at Poisson rate = 2

𝜃|𝑛 events in 𝑘 periods ~Gamma 22, 7

𝜃)*+ = 3, the updated Poisson rate



Pedagogical Pause



The last estimator has risen…



Example Datasets
Heart Ancestry

Netflix



Training Data

(x(1), y(1)), (x(2), y(2)), . . . (x(n), y(n))

Assume IID data:

m = |x(i)|

n training datapoints

Each datapoint has m features and a single output

Training Data: assignments all random variables X and Y



Target Movie “Like” Classification

User 1

User 2

User n

Movie 1 Movie 2 Movie m Output

1 0 1 1

1 1 0 0

0 0 1 1

…

… …



Single Instance

User 1

User 2

User n

Movie 1 Movie 2 Movie m Output

1 0 1 1

1 1 0 0

0 0 1 1

…

… …

(x(i), y(i)) such that 1  i  n



Feature Vector

User 1

User 2

User n

Movie 1 Movie 2 Movie m Output

1 0 1 1

1 1 0 0

0 0 1 1

…

… …

(x(i), y(i)) such that 1  i  n



Output Value

User 1

User 2

User n

Movie 1 Movie 2 Movie m Output

1 0 1 1

1 1 0 0

0 0 1 1

…

… …

(x(i), y(i)) such that 1  i  n



Single Feature Value

User 1

User 2

User n

Movie 1 Movie 2 Movie m Output

1 0 1 1

1 1 0 0

0 0 1 1

…

… …

In general: In this case: x(2)
mx(i)

j



Healthy Heart Classifier

Heart 1

Heart 2

Heart n

ROI 1 ROI 2 ROI m Output

0 1 1 0

1 1 1 0

0 0 0 1

…

… …



Healthy Heart Classifier

Heart 1

Heart 2

Heart n

ROI 1 ROI 2 ROI m Output

0 1 1 0

1 1 1 0

0 0 0 1

…

… …

x(1)
2



Healthy Heart Classifier

Heart 1

Heart 2

Heart n

ROI 1 ROI 2 ROI m Output

0 1 1 0

1 1 1 0

0 0 0 1

…

… …

(x(2), y(2))



Healthy Heart Classifier

Heart 1

Heart 2

Heart n

ROI 1 ROI 2 ROI m Output

0 1 1 0

1 1 1 0

0 0 0 1

…

… …

x(2)



Healthy Heart Classifier

Heart 1

Heart 2

Heart n

ROI 1 ROI 2 ROI m Output

0 1 1 0

1 1 1 0

0 0 0 1

…

… …

y(2)



Ancestry Classifier

User 1

User 2

User n

SNP 1 SNP 2 SNP m Output

1 0 1 0

0 0 1 1

1 1 0 1

…

… …



Regression: Predicting Real Numbers

Game 1

Game 2

Game n

Opposing team
ELO

Points in last 
game

At Home? Output

84 105 1 120

90 102 0 95

74 120 0 115

…

… …
# Points



Training Data

(x(1), y(1)), (x(2), y(2)), . . . (x(n), y(n))

Assume IID data:

m = |x(i)|

n training datapoints

Each datapoint has m features and a single output

Training Data: assignments all random variables X and Y



ML is ubiquitous



Regression



Game 1

Game 2

Game n

Opposing team
ELO

Points in last 
game

At Home? Output

84 105 1 120

90 102 0 95

74 120 0 115

…

… …
# Points

Linear Regression



X1 = Opposing team ELO

X2 = Points in last game

X3 = Curry playing?

X4 = Playing at home?

Y = Warriors points

Linear Regression



Linear Regression
Y = Warriors points

X1 = Opposing team ELO

X2 = Points in last game

X3 = Curry playing?

X4 = Playing at home?

𝜃1 = -2.3

𝜃2 = +1.2

𝜃3 = +10.2

𝜃4 = +3.3

𝜃5 = +95.4

Y = ✓1X1 + ✓2X2 + . . . ✓n�1Xn�1 + ✓n1 + Z

= ✓TX+ Z

X5 = 1



Classification



Classification is Building a Harry Potter Hat

ŷ = 1

x = [0, 1, . . . , 1]



Healthy Heart Classifier

Heart 1

Heart 2

Heart n

ROI 1 ROI 2 ROI m Output

0 1 1 0

1 1 1 0

0 0 0 1

…

… …



Ancestry Classifier

User 1

User 2

User n

SNP 1 SNP 2 SNP m Output

1 0 1 0

0 0 1 1

1 1 0 1

…

… …



And Learn



Target Movie “Like” Classification

User 1

User 2

User n

Feature 1 Output

1 1

1 0

0 1

…

x(i)
j 2 {0, 1} y(i) 2 {0, 1}



How could we predict the class label:
will the user like life is beautiful?



Fake Algorithm:
Brute Bayes Classifier



ŷ

x

Brute Force Bayes



ŷ

[0, 1, 1, 0]
x

Brute Force Bayes



ŷ
argmax
y={0,1}

P (y|x)

[0, 1, 1, 0]
x

Brute Force Bayes



ŷ
P (y|x)y = 0

0.62

[0, 1, 1, 0]
x

Brute Force Bayes



ŷ
P (y|x)

y = 1

0.38

[0, 1, 1, 0]
x

Brute Force Bayes



ŷ
argmax
y={0,1}

P (y|x)

[0, 1, 1, 0]
x

Brute Force Bayes



Brute Force Bayes

Simply chose the class label that is the most likely given the data

ŷ = argmax
y={0,1}

P (y|x)

= argmax
y={0,1}

P (x|y)P (y)

P (x)

= argmax
y={0,1}

P (x|y)P (y)

This is for one user

Predict
ion: will they

 like 

L.I.B.?

If y = 1, they like L.I.B.?

Whether or not they liked 

Independence day



Brute Force Bayes

Simply chose the class label that is the most likely given the data

ŷ = argmax
y={0,1}

P (y|x)

= argmax
y={0,1}

P (x|y)P (y)

P (x)

= argmax
y={0,1}

P (x|y)P (y)

This is for one user



Brute Force Bayes

Simply chose the class label that is the most likely given the data

ŷ = argmax
y={0,1}

P (y|x)

= argmax
y={0,1}

P (x|y)P (y)

P (x)

= argmax
y={0,1}

P (x|y)P (y)

* Note how similar this is to Hamilton example J

This is for one user



What are the Parameters?



Brute Force Bayes
ŷ = argmax

y={0,1}
P (x|y)P (y)

Learn these during training

Conditional 
probability table

X1 = 0 θ0

X1 = 1 θ1

Y = 0

X1 = 0 θ2

X1 = 1 θ3

Y = 1

Y = 0 θ4

Y = 1 θ5



Brute Force Bayes
ŷ = argmax

y={0,1}
P (x|y)P (y)

Y
X1

0 1

0 θ0 θ2

1 θ1 θ3

Learn these during training

Conditional 
probability table

Y = 0 θ4

Y = 1 θ5



Training

User 1

User 2

User n

x1 y

1 1

0 0

0 1
…

Y
X1

0 1

0 θ0 θ2

1 θ1 θ3

What is P(X1 |Y = 0)?
What is P(X1 |Y = 1)?

Both multinomials with two 
outcomes

ŷ = argmax
y={0,1}

P (x|y)P (y)



MLE Estimate

User 1

User 2

User n

x1 y

1 1

0 0

0 1
…

Y
X1

0 1

0 0.0 0.4

1 1.0 0.6

MLE: Just count

ŷ = argmax
y={0,1}

P (x|y)P (y)



MAP Estimate

User 1

User 2

User n

x1 y

1 1

0 0

0 1
…

MAP: Just count and add 
imaginary trials

ŷ = argmax
y={0,1}

P (x|y)P (y)

Y
X1

0 1

0 0.01 0.42

1 0.99 0.58



Testing
ŷ = argmax

y={0,1}
P (x|y)P (y)

Test user: Likes independence day

vs

P (x1 = 1|y = 1)P (y = 1)

P (x1 = 1|y = 0)P (y = 0)

Y
X1

0 1

0 0.01 0.42

1 0.99 0.58

Y = 0 0.21

Y = 1 0.79



Testing
ŷ = argmax

y={0,1}
P (x|y)P (y)

Test user: Likes independence day

vs

P (x1 = 1|y = 1)P (y = 1)

P (x1 = 1|y = 0)P (y = 0)

Y
X1

0 1

0 0.01 0.42

1 0.99 0.58

Y = 0 0.21

Y = 1 0.79

0.208



Testing
ŷ = argmax

y={0,1}
P (x|y)P (y)

Test user: Likes independence day

vs

P (x1 = 1|y = 1)P (y = 1)

P (x1 = 1|y = 0)P (y = 0)

Y
X1

0 1

0 0.01 0.42

1 0.99 0.58

Y = 0 0.21

Y = 1 0.79

0.208

0.458



That was pretty good!



Brute Force Bayes m = 2

User 1

User 2

User n

x1 y

1 1

1 0

0 1

…

x2

0

0

1



Simply chose the class label that is the most likely given the data

ŷ = argmax
y={0,1}

P (y|x)

= argmax
y={0,1}

P (x|y)P (y)

P (x)

= argmax
y={0,1}

P (x|y)P (y)

P (x1, x2|y)

Brute Force Bayes m = 2



Brute Force Bayes
ŷ = argmax

y={0,1}
P (x|y)P (y)

X1
X2

0 1

0 θ0 θ1

1 θ2 θ3

X1
X2

0 1

0 θ4 θ5

1 θ6 θ7

Y = 0 Y = 1

x1 yx2



Fine



Brute Force Bayes m = 3

User 1

User 2

User n

x1 y

1 1

1 0

0 1

…

x2

0

0

1

x3

1

1

1



Simply chose the class label that is the most likely given the data

ŷ = argmax
y={0,1}

P (y|x)

= argmax
y={0,1}

P (x|y)P (y)

P (x)

= argmax
y={0,1}

P (x|y)P (y)

Brute Force Bayes m = 3

P (x1, x2, x3|y)



Brute Force Bayes
ŷ = argmax

y={0,1}
P (x|y)P (y)

X1
X2

0 1

0 θ0 θ1

1 θ2 θ3

X1
X2

0 1

0 θ8 θ9

1 θ10 θ11

Y = 0 Y = 1

X1
X2

0 1

0 θ4 θ5

1 θ6 θ7

X1
X2

0 1

0 θ12 θ13

1 θ14 θ15

X2 = 0 X2 = 1

X 3
= 

0
X 3

= 
1



And if m=100?



Simply chose the class label that is the most likely given the data

ŷ = argmax
y={0,1}

P (y|x)

= argmax
y={0,1}

P (x|y)P (y)

P (x)

= argmax
y={0,1}

P (x|y)P (y)

Brute Force Bayes m = 100

P (x1, x2, x3, . . . , x100|y)



Oops… Number of atoms in the univserse



What is the big O for # parameters?
m = # features.



Big O of Brute Force Joint

What is the big O for # parameters?
m = # features.

Assuming each featu
re is 

binary…

O(2m)



Not going to cut it!



ŷ = argmax
y={0,1}

P (y|x)

= argmax
y={0,1}

P (x|y)P (y)

P (x)

= argmax
y={0,1}

P (x|y)P (y)

What is the problem here?

P (x|y) = P (x1, x2, . . . , xm|y)

=
Y

i

P (xi|y)



Naïve Bayes Assumption
ŷ = argmax

y={0,1}
P (y|x)

= argmax
y={0,1}

P (x|y)P (y)

P (x)

= argmax
y={0,1}

P (x|y)P (y)

P (x|y) = P (x1, x2, . . . , xm|y)

=
Y

i

P (xi|y)
The Naïve Ba

yes 

assumption



Naïve Bayes Assumption:

P (x|y) =
Y

i

P (xi|y)



Naïve Bayes as a Model

X1

X2
Xn

Y

Class Label

Data distribution

P (x, y) = P (y)
Y

i

P (xi|y)
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Naïve Bayes Classifier



Naïve Bayes

ŷ = g(x) = argmax
y2{0,1}

P̂ (y|x)

= argmax
y2{0,1}

P̂ (x|y)P̂ (y)

= argmax
y

⇣ nY

i=1

P̂ (xi|y)
⌘
P̂ (y)

= argmax
y

log P̂ (y) +
mX

i=1

log P̂ (xi|y)
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Our p
redi

ctio
n 

for 
y

Is a function of x That choses the best 
value of y given x

Bayes rule! 

Naïve Bayes
Assumption 

This log version is useful for numerical 
stability

ŷ = g(x) = argmax
y2{0,1}

P̂ (y|x)

= argmax
y2{0,1}

P̂ (x|y)P̂ (y)

= argmax
y

⇣ nY

i=1

P̂ (xi|y)
⌘
P̂ (y)

= argmax
y

log P̂ (y) +
mX

i=1

log P̂ (xi|y)
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ŷ = g(x) = argmax
y2{0,1}

P̂ (y|x)

= argmax
y2{0,1}

P̂ (x|y)P̂ (y)

= argmax
y

⇣ nY

i=1

P̂ (xi|y)
⌘
P̂ (y)

= argmax
y

log P̂ (y) +
mX

i=1

log P̂ (xi|y)
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ŷ = g(x) = argmax
y2{0,1}

P̂ (y|x)

= argmax
y2{0,1}

P̂ (x|y)P̂ (y)

= argmax
y

⇣ nY

i=1

P̂ (xi|y)
⌘
P̂ (y)

= argmax
y

log P̂ (y) +
mX

i=1

log P̂ (xi|y)
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Various probabilities you will need to compute for 
Naive Bayesian Classifier (using MLE here):

Computing Probabilities from Data

p̂(Xi = 1|Y = 0) =
(# training examples where Xi = 1 and Y = 0)

(# training examples where Y = 0)

p̂(Y = 1) =
(# training examples where Y = 1)

(# training examples)



Various probabilities you will need to compute for 
Naive Bayesian Classifier (using MAP with Laplace):

Computing Probabilities from Data With Laplace

p̂(Xi = 1|Y = 0) =
(# training examples where Xi = 1 and Y = 0)

(# training examples where Y = 0)

p̂(Y = 1) =
(# training examples where Y = 1)

(# training examples)

+1
+2

+1
+2



Predict Y based on observing variables X1 and X2
§ X1 and X2 are both indicator variables
oX1 denotes “likes Star Wars”, X2 denotes “likes Harry Potter”

§ Y is indicator variable: “likes Lord of the Rings”
oUse training data to estimate params:

§ Say someone likes Star Wars (X1 = 1), but not Harry Potter (X2 = 0)

§ Will they like “Lord of the Rings”?  Need to predict Y:

X1
Y 0 1 MLE 

estimates
0 3 10 0.23 0.77
1 4 13 0.24 0.76

Y # MLE 
est.

0 13 0.43
1 17 0.57

X2
Y 0 1 MLE 

estimates
0 5 8 0.38 0.62
1 7 10 0.41 0.59

Naïve Bayes Example

P̂ (xi|y)
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P̂ (y)
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ŷ = argmax
y2{0,1}

P̂ (x|y)P̂ (y) = argmax
y2{0,1}

P̂ (x1|y)P̂ (x2|y)P̂ (y)
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Predict Y based on observing variables X1 and X2
§ X1 and X2 are both indicator variables
oX1 denotes “likes Star Wars”, X2 denotes “likes Harry Potter”

§ Y is indicator variable: “likes Lord of the Rings”
oUse training data to estimate params:

§ Say someone likes Star Wars (X1 = 1), but not Harry Potter (X2 = 0)

§ Will they like “Lord of the Rings”?  Need to predict Y:

X1
Y 0 1 MLE 

estimates
0 3 10 0.23 0.77
1 4 13 0.24 0.76

Y # MLE 
est.

0 13 0.43
1 17 0.57

X2
Y 0 1 MLE 

estimates
0 5 8 0.38 0.62
1 7 10 0.41 0.59

Naïve Bayes Example

P̂ (xi|y)
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P̂ (y)
<latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit><latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit><latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit><latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit>

ŷ = argmax
y2{0,1}

P̂ (X1 = x1|Y = y)P̂ (X2 = x2|Y = y)P̂ (Y = y)
<latexit sha1_base64="3VHlZFdkJRUGUNlIcINbzWt3LiY="></latexit><latexit sha1_base64="3VHlZFdkJRUGUNlIcINbzWt3LiY="></latexit><latexit sha1_base64="3VHlZFdkJRUGUNlIcINbzWt3LiY="></latexit><latexit sha1_base64="3VHlZFdkJRUGUNlIcINbzWt3LiY="></latexit>



ŷ = argmax
y2{0,1}

P̂ (X1 = 1|Y = y)P̂ (X2 = 0|Y = y)P̂ (Y = y)
<latexit sha1_base64="blWfDAtQPNv+1QMjkYA+RCi418w="></latexit><latexit sha1_base64="blWfDAtQPNv+1QMjkYA+RCi418w="></latexit><latexit sha1_base64="blWfDAtQPNv+1QMjkYA+RCi418w="></latexit><latexit sha1_base64="blWfDAtQPNv+1QMjkYA+RCi418w="></latexit>

Predict Y based on observing variables X1 and X2
§ X1 and X2 are both indicator variables
oX1 denotes “likes Star Wars”, X2 denotes “likes Harry Potter”

§ Y is indicator variable: “likes Lord of the Rings”
oUse training data to estimate params:

§ Say someone likes Star Wars (X1 = 1), but not Harry Potter (X2 = 0)

§ Will they like “Lord of the Rings”?  Need to predict Y:

X1
Y 0 1 MLE 

estimates
0 3 10 0.23 0.77
1 4 13 0.24 0.76

Y # MLE 
est.

0 13 0.43
1 17 0.57

X2
Y 0 1 MLE 

estimates
0 5 8 0.38 0.62
1 7 10 0.41 0.59

Naïve Bayes Example

P̂ (xi|y)
<latexit sha1_base64="p1xxh5tF/C0KXJ5V5BD3jKScM2s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCLosuHFZwT6gLWEynbRDJ5MwcyPGWPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH19N/fYdU5pH8hbSmPVDMpQ84JSAkTz7qDcikDUmlXuP40ecnmEDzy47VWcGvEzcnJRRjoZnf/UGEU1CJoEKonXXdWLoZ0QBp4JNSr1Es5jQMRmyrqGShEz3s9n1E3xqlAEOImVKAp6pvycyEmqdhr7pDAmM9KI3Ff/zugkEl/2MyzgBJul8UZAIDBGeRoEHXDEKIjWEUMXNrZiOiCIUTGAlE4K7+PIyadWqrlN1b87L9VoeRxEdoxNUQS66QHV0jRqoiSh6QM/oFb1ZT9aL9W59zFsLVj5ziP7A+vwB+wKTig==</latexit><latexit sha1_base64="p1xxh5tF/C0KXJ5V5BD3jKScM2s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCLosuHFZwT6gLWEynbRDJ5MwcyPGWPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH19N/fYdU5pH8hbSmPVDMpQ84JSAkTz7qDcikDUmlXuP40ecnmEDzy47VWcGvEzcnJRRjoZnf/UGEU1CJoEKonXXdWLoZ0QBp4JNSr1Es5jQMRmyrqGShEz3s9n1E3xqlAEOImVKAp6pvycyEmqdhr7pDAmM9KI3Ff/zugkEl/2MyzgBJul8UZAIDBGeRoEHXDEKIjWEUMXNrZiOiCIUTGAlE4K7+PIyadWqrlN1b87L9VoeRxEdoxNUQS66QHV0jRqoiSh6QM/oFb1ZT9aL9W59zFsLVj5ziP7A+vwB+wKTig==</latexit><latexit sha1_base64="p1xxh5tF/C0KXJ5V5BD3jKScM2s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCLosuHFZwT6gLWEynbRDJ5MwcyPGWPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH19N/fYdU5pH8hbSmPVDMpQ84JSAkTz7qDcikDUmlXuP40ecnmEDzy47VWcGvEzcnJRRjoZnf/UGEU1CJoEKonXXdWLoZ0QBp4JNSr1Es5jQMRmyrqGShEz3s9n1E3xqlAEOImVKAp6pvycyEmqdhr7pDAmM9KI3Ff/zugkEl/2MyzgBJul8UZAIDBGeRoEHXDEKIjWEUMXNrZiOiCIUTGAlE4K7+PIyadWqrlN1b87L9VoeRxEdoxNUQS66QHV0jRqoiSh6QM/oFb1ZT9aL9W59zFsLVj5ziP7A+vwB+wKTig==</latexit><latexit sha1_base64="p1xxh5tF/C0KXJ5V5BD3jKScM2s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCLosuHFZwT6gLWEynbRDJ5MwcyPGWPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH19N/fYdU5pH8hbSmPVDMpQ84JSAkTz7qDcikDUmlXuP40ecnmEDzy47VWcGvEzcnJRRjoZnf/UGEU1CJoEKonXXdWLoZ0QBp4JNSr1Es5jQMRmyrqGShEz3s9n1E3xqlAEOImVKAp6pvycyEmqdhr7pDAmM9KI3Ff/zugkEl/2MyzgBJul8UZAIDBGeRoEHXDEKIjWEUMXNrZiOiCIUTGAlE4K7+PIyadWqrlN1b87L9VoeRxEdoxNUQS66QHV0jRqoiSh6QM/oFb1ZT9aL9W59zFsLVj5ziP7A+vwB+wKTig==</latexit>

P̂ (y)
<latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit><latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit><latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit><latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit>



One Slide to Rule them All
X1

Y 0 1 MLE 
estimates

0 3 10 0.23 0.77
1 4 13 0.24 0.76

Y # MLE 
est.

0 13 0.43
1 17 0.57

X2
Y 0 1 MLE 

estimates
0 5 8 0.38 0.62
1 7 10 0.41 0.59

ŷ = argmax
y2{0,1}

P̂ (X1 = 1|Y = y)P̂ (X2 = 0|Y = y)P̂ (Y = y)
<latexit sha1_base64="blWfDAtQPNv+1QMjkYA+RCi418w="></latexit><latexit sha1_base64="blWfDAtQPNv+1QMjkYA+RCi418w="></latexit><latexit sha1_base64="blWfDAtQPNv+1QMjkYA+RCi418w="></latexit><latexit sha1_base64="blWfDAtQPNv+1QMjkYA+RCi418w="></latexit>

P̂ (X1 = 1|Y = 0)P̂ (X2 = 0|Y = 0)P̂ (Y = 0)

= (0.77)(0.38)(0.43) = 0.126
<latexit sha1_base64="M+o8sulyVSEn/IuPzLNXzh6oTPI="></latexit><latexit sha1_base64="M+o8sulyVSEn/IuPzLNXzh6oTPI="></latexit><latexit sha1_base64="M+o8sulyVSEn/IuPzLNXzh6oTPI="></latexit><latexit sha1_base64="M+o8sulyVSEn/IuPzLNXzh6oTPI="></latexit>

P̂ (X1 = 1|Y = 1)P̂ (X2 = 0|Y = 1)P̂ (Y = 1)

= (0.76)(0.41)(0.57) = 0.178
<latexit sha1_base64="lVsom+3VYuA1l7s21Myg2Ua3DcQ="></latexit><latexit sha1_base64="lVsom+3VYuA1l7s21Myg2Ua3DcQ="></latexit><latexit sha1_base64="lVsom+3VYuA1l7s21Myg2Ua3DcQ="></latexit><latexit sha1_base64="lVsom+3VYuA1l7s21Myg2Ua3DcQ="></latexit>

P (Y = 1) = K · 0.178
<latexit sha1_base64="1pCHhoIndyrd3G4DhwUnDw2tt4E=">AAACAXicbVDLSgMxFL1TX7W+Rt0IboJFqJsyI0K7EQpuBDcV7EPaoWQymTY0kxmSjFBK3fgrblwo4ta/cOffmLaz0NYD93I4516Se/yEM6Ud59vKrayurW/kNwtb2zu7e/b+QVPFqSS0QWIey7aPFeVM0IZmmtN2IimOfE5b/vBq6rceqFQsFnd6lFAvwn3BQkawNlLPPqqX7tElcs9Mu0FdEsQaOWW3Uu3ZRafszICWiZuRImSo9+yvbhCTNKJCE46V6rhOor0xlpoRTieFbqpogskQ92nHUIEjqrzx7IIJOjVKgMJYmhIazdTfG2McKTWKfDMZYT1Qi95U/M/rpDqsemMmklRTQeYPhSlHOkbTOFDAJCWajwzBRDLzV0QGWGKiTWgFE4K7ePIyaZ6XXZPZ7UWxVs3iyMMxnEAJXKhADa6hDg0g8AjP8Apv1pP1Yr1bH/PRnJXtHMIfWJ8/3VOTRQ==</latexit><latexit sha1_base64="1pCHhoIndyrd3G4DhwUnDw2tt4E=">AAACAXicbVDLSgMxFL1TX7W+Rt0IboJFqJsyI0K7EQpuBDcV7EPaoWQymTY0kxmSjFBK3fgrblwo4ta/cOffmLaz0NYD93I4516Se/yEM6Ud59vKrayurW/kNwtb2zu7e/b+QVPFqSS0QWIey7aPFeVM0IZmmtN2IimOfE5b/vBq6rceqFQsFnd6lFAvwn3BQkawNlLPPqqX7tElcs9Mu0FdEsQaOWW3Uu3ZRafszICWiZuRImSo9+yvbhCTNKJCE46V6rhOor0xlpoRTieFbqpogskQ92nHUIEjqrzx7IIJOjVKgMJYmhIazdTfG2McKTWKfDMZYT1Qi95U/M/rpDqsemMmklRTQeYPhSlHOkbTOFDAJCWajwzBRDLzV0QGWGKiTWgFE4K7ePIyaZ6XXZPZ7UWxVs3iyMMxnEAJXKhADa6hDg0g8AjP8Apv1pP1Yr1bH/PRnJXtHMIfWJ8/3VOTRQ==</latexit><latexit sha1_base64="1pCHhoIndyrd3G4DhwUnDw2tt4E=">AAACAXicbVDLSgMxFL1TX7W+Rt0IboJFqJsyI0K7EQpuBDcV7EPaoWQymTY0kxmSjFBK3fgrblwo4ta/cOffmLaz0NYD93I4516Se/yEM6Ud59vKrayurW/kNwtb2zu7e/b+QVPFqSS0QWIey7aPFeVM0IZmmtN2IimOfE5b/vBq6rceqFQsFnd6lFAvwn3BQkawNlLPPqqX7tElcs9Mu0FdEsQaOWW3Uu3ZRafszICWiZuRImSo9+yvbhCTNKJCE46V6rhOor0xlpoRTieFbqpogskQ92nHUIEjqrzx7IIJOjVKgMJYmhIazdTfG2McKTWKfDMZYT1Qi95U/M/rpDqsemMmklRTQeYPhSlHOkbTOFDAJCWajwzBRDLzV0QGWGKiTWgFE4K7ePIyaZ6XXZPZ7UWxVs3iyMMxnEAJXKhADa6hDg0g8AjP8Apv1pP1Yr1bH/PRnJXtHMIfWJ8/3VOTRQ==</latexit><latexit sha1_base64="1pCHhoIndyrd3G4DhwUnDw2tt4E=">AAACAXicbVDLSgMxFL1TX7W+Rt0IboJFqJsyI0K7EQpuBDcV7EPaoWQymTY0kxmSjFBK3fgrblwo4ta/cOffmLaz0NYD93I4516Se/yEM6Ud59vKrayurW/kNwtb2zu7e/b+QVPFqSS0QWIey7aPFeVM0IZmmtN2IimOfE5b/vBq6rceqFQsFnd6lFAvwn3BQkawNlLPPqqX7tElcs9Mu0FdEsQaOWW3Uu3ZRafszICWiZuRImSo9+yvbhCTNKJCE46V6rhOor0xlpoRTieFbqpogskQ92nHUIEjqrzx7IIJOjVKgMJYmhIazdTfG2McKTWKfDMZYT1Qi95U/M/rpDqsemMmklRTQeYPhSlHOkbTOFDAJCWajwzBRDLzV0QGWGKiTWgFE4K7ePIyaZ6XXZPZ7UWxVs3iyMMxnEAJXKhADa6hDg0g8AjP8Apv1pP1Yr1bH/PRnJXtHMIfWJ8/3VOTRQ==</latexit> P (Y = 0) = K · 0.126

<latexit sha1_base64="FlM57iAG1EIgKnn7KqhP97qKIlo=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR6qbMFNFuhIIbwU0F+5B2KJlMpg3NZIbkjlBK3fgrblwo4ta/cOffmLaz0OqBezmccy/JPX4iuAbH+bJyS8srq2v59cLG5tb2jr2719Rxqihr0FjEqu0TzQSXrAEcBGsnipHIF6zlDy+nfuueKc1jeQujhHkR6UseckrASD37oF66wxfYOTHtGndpEAN2ym7lrGcXnbIzA/5L3IwUUYZ6z/7sBjFNIyaBCqJ1x3US8MZEAaeCTQrdVLOE0CHps46hkkRMe+PZBRN8bJQAh7EyJQHP1J8bYxJpPYp8MxkRGOhFbyr+53VSCKvemMskBSbp/KEwFRhiPI0DB1wxCmJkCKGKm79iOiCKUDChFUwI7uLJf0mzUnZNZjenxVo1iyOPDtERKiEXnaMaukJ11EAUPaAn9IJerUfr2Xqz3uejOSvb2Ue/YH18A9Edkz0=</latexit><latexit sha1_base64="FlM57iAG1EIgKnn7KqhP97qKIlo=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR6qbMFNFuhIIbwU0F+5B2KJlMpg3NZIbkjlBK3fgrblwo4ta/cOffmLaz0OqBezmccy/JPX4iuAbH+bJyS8srq2v59cLG5tb2jr2719Rxqihr0FjEqu0TzQSXrAEcBGsnipHIF6zlDy+nfuueKc1jeQujhHkR6UseckrASD37oF66wxfYOTHtGndpEAN2ym7lrGcXnbIzA/5L3IwUUYZ6z/7sBjFNIyaBCqJ1x3US8MZEAaeCTQrdVLOE0CHps46hkkRMe+PZBRN8bJQAh7EyJQHP1J8bYxJpPYp8MxkRGOhFbyr+53VSCKvemMskBSbp/KEwFRhiPI0DB1wxCmJkCKGKm79iOiCKUDChFUwI7uLJf0mzUnZNZjenxVo1iyOPDtERKiEXnaMaukJ11EAUPaAn9IJerUfr2Xqz3uejOSvb2Ue/YH18A9Edkz0=</latexit><latexit sha1_base64="FlM57iAG1EIgKnn7KqhP97qKIlo=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR6qbMFNFuhIIbwU0F+5B2KJlMpg3NZIbkjlBK3fgrblwo4ta/cOffmLaz0OqBezmccy/JPX4iuAbH+bJyS8srq2v59cLG5tb2jr2719Rxqihr0FjEqu0TzQSXrAEcBGsnipHIF6zlDy+nfuueKc1jeQujhHkR6UseckrASD37oF66wxfYOTHtGndpEAN2ym7lrGcXnbIzA/5L3IwUUYZ6z/7sBjFNIyaBCqJ1x3US8MZEAaeCTQrdVLOE0CHps46hkkRMe+PZBRN8bJQAh7EyJQHP1J8bYxJpPYp8MxkRGOhFbyr+53VSCKvemMskBSbp/KEwFRhiPI0DB1wxCmJkCKGKm79iOiCKUDChFUwI7uLJf0mzUnZNZjenxVo1iyOPDtERKiEXnaMaukJ11EAUPaAn9IJerUfr2Xqz3uejOSvb2Ue/YH18A9Edkz0=</latexit><latexit sha1_base64="FlM57iAG1EIgKnn7KqhP97qKIlo=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR6qbMFNFuhIIbwU0F+5B2KJlMpg3NZIbkjlBK3fgrblwo4ta/cOffmLaz0OqBezmccy/JPX4iuAbH+bJyS8srq2v59cLG5tb2jr2719Rxqihr0FjEqu0TzQSXrAEcBGsnipHIF6zlDy+nfuueKc1jeQujhHkR6UseckrASD37oF66wxfYOTHtGndpEAN2ym7lrGcXnbIzA/5L3IwUUYZ6z/7sBjFNIyaBCqJ1x3US8MZEAaeCTQrdVLOE0CHps46hkkRMe+PZBRN8bJQAh7EyJQHP1J8bYxJpPYp8MxkRGOhFbyr+53VSCKvemMskBSbp/KEwFRhiPI0DB1wxCmJkCKGKm79iOiCKUDChFUwI7uLJf0mzUnZNZjenxVo1iyOPDtERKiEXnaMaukJ11EAUPaAn9IJerUfr2Xqz3uejOSvb2Ue/YH18A9Edkz0=</latexit>

K =
1

0.126 + 0.178
<latexit sha1_base64="51ll1PnfSpfKJHNUbiikkn6InoA=">AAACBHicbZDLSgMxFIbP1Futt1GX3QSLIAhlpojtRii4EdxUsBdoh5JJM21oJjMkGaEMXbjxVdy4UMStD+HOtzFtZ6GtB0J+/v8ckvP5MWdKO863lVtb39jcym8Xdnb39g/sw6OWihJJaJNEPJIdHyvKmaBNzTSnnVhSHPqctv3x9SxvP1CpWCTu9SSmXoiHggWMYG2svl28RVe9QGKSutPUKbuVS3SOzF2tTVHfLjllZ15oVbiZKEFWjb791RtEJAmp0IRjpbquE2svxVIzwum00EsUjTEZ4yHtGilwSJWXzpeYolPjDFAQSXOERnP390SKQ6UmoW86Q6xHajmbmf9l3UQHNS9lIk40FWTxUJBwpCM0I4IGTFKi+cQITCQzf0VkhA0SbbgVDAR3eeVV0aqUXUPt7qJUr2U48lCEEzgDF6pQhxtoQBMIPMIzvMKb9WS9WO/Wx6I1Z2Uzx/CnrM8fz4CU8A==</latexit><latexit sha1_base64="51ll1PnfSpfKJHNUbiikkn6InoA=">AAACBHicbZDLSgMxFIbP1Futt1GX3QSLIAhlpojtRii4EdxUsBdoh5JJM21oJjMkGaEMXbjxVdy4UMStD+HOtzFtZ6GtB0J+/v8ckvP5MWdKO863lVtb39jcym8Xdnb39g/sw6OWihJJaJNEPJIdHyvKmaBNzTSnnVhSHPqctv3x9SxvP1CpWCTu9SSmXoiHggWMYG2svl28RVe9QGKSutPUKbuVS3SOzF2tTVHfLjllZ15oVbiZKEFWjb791RtEJAmp0IRjpbquE2svxVIzwum00EsUjTEZ4yHtGilwSJWXzpeYolPjDFAQSXOERnP390SKQ6UmoW86Q6xHajmbmf9l3UQHNS9lIk40FWTxUJBwpCM0I4IGTFKi+cQITCQzf0VkhA0SbbgVDAR3eeVV0aqUXUPt7qJUr2U48lCEEzgDF6pQhxtoQBMIPMIzvMKb9WS9WO/Wx6I1Z2Uzx/CnrM8fz4CU8A==</latexit><latexit sha1_base64="51ll1PnfSpfKJHNUbiikkn6InoA=">AAACBHicbZDLSgMxFIbP1Futt1GX3QSLIAhlpojtRii4EdxUsBdoh5JJM21oJjMkGaEMXbjxVdy4UMStD+HOtzFtZ6GtB0J+/v8ckvP5MWdKO863lVtb39jcym8Xdnb39g/sw6OWihJJaJNEPJIdHyvKmaBNzTSnnVhSHPqctv3x9SxvP1CpWCTu9SSmXoiHggWMYG2svl28RVe9QGKSutPUKbuVS3SOzF2tTVHfLjllZ15oVbiZKEFWjb791RtEJAmp0IRjpbquE2svxVIzwum00EsUjTEZ4yHtGilwSJWXzpeYolPjDFAQSXOERnP390SKQ6UmoW86Q6xHajmbmf9l3UQHNS9lIk40FWTxUJBwpCM0I4IGTFKi+cQITCQzf0VkhA0SbbgVDAR3eeVV0aqUXUPt7qJUr2U48lCEEzgDF6pQhxtoQBMIPMIzvMKb9WS9WO/Wx6I1Z2Uzx/CnrM8fz4CU8A==</latexit><latexit sha1_base64="51ll1PnfSpfKJHNUbiikkn6InoA=">AAACBHicbZDLSgMxFIbP1Futt1GX3QSLIAhlpojtRii4EdxUsBdoh5JJM21oJjMkGaEMXbjxVdy4UMStD+HOtzFtZ6GtB0J+/v8ckvP5MWdKO863lVtb39jcym8Xdnb39g/sw6OWihJJaJNEPJIdHyvKmaBNzTSnnVhSHPqctv3x9SxvP1CpWCTu9SSmXoiHggWMYG2svl28RVe9QGKSutPUKbuVS3SOzF2tTVHfLjllZ15oVbiZKEFWjb791RtEJAmp0IRjpbquE2svxVIzwum00EsUjTEZ4yHtGilwSJWXzpeYolPjDFAQSXOERnP390SKQ6UmoW86Q6xHajmbmf9l3UQHNS9lIk40FWTxUJBwpCM0I4IGTFKi+cQITCQzf0VkhA0SbbgVDAR3eeVV0aqUXUPt7qJUr2U48lCEEzgDF6pQhxtoQBMIPMIzvMKb9WS9WO/Wx6I1Z2Uzx/CnrM8fz4CU8A==</latexit>

Since term is greatest when Y = 1, we predict Ŷ = 1

§ Let Y = 0

§ Let Y = 1

P̂ (X1 = 1|Y = 0)P̂ (X2 = 0|Y = 0)P̂ (Y = 0)

= (0.77)(0.38)(0.43) = 0.126
<latexit sha1_base64="M+o8sulyVSEn/IuPzLNXzh6oTPI="></latexit><latexit sha1_base64="M+o8sulyVSEn/IuPzLNXzh6oTPI="></latexit><latexit sha1_base64="M+o8sulyVSEn/IuPzLNXzh6oTPI="></latexit><latexit sha1_base64="M+o8sulyVSEn/IuPzLNXzh6oTPI="></latexit>

P̂ (X1 = 1|Y = 1)P̂ (X2 = 0|Y = 1)P̂ (Y = 1)

= (0.76)(0.41)(0.57) = 0.178
<latexit sha1_base64="lVsom+3VYuA1l7s21Myg2Ua3DcQ="></latexit><latexit sha1_base64="lVsom+3VYuA1l7s21Myg2Ua3DcQ="></latexit><latexit sha1_base64="lVsom+3VYuA1l7s21Myg2Ua3DcQ="></latexit><latexit sha1_base64="lVsom+3VYuA1l7s21Myg2Ua3DcQ="></latexit>



Predict Y based on observing variables X1 and X2
§ X1 and X2 are both indicator variables
oX1 denotes “likes Star Wars”, X2 denotes “likes Harry Potter”

§ Y is indicator variable: “likes Lord of the Rings”
oUse training data to estimate PMFs:
X1

Y 0 1 MAP 
estimates

0 3 10
1 4 13

Y # MAP 
est.

0 13
1 17

X2
Y 0 1 MAP 

estimates
0 5 8
1 7 10

MAP Naïve Bayes

P̂ (xi|y)
<latexit sha1_base64="p1xxh5tF/C0KXJ5V5BD3jKScM2s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCLosuHFZwT6gLWEynbRDJ5MwcyPGWPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH19N/fYdU5pH8hbSmPVDMpQ84JSAkTz7qDcikDUmlXuP40ecnmEDzy47VWcGvEzcnJRRjoZnf/UGEU1CJoEKonXXdWLoZ0QBp4JNSr1Es5jQMRmyrqGShEz3s9n1E3xqlAEOImVKAp6pvycyEmqdhr7pDAmM9KI3Ff/zugkEl/2MyzgBJul8UZAIDBGeRoEHXDEKIjWEUMXNrZiOiCIUTGAlE4K7+PIyadWqrlN1b87L9VoeRxEdoxNUQS66QHV0jRqoiSh6QM/oFb1ZT9aL9W59zFsLVj5ziP7A+vwB+wKTig==</latexit><latexit sha1_base64="p1xxh5tF/C0KXJ5V5BD3jKScM2s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCLosuHFZwT6gLWEynbRDJ5MwcyPGWPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH19N/fYdU5pH8hbSmPVDMpQ84JSAkTz7qDcikDUmlXuP40ecnmEDzy47VWcGvEzcnJRRjoZnf/UGEU1CJoEKonXXdWLoZ0QBp4JNSr1Es5jQMRmyrqGShEz3s9n1E3xqlAEOImVKAp6pvycyEmqdhr7pDAmM9KI3Ff/zugkEl/2MyzgBJul8UZAIDBGeRoEHXDEKIjWEUMXNrZiOiCIUTGAlE4K7+PIyadWqrlN1b87L9VoeRxEdoxNUQS66QHV0jRqoiSh6QM/oFb1ZT9aL9W59zFsLVj5ziP7A+vwB+wKTig==</latexit><latexit sha1_base64="p1xxh5tF/C0KXJ5V5BD3jKScM2s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCLosuHFZwT6gLWEynbRDJ5MwcyPGWPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH19N/fYdU5pH8hbSmPVDMpQ84JSAkTz7qDcikDUmlXuP40ecnmEDzy47VWcGvEzcnJRRjoZnf/UGEU1CJoEKonXXdWLoZ0QBp4JNSr1Es5jQMRmyrqGShEz3s9n1E3xqlAEOImVKAp6pvycyEmqdhr7pDAmM9KI3Ff/zugkEl/2MyzgBJul8UZAIDBGeRoEHXDEKIjWEUMXNrZiOiCIUTGAlE4K7+PIyadWqrlN1b87L9VoeRxEdoxNUQS66QHV0jRqoiSh6QM/oFb1ZT9aL9W59zFsLVj5ziP7A+vwB+wKTig==</latexit><latexit sha1_base64="p1xxh5tF/C0KXJ5V5BD3jKScM2s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCLosuHFZwT6gLWEynbRDJ5MwcyPGWPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH19N/fYdU5pH8hbSmPVDMpQ84JSAkTz7qDcikDUmlXuP40ecnmEDzy47VWcGvEzcnJRRjoZnf/UGEU1CJoEKonXXdWLoZ0QBp4JNSr1Es5jQMRmyrqGShEz3s9n1E3xqlAEOImVKAp6pvycyEmqdhr7pDAmM9KI3Ff/zugkEl/2MyzgBJul8UZAIDBGeRoEHXDEKIjWEUMXNrZiOiCIUTGAlE4K7+PIyadWqrlN1b87L9VoeRxEdoxNUQS66QHV0jRqoiSh6QM/oFb1ZT9aL9W59zFsLVj5ziP7A+vwB+wKTig==</latexit>

P̂ (y)
<latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit><latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit><latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit><latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit>

What prior?



Predict Y based on observing variables X1 and X2
§ X1 and X2 are both indicator variables
oX1 denotes “likes Star Wars”, X2 denotes “likes Harry Potter”

§ Y is indicator variable: “likes Lord of the Rings”
oUse training data to estimate PMFs:
X1

Y 0 1 MAP 
estimates

0 3 10 0.27 0.73
1 4 13

Y # MAP 
est.

0 13
1 17

X2
Y 0 1 MAP 

estimates
0 5 8
1 7 10

P̂ (xi|y)
<latexit sha1_base64="p1xxh5tF/C0KXJ5V5BD3jKScM2s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCLosuHFZwT6gLWEynbRDJ5MwcyPGWPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH19N/fYdU5pH8hbSmPVDMpQ84JSAkTz7qDcikDUmlXuP40ecnmEDzy47VWcGvEzcnJRRjoZnf/UGEU1CJoEKonXXdWLoZ0QBp4JNSr1Es5jQMRmyrqGShEz3s9n1E3xqlAEOImVKAp6pvycyEmqdhr7pDAmM9KI3Ff/zugkEl/2MyzgBJul8UZAIDBGeRoEHXDEKIjWEUMXNrZiOiCIUTGAlE4K7+PIyadWqrlN1b87L9VoeRxEdoxNUQS66QHV0jRqoiSh6QM/oFb1ZT9aL9W59zFsLVj5ziP7A+vwB+wKTig==</latexit><latexit sha1_base64="p1xxh5tF/C0KXJ5V5BD3jKScM2s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCLosuHFZwT6gLWEynbRDJ5MwcyPGWPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH19N/fYdU5pH8hbSmPVDMpQ84JSAkTz7qDcikDUmlXuP40ecnmEDzy47VWcGvEzcnJRRjoZnf/UGEU1CJoEKonXXdWLoZ0QBp4JNSr1Es5jQMRmyrqGShEz3s9n1E3xqlAEOImVKAp6pvycyEmqdhr7pDAmM9KI3Ff/zugkEl/2MyzgBJul8UZAIDBGeRoEHXDEKIjWEUMXNrZiOiCIUTGAlE4K7+PIyadWqrlN1b87L9VoeRxEdoxNUQS66QHV0jRqoiSh6QM/oFb1ZT9aL9W59zFsLVj5ziP7A+vwB+wKTig==</latexit><latexit sha1_base64="p1xxh5tF/C0KXJ5V5BD3jKScM2s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCLosuHFZwT6gLWEynbRDJ5MwcyPGWPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH19N/fYdU5pH8hbSmPVDMpQ84JSAkTz7qDcikDUmlXuP40ecnmEDzy47VWcGvEzcnJRRjoZnf/UGEU1CJoEKonXXdWLoZ0QBp4JNSr1Es5jQMRmyrqGShEz3s9n1E3xqlAEOImVKAp6pvycyEmqdhr7pDAmM9KI3Ff/zugkEl/2MyzgBJul8UZAIDBGeRoEHXDEKIjWEUMXNrZiOiCIUTGAlE4K7+PIyadWqrlN1b87L9VoeRxEdoxNUQS66QHV0jRqoiSh6QM/oFb1ZT9aL9W59zFsLVj5ziP7A+vwB+wKTig==</latexit><latexit sha1_base64="p1xxh5tF/C0KXJ5V5BD3jKScM2s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCLosuHFZwT6gLWEynbRDJ5MwcyPGWPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH19N/fYdU5pH8hbSmPVDMpQ84JSAkTz7qDcikDUmlXuP40ecnmEDzy47VWcGvEzcnJRRjoZnf/UGEU1CJoEKonXXdWLoZ0QBp4JNSr1Es5jQMRmyrqGShEz3s9n1E3xqlAEOImVKAp6pvycyEmqdhr7pDAmM9KI3Ff/zugkEl/2MyzgBJul8UZAIDBGeRoEHXDEKIjWEUMXNrZiOiCIUTGAlE4K7+PIyadWqrlN1b87L9VoeRxEdoxNUQS66QHV0jRqoiSh6QM/oFb1ZT9aL9W59zFsLVj5ziP7A+vwB+wKTig==</latexit>

P̂ (y)
<latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit><latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit><latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit><latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit>

Laplace! pi =
ni + 1

n+m
<latexit sha1_base64="nui6JmxABcgx8cJ9c6qX1wGhgbY=">AAACBHicbZDLSsNAFIZP6q3WW9RlN4NFEISSFEE3QsGNywr2Am0Ik+mkHTqZhJmJUEIWbnwVNy4UcetDuPNtnLZZaOuBYT7+/xxmzh8knCntON9WaW19Y3OrvF3Z2d3bP7APjzoqTiWhbRLzWPYCrChngrY105z2EklxFHDaDSY3M7/7QKVisbjX04R6ER4JFjKCtZF8u5r4DF2jQSgxyYThc+TmmTBXlPt2zak780Kr4BZQg6Javv01GMYkjajQhGOl+q6TaC/DUjPCaV4ZpIommEzwiPYNChxR5WXzJXJ0apQhCmNpjtBorv6eyHCk1DQKTGeE9VgtezPxP6+f6vDKy5hIUk0FWTwUphzpGM0SQUMmKdF8agATycxfERljk4c2uVVMCO7yyqvQadRdp+7eXdSajSKOMlThBM7AhUtowi20oA0EHuEZXuHNerJerHfrY9FasoqZY/hT1ucPDTmWXg==</latexit><latexit sha1_base64="nui6JmxABcgx8cJ9c6qX1wGhgbY=">AAACBHicbZDLSsNAFIZP6q3WW9RlN4NFEISSFEE3QsGNywr2Am0Ik+mkHTqZhJmJUEIWbnwVNy4UcetDuPNtnLZZaOuBYT7+/xxmzh8knCntON9WaW19Y3OrvF3Z2d3bP7APjzoqTiWhbRLzWPYCrChngrY105z2EklxFHDaDSY3M7/7QKVisbjX04R6ER4JFjKCtZF8u5r4DF2jQSgxyYThc+TmmTBXlPt2zak780Kr4BZQg6Javv01GMYkjajQhGOl+q6TaC/DUjPCaV4ZpIommEzwiPYNChxR5WXzJXJ0apQhCmNpjtBorv6eyHCk1DQKTGeE9VgtezPxP6+f6vDKy5hIUk0FWTwUphzpGM0SQUMmKdF8agATycxfERljk4c2uVVMCO7yyqvQadRdp+7eXdSajSKOMlThBM7AhUtowi20oA0EHuEZXuHNerJerHfrY9FasoqZY/hT1ucPDTmWXg==</latexit><latexit sha1_base64="nui6JmxABcgx8cJ9c6qX1wGhgbY=">AAACBHicbZDLSsNAFIZP6q3WW9RlN4NFEISSFEE3QsGNywr2Am0Ik+mkHTqZhJmJUEIWbnwVNy4UcetDuPNtnLZZaOuBYT7+/xxmzh8knCntON9WaW19Y3OrvF3Z2d3bP7APjzoqTiWhbRLzWPYCrChngrY105z2EklxFHDaDSY3M7/7QKVisbjX04R6ER4JFjKCtZF8u5r4DF2jQSgxyYThc+TmmTBXlPt2zak780Kr4BZQg6Javv01GMYkjajQhGOl+q6TaC/DUjPCaV4ZpIommEzwiPYNChxR5WXzJXJ0apQhCmNpjtBorv6eyHCk1DQKTGeE9VgtezPxP6+f6vDKy5hIUk0FWTwUphzpGM0SQUMmKdF8agATycxfERljk4c2uVVMCO7yyqvQadRdp+7eXdSajSKOMlThBM7AhUtowi20oA0EHuEZXuHNerJerHfrY9FasoqZY/hT1ucPDTmWXg==</latexit><latexit sha1_base64="nui6JmxABcgx8cJ9c6qX1wGhgbY=">AAACBHicbZDLSsNAFIZP6q3WW9RlN4NFEISSFEE3QsGNywr2Am0Ik+mkHTqZhJmJUEIWbnwVNy4UcetDuPNtnLZZaOuBYT7+/xxmzh8knCntON9WaW19Y3OrvF3Z2d3bP7APjzoqTiWhbRLzWPYCrChngrY105z2EklxFHDaDSY3M7/7QKVisbjX04R6ER4JFjKCtZF8u5r4DF2jQSgxyYThc+TmmTBXlPt2zak780Kr4BZQg6Javv01GMYkjajQhGOl+q6TaC/DUjPCaV4ZpIommEzwiPYNChxR5WXzJXJ0apQhCmNpjtBorv6eyHCk1DQKTGeE9VgtezPxP6+f6vDKy5hIUk0FWTwUphzpGM0SQUMmKdF8agATycxfERljk4c2uVVMCO7yyqvQadRdp+7eXdSajSKOMlThBM7AhUtowi20oA0EHuEZXuHNerJerHfrY9FasoqZY/hT1ucPDTmWXg==</latexit>

pi =
ni + 1

n+ 2
<latexit sha1_base64="DXXRcMZfDoJN7rGM4WUi9OwLfO4=">AAACBHicbZDLSsNAFIZPvNZ6i7rsZrAIglCSItiNUHDjsoK9QBvCZDpph04mYWYilJCFG1/FjQtF3PoQ7nwbp20W2npgmI//P4eZ8wcJZ0o7zre1tr6xubVd2inv7u0fHNpHxx0Vp5LQNol5LHsBVpQzQduaaU57iaQ4CjjtBpObmd99oFKxWNzraUK9CI8ECxnB2ki+XUl8hq7RIJSYZMLwBXLzTJirnvt21ak580Kr4BZQhaJavv01GMYkjajQhGOl+q6TaC/DUjPCaV4epIommEzwiPYNChxR5WXzJXJ0ZpQhCmNpjtBorv6eyHCk1DQKTGeE9VgtezPxP6+f6rDhZUwkqaaCLB4KU450jGaJoCGTlGg+NYCJZOaviIyxyUOb3MomBHd55VXo1GuuU3PvLqvNRhFHCSpwCufgwhU04RZa0AYCj/AMr/BmPVkv1rv1sWhds4qZE/hT1ucPtVGWKQ==</latexit><latexit sha1_base64="DXXRcMZfDoJN7rGM4WUi9OwLfO4=">AAACBHicbZDLSsNAFIZPvNZ6i7rsZrAIglCSItiNUHDjsoK9QBvCZDpph04mYWYilJCFG1/FjQtF3PoQ7nwbp20W2npgmI//P4eZ8wcJZ0o7zre1tr6xubVd2inv7u0fHNpHxx0Vp5LQNol5LHsBVpQzQduaaU57iaQ4CjjtBpObmd99oFKxWNzraUK9CI8ECxnB2ki+XUl8hq7RIJSYZMLwBXLzTJirnvt21ak580Kr4BZQhaJavv01GMYkjajQhGOl+q6TaC/DUjPCaV4epIommEzwiPYNChxR5WXzJXJ0ZpQhCmNpjtBorv6eyHCk1DQKTGeE9VgtezPxP6+f6rDhZUwkqaaCLB4KU450jGaJoCGTlGg+NYCJZOaviIyxyUOb3MomBHd55VXo1GuuU3PvLqvNRhFHCSpwCufgwhU04RZa0AYCj/AMr/BmPVkv1rv1sWhds4qZE/hT1ucPtVGWKQ==</latexit><latexit sha1_base64="DXXRcMZfDoJN7rGM4WUi9OwLfO4=">AAACBHicbZDLSsNAFIZPvNZ6i7rsZrAIglCSItiNUHDjsoK9QBvCZDpph04mYWYilJCFG1/FjQtF3PoQ7nwbp20W2npgmI//P4eZ8wcJZ0o7zre1tr6xubVd2inv7u0fHNpHxx0Vp5LQNol5LHsBVpQzQduaaU57iaQ4CjjtBpObmd99oFKxWNzraUK9CI8ECxnB2ki+XUl8hq7RIJSYZMLwBXLzTJirnvt21ak580Kr4BZQhaJavv01GMYkjajQhGOl+q6TaC/DUjPCaV4epIommEzwiPYNChxR5WXzJXJ0ZpQhCmNpjtBorv6eyHCk1DQKTGeE9VgtezPxP6+f6rDhZUwkqaaCLB4KU450jGaJoCGTlGg+NYCJZOaviIyxyUOb3MomBHd55VXo1GuuU3PvLqvNRhFHCSpwCufgwhU04RZa0AYCj/AMr/BmPVkv1rv1sWhds4qZE/hT1ucPtVGWKQ==</latexit><latexit sha1_base64="DXXRcMZfDoJN7rGM4WUi9OwLfO4=">AAACBHicbZDLSsNAFIZPvNZ6i7rsZrAIglCSItiNUHDjsoK9QBvCZDpph04mYWYilJCFG1/FjQtF3PoQ7nwbp20W2npgmI//P4eZ8wcJZ0o7zre1tr6xubVd2inv7u0fHNpHxx0Vp5LQNol5LHsBVpQzQduaaU57iaQ4CjjtBpObmd99oFKxWNzraUK9CI8ECxnB2ki+XUl8hq7RIJSYZMLwBXLzTJirnvt21ak580Kr4BZQhaJavv01GMYkjajQhGOl+q6TaC/DUjPCaV4epIommEzwiPYNChxR5WXzJXJ0ZpQhCmNpjtBorv6eyHCk1DQKTGeE9VgtezPxP6+f6rDhZUwkqaaCLB4KU450jGaJoCGTlGg+NYCJZOaviIyxyUOb3MomBHd55VXo1GuuU3PvLqvNRhFHCSpwCufgwhU04RZa0AYCj/AMr/BmPVkv1rv1sWhds4qZE/hT1ucPtVGWKQ==</latexit>

MAP Naïve Bayes



Predict Y based on observing variables X1 and X2
§ X1 and X2 are both indicator variables
oX1 denotes “likes Star Wars”, X2 denotes “likes Harry Potter”

§ Y is indicator variable: “likes Lord of the Rings”
oUse training data to estimate PMFs:
X1

Y 0 1 MAP 
estimates

0 3 10 0.27 0.73
1 4 13 0.26 0.74

Y # MAP 
est.

0 13 0.45
1 17 0.55

X2
Y 0 1 MAP 

estimates
0 5 8 0.4 0.6
1 7 10 0.42 0.58

P̂ (xi|y)
<latexit sha1_base64="p1xxh5tF/C0KXJ5V5BD3jKScM2s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCLosuHFZwT6gLWEynbRDJ5MwcyPGWPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH19N/fYdU5pH8hbSmPVDMpQ84JSAkTz7qDcikDUmlXuP40ecnmEDzy47VWcGvEzcnJRRjoZnf/UGEU1CJoEKonXXdWLoZ0QBp4JNSr1Es5jQMRmyrqGShEz3s9n1E3xqlAEOImVKAp6pvycyEmqdhr7pDAmM9KI3Ff/zugkEl/2MyzgBJul8UZAIDBGeRoEHXDEKIjWEUMXNrZiOiCIUTGAlE4K7+PIyadWqrlN1b87L9VoeRxEdoxNUQS66QHV0jRqoiSh6QM/oFb1ZT9aL9W59zFsLVj5ziP7A+vwB+wKTig==</latexit><latexit sha1_base64="p1xxh5tF/C0KXJ5V5BD3jKScM2s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCLosuHFZwT6gLWEynbRDJ5MwcyPGWPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH19N/fYdU5pH8hbSmPVDMpQ84JSAkTz7qDcikDUmlXuP40ecnmEDzy47VWcGvEzcnJRRjoZnf/UGEU1CJoEKonXXdWLoZ0QBp4JNSr1Es5jQMRmyrqGShEz3s9n1E3xqlAEOImVKAp6pvycyEmqdhr7pDAmM9KI3Ff/zugkEl/2MyzgBJul8UZAIDBGeRoEHXDEKIjWEUMXNrZiOiCIUTGAlE4K7+PIyadWqrlN1b87L9VoeRxEdoxNUQS66QHV0jRqoiSh6QM/oFb1ZT9aL9W59zFsLVj5ziP7A+vwB+wKTig==</latexit><latexit sha1_base64="p1xxh5tF/C0KXJ5V5BD3jKScM2s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCLosuHFZwT6gLWEynbRDJ5MwcyPGWPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH19N/fYdU5pH8hbSmPVDMpQ84JSAkTz7qDcikDUmlXuP40ecnmEDzy47VWcGvEzcnJRRjoZnf/UGEU1CJoEKonXXdWLoZ0QBp4JNSr1Es5jQMRmyrqGShEz3s9n1E3xqlAEOImVKAp6pvycyEmqdhr7pDAmM9KI3Ff/zugkEl/2MyzgBJul8UZAIDBGeRoEHXDEKIjWEUMXNrZiOiCIUTGAlE4K7+PIyadWqrlN1b87L9VoeRxEdoxNUQS66QHV0jRqoiSh6QM/oFb1ZT9aL9W59zFsLVj5ziP7A+vwB+wKTig==</latexit><latexit sha1_base64="p1xxh5tF/C0KXJ5V5BD3jKScM2s=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZSkCLosuHFZwT6gLWEynbRDJ5MwcyPGWPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH19N/fYdU5pH8hbSmPVDMpQ84JSAkTz7qDcikDUmlXuP40ecnmEDzy47VWcGvEzcnJRRjoZnf/UGEU1CJoEKonXXdWLoZ0QBp4JNSr1Es5jQMRmyrqGShEz3s9n1E3xqlAEOImVKAp6pvycyEmqdhr7pDAmM9KI3Ff/zugkEl/2MyzgBJul8UZAIDBGeRoEHXDEKIjWEUMXNrZiOiCIUTGAlE4K7+PIyadWqrlN1b87L9VoeRxEdoxNUQS66QHV0jRqoiSh6QM/oFb1ZT9aL9W59zFsLVj5ziP7A+vwB+wKTig==</latexit>

P̂ (y)
<latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit><latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit><latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit><latexit sha1_base64="2z8Cnay4PpXEmpOzMkI/w0AIGqk=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSLUS0mKoMeCF48V7Ae0sWy2m3bpZhN2J0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKD70RxawxrUwuiEW/VHar7hxklXg5KUOORr/01RvELI24QiapMV3PTdDPqEbBJJ8We6nhCWVjOuRdSxWNuPGz+dVTcm6VAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZlFQAZCc4ZyYgllWthbCRtRTRnaoIo2BG/55VXSqlU9t+rdXZbrtTyOApzCGVTAgyuowy00oAkMNDzDK7w5T86L8+58LFrXnHzmBP7A+fwBfouRIQ==</latexit>

Laplace! pi =
ni + 1

n+m
<latexit sha1_base64="nui6JmxABcgx8cJ9c6qX1wGhgbY=">AAACBHicbZDLSsNAFIZP6q3WW9RlN4NFEISSFEE3QsGNywr2Am0Ik+mkHTqZhJmJUEIWbnwVNy4UcetDuPNtnLZZaOuBYT7+/xxmzh8knCntON9WaW19Y3OrvF3Z2d3bP7APjzoqTiWhbRLzWPYCrChngrY105z2EklxFHDaDSY3M7/7QKVisbjX04R6ER4JFjKCtZF8u5r4DF2jQSgxyYThc+TmmTBXlPt2zak780Kr4BZQg6Javv01GMYkjajQhGOl+q6TaC/DUjPCaV4ZpIommEzwiPYNChxR5WXzJXJ0apQhCmNpjtBorv6eyHCk1DQKTGeE9VgtezPxP6+f6vDKy5hIUk0FWTwUphzpGM0SQUMmKdF8agATycxfERljk4c2uVVMCO7yyqvQadRdp+7eXdSajSKOMlThBM7AhUtowi20oA0EHuEZXuHNerJerHfrY9FasoqZY/hT1ucPDTmWXg==</latexit><latexit sha1_base64="nui6JmxABcgx8cJ9c6qX1wGhgbY=">AAACBHicbZDLSsNAFIZP6q3WW9RlN4NFEISSFEE3QsGNywr2Am0Ik+mkHTqZhJmJUEIWbnwVNy4UcetDuPNtnLZZaOuBYT7+/xxmzh8knCntON9WaW19Y3OrvF3Z2d3bP7APjzoqTiWhbRLzWPYCrChngrY105z2EklxFHDaDSY3M7/7QKVisbjX04R6ER4JFjKCtZF8u5r4DF2jQSgxyYThc+TmmTBXlPt2zak780Kr4BZQg6Javv01GMYkjajQhGOl+q6TaC/DUjPCaV4ZpIommEzwiPYNChxR5WXzJXJ0apQhCmNpjtBorv6eyHCk1DQKTGeE9VgtezPxP6+f6vDKy5hIUk0FWTwUphzpGM0SQUMmKdF8agATycxfERljk4c2uVVMCO7yyqvQadRdp+7eXdSajSKOMlThBM7AhUtowi20oA0EHuEZXuHNerJerHfrY9FasoqZY/hT1ucPDTmWXg==</latexit><latexit sha1_base64="nui6JmxABcgx8cJ9c6qX1wGhgbY=">AAACBHicbZDLSsNAFIZP6q3WW9RlN4NFEISSFEE3QsGNywr2Am0Ik+mkHTqZhJmJUEIWbnwVNy4UcetDuPNtnLZZaOuBYT7+/xxmzh8knCntON9WaW19Y3OrvF3Z2d3bP7APjzoqTiWhbRLzWPYCrChngrY105z2EklxFHDaDSY3M7/7QKVisbjX04R6ER4JFjKCtZF8u5r4DF2jQSgxyYThc+TmmTBXlPt2zak780Kr4BZQg6Javv01GMYkjajQhGOl+q6TaC/DUjPCaV4ZpIommEzwiPYNChxR5WXzJXJ0apQhCmNpjtBorv6eyHCk1DQKTGeE9VgtezPxP6+f6vDKy5hIUk0FWTwUphzpGM0SQUMmKdF8agATycxfERljk4c2uVVMCO7yyqvQadRdp+7eXdSajSKOMlThBM7AhUtowi20oA0EHuEZXuHNerJerHfrY9FasoqZY/hT1ucPDTmWXg==</latexit><latexit sha1_base64="nui6JmxABcgx8cJ9c6qX1wGhgbY=">AAACBHicbZDLSsNAFIZP6q3WW9RlN4NFEISSFEE3QsGNywr2Am0Ik+mkHTqZhJmJUEIWbnwVNy4UcetDuPNtnLZZaOuBYT7+/xxmzh8knCntON9WaW19Y3OrvF3Z2d3bP7APjzoqTiWhbRLzWPYCrChngrY105z2EklxFHDaDSY3M7/7QKVisbjX04R6ER4JFjKCtZF8u5r4DF2jQSgxyYThc+TmmTBXlPt2zak780Kr4BZQg6Javv01GMYkjajQhGOl+q6TaC/DUjPCaV4ZpIommEzwiPYNChxR5WXzJXJ0apQhCmNpjtBorv6eyHCk1DQKTGeE9VgtezPxP6+f6vDKy5hIUk0FWTwUphzpGM0SQUMmKdF8agATycxfERljk4c2uVVMCO7yyqvQadRdp+7eXdSajSKOMlThBM7AhUtowi20oA0EHuEZXuHNerJerHfrY9FasoqZY/hT1ucPDTmWXg==</latexit>

pi =
ni + 1

n+ 2
<latexit sha1_base64="DXXRcMZfDoJN7rGM4WUi9OwLfO4=">AAACBHicbZDLSsNAFIZPvNZ6i7rsZrAIglCSItiNUHDjsoK9QBvCZDpph04mYWYilJCFG1/FjQtF3PoQ7nwbp20W2npgmI//P4eZ8wcJZ0o7zre1tr6xubVd2inv7u0fHNpHxx0Vp5LQNol5LHsBVpQzQduaaU57iaQ4CjjtBpObmd99oFKxWNzraUK9CI8ECxnB2ki+XUl8hq7RIJSYZMLwBXLzTJirnvt21ak580Kr4BZQhaJavv01GMYkjajQhGOl+q6TaC/DUjPCaV4epIommEzwiPYNChxR5WXzJXJ0ZpQhCmNpjtBorv6eyHCk1DQKTGeE9VgtezPxP6+f6rDhZUwkqaaCLB4KU450jGaJoCGTlGg+NYCJZOaviIyxyUOb3MomBHd55VXo1GuuU3PvLqvNRhFHCSpwCufgwhU04RZa0AYCj/AMr/BmPVkv1rv1sWhds4qZE/hT1ucPtVGWKQ==</latexit><latexit sha1_base64="DXXRcMZfDoJN7rGM4WUi9OwLfO4=">AAACBHicbZDLSsNAFIZPvNZ6i7rsZrAIglCSItiNUHDjsoK9QBvCZDpph04mYWYilJCFG1/FjQtF3PoQ7nwbp20W2npgmI//P4eZ8wcJZ0o7zre1tr6xubVd2inv7u0fHNpHxx0Vp5LQNol5LHsBVpQzQduaaU57iaQ4CjjtBpObmd99oFKxWNzraUK9CI8ECxnB2ki+XUl8hq7RIJSYZMLwBXLzTJirnvt21ak580Kr4BZQhaJavv01GMYkjajQhGOl+q6TaC/DUjPCaV4epIommEzwiPYNChxR5WXzJXJ0ZpQhCmNpjtBorv6eyHCk1DQKTGeE9VgtezPxP6+f6rDhZUwkqaaCLB4KU450jGaJoCGTlGg+NYCJZOaviIyxyUOb3MomBHd55VXo1GuuU3PvLqvNRhFHCSpwCufgwhU04RZa0AYCj/AMr/BmPVkv1rv1sWhds4qZE/hT1ucPtVGWKQ==</latexit><latexit sha1_base64="DXXRcMZfDoJN7rGM4WUi9OwLfO4=">AAACBHicbZDLSsNAFIZPvNZ6i7rsZrAIglCSItiNUHDjsoK9QBvCZDpph04mYWYilJCFG1/FjQtF3PoQ7nwbp20W2npgmI//P4eZ8wcJZ0o7zre1tr6xubVd2inv7u0fHNpHxx0Vp5LQNol5LHsBVpQzQduaaU57iaQ4CjjtBpObmd99oFKxWNzraUK9CI8ECxnB2ki+XUl8hq7RIJSYZMLwBXLzTJirnvt21ak580Kr4BZQhaJavv01GMYkjajQhGOl+q6TaC/DUjPCaV4epIommEzwiPYNChxR5WXzJXJ0ZpQhCmNpjtBorv6eyHCk1DQKTGeE9VgtezPxP6+f6rDhZUwkqaaCLB4KU450jGaJoCGTlGg+NYCJZOaviIyxyUOb3MomBHd55VXo1GuuU3PvLqvNRhFHCSpwCufgwhU04RZa0AYCj/AMr/BmPVkv1rv1sWhds4qZE/hT1ucPtVGWKQ==</latexit><latexit sha1_base64="DXXRcMZfDoJN7rGM4WUi9OwLfO4=">AAACBHicbZDLSsNAFIZPvNZ6i7rsZrAIglCSItiNUHDjsoK9QBvCZDpph04mYWYilJCFG1/FjQtF3PoQ7nwbp20W2npgmI//P4eZ8wcJZ0o7zre1tr6xubVd2inv7u0fHNpHxx0Vp5LQNol5LHsBVpQzQduaaU57iaQ4CjjtBpObmd99oFKxWNzraUK9CI8ECxnB2ki+XUl8hq7RIJSYZMLwBXLzTJirnvt21ak580Kr4BZQhaJavv01GMYkjajQhGOl+q6TaC/DUjPCaV4epIommEzwiPYNChxR5WXzJXJ0ZpQhCmNpjtBorv6eyHCk1DQKTGeE9VgtezPxP6+f6rDhZUwkqaaCLB4KU450jGaJoCGTlGg+NYCJZOaviIyxyUOb3MomBHd55VXo1GuuU3PvLqvNRhFHCSpwCufgwhU04RZa0AYCj/AMr/BmPVkv1rv1sWhds4qZE/hT1ucPtVGWKQ==</latexit>

MAP Naïve Bayes



Training Naïve Bayes, is 
estimating parameters for 
a multinomial (or 
bernoulli).

Thus training is just 
counting.



This is spam:

Who was crazy enough to think of that?

Let’s get Bayesian on your spam:
Content analysis details:   (49.5 hits, 7.0 required)
0.9 RCVD_IN_PBL            RBL: Received via a relay in Spamhaus PBL

[93.40.189.29 listed in zen.spamhaus.org]
1.5 URIBL_WS_SURBL         Contains an URL listed in the WS SURBL blocklist

[URIs: recragas.cn]
5.0 URIBL_JP_SURBL         Contains an URL listed in the JP SURBL blocklist

[URIs: recragas.cn]
5.0 URIBL_OB_SURBL         Contains an URL listed in the OB SURBL blocklist

[URIs: recragas.cn]
5.0 URIBL_SC_SURBL         Contains an URL listed in the SC SURBL blocklist

[URIs: recragas.cn]
2.0 URIBL_BLACK            Contains an URL listed in the URIBL blacklist

[URIs: recragas.cn]
8.0 BAYES_99               BODY: Bayesian spam probability is 99 to 100%

[score: 1.0000]

What is Bayes Doing in my Mail Server



The constant battle with spam

Source:  http://www.google.com/mail/help/fightspam/spamexplained.html

“And machine-learning algorithms developed to merge and rank large sets of 
Google search results allow us to combine hundreds of factors to classify spam.”

Spam, Spam… Go Away!



Want to predict if an email is spam or not
§ Start with the input data
oConsider a lexicon of m words (Note: in English m » 100,000)

oDefine m indicator variables X = <X1, X2, …, Xm>

oEach variable Xi denotes if word i appeared in a document or not

oNote: m is huge, so make “Naive Bayes” assumption

§ Define output classes Y to be: {spam, non-spam}
§ Given training set of N previous emails
oFor each email message, we have a training instance:                  X = 

<X1, X2, …, Xm> noting for each word, if it appeared in email

oEach email message is also marked as spam or not (value of Y)

Email Classification



Given N training pairs:
(x(1),y(1)), (x(2),y(2)), …, (x(n), y(n)) 

Learning
§ Estimate probabilities P(y) and P(xi | y) for all i
oMany words are likely to not appear at all in given set of email

§ Laplace estimate:
Classification
§ For a new email, generate X = <X1, X2, …, Xm>
§ Classify as spam or not using:

§ Employ Naive Bayes assumption:

2emails spam # total
1)  with wordemails spam (#)|1(ˆ

+
+

===
ispamYXp Laplacei

Training the Classifier

P (x|y) =
Y

i

P (xi|y)

ŷ = argmax
y2{0,1}

P̂ (x|y)P̂ (y) = argmax
y2{0,1}

P̂ (x1|y)P̂ (x2|y)P̂ (y)
<latexit sha1_base64="5nd1B89oecg1y53yxZxFNtjcBBQ="></latexit><latexit sha1_base64="5nd1B89oecg1y53yxZxFNtjcBBQ="></latexit><latexit sha1_base64="5nd1B89oecg1y53yxZxFNtjcBBQ="></latexit><latexit sha1_base64="5nd1B89oecg1y53yxZxFNtjcBBQ="></latexit>



Training Naïve Bayes, is 
estimating parameters for 
Bernoullis.

Thus it is just counting.



After training, can test with another set of data
§ “Testing” set also has known values for Y, so we can see how often 

we were right/wrong in predictions for Y
§ Spam data
oEmail data set: 1789 emails (1578 spam, 211 non-spam)
oFirst, 1538 email messages (by time) used for training
oNext 251 messages used to test learned classifier

§ Criteria:
oPrecision = # correctly predicted class Y/ # predicted class Y
oRecall = # correctly predicted class Y / # real class Y messages

Spam Non-spam
Precision Recall Precision Recall

Words only 97.1% 94.3% 87.7% 93.4%
Words + add’l features 100% 98.3% 96.2% 100%

How Does This Do?



Naïve Bayes Classification



Various probabilities you will need to compute for 
Naive Bayesian Classifier (using MLE here):

Computing Probabilities from Data

p̂(Xi = 1|Y = 0) =
(# training examples where Xi = 1 and Y = 0)

(# training examples where Y = 0)

p̂(Y = 1) =
(# training examples where Y = 1)

(# training examples)


