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For a DNA tree we need to calculate the DNA distance between 
each pair of animals  How many calculations are needed?

Counting Review



Q: There are n animals  
How many distinct pairs of animals are there?

Counting Review
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End Review



• Sample space, S, is set of all possible outcomes 
of an experiment

§ Coin flip: S = {Head, Tails}
§ Flipping two coins: S = {(H, H), (H, T), (T, H), (T, T)}
§ Roll of 6-sided die: S = {1, 2, 3, 4, 5, 6}
§ # emails in a day: S = {x | x Î Z, x ≥ 0}  (non-neg  ints)
§ YouTube hrs in day: S = {x | x Î R, 0 £ x £ 24}

Sample Space



• Event, E, is some subset of S (E Í S)

§ Coin flip is heads: E = {Head}
§ ≥ 1 head on 2 coin flips: E = {(H, H), (H, T), (T, H)}
§ Roll of die is 3 or less: E = {1, 2, 3}
§ # emails in a day £ 20: E = {x | x Î Z, 0 £ x £ 20}
§ Wasted day (≥ 5 YT hrs ): E = {x | x Î R, 5 £ x £ 24}

Note: When Ross uses: Ì , he really means:  Í

Event Space



Event Space



What is a probability?



Number between 0 and 1



P (E)

* Our belief that an event E occurs

A number to which we ascribe meaning



* Our belief that an event E occurs

A number to which we ascribe meaning

Pr(E)
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What is a Probability?



Hit: 0
Thrown: 0
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The “event” E
is that you hit 

the target

n is the number 
of trails

What is a Probability?
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What is a Probability?



Hit: 1
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is that you hit 
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n is the number 
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What is a Probability?



Hit: 2
Thrown: 3
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The “event” E
is that you hit 

the target

n is the number 
of trails

What is a Probability?



Hit: 11
Thrown: 24
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The “event” E
is that you hit 

the target

n is the number 
of trails

What is a Probability?





Probability from Analytic Solutions



Recall: S = all possible outcomes  E = the event 

• Axiom 1: 0 £ P(E) £ 1

• Axiom 2: P(S) = 1

• Axiom 3: If events E and F are mutually exclusive:

P (E [ F ) = P (E) + P (F )

Axioms of Probability

Kolmogorov

Harrison Ford



Recall: S = all possible outcomes  E = the event 

• Axiom 1: 0 £ P(E) £ 1

• Axiom 2: P(S) = 1

• Identity 3: P(Ec) = 1 – P(E)

Technically Identity 3 can be proved from the 3 axioms 

Learning Axioms of Probability



Special Case of 
Analytic Probability



Equally Likely 
Outcomes

27
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Piech, CS109, 2021

Equally Likely Outcomes

Some sample spaces have equally likely outcomes
• Coin flip: S = {Head, Tails}
• Flipping two coins: S = {(H, H), (H, T), (T, H), (T, T)}
• Roll of 6-sided die: S = {1, 2, 3, 4, 5, 6}
If we have equally likely outcomes, then P(Each outcome)

Therefore

28

(by Axiom 3)



What is the probability that 
the sum of two dice is 7



Piech, CS109, 2021

Roll two dice

30

Equally likely 
outcomes

Roll two 6-sided fair dice  What is P(sum = 7)?

(1,1)  (1,2)  (1,3)  (1,4)  (1,5)  (1,6)
(2,1) (2,2)  (2,3)  (2,4)  (2,5)  (2,6)
(3,1)  (3,2)  (3,3)  (3,4)  (3,5)  (3,6)
(4,1)  (4,2)  (4,3)  (4,4)  (4,5)  (4,6)
(5,1)  (5,2)  (5,3)  (5,4)  (5,5)  (5,6)
(6,1)  (6,2)  (6,3)  (6,4)  (6,5)  (6,6) }

S = {



Piech, CS109, 2021

Roll two dice

31

Equally likely 
outcomes

Roll two 6-sided fair dice  What is P(sum = 7)?

(1,1)  (1,2) (1,3) (1,4) (1,5) (1,6)
(2,1) (2,2)  (2,3)  (2,4)  (2,5)  (2,6)
(3,1)  (3,2)  (3,3)  (3,4)  (3,5)  (3,6)
(4,1)  (4,2)  (4,3)  (4,4)  (4,5)  (4,6)
(5,1)  (5,2)  (5,3)  (5,4)  (5,5)  (5,6)
(6,1)  (6,2)  (6,3)  (6,4)  (6,5)  (6,6) }

S = {

Event space is in blue



Piech, CS109, 2021

Roll two dice

32

Equally likely 
outcomes

Roll two 6-sided fair dice  What is P(sum = 6)?

(1,1)  (1,2) (1,3) (1,4) (1,5) (1,6)
(2,1) (2,2)  (2,3)  (2,4)  (2,5)  (2,6)
(3,1)  (3,2)  (3,3)  (3,4)  (3,5)  (3,6)
(4,1)  (4,2)  (4,3)  (4,4)  (4,5)  (4,6)
(5,1)  (5,2)  (5,3)  (5,4)  (5,5)  (5,6)
(6,1)  (6,2)  (6,3)  (6,4)  (6,5)  (6,6) }

S = {

Event space is in blue



• Play lottery   
§ What is P(Win)?

• S = {Lose, Win}
• E = {Win}
• P(Win) = |E|/|S| = 1/2 = 50%

Not Everything is Equally Likely



Piech, CS109, 2021

Buggy sample space:

34

Roll two dice

S = { 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12}

Is each probability truly 1/11?

Vegas would beg to differ :-)



Chris, can you help me know 
which sample space is 

equally likely?



• 4 Bananas and 3 Manarins in a Bag   3 drawn 
§ What is P(1 Banana and 2 Mandarins drawn)?

Equally likely sample space? Thought experiment

Mandarins and Bananas

4 bananas 3 mandarin



The Choice of Sample Space is Yours!

Ordered

Unordered

Distinct Indistinct

{M1, B2, B3} {2 Bananas, 1 Mandarin}

{3 Bananas}{B1, B2, B3}

[Banana, Mandarin, Banana]
[Bananas, Bananas, Bananas]

Which choice will lead to equally likely outcomes?

[M1, B2, B3]

[B1, B2, B3]



• 4 Mandarins and 3 Bananas in a Bag   3 drawn 
§ What is P(1 Mandarin and 2 Bananas drawn)?

• Ordered and Distinct:
§ Pick 3 ordered items: |S| = 7 * 6 * 5 = 210
§ Pick Mandarin as either 1st, 2nd, or 3rd item:

|E| = (4 * 3 * 2) + (3 * 4 * 2) + (3 * 2 * 4) = 72
§ P(1 Mandarin, 2 Banana) = 72/210 = 12/35

• Unordered:
§ |S| =         = 35

§ |E| =              = 12

§ P(1 Mandarin, 2 Banana) = 12/35
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Mandarins and Bananas



Make indistinct items 
distinct to get equally 

likely sample space 
outcomes

*You will need to use this “trick” with high probability



• Consider 5 card poker hands 
§ “straight” is 5 consecutive rank cards of any suit
§ What is P(straight)?

|S| =
✓
52
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<latexit sha1_base64="IOq/OMBrUquxiRRzIHqzaqSzajY=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZJi0YVCwY3LivYBbSiT6U07dJIJMxOhpsVfceNCEbf+hzv/xmmbhbYeuHA4517uvcePOVPacb6tpeWV1bX13EZ+c2t7Z9fe268rkUgKNSq4kE2fKOAsgppmmkMzlkBCn0PDH1xP/MYDSMVEdK+HMXgh6UUsYJRoI3Xsw9HdCF/htFzCbdoXQgEujzt2wSk6U+BF4makgDJUO/ZXuytoEkKkKSdKtVwn1l5KpGaUwzjfThTEhA5ID1qGRiQE5aXT68f4xChdHAhpKtJ4qv6eSEmo1DD0TWdIdF/NexPxP6+V6ODCS1kUJxoiOlsUJBxrgSdR4C6TQDUfGkKoZOZWTPtEEqpNYHkTgjv/8iKpl4quU3RvzwqVyyyOHDpCx+gUuegcVdANqqIaougRPaNX9GY9WS/Wu/Uxa12yspkD9AfW5w9xX5Pm</latexit><latexit sha1_base64="IOq/OMBrUquxiRRzIHqzaqSzajY=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZJi0YVCwY3LivYBbSiT6U07dJIJMxOhpsVfceNCEbf+hzv/xmmbhbYeuHA4517uvcePOVPacb6tpeWV1bX13EZ+c2t7Z9fe268rkUgKNSq4kE2fKOAsgppmmkMzlkBCn0PDH1xP/MYDSMVEdK+HMXgh6UUsYJRoI3Xsw9HdCF/htFzCbdoXQgEujzt2wSk6U+BF4makgDJUO/ZXuytoEkKkKSdKtVwn1l5KpGaUwzjfThTEhA5ID1qGRiQE5aXT68f4xChdHAhpKtJ4qv6eSEmo1DD0TWdIdF/NexPxP6+V6ODCS1kUJxoiOlsUJBxrgSdR4C6TQDUfGkKoZOZWTPtEEqpNYHkTgjv/8iKpl4quU3RvzwqVyyyOHDpCx+gUuegcVdANqqIaougRPaNX9GY9WS/Wu/Uxa12yspkD9AfW5w9xX5Pm</latexit><latexit sha1_base64="IOq/OMBrUquxiRRzIHqzaqSzajY=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZJi0YVCwY3LivYBbSiT6U07dJIJMxOhpsVfceNCEbf+hzv/xmmbhbYeuHA4517uvcePOVPacb6tpeWV1bX13EZ+c2t7Z9fe268rkUgKNSq4kE2fKOAsgppmmkMzlkBCn0PDH1xP/MYDSMVEdK+HMXgh6UUsYJRoI3Xsw9HdCF/htFzCbdoXQgEujzt2wSk6U+BF4makgDJUO/ZXuytoEkKkKSdKtVwn1l5KpGaUwzjfThTEhA5ID1qGRiQE5aXT68f4xChdHAhpKtJ4qv6eSEmo1DD0TWdIdF/NexPxP6+V6ODCS1kUJxoiOlsUJBxrgSdR4C6TQDUfGkKoZOZWTPtEEqpNYHkTgjv/8iKpl4quU3RvzwqVyyyOHDpCx+gUuegcVdANqqIaougRPaNX9GY9WS/Wu/Uxa12yspkD9AfW5w9xX5Pm</latexit><latexit sha1_base64="IOq/OMBrUquxiRRzIHqzaqSzajY=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZJi0YVCwY3LivYBbSiT6U07dJIJMxOhpsVfceNCEbf+hzv/xmmbhbYeuHA4517uvcePOVPacb6tpeWV1bX13EZ+c2t7Z9fe268rkUgKNSq4kE2fKOAsgppmmkMzlkBCn0PDH1xP/MYDSMVEdK+HMXgh6UUsYJRoI3Xsw9HdCF/htFzCbdoXQgEujzt2wSk6U+BF4makgDJUO/ZXuytoEkKkKSdKtVwn1l5KpGaUwzjfThTEhA5ID1qGRiQE5aXT68f4xChdHAhpKtJ4qv6eSEmo1DD0TWdIdF/NexPxP6+V6ODCS1kUJxoiOlsUJBxrgSdR4C6TQDUfGkKoZOZWTPtEEqpNYHkTgjv/8iKpl4quU3RvzwqVyyyOHDpCx+gUuegcVdANqqIaougRPaNX9GY9WS/Wu/Uxa12yspkD9AfW5w9xX5Pm</latexit>

|E| = 10 ·
✓
4

1

◆5

<latexit sha1_base64="4SUcE6N0ASu5NbuFt8fULSQgDwE=">AAACB3icbZDLSgMxFIYzXmu9jboUJFgEV2UiFV0oFERwWcFeoB1LJpO2oZlkSDJCmXbnxldx40IRt76CO9/GtJ2Ftv4Q+PjPOZycP4g508bzvp2FxaXlldXcWn59Y3Nr293ZrWmZKEKrRHKpGgHWlDNBq4YZThuxojgKOK0H/atxvf5AlWZS3JlBTP0IdwXrMIKNtdruwfB6CC8h8mCLhNLAtGShJ6WmEI3uT9tuwSt6E8F5QBkUQKZK2/1qhZIkERWGcKx1E3mx8VOsDCOcjvKtRNMYkz7u0qZFgSOq/XRyxwgeWSeEHansEwZO3N8TKY60HkSB7Yyw6enZ2tj8r9ZMTOfcT5mIE0MFmS7qJBwaCcehwJApSgwfWMBEMftXSHpYYWJsdHkbApo9eR5qJ0XkFdFtqVC+yOLIgX1wCI4BAmegDG5ABVQBAY/gGbyCN+fJeXHenY9p64KTzeyBP3I+fwCo7Zc/</latexit><latexit sha1_base64="4SUcE6N0ASu5NbuFt8fULSQgDwE=">AAACB3icbZDLSgMxFIYzXmu9jboUJFgEV2UiFV0oFERwWcFeoB1LJpO2oZlkSDJCmXbnxldx40IRt76CO9/GtJ2Ftv4Q+PjPOZycP4g508bzvp2FxaXlldXcWn59Y3Nr293ZrWmZKEKrRHKpGgHWlDNBq4YZThuxojgKOK0H/atxvf5AlWZS3JlBTP0IdwXrMIKNtdruwfB6CC8h8mCLhNLAtGShJ6WmEI3uT9tuwSt6E8F5QBkUQKZK2/1qhZIkERWGcKx1E3mx8VOsDCOcjvKtRNMYkz7u0qZFgSOq/XRyxwgeWSeEHansEwZO3N8TKY60HkSB7Yyw6enZ2tj8r9ZMTOfcT5mIE0MFmS7qJBwaCcehwJApSgwfWMBEMftXSHpYYWJsdHkbApo9eR5qJ0XkFdFtqVC+yOLIgX1wCI4BAmegDG5ABVQBAY/gGbyCN+fJeXHenY9p64KTzeyBP3I+fwCo7Zc/</latexit><latexit sha1_base64="4SUcE6N0ASu5NbuFt8fULSQgDwE=">AAACB3icbZDLSgMxFIYzXmu9jboUJFgEV2UiFV0oFERwWcFeoB1LJpO2oZlkSDJCmXbnxldx40IRt76CO9/GtJ2Ftv4Q+PjPOZycP4g508bzvp2FxaXlldXcWn59Y3Nr293ZrWmZKEKrRHKpGgHWlDNBq4YZThuxojgKOK0H/atxvf5AlWZS3JlBTP0IdwXrMIKNtdruwfB6CC8h8mCLhNLAtGShJ6WmEI3uT9tuwSt6E8F5QBkUQKZK2/1qhZIkERWGcKx1E3mx8VOsDCOcjvKtRNMYkz7u0qZFgSOq/XRyxwgeWSeEHansEwZO3N8TKY60HkSB7Yyw6enZ2tj8r9ZMTOfcT5mIE0MFmS7qJBwaCcehwJApSgwfWMBEMftXSHpYYWJsdHkbApo9eR5qJ0XkFdFtqVC+yOLIgX1wCI4BAmegDG5ABVQBAY/gGbyCN+fJeXHenY9p64KTzeyBP3I+fwCo7Zc/</latexit><latexit sha1_base64="4SUcE6N0ASu5NbuFt8fULSQgDwE=">AAACB3icbZDLSgMxFIYzXmu9jboUJFgEV2UiFV0oFERwWcFeoB1LJpO2oZlkSDJCmXbnxldx40IRt76CO9/GtJ2Ftv4Q+PjPOZycP4g508bzvp2FxaXlldXcWn59Y3Nr293ZrWmZKEKrRHKpGgHWlDNBq4YZThuxojgKOK0H/atxvf5AlWZS3JlBTP0IdwXrMIKNtdruwfB6CC8h8mCLhNLAtGShJ6WmEI3uT9tuwSt6E8F5QBkUQKZK2/1qhZIkERWGcKx1E3mx8VOsDCOcjvKtRNMYkz7u0qZFgSOq/XRyxwgeWSeEHansEwZO3N8TKY60HkSB7Yyw6enZ2tj8r9ZMTOfcT5mIE0MFmS7qJBwaCcehwJApSgwfWMBEMftXSHpYYWJsdHkbApo9eR5qJ0XkFdFtqVC+yOLIgX1wCI4BAmegDG5ABVQBAY/gGbyCN+fJeXHenY9p64KTzeyBP3I+fwCo7Zc/</latexit>

P (straight) =
|E|
|S| =

10 ·
�4
1

�5
�52
5

� ⇡ 0.00394
<latexit sha1_base64="Czym/HAKTSW7cYqkPYrOC/Og/6E="></latexit><latexit sha1_base64="Czym/HAKTSW7cYqkPYrOC/Og/6E="></latexit><latexit sha1_base64="Czym/HAKTSW7cYqkPYrOC/Og/6E="></latexit><latexit sha1_base64="Czym/HAKTSW7cYqkPYrOC/Og/6E="></latexit>

P (straight) =
|E|
|S| =

10 ·
�4
1

�5
�52
5

� ⇡ 0.00394
<latexit sha1_base64="Czym/HAKTSW7cYqkPYrOC/Og/6E="></latexit><latexit sha1_base64="Czym/HAKTSW7cYqkPYrOC/Og/6E="></latexit><latexit sha1_base64="Czym/HAKTSW7cYqkPYrOC/Og/6E="></latexit><latexit sha1_base64="Czym/HAKTSW7cYqkPYrOC/Og/6E="></latexit>

Is each outcome 
equally likely?

What is an example 
of one outcome?

Straight Poker Hand



• Consider 5 card poker hands 
§ “straight” is 5 consecutive rank cards of any suit
§ “straight flush” is 5 consecutive rank cards of same suit
§ What is P(straight, but not straight flush)?

|S| =
✓
52

5

◆

<latexit sha1_base64="IOq/OMBrUquxiRRzIHqzaqSzajY=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZJi0YVCwY3LivYBbSiT6U07dJIJMxOhpsVfceNCEbf+hzv/xmmbhbYeuHA4517uvcePOVPacb6tpeWV1bX13EZ+c2t7Z9fe268rkUgKNSq4kE2fKOAsgppmmkMzlkBCn0PDH1xP/MYDSMVEdK+HMXgh6UUsYJRoI3Xsw9HdCF/htFzCbdoXQgEujzt2wSk6U+BF4makgDJUO/ZXuytoEkKkKSdKtVwn1l5KpGaUwzjfThTEhA5ID1qGRiQE5aXT68f4xChdHAhpKtJ4qv6eSEmo1DD0TWdIdF/NexPxP6+V6ODCS1kUJxoiOlsUJBxrgSdR4C6TQDUfGkKoZOZWTPtEEqpNYHkTgjv/8iKpl4quU3RvzwqVyyyOHDpCx+gUuegcVdANqqIaougRPaNX9GY9WS/Wu/Uxa12yspkD9AfW5w9xX5Pm</latexit><latexit sha1_base64="IOq/OMBrUquxiRRzIHqzaqSzajY=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZJi0YVCwY3LivYBbSiT6U07dJIJMxOhpsVfceNCEbf+hzv/xmmbhbYeuHA4517uvcePOVPacb6tpeWV1bX13EZ+c2t7Z9fe268rkUgKNSq4kE2fKOAsgppmmkMzlkBCn0PDH1xP/MYDSMVEdK+HMXgh6UUsYJRoI3Xsw9HdCF/htFzCbdoXQgEujzt2wSk6U+BF4makgDJUO/ZXuytoEkKkKSdKtVwn1l5KpGaUwzjfThTEhA5ID1qGRiQE5aXT68f4xChdHAhpKtJ4qv6eSEmo1DD0TWdIdF/NexPxP6+V6ODCS1kUJxoiOlsUJBxrgSdR4C6TQDUfGkKoZOZWTPtEEqpNYHkTgjv/8iKpl4quU3RvzwqVyyyOHDpCx+gUuegcVdANqqIaougRPaNX9GY9WS/Wu/Uxa12yspkD9AfW5w9xX5Pm</latexit><latexit sha1_base64="IOq/OMBrUquxiRRzIHqzaqSzajY=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZJi0YVCwY3LivYBbSiT6U07dJIJMxOhpsVfceNCEbf+hzv/xmmbhbYeuHA4517uvcePOVPacb6tpeWV1bX13EZ+c2t7Z9fe268rkUgKNSq4kE2fKOAsgppmmkMzlkBCn0PDH1xP/MYDSMVEdK+HMXgh6UUsYJRoI3Xsw9HdCF/htFzCbdoXQgEujzt2wSk6U+BF4makgDJUO/ZXuytoEkKkKSdKtVwn1l5KpGaUwzjfThTEhA5ID1qGRiQE5aXT68f4xChdHAhpKtJ4qv6eSEmo1DD0TWdIdF/NexPxP6+V6ODCS1kUJxoiOlsUJBxrgSdR4C6TQDUfGkKoZOZWTPtEEqpNYHkTgjv/8iKpl4quU3RvzwqVyyyOHDpCx+gUuegcVdANqqIaougRPaNX9GY9WS/Wu/Uxa12yspkD9AfW5w9xX5Pm</latexit><latexit sha1_base64="IOq/OMBrUquxiRRzIHqzaqSzajY=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZJi0YVCwY3LivYBbSiT6U07dJIJMxOhpsVfceNCEbf+hzv/xmmbhbYeuHA4517uvcePOVPacb6tpeWV1bX13EZ+c2t7Z9fe268rkUgKNSq4kE2fKOAsgppmmkMzlkBCn0PDH1xP/MYDSMVEdK+HMXgh6UUsYJRoI3Xsw9HdCF/htFzCbdoXQgEujzt2wSk6U+BF4makgDJUO/ZXuytoEkKkKSdKtVwn1l5KpGaUwzjfThTEhA5ID1qGRiQE5aXT68f4xChdHAhpKtJ4qv6eSEmo1DD0TWdIdF/NexPxP6+V6ODCS1kUJxoiOlsUJBxrgSdR4C6TQDUfGkKoZOZWTPtEEqpNYHkTgjv/8iKpl4quU3RvzwqVyyyOHDpCx+gUuegcVdANqqIaougRPaNX9GY9WS/Wu/Uxa12yspkD9AfW5w9xX5Pm</latexit>

|S| =
✓
52

5

◆

<latexit sha1_base64="IOq/OMBrUquxiRRzIHqzaqSzajY=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZJi0YVCwY3LivYBbSiT6U07dJIJMxOhpsVfceNCEbf+hzv/xmmbhbYeuHA4517uvcePOVPacb6tpeWV1bX13EZ+c2t7Z9fe268rkUgKNSq4kE2fKOAsgppmmkMzlkBCn0PDH1xP/MYDSMVEdK+HMXgh6UUsYJRoI3Xsw9HdCF/htFzCbdoXQgEujzt2wSk6U+BF4makgDJUO/ZXuytoEkKkKSdKtVwn1l5KpGaUwzjfThTEhA5ID1qGRiQE5aXT68f4xChdHAhpKtJ4qv6eSEmo1DD0TWdIdF/NexPxP6+V6ODCS1kUJxoiOlsUJBxrgSdR4C6TQDUfGkKoZOZWTPtEEqpNYHkTgjv/8iKpl4quU3RvzwqVyyyOHDpCx+gUuegcVdANqqIaougRPaNX9GY9WS/Wu/Uxa12yspkD9AfW5w9xX5Pm</latexit><latexit sha1_base64="IOq/OMBrUquxiRRzIHqzaqSzajY=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZJi0YVCwY3LivYBbSiT6U07dJIJMxOhpsVfceNCEbf+hzv/xmmbhbYeuHA4517uvcePOVPacb6tpeWV1bX13EZ+c2t7Z9fe268rkUgKNSq4kE2fKOAsgppmmkMzlkBCn0PDH1xP/MYDSMVEdK+HMXgh6UUsYJRoI3Xsw9HdCF/htFzCbdoXQgEujzt2wSk6U+BF4makgDJUO/ZXuytoEkKkKSdKtVwn1l5KpGaUwzjfThTEhA5ID1qGRiQE5aXT68f4xChdHAhpKtJ4qv6eSEmo1DD0TWdIdF/NexPxP6+V6ODCS1kUJxoiOlsUJBxrgSdR4C6TQDUfGkKoZOZWTPtEEqpNYHkTgjv/8iKpl4quU3RvzwqVyyyOHDpCx+gUuegcVdANqqIaougRPaNX9GY9WS/Wu/Uxa12yspkD9AfW5w9xX5Pm</latexit><latexit sha1_base64="IOq/OMBrUquxiRRzIHqzaqSzajY=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZJi0YVCwY3LivYBbSiT6U07dJIJMxOhpsVfceNCEbf+hzv/xmmbhbYeuHA4517uvcePOVPacb6tpeWV1bX13EZ+c2t7Z9fe268rkUgKNSq4kE2fKOAsgppmmkMzlkBCn0PDH1xP/MYDSMVEdK+HMXgh6UUsYJRoI3Xsw9HdCF/htFzCbdoXQgEujzt2wSk6U+BF4makgDJUO/ZXuytoEkKkKSdKtVwn1l5KpGaUwzjfThTEhA5ID1qGRiQE5aXT68f4xChdHAhpKtJ4qv6eSEmo1DD0TWdIdF/NexPxP6+V6ODCS1kUJxoiOlsUJBxrgSdR4C6TQDUfGkKoZOZWTPtEEqpNYHkTgjv/8iKpl4quU3RvzwqVyyyOHDpCx+gUuegcVdANqqIaougRPaNX9GY9WS/Wu/Uxa12yspkD9AfW5w9xX5Pm</latexit><latexit sha1_base64="IOq/OMBrUquxiRRzIHqzaqSzajY=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZJi0YVCwY3LivYBbSiT6U07dJIJMxOhpsVfceNCEbf+hzv/xmmbhbYeuHA4517uvcePOVPacb6tpeWV1bX13EZ+c2t7Z9fe268rkUgKNSq4kE2fKOAsgppmmkMzlkBCn0PDH1xP/MYDSMVEdK+HMXgh6UUsYJRoI3Xsw9HdCF/htFzCbdoXQgEujzt2wSk6U+BF4makgDJUO/ZXuytoEkKkKSdKtVwn1l5KpGaUwzjfThTEhA5ID1qGRiQE5aXT68f4xChdHAhpKtJ4qv6eSEmo1DD0TWdIdF/NexPxP6+V6ODCS1kUJxoiOlsUJBxrgSdR4C6TQDUfGkKoZOZWTPtEEqpNYHkTgjv/8iKpl4quU3RvzwqVyyyOHDpCx+gUuegcVdANqqIaougRPaNX9GY9WS/Wu/Uxa12yspkD9AfW5w9xX5Pm</latexit>

|E| = 10

✓
4

1

◆5

� 10

✓
4

1

◆

<latexit sha1_base64="ksKomy9jQ5UDLlQY+LC9cjHU4K8=">AAACE3icbZDLSgMxFIYzXmu9jbp0EyyCCJaJVHShUBDBZQV7gXYsmTRtQzPJkGSEMu07uPFV3LhQxK0bd76NaTsL2/pD4Oc753By/iDiTBvP+3EWFpeWV1Yza9n1jc2tbXdnt6JlrAgtE8mlqgVYU84ELRtmOK1FiuIw4LQa9K5H9eojVZpJcW/6EfVD3BGszQg2FjXd48HNAF5B5MGkABukK6WmEA0fzuCJhVOs6ea8vDcWnDcoNTmQqtR0vxstSeKQCkM41rqOvMj4CVaGEU6H2UasaYRJD3do3VqBQ6r9ZHzTEB5a0oJtqewTBo7p34kEh1r3w8B2hth09WxtBP+r1WPTvvATJqLYUEEmi9oxh0bCUUCwxRQlhvetwUQx+1dIulhhYmyMWRsCmj153lRO88jLo7tCrniZxpEB++AAHAEEzkER3IISKAMCnsALeAPvzrPz6nw4n5PWBSed2QNTcr5+AZ5nmtk=</latexit><latexit sha1_base64="ksKomy9jQ5UDLlQY+LC9cjHU4K8=">AAACE3icbZDLSgMxFIYzXmu9jbp0EyyCCJaJVHShUBDBZQV7gXYsmTRtQzPJkGSEMu07uPFV3LhQxK0bd76NaTsL2/pD4Oc753By/iDiTBvP+3EWFpeWV1Yza9n1jc2tbXdnt6JlrAgtE8mlqgVYU84ELRtmOK1FiuIw4LQa9K5H9eojVZpJcW/6EfVD3BGszQg2FjXd48HNAF5B5MGkABukK6WmEA0fzuCJhVOs6ea8vDcWnDcoNTmQqtR0vxstSeKQCkM41rqOvMj4CVaGEU6H2UasaYRJD3do3VqBQ6r9ZHzTEB5a0oJtqewTBo7p34kEh1r3w8B2hth09WxtBP+r1WPTvvATJqLYUEEmi9oxh0bCUUCwxRQlhvetwUQx+1dIulhhYmyMWRsCmj153lRO88jLo7tCrniZxpEB++AAHAEEzkER3IISKAMCnsALeAPvzrPz6nw4n5PWBSed2QNTcr5+AZ5nmtk=</latexit><latexit sha1_base64="ksKomy9jQ5UDLlQY+LC9cjHU4K8=">AAACE3icbZDLSgMxFIYzXmu9jbp0EyyCCJaJVHShUBDBZQV7gXYsmTRtQzPJkGSEMu07uPFV3LhQxK0bd76NaTsL2/pD4Oc753By/iDiTBvP+3EWFpeWV1Yza9n1jc2tbXdnt6JlrAgtE8mlqgVYU84ELRtmOK1FiuIw4LQa9K5H9eojVZpJcW/6EfVD3BGszQg2FjXd48HNAF5B5MGkABukK6WmEA0fzuCJhVOs6ea8vDcWnDcoNTmQqtR0vxstSeKQCkM41rqOvMj4CVaGEU6H2UasaYRJD3do3VqBQ6r9ZHzTEB5a0oJtqewTBo7p34kEh1r3w8B2hth09WxtBP+r1WPTvvATJqLYUEEmi9oxh0bCUUCwxRQlhvetwUQx+1dIulhhYmyMWRsCmj153lRO88jLo7tCrniZxpEB++AAHAEEzkER3IISKAMCnsALeAPvzrPz6nw4n5PWBSed2QNTcr5+AZ5nmtk=</latexit><latexit sha1_base64="ksKomy9jQ5UDLlQY+LC9cjHU4K8=">AAACE3icbZDLSgMxFIYzXmu9jbp0EyyCCJaJVHShUBDBZQV7gXYsmTRtQzPJkGSEMu07uPFV3LhQxK0bd76NaTsL2/pD4Oc753By/iDiTBvP+3EWFpeWV1Yza9n1jc2tbXdnt6JlrAgtE8mlqgVYU84ELRtmOK1FiuIw4LQa9K5H9eojVZpJcW/6EfVD3BGszQg2FjXd48HNAF5B5MGkABukK6WmEA0fzuCJhVOs6ea8vDcWnDcoNTmQqtR0vxstSeKQCkM41rqOvMj4CVaGEU6H2UasaYRJD3do3VqBQ6r9ZHzTEB5a0oJtqewTBo7p34kEh1r3w8B2hth09WxtBP+r1WPTvvATJqLYUEEmi9oxh0bCUUCwxRQlhvetwUQx+1dIulhhYmyMWRsCmj153lRO88jLo7tCrniZxpEB++AAHAEEzkER3IISKAMCnsALeAPvzrPz6nw4n5PWBSed2QNTcr5+AZ5nmtk=</latexit>

P (straight) =
|E|
|S| =

10
�4
1

�5 � 10
�4
1

�
�52
5

� ⇡ 0.00392
<latexit sha1_base64="xUuZbN9YqmiOLtz6GFajQCaaO48="></latexit><latexit sha1_base64="xUuZbN9YqmiOLtz6GFajQCaaO48="></latexit><latexit sha1_base64="xUuZbN9YqmiOLtz6GFajQCaaO48="></latexit><latexit sha1_base64="xUuZbN9YqmiOLtz6GFajQCaaO48="></latexit>

|E| = 10

✓
4

1

◆5

� 10

✓
4

1

◆

<latexit sha1_base64="ksKomy9jQ5UDLlQY+LC9cjHU4K8=">AAACE3icbZDLSgMxFIYzXmu9jbp0EyyCCJaJVHShUBDBZQV7gXYsmTRtQzPJkGSEMu07uPFV3LhQxK0bd76NaTsL2/pD4Oc753By/iDiTBvP+3EWFpeWV1Yza9n1jc2tbXdnt6JlrAgtE8mlqgVYU84ELRtmOK1FiuIw4LQa9K5H9eojVZpJcW/6EfVD3BGszQg2FjXd48HNAF5B5MGkABukK6WmEA0fzuCJhVOs6ea8vDcWnDcoNTmQqtR0vxstSeKQCkM41rqOvMj4CVaGEU6H2UasaYRJD3do3VqBQ6r9ZHzTEB5a0oJtqewTBo7p34kEh1r3w8B2hth09WxtBP+r1WPTvvATJqLYUEEmi9oxh0bCUUCwxRQlhvetwUQx+1dIulhhYmyMWRsCmj153lRO88jLo7tCrniZxpEB++AAHAEEzkER3IISKAMCnsALeAPvzrPz6nw4n5PWBSed2QNTcr5+AZ5nmtk=</latexit><latexit sha1_base64="ksKomy9jQ5UDLlQY+LC9cjHU4K8=">AAACE3icbZDLSgMxFIYzXmu9jbp0EyyCCJaJVHShUBDBZQV7gXYsmTRtQzPJkGSEMu07uPFV3LhQxK0bd76NaTsL2/pD4Oc753By/iDiTBvP+3EWFpeWV1Yza9n1jc2tbXdnt6JlrAgtE8mlqgVYU84ELRtmOK1FiuIw4LQa9K5H9eojVZpJcW/6EfVD3BGszQg2FjXd48HNAF5B5MGkABukK6WmEA0fzuCJhVOs6ea8vDcWnDcoNTmQqtR0vxstSeKQCkM41rqOvMj4CVaGEU6H2UasaYRJD3do3VqBQ6r9ZHzTEB5a0oJtqewTBo7p34kEh1r3w8B2hth09WxtBP+r1WPTvvATJqLYUEEmi9oxh0bCUUCwxRQlhvetwUQx+1dIulhhYmyMWRsCmj153lRO88jLo7tCrniZxpEB++AAHAEEzkER3IISKAMCnsALeAPvzrPz6nw4n5PWBSed2QNTcr5+AZ5nmtk=</latexit><latexit sha1_base64="ksKomy9jQ5UDLlQY+LC9cjHU4K8=">AAACE3icbZDLSgMxFIYzXmu9jbp0EyyCCJaJVHShUBDBZQV7gXYsmTRtQzPJkGSEMu07uPFV3LhQxK0bd76NaTsL2/pD4Oc753By/iDiTBvP+3EWFpeWV1Yza9n1jc2tbXdnt6JlrAgtE8mlqgVYU84ELRtmOK1FiuIw4LQa9K5H9eojVZpJcW/6EfVD3BGszQg2FjXd48HNAF5B5MGkABukK6WmEA0fzuCJhVOs6ea8vDcWnDcoNTmQqtR0vxstSeKQCkM41rqOvMj4CVaGEU6H2UasaYRJD3do3VqBQ6r9ZHzTEB5a0oJtqewTBo7p34kEh1r3w8B2hth09WxtBP+r1WPTvvATJqLYUEEmi9oxh0bCUUCwxRQlhvetwUQx+1dIulhhYmyMWRsCmj153lRO88jLo7tCrniZxpEB++AAHAEEzkER3IISKAMCnsALeAPvzrPz6nw4n5PWBSed2QNTcr5+AZ5nmtk=</latexit><latexit sha1_base64="ksKomy9jQ5UDLlQY+LC9cjHU4K8=">AAACE3icbZDLSgMxFIYzXmu9jbp0EyyCCJaJVHShUBDBZQV7gXYsmTRtQzPJkGSEMu07uPFV3LhQxK0bd76NaTsL2/pD4Oc753By/iDiTBvP+3EWFpeWV1Yza9n1jc2tbXdnt6JlrAgtE8mlqgVYU84ELRtmOK1FiuIw4LQa9K5H9eojVZpJcW/6EfVD3BGszQg2FjXd48HNAF5B5MGkABukK6WmEA0fzuCJhVOs6ea8vDcWnDcoNTmQqtR0vxstSeKQCkM41rqOvMj4CVaGEU6H2UasaYRJD3do3VqBQ6r9ZHzTEB5a0oJtqewTBo7p34kEh1r3w8B2hth09WxtBP+r1WPTvvATJqLYUEEmi9oxh0bCUUCwxRQlhvetwUQx+1dIulhhYmyMWRsCmj153lRO88jLo7tCrniZxpEB++AAHAEEzkER3IISKAMCnsALeAPvzrPz6nw4n5PWBSed2QNTcr5+AZ5nmtk=</latexit>

Straight Poker Hand



When approaching an 
“equally likely probability” 
problem, start by defining 

sample spaces and 
event spaces



• n chips manufactured, 1 of which is defective 
• k chips randomly selected from n for testing 

§ What is P(defective chip is in k selected chips)?

• |S| =

• |E| =

• P(defective chip is in k selected chips)
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Chip Defect Detection



Screen size = 800x800
Radius of target = 200

The dart is equally likely 
to land anywhere on the 
screen 

What is the probability of 
hitting the target?

|S| = 8002

|E| = ⇡2002

p(E) =
⇡ · 2002

8002
⇡ 0.1963

59

309
= 0.191

Target Revisited



|S| = 8002

|E| = ⇡2002

p(E) =
⇡ · 2002

8002
⇡ 0.1963

Screen size = 800x800
Radius of target = 200

The dart is equally likely 
to land anywhere on the 
screen 

What is the probability of 
hitting the target?

196641

1000000
= 0.1966

Target Revisited



Many times it is easier to 
calculate              

P (EC)







• Say the population of Stanford is 17,000 people 
§ You are friends with ?
§ Walk into a room, see 268 random people 
§ What is the probability that you see someone you know?
§ Assume you are equally likely to see each person at 

Stanford

Serendipity



Pedagogic Pause



Back to Axiom 3



Recall: S = all possible outcomes  E = the event 

• Axiom 1: 0 £ P(E) £ 1

• Axiom 2: P(S) = 1

• Axiom 3: If events E and F are mutually exclusive:

P (E [ F ) = P (E) + P (F )

Axioms of Probability



P (E [ F ) = P (E) + P (F )

If events are mutually exclusive, probability of OR is simple:

7/50 4/50

Mutually Exclusive Events



P (E [ F ) = P (E) + P (F )

If events are mutually exclusive, probability of OR is simple:

7/50 4/50

P (E [ F ) =
7

50
+

4

5
=

11

50

7/50 4/50

Mutually Exclusive Events



X1

P (X1 [X2 [ · · · [Xn) =
nX

i=1

P (Xi)

X2

X3

Wahoo! All my 

events are mutually 

exclusive

Probability of "or"



If events are mutually 
exclusive probability of 

OR is easy!



P(Ec) = 1 – P(E)?

P(E ∪ Ec) = P(E) + P(Ec) Since E and Ec are 
mutually exclusive

P(S) = P(E) + P(Ec) 
Since everything 
must either be in E
or Ec 

1 = P(E) + P(Ec) 

P(Ec) = 1 – P(E) 

Axiom 2

Rearrange



Trailing the dovetail shuffle to it’s lair – Persi Diaconosis



Trailing the Dovetail Shuffle to Its Lair



• What is the probability that in the n shuffles seen 
since the start of time, yours is unique?
§ |S| = (52!)n

§ |E| = (52! - 1)n

§ P(no deck matching yours) = (52!-1)n/(52!)n

§ For n = 1020, 
§ P(deck matching yours) < 0 000000001

* Assume 7 billion people have been shuffling cards once a 
second since cards were invented

Probability of "or"


