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Announcements

• Happy Friday

• Lecture Videos?

• Concept checks: correct / incorrect?

• Coding: from scratch?



1906 Earthquake 
Magnitude 7.8



1. Comfort using new discrete random variables
2. Integrate a density function (PDF) to get a probability
3. Use a cumulative function (CDF) to get a probability 

Learning Goals



Don’t have to derive all of the following distributions. 
We want you to get a sense of how random variables 

work.

Goal: Be Able to Use a New Random Variable



X∼ Geo( p)

number of 
successes

time to get 
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One
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X∼ Exp(λ )

One
success
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successes

One 
success

X∼ NegBin (r , p)

X∼ Ber ( p)

X∼ Bin (n , p)

X∼ Poi (λ )

n = 1

One
success

One
success

r = 1

Here are a few more Random Variables



You are learning about 
servers…

You read about the MD1 
queue…

You find a paper that says the 
server “busy period” is 
distributed as a Borel with 
parameter μ = 0.2 …

Goal: Be Able to Use a New Random Variable



X is Geometric Random Variable:  X ~ Geo(p)
§ X is number of independent trials until first 

success
§ p is probability of success on each trial
§ X takes on values 1, 2, 3, …, with probability:

Geometric Random Variable

P (X = n) = (1� p)n�1p
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p2
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X is Negative Binomial RV:  X ~ NegBin(r, p)
§ X is number of independent trials until r successes
§ p is probability of success on each trial
§ X takes on values r, r + 1, r + 2…, with probability:

§ E[X] = r/p Var(X) = r(1 – p)/p2

Note: Geo(p) ~ NegBin(1, p)
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Negative Binomial Random Variable



Bernoulli:
• indicator of coin flip X ~ Ber(p)

Binomial: 
• # successes in n coin flips X ~ Bin(n, p)

Poisson: 
• # successes in n coin flips X ~ Poi(l)

Geometric: 
• # coin flips until success X ~ Geo(p)

Negative Binomial: 
• # trials until r successes X ~ NegBin(r, p)

Discrete Distributions



SHA-256 Hash(       ,       )Data
Fixed

Salt 
Choice

Number that looks like random bits

You “mine a bitcoin” if, for given data D, you find a 
salt number N such that Hash(D, N) produces a string that 
starts with g zeroes. 

Bitcoin Mining



You “mine a bitcoin” if, for given data D, you find a number N 
such that Hash(D, N) produces a string that starts with g zeroes. 

(a) What is the probability that the first number you try will 
produce a bit string which starts with g zeroes (in other words 
you mine a bitcoin)? 

(b) How many different numbers do you expect to have to try 
before you mine five bitcoins? 



Today:

Bitcoin Mining Real Life



Today:

1.5 x 1020 Hashes per second

Bitcoin Mining Real Life



Dating at Stanford
Each person you date has a 0.2 probability of being someone you spend your life 
with. What is the average number of people one will date? What is the standard 
deviation?



Berghuis v. Smith
If a group is underrepresented in a jury pool, how do you tell?
§ Article by Erin Miller –January 22, 2010
§ Thanks to (former CS109er) Josh Falk for this 

article
Justice Breyer [Stanford Alum] opened the questioning by invoking 
the binomial theorem. He hypothesized a scenario involving “an 
urn with a thousand balls, and sixty are blue, and nine 
hundred forty are purple, and then you select them at 
random… twelve at a time.” According to Justice Breyer and the 
binomial theorem, if the purple balls were under represented jurors 
then “you would expect… something like a third to a half of 
juries would have at least one minority person” on them.

Equity in the Courts



Approximation using Binomial distribution
§ Assume P(blue ball) constant for every draw = 60/1000
§ X = # blue balls drawn.  X ~ Bin(12, 60/1000 = 0.06)
§ P(X ≥ 1) = 1 – P(X = 0) » 1 – 0.4759 = 0.5240

In Breyer’s description, should actually expect just over half of juries 
to have at least one non-white person on them

Justin Breyer Meets CS109
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Demo



Four Prototypical Trajectories

Pedagogic Pause



Four Prototypical Trajectories

Big hole in our knowledge



Not all values are discrete



Four Prototypical Trajectories

random()?



Riding the Marguerite



You are running to the bus stop. 
You don’t know exactly when 
the bus arrives. You have a 
distribution of probabilities.

You show up at 2:20pm.

What is P(wait < 5 minutes)?

What is the probability that the bus arrives at:
2:17pm and 12.12333911102389234 seconds?

Riding the Margueritte



2:00pm 20 30

wait <5 min

You are running to the bus stop. 
You don’t know exactly when 
the bus arrives. You have a 
distribution of probabilities.

You show up at 2:15pm.

What is P(wait < 5 minutes)?
P(

T 
= 

t)

Bus arrives (t) mins after 2:00pm

Riding the Margueritte
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You are running to the bus stop. 
You don’t know exactly when 
the bus arrives. You have a 
distribution of probabilities.

You show up at 2:15pm.

What is P(wait < 5 minutes)?

2:00pm 20 30

wait <5 min

P(
T 

= 
t)

P(15 < T ≤ 20)

Bus arrives (t) mins after 2:00pm

Riding the Margueritte

https://commons.wikimedia.org/wiki/File:Stanford_shuttle_caltrain.jpg
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Riding the Marguerite
You are running to the bus stop. 
You don’t know exactly when 
the bus arrives. You have a 
distribution of probabilities.

You show up at 2:15pm.

What is P(wait < 5 minutes)?

2:00pm 20 30

wait <5 min

P(
T 

= 
t)

P(15 < X ≤ 17.5)
+

P(17.5 < X ≤ 20)

Bus arrives (t) mins after 2:00pm

https://commons.wikimedia.org/wiki/File:Stanford_shuttle_caltrain.jpg
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Riding the Marguerite
You are running to the bus stop. 
You don’t know exactly when 
the bus arrives. You have a 
distribution of probabilities.

You show up at 2:15pm.

What is P(wait < 5 minutes)?

2:00pm 20 30

wait <5 min

P(15 < T ≤ 20)

Probability Density 
Function

Bus arrives (t) mins after 2:00pm

f
(T

=
t)
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https://commons.wikimedia.org/wiki/File:Stanford_shuttle_caltrain.jpg


P (a < X < b) =

bZ

x=a

f(X = x)dx

<latexit sha1_base64="Dk8+4Zq1Xf0rCQ551zW4mTj512U=">AAACGHicbVDLSgNBEJyN7/iKevQyGIR4ibsi6MGA6MVjBPOAJIbe2dlkyOzsMtMrCUs+w4u/4sWDIl69+TdOYg6+ChqKqm66u/xECoOu++Hk5uYXFpeWV/Kra+sbm4Wt7bqJU814jcUy1k0fDJdC8RoKlLyZaA6RL3nDH1xO/MYd10bE6gZHCe9E0FMiFAzQSt3CYbUEZ80z/4BWaFsobAfCJBJGUkQCTTcbVmB869Ow1KwMD2gw7BaKbtmdgv4l3owUyQzVbuG9HcQsjbhCJsGYlucm2MlAo2CSj/Pt1PAE2AB6vGWpgoibTjZ9bEz3rRLQMNa2FNKp+n0ig8iYUeTbzgiwb357E/E/r5VieNrJhEpS5Ip9LQpTSTGmk5RoIDRnKEeWANPC3kpZHzQwtFnmbQje75f/kvpR2XPL3vVx8fxiFscy2SV7pEQ8ckLOyRWpkhph5J48kmfy4jw4T86r8/bVmnNmMzvkB5z3T3LCnso=</latexit><latexit sha1_base64="Dk8+4Zq1Xf0rCQ551zW4mTj512U=">AAACGHicbVDLSgNBEJyN7/iKevQyGIR4ibsi6MGA6MVjBPOAJIbe2dlkyOzsMtMrCUs+w4u/4sWDIl69+TdOYg6+ChqKqm66u/xECoOu++Hk5uYXFpeWV/Kra+sbm4Wt7bqJU814jcUy1k0fDJdC8RoKlLyZaA6RL3nDH1xO/MYd10bE6gZHCe9E0FMiFAzQSt3CYbUEZ80z/4BWaFsobAfCJBJGUkQCTTcbVmB869Ow1KwMD2gw7BaKbtmdgv4l3owUyQzVbuG9HcQsjbhCJsGYlucm2MlAo2CSj/Pt1PAE2AB6vGWpgoibTjZ9bEz3rRLQMNa2FNKp+n0ig8iYUeTbzgiwb357E/E/r5VieNrJhEpS5Ip9LQpTSTGmk5RoIDRnKEeWANPC3kpZHzQwtFnmbQje75f/kvpR2XPL3vVx8fxiFscy2SV7pEQ8ckLOyRWpkhph5J48kmfy4jw4T86r8/bVmnNmMzvkB5z3T3LCnso=</latexit><latexit sha1_base64="Dk8+4Zq1Xf0rCQ551zW4mTj512U=">AAACGHicbVDLSgNBEJyN7/iKevQyGIR4ibsi6MGA6MVjBPOAJIbe2dlkyOzsMtMrCUs+w4u/4sWDIl69+TdOYg6+ChqKqm66u/xECoOu++Hk5uYXFpeWV/Kra+sbm4Wt7bqJU814jcUy1k0fDJdC8RoKlLyZaA6RL3nDH1xO/MYd10bE6gZHCe9E0FMiFAzQSt3CYbUEZ80z/4BWaFsobAfCJBJGUkQCTTcbVmB869Ow1KwMD2gw7BaKbtmdgv4l3owUyQzVbuG9HcQsjbhCJsGYlucm2MlAo2CSj/Pt1PAE2AB6vGWpgoibTjZ9bEz3rRLQMNa2FNKp+n0ig8iYUeTbzgiwb357E/E/r5VieNrJhEpS5Ip9LQpTSTGmk5RoIDRnKEeWANPC3kpZHzQwtFnmbQje75f/kvpR2XPL3vVx8fxiFscy2SV7pEQ8ckLOyRWpkhph5J48kmfy4jw4T86r8/bVmnNmMzvkB5z3T3LCnso=</latexit><latexit sha1_base64="Dk8+4Zq1Xf0rCQ551zW4mTj512U=">AAACGHicbVDLSgNBEJyN7/iKevQyGIR4ibsi6MGA6MVjBPOAJIbe2dlkyOzsMtMrCUs+w4u/4sWDIl69+TdOYg6+ChqKqm66u/xECoOu++Hk5uYXFpeWV/Kra+sbm4Wt7bqJU814jcUy1k0fDJdC8RoKlLyZaA6RL3nDH1xO/MYd10bE6gZHCe9E0FMiFAzQSt3CYbUEZ80z/4BWaFsobAfCJBJGUkQCTTcbVmB869Ow1KwMD2gw7BaKbtmdgv4l3owUyQzVbuG9HcQsjbhCJsGYlucm2MlAo2CSj/Pt1PAE2AB6vGWpgoibTjZ9bEz3rRLQMNa2FNKp+n0ig8iYUeTbzgiwb357E/E/r5VieNrJhEpS5Ip9LQpTSTGmk5RoIDRnKEeWANPC3kpZHzQwtFnmbQje75f/kvpR2XPL3vVx8fxiFscy2SV7pEQ8ckLOyRWpkhph5J48kmfy4jw4T86r8/bVmnNmMzvkB5z3T3LCnso=</latexit>

The probability density function (PDF) of a 
continuous random variable represents the 
relative likelihood of various values.

Units of probability divided by units of X. 
Integrate it to get probabilities!

Probability Density Function



P (a < X < b) =

bZ

x=a

fX(x) dx

This is another way to write the PDF

Probability Density Function

The probability density function (PDF) of a 
continuous random variable represents the 
relative likelihood of various values.

Units of probability divided by units of X. 
Integrate it to get probabilities!



P (a < X < b) =

bZ

x=a

f(X = x)dx

<latexit sha1_base64="Dk8+4Zq1Xf0rCQ551zW4mTj512U=">AAACGHicbVDLSgNBEJyN7/iKevQyGIR4ibsi6MGA6MVjBPOAJIbe2dlkyOzsMtMrCUs+w4u/4sWDIl69+TdOYg6+ChqKqm66u/xECoOu++Hk5uYXFpeWV/Kra+sbm4Wt7bqJU814jcUy1k0fDJdC8RoKlLyZaA6RL3nDH1xO/MYd10bE6gZHCe9E0FMiFAzQSt3CYbUEZ80z/4BWaFsobAfCJBJGUkQCTTcbVmB869Ow1KwMD2gw7BaKbtmdgv4l3owUyQzVbuG9HcQsjbhCJsGYlucm2MlAo2CSj/Pt1PAE2AB6vGWpgoibTjZ9bEz3rRLQMNa2FNKp+n0ig8iYUeTbzgiwb357E/E/r5VieNrJhEpS5Ip9LQpTSTGmk5RoIDRnKEeWANPC3kpZHzQwtFnmbQje75f/kvpR2XPL3vVx8fxiFscy2SV7pEQ8ckLOyRWpkhph5J48kmfy4jw4T86r8/bVmnNmMzvkB5z3T3LCnso=</latexit><latexit sha1_base64="Dk8+4Zq1Xf0rCQ551zW4mTj512U=">AAACGHicbVDLSgNBEJyN7/iKevQyGIR4ibsi6MGA6MVjBPOAJIbe2dlkyOzsMtMrCUs+w4u/4sWDIl69+TdOYg6+ChqKqm66u/xECoOu++Hk5uYXFpeWV/Kra+sbm4Wt7bqJU814jcUy1k0fDJdC8RoKlLyZaA6RL3nDH1xO/MYd10bE6gZHCe9E0FMiFAzQSt3CYbUEZ80z/4BWaFsobAfCJBJGUkQCTTcbVmB869Ow1KwMD2gw7BaKbtmdgv4l3owUyQzVbuG9HcQsjbhCJsGYlucm2MlAo2CSj/Pt1PAE2AB6vGWpgoibTjZ9bEz3rRLQMNa2FNKp+n0ig8iYUeTbzgiwb357E/E/r5VieNrJhEpS5Ip9LQpTSTGmk5RoIDRnKEeWANPC3kpZHzQwtFnmbQje75f/kvpR2XPL3vVx8fxiFscy2SV7pEQ8ckLOyRWpkhph5J48kmfy4jw4T86r8/bVmnNmMzvkB5z3T3LCnso=</latexit><latexit sha1_base64="Dk8+4Zq1Xf0rCQ551zW4mTj512U=">AAACGHicbVDLSgNBEJyN7/iKevQyGIR4ibsi6MGA6MVjBPOAJIbe2dlkyOzsMtMrCUs+w4u/4sWDIl69+TdOYg6+ChqKqm66u/xECoOu++Hk5uYXFpeWV/Kra+sbm4Wt7bqJU814jcUy1k0fDJdC8RoKlLyZaA6RL3nDH1xO/MYd10bE6gZHCe9E0FMiFAzQSt3CYbUEZ80z/4BWaFsobAfCJBJGUkQCTTcbVmB869Ow1KwMD2gw7BaKbtmdgv4l3owUyQzVbuG9HcQsjbhCJsGYlucm2MlAo2CSj/Pt1PAE2AB6vGWpgoibTjZ9bEz3rRLQMNa2FNKp+n0ig8iYUeTbzgiwb357E/E/r5VieNrJhEpS5Ip9LQpTSTGmk5RoIDRnKEeWANPC3kpZHzQwtFnmbQje75f/kvpR2XPL3vVx8fxiFscy2SV7pEQ8ckLOyRWpkhph5J48kmfy4jw4T86r8/bVmnNmMzvkB5z3T3LCnso=</latexit><latexit sha1_base64="Dk8+4Zq1Xf0rCQ551zW4mTj512U=">AAACGHicbVDLSgNBEJyN7/iKevQyGIR4ibsi6MGA6MVjBPOAJIbe2dlkyOzsMtMrCUs+w4u/4sWDIl69+TdOYg6+ChqKqm66u/xECoOu++Hk5uYXFpeWV/Kra+sbm4Wt7bqJU814jcUy1k0fDJdC8RoKlLyZaA6RL3nDH1xO/MYd10bE6gZHCe9E0FMiFAzQSt3CYbUEZ80z/4BWaFsobAfCJBJGUkQCTTcbVmB869Ow1KwMD2gw7BaKbtmdgv4l3owUyQzVbuG9HcQsjbhCJsGYlucm2MlAo2CSj/Pt1PAE2AB6vGWpgoibTjZ9bEz3rRLQMNa2FNKp+n0ig8iYUeTbzgiwb357E/E/r5VieNrJhEpS5Ip9LQpTSTGmk5RoIDRnKEeWANPC3kpZHzQwtFnmbQje75f/kvpR2XPL3vVx8fxiFscy2SV7pEQ8ckLOyRWpkhph5J48kmfy4jw4T86r8/bVmnNmMzvkB5z3T3LCnso=</latexit>

Probability Density Function

The probability density function (PDF) of a 
continuous random variable represents the 
relative likelihood of various values.

Units of probability divided by units of X. 
Integrate it to get probabilities!



*loving, not scary

Integrals!



g(x)
<latexit sha1_base64="5MdSH+jBhLb9upJWOdxkrEde8/M=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5NKo/nQ+qNbfhzoFWiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AbeaN0g==</latexit><latexit sha1_base64="5MdSH+jBhLb9upJWOdxkrEde8/M=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5NKo/nQ+qNbfhzoFWiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AbeaN0g==</latexit><latexit sha1_base64="5MdSH+jBhLb9upJWOdxkrEde8/M=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5NKo/nQ+qNbfhzoFWiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AbeaN0g==</latexit><latexit sha1_base64="5MdSH+jBhLb9upJWOdxkrEde8/M=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxWMG2hDWWz3bRLdzdhdyOW0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1NaW9/Y3CpvV3Z29/YPqodHbR2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcpv7nUeqNIvlg5kmNBB4JFnECDa5NKo/nQ+qNbfhzoFWiVeQGhRoDapf/WFMUkGlIRxr3fPcxAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzqwyRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+Xmug6yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgrf88ippXzQ8t+HdX9aaN0UcZTiBU6iDB1fQhDtogQ8ExvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AbeaN0g==</latexit>

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

bZ

x=a

g(x)dx

<latexit sha1_base64="g/d1fZZDkf6YdFSVbEztlMv1OLM=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQNyURQTdC0Y3LCvYBbQyTybQdOpmEmRtpCd278VfcuFDErT/gzr9x+lho64ELh3Pu5d57gkRwDY7zbeVWVtfWN/Kbha3tnd09e/+goeNUUVansYhVKyCaCS5ZHTgI1koUI1EgWDMYXE/85gNTmsfyDkYJ8yLSk7zLKQEj+XaxwyV0Qq4TQUaCRxy0nw0vyfg+wL3y8ASHQ98uORVnCrxM3DkpoTlqvv3VCWOaRkwCFUTrtusk4GVEAaeCjQudVLOE0AHpsbahkkRMe9n0lzE+NkqIu7EyJQFP1d8TGYm0HkWB6YwI9PWiNxH/89opdC+8jMskBSbpbFE3FRhiPAkGh1wxCmJkCKGKm1sx7RNFKJj4CiYEd/HlZdI4rbhOxb09K1Wv5nHk0REqojJy0TmqohtUQ3VE0SN6Rq/ozXqyXqx362PWmrPmM4foD6zPHw7NmwM=</latexit><latexit sha1_base64="g/d1fZZDkf6YdFSVbEztlMv1OLM=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQNyURQTdC0Y3LCvYBbQyTybQdOpmEmRtpCd278VfcuFDErT/gzr9x+lho64ELh3Pu5d57gkRwDY7zbeVWVtfWN/Kbha3tnd09e/+goeNUUVansYhVKyCaCS5ZHTgI1koUI1EgWDMYXE/85gNTmsfyDkYJ8yLSk7zLKQEj+XaxwyV0Qq4TQUaCRxy0nw0vyfg+wL3y8ASHQ98uORVnCrxM3DkpoTlqvv3VCWOaRkwCFUTrtusk4GVEAaeCjQudVLOE0AHpsbahkkRMe9n0lzE+NkqIu7EyJQFP1d8TGYm0HkWB6YwI9PWiNxH/89opdC+8jMskBSbpbFE3FRhiPAkGh1wxCmJkCKGKm1sx7RNFKJj4CiYEd/HlZdI4rbhOxb09K1Wv5nHk0REqojJy0TmqohtUQ3VE0SN6Rq/ozXqyXqx362PWmrPmM4foD6zPHw7NmwM=</latexit><latexit sha1_base64="g/d1fZZDkf6YdFSVbEztlMv1OLM=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQNyURQTdC0Y3LCvYBbQyTybQdOpmEmRtpCd278VfcuFDErT/gzr9x+lho64ELh3Pu5d57gkRwDY7zbeVWVtfWN/Kbha3tnd09e/+goeNUUVansYhVKyCaCS5ZHTgI1koUI1EgWDMYXE/85gNTmsfyDkYJ8yLSk7zLKQEj+XaxwyV0Qq4TQUaCRxy0nw0vyfg+wL3y8ASHQ98uORVnCrxM3DkpoTlqvv3VCWOaRkwCFUTrtusk4GVEAaeCjQudVLOE0AHpsbahkkRMe9n0lzE+NkqIu7EyJQFP1d8TGYm0HkWB6YwI9PWiNxH/89opdC+8jMskBSbpbFE3FRhiPAkGh1wxCmJkCKGKm1sx7RNFKJj4CiYEd/HlZdI4rbhOxb09K1Wv5nHk0REqojJy0TmqohtUQ3VE0SN6Rq/ozXqyXqx362PWmrPmM4foD6zPHw7NmwM=</latexit><latexit sha1_base64="g/d1fZZDkf6YdFSVbEztlMv1OLM=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQNyURQTdC0Y3LCvYBbQyTybQdOpmEmRtpCd278VfcuFDErT/gzr9x+lho64ELh3Pu5d57gkRwDY7zbeVWVtfWN/Kbha3tnd09e/+goeNUUVansYhVKyCaCS5ZHTgI1koUI1EgWDMYXE/85gNTmsfyDkYJ8yLSk7zLKQEj+XaxwyV0Qq4TQUaCRxy0nw0vyfg+wL3y8ASHQ98uORVnCrxM3DkpoTlqvv3VCWOaRkwCFUTrtusk4GVEAaeCjQudVLOE0AHpsbahkkRMe9n0lzE+NkqIu7EyJQFP1d8TGYm0HkWB6YwI9PWiNxH/89opdC+8jMskBSbpbFE3FRhiPAkGh1wxCmJkCKGKm1sx7RNFKJj4CiYEd/HlZdI4rbhOxb09K1Wv5nHk0REqojJy0TmqohtUQ3VE0SN6Rq/ozXqyXqx362PWmrPmM4foD6zPHw7NmwM=</latexit>
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Integrals



image: Haha169

Riding the Marguerite
You are running to the bus stop. 
You don’t know exactly when 
the bus arrives. You have a 
distribution of probabilities.

You show up at 2:15pm.

What is P(wait < 5 minutes)?

2:00pm 20 30

wait <5 min

P(15 < T ≤ 20)

Probability 
Density Function

Bus arrives (t) mins after 2:00pm

f
(T

=
t)
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https://commons.wikimedia.org/wiki/File:Stanford_shuttle_caltrain.jpg


Properties of PDFs
The integral of a PDF gives a probability. Thus:

1Z

x=�1

f(X = x) dx = 1
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0 
bZ

x=a

f(X = x) dx  1

<latexit sha1_base64="/WyOrcikSaSF8pt41xvEJtBNu7Y="></latexit><latexit sha1_base64="/WyOrcikSaSF8pt41xvEJtBNu7Y="></latexit><latexit sha1_base64="/WyOrcikSaSF8pt41xvEJtBNu7Y="></latexit><latexit sha1_base64="/WyOrcikSaSF8pt41xvEJtBNu7Y="></latexit>



A probability!

What do you get if you 
integrate over a 

probability density function?



Probability Density Function
Probability density functions articulate relative belief. 

Let X be a random  variable which is the # of minutes after 2pm that the bus arrives at the 
stop:

x

x

x

Which of these represent that you think the arrival is 
more likely to be close to 3:00pm

0 60

0 60

0 60

A

B

C

f
(X

=
x
)
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f
(X

=
x
)

<latexit sha1_base64="n61+4ZPE7uBWd1PeGYsmDNJ4jfA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPYiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxkfueRKs2kuDfTmPoRHgkWMoKNldphtXv9dD4oV9yaOwdaJV5OKpCjOSh/9YeSJBEVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SwWOqPbT+bUzdGaVIQqlsiUMmqu/J1IcaT2NAtsZYTPWy14m/uf1EhPW/ZSJODFUkMWiMOHISJS9joZMUWL41BJMFLO3IjLGChNjAyrZELzll1dJ+6LmuTXv7rLSqOdxFOEETqEKHlxBA26hCS0g8ADP8ApvjnRenHfnY9FacPKZY/gD5/MHl7SOcA==</latexit><latexit sha1_base64="n61+4ZPE7uBWd1PeGYsmDNJ4jfA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPYiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxkfueRKs2kuDfTmPoRHgkWMoKNldphtXv9dD4oV9yaOwdaJV5OKpCjOSh/9YeSJBEVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SwWOqPbT+bUzdGaVIQqlsiUMmqu/J1IcaT2NAtsZYTPWy14m/uf1EhPW/ZSJODFUkMWiMOHISJS9joZMUWL41BJMFLO3IjLGChNjAyrZELzll1dJ+6LmuTXv7rLSqOdxFOEETqEKHlxBA26hCS0g8ADP8ApvjnRenHfnY9FacPKZY/gD5/MHl7SOcA==</latexit><latexit sha1_base64="n61+4ZPE7uBWd1PeGYsmDNJ4jfA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPYiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxkfueRKs2kuDfTmPoRHgkWMoKNldphtXv9dD4oV9yaOwdaJV5OKpCjOSh/9YeSJBEVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SwWOqPbT+bUzdGaVIQqlsiUMmqu/J1IcaT2NAtsZYTPWy14m/uf1EhPW/ZSJODFUkMWiMOHISJS9joZMUWL41BJMFLO3IjLGChNjAyrZELzll1dJ+6LmuTXv7rLSqOdxFOEETqEKHlxBA26hCS0g8ADP8ApvjnRenHfnY9FacPKZY/gD5/MHl7SOcA==</latexit><latexit sha1_base64="n61+4ZPE7uBWd1PeGYsmDNJ4jfA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPYiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxkfueRKs2kuDfTmPoRHgkWMoKNldphtXv9dD4oV9yaOwdaJV5OKpCjOSh/9YeSJBEVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SwWOqPbT+bUzdGaVIQqlsiUMmqu/J1IcaT2NAtsZYTPWy14m/uf1EhPW/ZSJODFUkMWiMOHISJS9joZMUWL41BJMFLO3IjLGChNjAyrZELzll1dJ+6LmuTXv7rLSqOdxFOEETqEKHlxBA26hCS0g8ADP8ApvjnRenHfnY9FacPKZY/gD5/MHl7SOcA==</latexit>



The ratio of probability 
densities is meaningful



Rather, it has “units” of:
probability divided by units of X.

2:00pm 2:20pm 2:30pm

2 min  × f(x) ≈
0.05 prob/min

= 0.1 prob

f(X = x) is Not a Probability

f
(T

=
t)

<latexit sha1_base64="raEmri2gddupYljiQQk3mofFSg4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMRAl48RsgLkiXMTmaTMbM7y0yvEEL+wYsHRbz6P978GyfJHjSxoKGo6qa7K0ikMOi6305uY3Nreye/W9jbPzg8Kh6ftIxKNeNNpqTSnYAaLkXMmyhQ8k6iOY0CydvB+G7ut5+4NkLFDZwk3I/oMBahYBSt1ArLjVu87BdLbsVdgKwTLyMlyFDvF796A8XSiMfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedfSmEbc+NPFtTNyYZUBCZW2FSNZqL8npjQyZhIFtjOiODKr3lz8z+umGFb9qYiTFHnMlovCVBJUZP46GQjNGcqJJZRpYW8lbEQ1ZWgDKtgQvNWX10nrquK5Fe/hulSrZnHk4QzOoQwe3EAN7qEOTWDwCM/wCm+Ocl6cd+dj2ZpzsplT+APn8weLhI5o</latexit><latexit sha1_base64="raEmri2gddupYljiQQk3mofFSg4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMRAl48RsgLkiXMTmaTMbM7y0yvEEL+wYsHRbz6P978GyfJHjSxoKGo6qa7K0ikMOi6305uY3Nreye/W9jbPzg8Kh6ftIxKNeNNpqTSnYAaLkXMmyhQ8k6iOY0CydvB+G7ut5+4NkLFDZwk3I/oMBahYBSt1ArLjVu87BdLbsVdgKwTLyMlyFDvF796A8XSiMfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedfSmEbc+NPFtTNyYZUBCZW2FSNZqL8npjQyZhIFtjOiODKr3lz8z+umGFb9qYiTFHnMlovCVBJUZP46GQjNGcqJJZRpYW8lbEQ1ZWgDKtgQvNWX10nrquK5Fe/hulSrZnHk4QzOoQwe3EAN7qEOTWDwCM/wCm+Ocl6cd+dj2ZpzsplT+APn8weLhI5o</latexit><latexit sha1_base64="raEmri2gddupYljiQQk3mofFSg4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMRAl48RsgLkiXMTmaTMbM7y0yvEEL+wYsHRbz6P978GyfJHjSxoKGo6qa7K0ikMOi6305uY3Nreye/W9jbPzg8Kh6ftIxKNeNNpqTSnYAaLkXMmyhQ8k6iOY0CydvB+G7ut5+4NkLFDZwk3I/oMBahYBSt1ArLjVu87BdLbsVdgKwTLyMlyFDvF796A8XSiMfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedfSmEbc+NPFtTNyYZUBCZW2FSNZqL8npjQyZhIFtjOiODKr3lz8z+umGFb9qYiTFHnMlovCVBJUZP46GQjNGcqJJZRpYW8lbEQ1ZWgDKtgQvNWX10nrquK5Fe/hulSrZnHk4QzOoQwe3EAN7qEOTWDwCM/wCm+Ocl6cd+dj2ZpzsplT+APn8weLhI5o</latexit><latexit sha1_base64="raEmri2gddupYljiQQk3mofFSg4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMRAl48RsgLkiXMTmaTMbM7y0yvEEL+wYsHRbz6P978GyfJHjSxoKGo6qa7K0ikMOi6305uY3Nreye/W9jbPzg8Kh6ftIxKNeNNpqTSnYAaLkXMmyhQ8k6iOY0CydvB+G7ut5+4NkLFDZwk3I/oMBahYBSt1ArLjVu87BdLbsVdgKwTLyMlyFDvF796A8XSiMfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedfSmEbc+NPFtTNyYZUBCZW2FSNZqL8npjQyZhIFtjOiODKr3lz8z+umGFb9qYiTFHnMlovCVBJUZP46GQjNGcqJJZRpYW8lbEQ1ZWgDKtgQvNWX10nrquK5Fe/hulSrZnHk4QzOoQwe3EAN7qEOTWDwCM/wCm+Ocl6cd+dj2ZpzsplT+APn8weLhI5o</latexit>



Note: f(x) can be greater than 1!

2:00pm 2:20pm 2:30pm0.5 min

f(x) ≈
2.0 prob/min

×

= 1.0 prob

f
(T

=
t)

<latexit sha1_base64="raEmri2gddupYljiQQk3mofFSg4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMRAl48RsgLkiXMTmaTMbM7y0yvEEL+wYsHRbz6P978GyfJHjSxoKGo6qa7K0ikMOi6305uY3Nreye/W9jbPzg8Kh6ftIxKNeNNpqTSnYAaLkXMmyhQ8k6iOY0CydvB+G7ut5+4NkLFDZwk3I/oMBahYBSt1ArLjVu87BdLbsVdgKwTLyMlyFDvF796A8XSiMfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedfSmEbc+NPFtTNyYZUBCZW2FSNZqL8npjQyZhIFtjOiODKr3lz8z+umGFb9qYiTFHnMlovCVBJUZP46GQjNGcqJJZRpYW8lbEQ1ZWgDKtgQvNWX10nrquK5Fe/hulSrZnHk4QzOoQwe3EAN7qEOTWDwCM/wCm+Ocl6cd+dj2ZpzsplT+APn8weLhI5o</latexit><latexit sha1_base64="raEmri2gddupYljiQQk3mofFSg4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMRAl48RsgLkiXMTmaTMbM7y0yvEEL+wYsHRbz6P978GyfJHjSxoKGo6qa7K0ikMOi6305uY3Nreye/W9jbPzg8Kh6ftIxKNeNNpqTSnYAaLkXMmyhQ8k6iOY0CydvB+G7ut5+4NkLFDZwk3I/oMBahYBSt1ArLjVu87BdLbsVdgKwTLyMlyFDvF796A8XSiMfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedfSmEbc+NPFtTNyYZUBCZW2FSNZqL8npjQyZhIFtjOiODKr3lz8z+umGFb9qYiTFHnMlovCVBJUZP46GQjNGcqJJZRpYW8lbEQ1ZWgDKtgQvNWX10nrquK5Fe/hulSrZnHk4QzOoQwe3EAN7qEOTWDwCM/wCm+Ocl6cd+dj2ZpzsplT+APn8weLhI5o</latexit><latexit sha1_base64="raEmri2gddupYljiQQk3mofFSg4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMRAl48RsgLkiXMTmaTMbM7y0yvEEL+wYsHRbz6P978GyfJHjSxoKGo6qa7K0ikMOi6305uY3Nreye/W9jbPzg8Kh6ftIxKNeNNpqTSnYAaLkXMmyhQ8k6iOY0CydvB+G7ut5+4NkLFDZwk3I/oMBahYBSt1ArLjVu87BdLbsVdgKwTLyMlyFDvF796A8XSiMfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedfSmEbc+NPFtTNyYZUBCZW2FSNZqL8npjQyZhIFtjOiODKr3lz8z+umGFb9qYiTFHnMlovCVBJUZP46GQjNGcqJJZRpYW8lbEQ1ZWgDKtgQvNWX10nrquK5Fe/hulSrZnHk4QzOoQwe3EAN7qEOTWDwCM/wCm+Ocl6cd+dj2ZpzsplT+APn8weLhI5o</latexit><latexit sha1_base64="raEmri2gddupYljiQQk3mofFSg4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMRAl48RsgLkiXMTmaTMbM7y0yvEEL+wYsHRbz6P978GyfJHjSxoKGo6qa7K0ikMOi6305uY3Nreye/W9jbPzg8Kh6ftIxKNeNNpqTSnYAaLkXMmyhQ8k6iOY0CydvB+G7ut5+4NkLFDZwk3I/oMBahYBSt1ArLjVu87BdLbsVdgKwTLyMlyFDvF796A8XSiMfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedfSmEbc+NPFtTNyYZUBCZW2FSNZqL8npjQyZhIFtjOiODKr3lz8z+umGFb9qYiTFHnMlovCVBJUZP46GQjNGcqJJZRpYW8lbEQ1ZWgDKtgQvNWX10nrquK5Fe/hulSrZnHk4QzOoQwe3EAN7qEOTWDwCM/wCm+Ocl6cd+dj2ZpzsplT+APn8weLhI5o</latexit>

f(X = x) is Not a Probability



f(X = x) vs P(X = x)

P (X = x)
<latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit>

“The probability that a discrete random variable X takes on the value little x.”

f(X = x)
<latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit>

“The derivative of the probability that a continuous random variable X takes 
on the value little x.”

Aka the PMF

Aka the PDF

They are both measures of how likely X is to take on the value x. 
Sometimes called the distribution function. Sometimes called the likelihood functions. 



Simple Example

Consider a random 5000x5000 matrix, where each element in the
matrix is Uniform(0,1). What is the probability that a selected
eigenvalue (λ) of the matrix is greater than 0?*

* With help from Wigner, Chris is going to rephrase this problem



Piech, CS109, Stanford University

P (X > 0) =?

xx

Theory Practice

Let X be a continuous random variable1

From simulationsf(X = x) =
1

15708

p
1002 � x2

<latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit><latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit><latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit><latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit>

1 X represents the eigenvalue of a 5000x5000 matrix of uniform random variables 

f
(X

=
x
)

<latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit> P
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)

<latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit>

https://en.wikipedia.org/wiki/Wigner_semicircle_distribution

Simple Example from Quantum Physics
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Approach #1: Integrate over the PDF

P (X > 0) =

100Z

0

f(X = x) dx

<latexit sha1_base64="MhRsVA1dsYKEOFAlLICTNzax+AM="></latexit><latexit sha1_base64="MhRsVA1dsYKEOFAlLICTNzax+AM="></latexit><latexit sha1_base64="MhRsVA1dsYKEOFAlLICTNzax+AM="></latexit><latexit sha1_base64="MhRsVA1dsYKEOFAlLICTNzax+AM="></latexit>

P (X > 0) =
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0

f(X = x) dx

<latexit sha1_base64="MhRsVA1dsYKEOFAlLICTNzax+AM="></latexit><latexit sha1_base64="MhRsVA1dsYKEOFAlLICTNzax+AM="></latexit><latexit sha1_base64="MhRsVA1dsYKEOFAlLICTNzax+AM="></latexit><latexit sha1_base64="MhRsVA1dsYKEOFAlLICTNzax+AM="></latexit>
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Theory Practice

Let X be a continuous random variable1

From simulationsf(X = x) =
1
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<latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit><latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit><latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit><latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit>
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<latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit> P
(X

=
x
)

<latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit>

Simple Example from Quantum Physics



Piech, CS109, Stanford University

Approach #2: Discrete Approximation

P (X > 0) ⇡
0X

i=�100

P (X = i)

100X

i=0

P (X = i)

xx

Theory Practice

Let X be a continuous random variable1

From simulationsf(X = x) =
1

15708

p
1002 � x2

<latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit><latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit><latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit><latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit>

f
(X

=
x
)

<latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit> P
(X

=
x
)

<latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit>

Simple Example from Quantum Physics



Piech, CS109, Stanford University

Approach #3: Know Semi-Circles

P (X > 0) =
1

2

xx

Theory Practice

Let X be a continuous random variable1

From simulationsf(X = x) =
1

15708

p
1002 � x2

<latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit><latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit><latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit><latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit>

f
(X

=
x
)

<latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit> P
(X

=
x
)

<latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit>

Simple Example from Quantum Physics



A probability!

What do you get if you 
integrate over a 

probability density function?



A uniform random variable is equally likely to be any 
value in an interval.

Uniform Random Variable

⍺ β

x

E[X] =
� � ↵

2

Properties

Var(X) =
(� � ↵)2

12

Probability Density

f(X = x) =

(
1

��↵ ↵  x  �

0 otherwise
<latexit sha1_base64="RVERk7Z7fK1U4Xr+FMbyJI5khzE="></latexit><latexit sha1_base64="RVERk7Z7fK1U4Xr+FMbyJI5khzE="></latexit><latexit sha1_base64="RVERk7Z7fK1U4Xr+FMbyJI5khzE="></latexit><latexit sha1_base64="RVERk7Z7fK1U4Xr+FMbyJI5khzE="></latexit>

f
(X

=
x
)

<latexit sha1_base64="JalfDQrNiZkL1t693zm1WF0P3MA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigr0IBS8eK5g20Iay2W7apZtN3N2IJfRPePGgiFf/jjf/jZs2B219MPB4b4aZeUHCmdK2/W2V1tY3NrfK25Wd3b39g+rhUUfFqSTUJTGPpRdgRTkT1NVMc+olkuIo4LQbTG5yv/tIpWKxuNfThPoRHgkWMoK1kbyw7l0/naPKoFqzG/YcaJU4BalBgfag+tUfxiSNqNCEY6V6jp1oP8NSM8LprNJPFU0wmeAR7RkqcESVn83vnaEzowxRGEtTQqO5+nsiw5FS0ygwnRHWY7Xs5eJ/Xi/VYdPPmEhSTQVZLApTjnSM8ufRkElKNJ8agolk5lZExlhiok1EeQjO8surpHPRcOyGc3dZazWLOMpwAqdQBweuoAW30AYXCHB4hld4sx6sF+vd+li0lqxi5hj+wPr8ASTxjq4=</latexit><latexit sha1_base64="JalfDQrNiZkL1t693zm1WF0P3MA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigr0IBS8eK5g20Iay2W7apZtN3N2IJfRPePGgiFf/jjf/jZs2B219MPB4b4aZeUHCmdK2/W2V1tY3NrfK25Wd3b39g+rhUUfFqSTUJTGPpRdgRTkT1NVMc+olkuIo4LQbTG5yv/tIpWKxuNfThPoRHgkWMoK1kbyw7l0/naPKoFqzG/YcaJU4BalBgfag+tUfxiSNqNCEY6V6jp1oP8NSM8LprNJPFU0wmeAR7RkqcESVn83vnaEzowxRGEtTQqO5+nsiw5FS0ygwnRHWY7Xs5eJ/Xi/VYdPPmEhSTQVZLApTjnSM8ufRkElKNJ8agolk5lZExlhiok1EeQjO8surpHPRcOyGc3dZazWLOMpwAqdQBweuoAW30AYXCHB4hld4sx6sF+vd+li0lqxi5hj+wPr8ASTxjq4=</latexit><latexit sha1_base64="JalfDQrNiZkL1t693zm1WF0P3MA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigr0IBS8eK5g20Iay2W7apZtN3N2IJfRPePGgiFf/jjf/jZs2B219MPB4b4aZeUHCmdK2/W2V1tY3NrfK25Wd3b39g+rhUUfFqSTUJTGPpRdgRTkT1NVMc+olkuIo4LQbTG5yv/tIpWKxuNfThPoRHgkWMoK1kbyw7l0/naPKoFqzG/YcaJU4BalBgfag+tUfxiSNqNCEY6V6jp1oP8NSM8LprNJPFU0wmeAR7RkqcESVn83vnaEzowxRGEtTQqO5+nsiw5FS0ygwnRHWY7Xs5eJ/Xi/VYdPPmEhSTQVZLApTjnSM8ufRkElKNJ8agolk5lZExlhiok1EeQjO8surpHPRcOyGc3dZazWLOMpwAqdQBweuoAW30AYXCHB4hld4sx6sF+vd+li0lqxi5hj+wPr8ASTxjq4=</latexit><latexit sha1_base64="JalfDQrNiZkL1t693zm1WF0P3MA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigr0IBS8eK5g20Iay2W7apZtN3N2IJfRPePGgiFf/jjf/jZs2B219MPB4b4aZeUHCmdK2/W2V1tY3NrfK25Wd3b39g+rhUUfFqSTUJTGPpRdgRTkT1NVMc+olkuIo4LQbTG5yv/tIpWKxuNfThPoRHgkWMoK1kbyw7l0/naPKoFqzG/YcaJU4BalBgfag+tUfxiSNqNCEY6V6jp1oP8NSM8LprNJPFU0wmeAR7RkqcESVn83vnaEzowxRGEtTQqO5+nsiw5FS0ygwnRHWY7Xs5eJ/Xi/VYdPPmEhSTQVZLApTjnSM8ufRkElKNJ8agolk5lZExlhiok1EeQjO8surpHPRcOyGc3dZazWLOMpwAqdQBweuoAW30AYXCHB4hld4sx6sF+vd+li0lqxi5hj+wPr8ASTxjq4=</latexit>

X ⇠ Uni(↵,�)
<latexit sha1_base64="5TC/2Lqzrkc02ovOjI8PDhVUajA=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBAUJOyKoEfBi8cI5gHZEHonHTM4O7vM9IphydWLv+LFgyJe/QNv/o2Tx0GjBQ1FVTfdXVGqpCXf//Lm5hcWl5YLK8XVtfWNzdLWdt0mmRFYE4lKTDMCi0pqrJEkhc3UIMSRwkZ0ezHyG3dorEz0NQ1SbMdwo2VPCiAndUq8yUMrYx4S3lNe03J4EIJK+3DEwwgJDjulsl/xx+B/STAlZTZFtVP6DLuJyGLUJBRY2wr8lNo5GJJC4bAYZhZTELdwgy1HNcRo2/n4kyHfd0qX9xLjShMfqz8ncoitHcSR64yB+nbWG4n/ea2MemftXOo0I9RisqiXKU4JH8XCu9KgIDVwBISR7lYu+mBAkAuv6EIIZl/+S+rHlcCvBFcn5fOzaRwFtsv22AEL2Ck7Z5esympMsAf2xF7Yq/foPXtv3vukdc6bzuywX/A+vgE7jZla</latexit><latexit sha1_base64="5TC/2Lqzrkc02ovOjI8PDhVUajA=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBAUJOyKoEfBi8cI5gHZEHonHTM4O7vM9IphydWLv+LFgyJe/QNv/o2Tx0GjBQ1FVTfdXVGqpCXf//Lm5hcWl5YLK8XVtfWNzdLWdt0mmRFYE4lKTDMCi0pqrJEkhc3UIMSRwkZ0ezHyG3dorEz0NQ1SbMdwo2VPCiAndUq8yUMrYx4S3lNe03J4EIJK+3DEwwgJDjulsl/xx+B/STAlZTZFtVP6DLuJyGLUJBRY2wr8lNo5GJJC4bAYZhZTELdwgy1HNcRo2/n4kyHfd0qX9xLjShMfqz8ncoitHcSR64yB+nbWG4n/ea2MemftXOo0I9RisqiXKU4JH8XCu9KgIDVwBISR7lYu+mBAkAuv6EIIZl/+S+rHlcCvBFcn5fOzaRwFtsv22AEL2Ck7Z5esympMsAf2xF7Yq/foPXtv3vukdc6bzuywX/A+vgE7jZla</latexit><latexit sha1_base64="5TC/2Lqzrkc02ovOjI8PDhVUajA=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBAUJOyKoEfBi8cI5gHZEHonHTM4O7vM9IphydWLv+LFgyJe/QNv/o2Tx0GjBQ1FVTfdXVGqpCXf//Lm5hcWl5YLK8XVtfWNzdLWdt0mmRFYE4lKTDMCi0pqrJEkhc3UIMSRwkZ0ezHyG3dorEz0NQ1SbMdwo2VPCiAndUq8yUMrYx4S3lNe03J4EIJK+3DEwwgJDjulsl/xx+B/STAlZTZFtVP6DLuJyGLUJBRY2wr8lNo5GJJC4bAYZhZTELdwgy1HNcRo2/n4kyHfd0qX9xLjShMfqz8ncoitHcSR64yB+nbWG4n/ea2MemftXOo0I9RisqiXKU4JH8XCu9KgIDVwBISR7lYu+mBAkAuv6EIIZl/+S+rHlcCvBFcn5fOzaRwFtsv22AEL2Ck7Z5esympMsAf2xF7Yq/foPXtv3vukdc6bzuywX/A+vgE7jZla</latexit><latexit sha1_base64="5TC/2Lqzrkc02ovOjI8PDhVUajA=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBAUJOyKoEfBi8cI5gHZEHonHTM4O7vM9IphydWLv+LFgyJe/QNv/o2Tx0GjBQ1FVTfdXVGqpCXf//Lm5hcWl5YLK8XVtfWNzdLWdt0mmRFYE4lKTDMCi0pqrJEkhc3UIMSRwkZ0ezHyG3dorEz0NQ1SbMdwo2VPCiAndUq8yUMrYx4S3lNe03J4EIJK+3DEwwgJDjulsl/xx+B/STAlZTZFtVP6DLuJyGLUJBRY2wr8lNo5GJJC4bAYZhZTELdwgy1HNcRo2/n4kyHfd0qX9xLjShMfqz8ncoitHcSR64yB+nbWG4n/ea2MemftXOo0I9RisqiXKU4JH8XCu9KgIDVwBISR7lYu+mBAkAuv6EIIZl/+S+rHlcCvBFcn5fOzaRwFtsv22AEL2Ck7Z5esympMsAf2xF7Yq/foPXtv3vukdc6bzuywX/A+vgE7jZla</latexit>



P (Wait < 5) =

20Z

15

1

� � ↵
dx

=
x

� � ↵

����
20

15

=
x

30� 0

����
20

15

=
5

30

Uniform Bus
You are running to the bus stop. 
You don’t know exactly when 
the bus arrives. You believe all 
times between 2 and 2:30 are 
equally likely.

You show up at 2:15pm. What is 
P(wait < 5 minutes)?

2:00pm 20 30

wait <5 min

Bus arrives (t) mins after 2:00pm

f T(
t)

T ⇠ Uni(↵ = 0,� = 30)



Piech, CS109, Stanford University

For continuous RV X:For discrete RV X:

For both discrete and continuous RVs:

E[X] =
X

x

x · p(X = x)
<latexit sha1_base64="G6W7V72z1jBlOhUJ0tPlCzXSkE8=">AAACB3icbVBNS8NAEN3Ur1q/oh4FWSxCvZREBHsRCiJ4rGDbQBPCZrNpl242YXcjLaE3L/4VLx4U8epf8Oa/cdvmoK0PBh7vzTAzL0gZlcqyvo3Syura+kZ5s7K1vbO7Z+4fdGSSCUzaOGGJcAIkCaOctBVVjDipICgOGOkGw+up330gQtKE36txSrwY9TmNKEZKS755fNNzPHgFXZnF/giOoIvDRMG05mhxdOabVatuzQCXiV2QKijQ8s0vN0xwFhOuMENS9mwrVV6OhKKYkUnFzSRJER6iPulpylFMpJfP/pjAU62EMEqELq7gTP09kaNYynEc6M4YqYFc9Kbif14vU1HDyylPM0U4ni+KMgZVAqehwJAKghUba4KwoPpWiAdIIKx0dBUdgr348jLpnNdtq27fXVSbjSKOMjgCJ6AGbHAJmuAWtEAbYPAInsEreDOejBfj3fiYt5aMYuYQ/IHx+QNx9pcT</latexit><latexit sha1_base64="G6W7V72z1jBlOhUJ0tPlCzXSkE8=">AAACB3icbVBNS8NAEN3Ur1q/oh4FWSxCvZREBHsRCiJ4rGDbQBPCZrNpl242YXcjLaE3L/4VLx4U8epf8Oa/cdvmoK0PBh7vzTAzL0gZlcqyvo3Syura+kZ5s7K1vbO7Z+4fdGSSCUzaOGGJcAIkCaOctBVVjDipICgOGOkGw+up330gQtKE36txSrwY9TmNKEZKS755fNNzPHgFXZnF/giOoIvDRMG05mhxdOabVatuzQCXiV2QKijQ8s0vN0xwFhOuMENS9mwrVV6OhKKYkUnFzSRJER6iPulpylFMpJfP/pjAU62EMEqELq7gTP09kaNYynEc6M4YqYFc9Kbif14vU1HDyylPM0U4ni+KMgZVAqehwJAKghUba4KwoPpWiAdIIKx0dBUdgr348jLpnNdtq27fXVSbjSKOMjgCJ6AGbHAJmuAWtEAbYPAInsEreDOejBfj3fiYt5aMYuYQ/IHx+QNx9pcT</latexit><latexit sha1_base64="G6W7V72z1jBlOhUJ0tPlCzXSkE8=">AAACB3icbVBNS8NAEN3Ur1q/oh4FWSxCvZREBHsRCiJ4rGDbQBPCZrNpl242YXcjLaE3L/4VLx4U8epf8Oa/cdvmoK0PBh7vzTAzL0gZlcqyvo3Syura+kZ5s7K1vbO7Z+4fdGSSCUzaOGGJcAIkCaOctBVVjDipICgOGOkGw+up330gQtKE36txSrwY9TmNKEZKS755fNNzPHgFXZnF/giOoIvDRMG05mhxdOabVatuzQCXiV2QKijQ8s0vN0xwFhOuMENS9mwrVV6OhKKYkUnFzSRJER6iPulpylFMpJfP/pjAU62EMEqELq7gTP09kaNYynEc6M4YqYFc9Kbif14vU1HDyylPM0U4ni+KMgZVAqehwJAKghUba4KwoPpWiAdIIKx0dBUdgr348jLpnNdtq27fXVSbjSKOMjgCJ6AGbHAJmuAWtEAbYPAInsEreDOejBfj3fiYt5aMYuYQ/IHx+QNx9pcT</latexit><latexit sha1_base64="G6W7V72z1jBlOhUJ0tPlCzXSkE8=">AAACB3icbVBNS8NAEN3Ur1q/oh4FWSxCvZREBHsRCiJ4rGDbQBPCZrNpl242YXcjLaE3L/4VLx4U8epf8Oa/cdvmoK0PBh7vzTAzL0gZlcqyvo3Syura+kZ5s7K1vbO7Z+4fdGSSCUzaOGGJcAIkCaOctBVVjDipICgOGOkGw+up330gQtKE36txSrwY9TmNKEZKS755fNNzPHgFXZnF/giOoIvDRMG05mhxdOabVatuzQCXiV2QKijQ8s0vN0xwFhOuMENS9mwrVV6OhKKYkUnFzSRJER6iPulpylFMpJfP/pjAU62EMEqELq7gTP09kaNYynEc6M4YqYFc9Kbif14vU1HDyylPM0U4ni+KMgZVAqehwJAKghUba4KwoPpWiAdIIKx0dBUdgr348jLpnNdtq27fXVSbjSKOMjgCJ6AGbHAJmuAWtEAbYPAInsEreDOejBfj3fiYt5aMYuYQ/IHx+QNx9pcT</latexit>

E[g(X)] =
X

x

g(x) · p(X = x)
<latexit sha1_base64="tqh1YaOiIowKQkW9o+OKAewGBqM=">AAACDXicbVDLSsNAFJ34rPUVdelmsArppiQi2I1QEMFlBdsGmhAmk0k6dPJgZiItoT/gxl9x40IRt+7d+TdO2yy09cCFwzn3cu89fsaokKb5ra2srq1vbFa2qts7u3v7+sFhV6Q5x6SDU5Zy20eCMJqQjqSSETvjBMU+Iz1/eD31ew+EC5om93KcETdGUUJDipFUkqef3vQjw6678Ao6Io+9EYyMUR06OEglzAxb6aO6p9fMhjkDXCZWSWqgRNvTv5wgxXlMEokZEqJvmZl0C8QlxYxMqk4uSIbwEEWkr2iCYiLcYvbNBJ4pJYBhylUlEs7U3xMFioUYx77qjJEciEVvKv7n9XMZNt2CJlkuSYLni8KcQZnCaTQwoJxgycaKIMypuhXiAeIISxVgVYVgLb68TLrnDctsWHcXtVazjKMCjsEJMIAFLkEL3II26AAMHsEzeAVv2pP2or1rH/PWFa2cOQJ/oH3+ALLvmL8=</latexit><latexit sha1_base64="tqh1YaOiIowKQkW9o+OKAewGBqM=">AAACDXicbVDLSsNAFJ34rPUVdelmsArppiQi2I1QEMFlBdsGmhAmk0k6dPJgZiItoT/gxl9x40IRt+7d+TdO2yy09cCFwzn3cu89fsaokKb5ra2srq1vbFa2qts7u3v7+sFhV6Q5x6SDU5Zy20eCMJqQjqSSETvjBMU+Iz1/eD31ew+EC5om93KcETdGUUJDipFUkqef3vQjw6678Ao6Io+9EYyMUR06OEglzAxb6aO6p9fMhjkDXCZWSWqgRNvTv5wgxXlMEokZEqJvmZl0C8QlxYxMqk4uSIbwEEWkr2iCYiLcYvbNBJ4pJYBhylUlEs7U3xMFioUYx77qjJEciEVvKv7n9XMZNt2CJlkuSYLni8KcQZnCaTQwoJxgycaKIMypuhXiAeIISxVgVYVgLb68TLrnDctsWHcXtVazjKMCjsEJMIAFLkEL3II26AAMHsEzeAVv2pP2or1rH/PWFa2cOQJ/oH3+ALLvmL8=</latexit><latexit sha1_base64="tqh1YaOiIowKQkW9o+OKAewGBqM=">AAACDXicbVDLSsNAFJ34rPUVdelmsArppiQi2I1QEMFlBdsGmhAmk0k6dPJgZiItoT/gxl9x40IRt+7d+TdO2yy09cCFwzn3cu89fsaokKb5ra2srq1vbFa2qts7u3v7+sFhV6Q5x6SDU5Zy20eCMJqQjqSSETvjBMU+Iz1/eD31ew+EC5om93KcETdGUUJDipFUkqef3vQjw6678Ao6Io+9EYyMUR06OEglzAxb6aO6p9fMhjkDXCZWSWqgRNvTv5wgxXlMEokZEqJvmZl0C8QlxYxMqk4uSIbwEEWkr2iCYiLcYvbNBJ4pJYBhylUlEs7U3xMFioUYx77qjJEciEVvKv7n9XMZNt2CJlkuSYLni8KcQZnCaTQwoJxgycaKIMypuhXiAeIISxVgVYVgLb68TLrnDctsWHcXtVazjKMCjsEJMIAFLkEL3II26AAMHsEzeAVv2pP2or1rH/PWFa2cOQJ/oH3+ALLvmL8=</latexit><latexit sha1_base64="tqh1YaOiIowKQkW9o+OKAewGBqM=">AAACDXicbVDLSsNAFJ34rPUVdelmsArppiQi2I1QEMFlBdsGmhAmk0k6dPJgZiItoT/gxl9x40IRt+7d+TdO2yy09cCFwzn3cu89fsaokKb5ra2srq1vbFa2qts7u3v7+sFhV6Q5x6SDU5Zy20eCMJqQjqSSETvjBMU+Iz1/eD31ew+EC5om93KcETdGUUJDipFUkqef3vQjw6678Ao6Io+9EYyMUR06OEglzAxb6aO6p9fMhjkDXCZWSWqgRNvTv5wgxXlMEokZEqJvmZl0C8QlxYxMqk4uSIbwEEWkr2iCYiLcYvbNBJ4pJYBhylUlEs7U3xMFioUYx77qjJEciEVvKv7n9XMZNt2CJlkuSYLni8KcQZnCaTQwoJxgycaKIMypuhXiAeIISxVgVYVgLb68TLrnDctsWHcXtVazjKMCjsEJMIAFLkEL3II26AAMHsEzeAVv2pP2or1rH/PWFa2cOQJ/oH3+ALLvmL8=</latexit>

E[Xn] =
X

x

xn · p(X = x)
<latexit sha1_base64="N8WjfWYLaTPX8bqZYBwB0pbh9LE=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQNyURwW6EggguK9gHJGmYTCbt0MkkzEykJXTvxl9x40IRt/6AO//G6WOhrQcuHM65l3vvCVJGpbKsb6Owtr6xuVXcLu3s7u0fmIdHbZlkApMWTlgiugGShFFOWooqRrqpICgOGOkEw+up33kgQtKE36txSrwY9TmNKEZKS75ZvnG6Pe7BK+jKLPZHcNTj0MVhomBa7Wp5dOabFatmzQBXib0gFbBA0ze/3DDBWUy4wgxJ6dhWqrwcCUUxI5OSm0mSIjxEfeJoylFMpJfPfpnAU62EMEqELq7gTP09kaNYynEc6M4YqYFc9qbif56Tqaju5ZSnmSIczxdFGYMqgdNgYEgFwYqNNUFYUH0rxAMkEFY6vpIOwV5+eZW0z2u2VbPvLiqN+iKOIjgBZVAFNrgEDXALmqAFMHgEz+AVvBlPxovxbnzMWwvGYuYY/IHx+QOhI5jT</latexit><latexit sha1_base64="N8WjfWYLaTPX8bqZYBwB0pbh9LE=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQNyURwW6EggguK9gHJGmYTCbt0MkkzEykJXTvxl9x40IRt/6AO//G6WOhrQcuHM65l3vvCVJGpbKsb6Owtr6xuVXcLu3s7u0fmIdHbZlkApMWTlgiugGShFFOWooqRrqpICgOGOkEw+up33kgQtKE36txSrwY9TmNKEZKS75ZvnG6Pe7BK+jKLPZHcNTj0MVhomBa7Wp5dOabFatmzQBXib0gFbBA0ze/3DDBWUy4wgxJ6dhWqrwcCUUxI5OSm0mSIjxEfeJoylFMpJfPfpnAU62EMEqELq7gTP09kaNYynEc6M4YqYFc9qbif56Tqaju5ZSnmSIczxdFGYMqgdNgYEgFwYqNNUFYUH0rxAMkEFY6vpIOwV5+eZW0z2u2VbPvLiqN+iKOIjgBZVAFNrgEDXALmqAFMHgEz+AVvBlPxovxbnzMWwvGYuYY/IHx+QOhI5jT</latexit><latexit sha1_base64="N8WjfWYLaTPX8bqZYBwB0pbh9LE=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQNyURwW6EggguK9gHJGmYTCbt0MkkzEykJXTvxl9x40IRt/6AO//G6WOhrQcuHM65l3vvCVJGpbKsb6Owtr6xuVXcLu3s7u0fmIdHbZlkApMWTlgiugGShFFOWooqRrqpICgOGOkEw+up33kgQtKE36txSrwY9TmNKEZKS75ZvnG6Pe7BK+jKLPZHcNTj0MVhomBa7Wp5dOabFatmzQBXib0gFbBA0ze/3DDBWUy4wgxJ6dhWqrwcCUUxI5OSm0mSIjxEfeJoylFMpJfPfpnAU62EMEqELq7gTP09kaNYynEc6M4YqYFc9qbif56Tqaju5ZSnmSIczxdFGYMqgdNgYEgFwYqNNUFYUH0rxAMkEFY6vpIOwV5+eZW0z2u2VbPvLiqN+iKOIjgBZVAFNrgEDXALmqAFMHgEz+AVvBlPxovxbnzMWwvGYuYY/IHx+QOhI5jT</latexit><latexit sha1_base64="N8WjfWYLaTPX8bqZYBwB0pbh9LE=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQNyURwW6EggguK9gHJGmYTCbt0MkkzEykJXTvxl9x40IRt/6AO//G6WOhrQcuHM65l3vvCVJGpbKsb6Owtr6xuVXcLu3s7u0fmIdHbZlkApMWTlgiugGShFFOWooqRrqpICgOGOkEw+up33kgQtKE36txSrwY9TmNKEZKS75ZvnG6Pe7BK+jKLPZHcNTj0MVhomBa7Wp5dOabFatmzQBXib0gFbBA0ze/3DDBWUy4wgxJ6dhWqrwcCUUxI5OSm0mSIjxEfeJoylFMpJfPfpnAU62EMEqELq7gTP09kaNYynEc6M4YqYFc9qbif56Tqaju5ZSnmSIczxdFGYMqgdNgYEgFwYqNNUFYUH0rxAMkEFY6vpIOwV5+eZW0z2u2VbPvLiqN+iKOIjgBZVAFNrgEDXALmqAFMHgEz+AVvBlPxovxbnzMWwvGYuYY/IHx+QOhI5jT</latexit>

E[X] =

Z 1

�1
x · fX(x)

<latexit sha1_base64="l9Y+yMhh4BsIQlJIs+vRU6dUHY0=">AAACFnicbZDLSgMxFIYz9VbrbdSlm2ARdGGZEUE3QkEElxXsBdpxyKSZNjSTGZIzYhn6FG58FTcuFHEr7nwb03YW2nog5OP/zyE5f5AIrsFxvq3CwuLS8kpxtbS2vrG5ZW/vNHScKsrqNBaxagVEM8ElqwMHwVqJYiQKBGsGg8ux37xnSvNY3sIwYV5EepKHnBIwkm8fX7VbHr7AHS7Bz47NFcJwdJflgB9wh3ZjwKHfOnw48u2yU3EmhefBzaGM8qr59lenG9M0YhKoIFq3XScBLyMKOBVsVOqkmiWEDkiPtQ1KEjHtZZO1RvjAKF0cxsocCXii/p7ISKT1MApMZ0Sgr2e9sfif104hPPcyLpMUmKTTh8JUYIjxOCPc5YpREEMDhCpu/oppnyhCwSRZMiG4syvPQ+Ok4joV9+a0XD3P4yiiPbSPDpGLzlAVXaMaqiOKHtEzekVv1pP1Yr1bH9PWgpXP7KI/ZX3+AOAcnoY=</latexit><latexit sha1_base64="l9Y+yMhh4BsIQlJIs+vRU6dUHY0=">AAACFnicbZDLSgMxFIYz9VbrbdSlm2ARdGGZEUE3QkEElxXsBdpxyKSZNjSTGZIzYhn6FG58FTcuFHEr7nwb03YW2nog5OP/zyE5f5AIrsFxvq3CwuLS8kpxtbS2vrG5ZW/vNHScKsrqNBaxagVEM8ElqwMHwVqJYiQKBGsGg8ux37xnSvNY3sIwYV5EepKHnBIwkm8fX7VbHr7AHS7Bz47NFcJwdJflgB9wh3ZjwKHfOnw48u2yU3EmhefBzaGM8qr59lenG9M0YhKoIFq3XScBLyMKOBVsVOqkmiWEDkiPtQ1KEjHtZZO1RvjAKF0cxsocCXii/p7ISKT1MApMZ0Sgr2e9sfif104hPPcyLpMUmKTTh8JUYIjxOCPc5YpREEMDhCpu/oppnyhCwSRZMiG4syvPQ+Ok4joV9+a0XD3P4yiiPbSPDpGLzlAVXaMaqiOKHtEzekVv1pP1Yr1bH9PWgpXP7KI/ZX3+AOAcnoY=</latexit><latexit sha1_base64="l9Y+yMhh4BsIQlJIs+vRU6dUHY0=">AAACFnicbZDLSgMxFIYz9VbrbdSlm2ARdGGZEUE3QkEElxXsBdpxyKSZNjSTGZIzYhn6FG58FTcuFHEr7nwb03YW2nog5OP/zyE5f5AIrsFxvq3CwuLS8kpxtbS2vrG5ZW/vNHScKsrqNBaxagVEM8ElqwMHwVqJYiQKBGsGg8ux37xnSvNY3sIwYV5EepKHnBIwkm8fX7VbHr7AHS7Bz47NFcJwdJflgB9wh3ZjwKHfOnw48u2yU3EmhefBzaGM8qr59lenG9M0YhKoIFq3XScBLyMKOBVsVOqkmiWEDkiPtQ1KEjHtZZO1RvjAKF0cxsocCXii/p7ISKT1MApMZ0Sgr2e9sfif104hPPcyLpMUmKTTh8JUYIjxOCPc5YpREEMDhCpu/oppnyhCwSRZMiG4syvPQ+Ok4joV9+a0XD3P4yiiPbSPDpGLzlAVXaMaqiOKHtEzekVv1pP1Yr1bH9PWgpXP7KI/ZX3+AOAcnoY=</latexit><latexit sha1_base64="l9Y+yMhh4BsIQlJIs+vRU6dUHY0=">AAACFnicbZDLSgMxFIYz9VbrbdSlm2ARdGGZEUE3QkEElxXsBdpxyKSZNjSTGZIzYhn6FG58FTcuFHEr7nwb03YW2nog5OP/zyE5f5AIrsFxvq3CwuLS8kpxtbS2vrG5ZW/vNHScKsrqNBaxagVEM8ElqwMHwVqJYiQKBGsGg8ux37xnSvNY3sIwYV5EepKHnBIwkm8fX7VbHr7AHS7Bz47NFcJwdJflgB9wh3ZjwKHfOnw48u2yU3EmhefBzaGM8qr59lenG9M0YhKoIFq3XScBLyMKOBVsVOqkmiWEDkiPtQ1KEjHtZZO1RvjAKF0cxsocCXii/p7ISKT1MApMZ0Sgr2e9sfif104hPPcyLpMUmKTTh8JUYIjxOCPc5YpREEMDhCpu/oppnyhCwSRZMiG4syvPQ+Ok4joV9+a0XD3P4yiiPbSPDpGLzlAVXaMaqiOKHtEzekVv1pP1Yr1bH9PWgpXP7KI/ZX3+AOAcnoY=</latexit>

E[g(X)] =

Z 1

�1
g(x) · fX(x)

<latexit sha1_base64="t5pTttrg7pzKxCcsNJi/S2sk6k4=">AAACHHicbVDLSgMxFM3UV62vUZdugkVoF5YZFexGKIjgsoLVQjsOmTTThmYyQ3JHLEM/xI2/4saFIm5cCP6NaTsLXwdCTs65l5t7gkRwDY7zaRXm5hcWl4rLpZXVtfUNe3PrSsepoqxFYxGrdkA0E1yyFnAQrJ0oRqJAsOtgeDrxr2+Z0jyWlzBKmBeRvuQhpwSM5NuHZ51+pV318Anucgl+tm+uEEbjmywnuF+5q+Iu7cWAQ79tHr5ddmrOFPgvcXNSRjmavv3e7cU0jZgEKojWHddJwMuIAk4FG5e6qWYJoUPSZx1DJYmY9rLpcmO8Z5QeDmNljgQ8Vb93ZCTSehQFpjIiMNC/vYn4n9dJIax7GZdJCkzS2aAwFRhiPEkK97hiFMTIEEIVN3/FdEAUoWDyLJkQ3N8r/yVXBzXXqbkXR+VGPY+jiHbQLqogFx2jBjpHTdRCFN2jR/SMXqwH68l6td5mpQUr79lGP2B9fAFAP6Ay</latexit><latexit sha1_base64="t5pTttrg7pzKxCcsNJi/S2sk6k4=">AAACHHicbVDLSgMxFM3UV62vUZdugkVoF5YZFexGKIjgsoLVQjsOmTTThmYyQ3JHLEM/xI2/4saFIm5cCP6NaTsLXwdCTs65l5t7gkRwDY7zaRXm5hcWl4rLpZXVtfUNe3PrSsepoqxFYxGrdkA0E1yyFnAQrJ0oRqJAsOtgeDrxr2+Z0jyWlzBKmBeRvuQhpwSM5NuHZ51+pV318Anucgl+tm+uEEbjmywnuF+5q+Iu7cWAQ79tHr5ddmrOFPgvcXNSRjmavv3e7cU0jZgEKojWHddJwMuIAk4FG5e6qWYJoUPSZx1DJYmY9rLpcmO8Z5QeDmNljgQ8Vb93ZCTSehQFpjIiMNC/vYn4n9dJIax7GZdJCkzS2aAwFRhiPEkK97hiFMTIEEIVN3/FdEAUoWDyLJkQ3N8r/yVXBzXXqbkXR+VGPY+jiHbQLqogFx2jBjpHTdRCFN2jR/SMXqwH68l6td5mpQUr79lGP2B9fAFAP6Ay</latexit><latexit sha1_base64="t5pTttrg7pzKxCcsNJi/S2sk6k4=">AAACHHicbVDLSgMxFM3UV62vUZdugkVoF5YZFexGKIjgsoLVQjsOmTTThmYyQ3JHLEM/xI2/4saFIm5cCP6NaTsLXwdCTs65l5t7gkRwDY7zaRXm5hcWl4rLpZXVtfUNe3PrSsepoqxFYxGrdkA0E1yyFnAQrJ0oRqJAsOtgeDrxr2+Z0jyWlzBKmBeRvuQhpwSM5NuHZ51+pV318Anucgl+tm+uEEbjmywnuF+5q+Iu7cWAQ79tHr5ddmrOFPgvcXNSRjmavv3e7cU0jZgEKojWHddJwMuIAk4FG5e6qWYJoUPSZx1DJYmY9rLpcmO8Z5QeDmNljgQ8Vb93ZCTSehQFpjIiMNC/vYn4n9dJIax7GZdJCkzS2aAwFRhiPEkK97hiFMTIEEIVN3/FdEAUoWDyLJkQ3N8r/yVXBzXXqbkXR+VGPY+jiHbQLqogFx2jBjpHTdRCFN2jR/SMXqwH68l6td5mpQUr79lGP2B9fAFAP6Ay</latexit><latexit sha1_base64="t5pTttrg7pzKxCcsNJi/S2sk6k4=">AAACHHicbVDLSgMxFM3UV62vUZdugkVoF5YZFexGKIjgsoLVQjsOmTTThmYyQ3JHLEM/xI2/4saFIm5cCP6NaTsLXwdCTs65l5t7gkRwDY7zaRXm5hcWl4rLpZXVtfUNe3PrSsepoqxFYxGrdkA0E1yyFnAQrJ0oRqJAsOtgeDrxr2+Z0jyWlzBKmBeRvuQhpwSM5NuHZ51+pV318Anucgl+tm+uEEbjmywnuF+5q+Iu7cWAQ79tHr5ddmrOFPgvcXNSRjmavv3e7cU0jZgEKojWHddJwMuIAk4FG5e6qWYJoUPSZx1DJYmY9rLpcmO8Z5QeDmNljgQ8Vb93ZCTSehQFpjIiMNC/vYn4n9dJIax7GZdJCkzS2aAwFRhiPEkK97hiFMTIEEIVN3/FdEAUoWDyLJkQ3N8r/yVXBzXXqbkXR+VGPY+jiHbQLqogFx2jBjpHTdRCFN2jR/SMXqwH68l6td5mpQUr79lGP2B9fAFAP6Ay</latexit>

E[Xn] =

Z 1

�1
xn · fX(x)

<latexit sha1_base64="7UzlOeABoxnrRXwP8znuaIHysp4=">AAACGnicbZBPS8MwGMZT/875b+rRS3AIenC0IriLMBDB4wS3FbaupFmqwTQtyVtZKfscXvwqXjwo4k28+G3Mth7U+ULIj+d5X5L3CRLBNdj2lzU3v7C4tFxaKa+urW9sVra22zpOFWUtGotYuQHRTHDJWsBBMDdRjESBYJ3g7nzsd+6Z0jyW15AlzIvIjeQhpwSM5Feci67blx4+wz0uwc+PzBVCNurnBeBhX+IeHcSAQ989GB76lapdsyeFZ8EpoIqKavqVj94gpmnEJFBBtO46dgJeThRwKtio3Es1Swi9Izesa1CSiGkvn6w2wvtGGeAwVuZIwBP150ROIq2zKDCdEYFb/dcbi/953RTCupdzmaTAJJ0+FKYCQ4zHOeEBV4yCyAwQqrj5K6a3RBEKJs2yCcH5u/IstI9rjl1zrk6qjXoRRwntoj10gBx0ihroEjVRC1H0gJ7QC3q1Hq1n6816n7bOWcXMDvpV1uc3KDagRg==</latexit><latexit sha1_base64="7UzlOeABoxnrRXwP8znuaIHysp4=">AAACGnicbZBPS8MwGMZT/875b+rRS3AIenC0IriLMBDB4wS3FbaupFmqwTQtyVtZKfscXvwqXjwo4k28+G3Mth7U+ULIj+d5X5L3CRLBNdj2lzU3v7C4tFxaKa+urW9sVra22zpOFWUtGotYuQHRTHDJWsBBMDdRjESBYJ3g7nzsd+6Z0jyW15AlzIvIjeQhpwSM5Feci67blx4+wz0uwc+PzBVCNurnBeBhX+IeHcSAQ989GB76lapdsyeFZ8EpoIqKavqVj94gpmnEJFBBtO46dgJeThRwKtio3Es1Swi9Izesa1CSiGkvn6w2wvtGGeAwVuZIwBP150ROIq2zKDCdEYFb/dcbi/953RTCupdzmaTAJJ0+FKYCQ4zHOeEBV4yCyAwQqrj5K6a3RBEKJs2yCcH5u/IstI9rjl1zrk6qjXoRRwntoj10gBx0ihroEjVRC1H0gJ7QC3q1Hq1n6816n7bOWcXMDvpV1uc3KDagRg==</latexit><latexit sha1_base64="7UzlOeABoxnrRXwP8znuaIHysp4=">AAACGnicbZBPS8MwGMZT/875b+rRS3AIenC0IriLMBDB4wS3FbaupFmqwTQtyVtZKfscXvwqXjwo4k28+G3Mth7U+ULIj+d5X5L3CRLBNdj2lzU3v7C4tFxaKa+urW9sVra22zpOFWUtGotYuQHRTHDJWsBBMDdRjESBYJ3g7nzsd+6Z0jyW15AlzIvIjeQhpwSM5Feci67blx4+wz0uwc+PzBVCNurnBeBhX+IeHcSAQ989GB76lapdsyeFZ8EpoIqKavqVj94gpmnEJFBBtO46dgJeThRwKtio3Es1Swi9Izesa1CSiGkvn6w2wvtGGeAwVuZIwBP150ROIq2zKDCdEYFb/dcbi/953RTCupdzmaTAJJ0+FKYCQ4zHOeEBV4yCyAwQqrj5K6a3RBEKJs2yCcH5u/IstI9rjl1zrk6qjXoRRwntoj10gBx0ihroEjVRC1H0gJ7QC3q1Hq1n6816n7bOWcXMDvpV1uc3KDagRg==</latexit><latexit sha1_base64="7UzlOeABoxnrRXwP8znuaIHysp4=">AAACGnicbZBPS8MwGMZT/875b+rRS3AIenC0IriLMBDB4wS3FbaupFmqwTQtyVtZKfscXvwqXjwo4k28+G3Mth7U+ULIj+d5X5L3CRLBNdj2lzU3v7C4tFxaKa+urW9sVra22zpOFWUtGotYuQHRTHDJWsBBMDdRjESBYJ3g7nzsd+6Z0jyW15AlzIvIjeQhpwSM5Feci67blx4+wz0uwc+PzBVCNurnBeBhX+IeHcSAQ989GB76lapdsyeFZ8EpoIqKavqVj94gpmnEJFBBtO46dgJeThRwKtio3Es1Swi9Izesa1CSiGkvn6w2wvtGGeAwVuZIwBP150ROIq2zKDCdEYFb/dcbi/953RTCupdzmaTAJJ0+FKYCQ4zHOeEBV4yCyAwQqrj5K6a3RBEKJs2yCcH5u/IstI9rjl1zrk6qjXoRRwntoj10gBx0ihroEjVRC1H0gJ7QC3q1Hq1n6816n7bOWcXMDvpV1uc3KDagRg==</latexit>

E[aX + b] = aE[X] + b
<latexit sha1_base64="VpT71RartvU735CpAucrBgO7nuM=">AAAB/nicbVBNS8NAEJ3Ur1q/quLJy2IRBKEkItiLUJCCxwrWBtJQNttNu3SzCbsboYSCf8WLB0W8+ju8+W/ctDlo64OBt+/NsDMvSDhT2ra/rdLK6tr6RnmzsrW9s7tX3T94UHEqCe2QmMfSDbCinAna0Uxz6iaS4ijgtBuMb3K/+0ilYrG415OE+hEeChYygrWR+tWjlodddI4CH10j3PJcP3/0qzW7bs+AlolTkBoUaPerX71BTNKICk04Vspz7ET7GZaaEU6nlV6qaILJGA+pZ6jAEVV+Nlt/ik6NMkBhLE0JjWbq74kMR0pNosB0RliP1KKXi/95XqrDhp8xkaSaCjL/KEw50jHKs0ADJinRfGIIJpKZXREZYYmJNolVTAjO4snL5OGi7th15+6y1mwUcZThGE7gDBy4gibcQhs6QCCDZ3iFN+vJerHerY95a8kqZg7hD6zPHxytkvY=</latexit><latexit sha1_base64="VpT71RartvU735CpAucrBgO7nuM=">AAAB/nicbVBNS8NAEJ3Ur1q/quLJy2IRBKEkItiLUJCCxwrWBtJQNttNu3SzCbsboYSCf8WLB0W8+ju8+W/ctDlo64OBt+/NsDMvSDhT2ra/rdLK6tr6RnmzsrW9s7tX3T94UHEqCe2QmMfSDbCinAna0Uxz6iaS4ijgtBuMb3K/+0ilYrG415OE+hEeChYygrWR+tWjlodddI4CH10j3PJcP3/0qzW7bs+AlolTkBoUaPerX71BTNKICk04Vspz7ET7GZaaEU6nlV6qaILJGA+pZ6jAEVV+Nlt/ik6NMkBhLE0JjWbq74kMR0pNosB0RliP1KKXi/95XqrDhp8xkaSaCjL/KEw50jHKs0ADJinRfGIIJpKZXREZYYmJNolVTAjO4snL5OGi7th15+6y1mwUcZThGE7gDBy4gibcQhs6QCCDZ3iFN+vJerHerY95a8kqZg7hD6zPHxytkvY=</latexit><latexit sha1_base64="VpT71RartvU735CpAucrBgO7nuM=">AAAB/nicbVBNS8NAEJ3Ur1q/quLJy2IRBKEkItiLUJCCxwrWBtJQNttNu3SzCbsboYSCf8WLB0W8+ju8+W/ctDlo64OBt+/NsDMvSDhT2ra/rdLK6tr6RnmzsrW9s7tX3T94UHEqCe2QmMfSDbCinAna0Uxz6iaS4ijgtBuMb3K/+0ilYrG415OE+hEeChYygrWR+tWjlodddI4CH10j3PJcP3/0qzW7bs+AlolTkBoUaPerX71BTNKICk04Vspz7ET7GZaaEU6nlV6qaILJGA+pZ6jAEVV+Nlt/ik6NMkBhLE0JjWbq74kMR0pNosB0RliP1KKXi/95XqrDhp8xkaSaCjL/KEw50jHKs0ADJinRfGIIJpKZXREZYYmJNolVTAjO4snL5OGi7th15+6y1mwUcZThGE7gDBy4gibcQhs6QCCDZ3iFN+vJerHerY95a8kqZg7hD6zPHxytkvY=</latexit><latexit sha1_base64="VpT71RartvU735CpAucrBgO7nuM=">AAAB/nicbVBNS8NAEJ3Ur1q/quLJy2IRBKEkItiLUJCCxwrWBtJQNttNu3SzCbsboYSCf8WLB0W8+ju8+W/ctDlo64OBt+/NsDMvSDhT2ra/rdLK6tr6RnmzsrW9s7tX3T94UHEqCe2QmMfSDbCinAna0Uxz6iaS4ijgtBuMb3K/+0ilYrG415OE+hEeChYygrWR+tWjlodddI4CH10j3PJcP3/0qzW7bs+AlolTkBoUaPerX71BTNKICk04Vspz7ET7GZaaEU6nlV6qaILJGA+pZ6jAEVV+Nlt/ik6NMkBhLE0JjWbq74kMR0pNosB0RliP1KKXi/95XqrDhp8xkaSaCjL/KEw50jHKs0ADJinRfGIIJpKZXREZYYmJNolVTAjO4snL5OGi7th15+6y1mwUcZThGE7gDBy4gibcQhs6QCCDZ3iFN+vJerHerY95a8kqZg7hD6zPHxytkvY=</latexit>

Var(X) = E[(x� µ)2] = E[X2]� (E[X]2)
<latexit sha1_base64="bMcVC5NEDE1zjSV0akWdaiY3QOE=">AAACGXicbZDLSgMxFIYzXmu9jbp0EyxCu2iZKYLdCAURXFawF2inJZOmbWjmQnJGWoa+hhtfxY0LRVzqyrcxnc5CW38IfPnPOSTnd0PBFVjWt7G2vrG5tZ3Zye7u7R8cmkfHDRVEkrI6DUQgWy5RTHCf1YGDYK1QMuK5gjXd8fW83nxgUvHAv4dpyByPDH0+4JSAtnqm1QE2gbhB5CzfKuArfNPOT4odLyp0y05ybc2hiPOanG650DNzVslKhFfBTiGHUtV65menH9DIYz5QQZRq21YITkwkcCrYLNuJFAsJHZMha2v0iceUEyebzfC5dvp4EEh9fMCJ+3siJp5SU8/VnR6BkVquzc3/au0IBhUn5n4YAfPp4qFBJDAEeB4T7nPJKIipBkIl13/FdEQkoaDDzOoQ7OWVV6FRLtlWyb67yFUraRwZdIrOUB7Z6BJV0S2qoTqi6BE9o1f0ZjwZL8a78bFoXTPSmRP0R8bXD2DpnK8=</latexit><latexit sha1_base64="bMcVC5NEDE1zjSV0akWdaiY3QOE=">AAACGXicbZDLSgMxFIYzXmu9jbp0EyxCu2iZKYLdCAURXFawF2inJZOmbWjmQnJGWoa+hhtfxY0LRVzqyrcxnc5CW38IfPnPOSTnd0PBFVjWt7G2vrG5tZ3Zye7u7R8cmkfHDRVEkrI6DUQgWy5RTHCf1YGDYK1QMuK5gjXd8fW83nxgUvHAv4dpyByPDH0+4JSAtnqm1QE2gbhB5CzfKuArfNPOT4odLyp0y05ybc2hiPOanG650DNzVslKhFfBTiGHUtV65menH9DIYz5QQZRq21YITkwkcCrYLNuJFAsJHZMha2v0iceUEyebzfC5dvp4EEh9fMCJ+3siJp5SU8/VnR6BkVquzc3/au0IBhUn5n4YAfPp4qFBJDAEeB4T7nPJKIipBkIl13/FdEQkoaDDzOoQ7OWVV6FRLtlWyb67yFUraRwZdIrOUB7Z6BJV0S2qoTqi6BE9o1f0ZjwZL8a78bFoXTPSmRP0R8bXD2DpnK8=</latexit><latexit sha1_base64="bMcVC5NEDE1zjSV0akWdaiY3QOE=">AAACGXicbZDLSgMxFIYzXmu9jbp0EyxCu2iZKYLdCAURXFawF2inJZOmbWjmQnJGWoa+hhtfxY0LRVzqyrcxnc5CW38IfPnPOSTnd0PBFVjWt7G2vrG5tZ3Zye7u7R8cmkfHDRVEkrI6DUQgWy5RTHCf1YGDYK1QMuK5gjXd8fW83nxgUvHAv4dpyByPDH0+4JSAtnqm1QE2gbhB5CzfKuArfNPOT4odLyp0y05ybc2hiPOanG650DNzVslKhFfBTiGHUtV65menH9DIYz5QQZRq21YITkwkcCrYLNuJFAsJHZMha2v0iceUEyebzfC5dvp4EEh9fMCJ+3siJp5SU8/VnR6BkVquzc3/au0IBhUn5n4YAfPp4qFBJDAEeB4T7nPJKIipBkIl13/FdEQkoaDDzOoQ7OWVV6FRLtlWyb67yFUraRwZdIrOUB7Z6BJV0S2qoTqi6BE9o1f0ZjwZL8a78bFoXTPSmRP0R8bXD2DpnK8=</latexit><latexit sha1_base64="bMcVC5NEDE1zjSV0akWdaiY3QOE=">AAACGXicbZDLSgMxFIYzXmu9jbp0EyxCu2iZKYLdCAURXFawF2inJZOmbWjmQnJGWoa+hhtfxY0LRVzqyrcxnc5CW38IfPnPOSTnd0PBFVjWt7G2vrG5tZ3Zye7u7R8cmkfHDRVEkrI6DUQgWy5RTHCf1YGDYK1QMuK5gjXd8fW83nxgUvHAv4dpyByPDH0+4JSAtnqm1QE2gbhB5CzfKuArfNPOT4odLyp0y05ybc2hiPOanG650DNzVslKhFfBTiGHUtV65menH9DIYz5QQZRq21YITkwkcCrYLNuJFAsJHZMha2v0iceUEyebzfC5dvp4EEh9fMCJ+3siJp5SU8/VnR6BkVquzc3/au0IBhUn5n4YAfPp4qFBJDAEeB4T7nPJKIipBkIl13/FdEQkoaDDzOoQ7OWVV6FRLtlWyb67yFUraRwZdIrOUB7Z6BJV0S2qoTqi6BE9o1f0ZjwZL8a78bFoXTPSmRP0R8bXD2DpnK8=</latexit>

Var(aX + b) = a2Var(X)
<latexit sha1_base64="kYht5jpfcC//KIeDlEtxpRI91n8=">AAACD3icbVBNS0JBFJ3Xp9mX1bLNkBRKIO9JkJtAaNPSID9ATe4bRx2c98HMfZE8/Adt+ittWhTRtm27/k2jvoVpBy4czrmXe+9xQyk02vaPtbK6tr6xmdpKb+/s7u1nDg5rOogU41UWyEA1XNBcCp9XUaDkjVBx8FzJ6+7weuLXH7jSIvDvcBTytgd9X/QEAzRSJ3PWQv6IcQ3UOAcNek7dPL2icF+kc0Yj38lk7YI9BV0mTkKyJEGlk/ludQMWedxHJkHrpmOH2I5BoWCSj9OtSPMQ2BD6vGmoDx7X7Xj6z5ieGqVLe4Ey5SOdqvMTMXhajzzXdHqAA73oTcT/vGaEvVI7Fn4YIffZbFEvkhQDOgmHdoXiDOXIEGBKmFspG4AChibCtAnBWXx5mdSKBccuOLcX2XIpiSNFjskJyRGHXJIyuSEVUiWMPJEX8kberWfr1fqwPmetK1Yyc0T+wPr6Bf9Jmq8=</latexit><latexit sha1_base64="kYht5jpfcC//KIeDlEtxpRI91n8=">AAACD3icbVBNS0JBFJ3Xp9mX1bLNkBRKIO9JkJtAaNPSID9ATe4bRx2c98HMfZE8/Adt+ittWhTRtm27/k2jvoVpBy4czrmXe+9xQyk02vaPtbK6tr6xmdpKb+/s7u1nDg5rOogU41UWyEA1XNBcCp9XUaDkjVBx8FzJ6+7weuLXH7jSIvDvcBTytgd9X/QEAzRSJ3PWQv6IcQ3UOAcNek7dPL2icF+kc0Yj38lk7YI9BV0mTkKyJEGlk/ludQMWedxHJkHrpmOH2I5BoWCSj9OtSPMQ2BD6vGmoDx7X7Xj6z5ieGqVLe4Ey5SOdqvMTMXhajzzXdHqAA73oTcT/vGaEvVI7Fn4YIffZbFEvkhQDOgmHdoXiDOXIEGBKmFspG4AChibCtAnBWXx5mdSKBccuOLcX2XIpiSNFjskJyRGHXJIyuSEVUiWMPJEX8kberWfr1fqwPmetK1Yyc0T+wPr6Bf9Jmq8=</latexit><latexit sha1_base64="kYht5jpfcC//KIeDlEtxpRI91n8=">AAACD3icbVBNS0JBFJ3Xp9mX1bLNkBRKIO9JkJtAaNPSID9ATe4bRx2c98HMfZE8/Adt+ittWhTRtm27/k2jvoVpBy4czrmXe+9xQyk02vaPtbK6tr6xmdpKb+/s7u1nDg5rOogU41UWyEA1XNBcCp9XUaDkjVBx8FzJ6+7weuLXH7jSIvDvcBTytgd9X/QEAzRSJ3PWQv6IcQ3UOAcNek7dPL2icF+kc0Yj38lk7YI9BV0mTkKyJEGlk/ludQMWedxHJkHrpmOH2I5BoWCSj9OtSPMQ2BD6vGmoDx7X7Xj6z5ieGqVLe4Ey5SOdqvMTMXhajzzXdHqAA73oTcT/vGaEvVI7Fn4YIffZbFEvkhQDOgmHdoXiDOXIEGBKmFspG4AChibCtAnBWXx5mdSKBccuOLcX2XIpiSNFjskJyRGHXJIyuSEVUiWMPJEX8kberWfr1fqwPmetK1Yyc0T+wPr6Bf9Jmq8=</latexit><latexit sha1_base64="kYht5jpfcC//KIeDlEtxpRI91n8=">AAACD3icbVBNS0JBFJ3Xp9mX1bLNkBRKIO9JkJtAaNPSID9ATe4bRx2c98HMfZE8/Adt+ittWhTRtm27/k2jvoVpBy4czrmXe+9xQyk02vaPtbK6tr6xmdpKb+/s7u1nDg5rOogU41UWyEA1XNBcCp9XUaDkjVBx8FzJ6+7weuLXH7jSIvDvcBTytgd9X/QEAzRSJ3PWQv6IcQ3UOAcNek7dPL2icF+kc0Yj38lk7YI9BV0mTkKyJEGlk/ludQMWedxHJkHrpmOH2I5BoWCSj9OtSPMQ2BD6vGmoDx7X7Xj6z5ieGqVLe4Ey5SOdqvMTMXhajzzXdHqAA73oTcT/vGaEvVI7Fn4YIffZbFEvkhQDOgmHdoXiDOXIEGBKmFspG4AChibCtAnBWXx5mdSKBccuOLcX2XIpiSNFjskJyRGHXJIyuSEVUiWMPJEX8kberWfr1fqwPmetK1Yyc0T+wPr6Bf9Jmq8=</latexit>

Expectation and Variance
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Consider an experiment that lasts a duration of time until success occurs.
def An Exponential random variable 𝑋 is the amount of time until success.

Examples:
• Time until next earthquake
• Time for request to reach web server
• Time until end of cell phone contract

Exponential Random Variable

51

𝑓 𝑥 = %𝜆𝑒
%&' if 𝑥 ≥ 0

0 otherwise𝑋~Exp(𝜆)
Support: 0,∞
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1906 Earthquake 
Magnitude 7.8
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Based on historical data, major earthquakes (magnitude 8.0+) 
happen at a rate of 0.002 per year*. What is the probability of 

zero major earthquakes magnitude next year?

X = Number of major earthquakes next year 

X ⇠ Poi(� = 0.002)
<latexit sha1_base64="z7pF8IB0v1YUYAfk9GjGp5SGuEs=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHqpiRFsBuh4MZlBfuAJpTJZNIOnTyYuRFL6N6Nv+LGhSJu/QF3/o2TNgttPTBwOOce7tzjJYIrsKxvY219Y3Nru7RT3t3bPzg0j467Kk4lZR0ai1j2PaKY4BHrAAfB+olkJPQE63mT69zv3TOpeBzdwTRhbkhGEQ84JaCloVnpY0fxEDvAHiBrx3xWc4SO+wRfYatuWY3zoVnNSQ68SuyCVFGB9tD8cvyYpiGLgAqi1MC2EnAzIoFTwWZlJ1UsIXRCRmygaURCptxsfssMn2nFx0Es9YsAz9XfiYyESk1DT0+GBMZq2cvF/7xBCkHTzXiUpMAiulgUpAJDjPNisM8loyCmmhAquf4rpmMiCQVdX1mXYC+fvEq6jbpt1e3bi2qrWdRRQqeogmrIRpeohW5QG3UQRY/oGb2iN+PJeDHejY/F6JpRZE7QHxifP9dqmO4=</latexit><latexit sha1_base64="z7pF8IB0v1YUYAfk9GjGp5SGuEs=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHqpiRFsBuh4MZlBfuAJpTJZNIOnTyYuRFL6N6Nv+LGhSJu/QF3/o2TNgttPTBwOOce7tzjJYIrsKxvY219Y3Nru7RT3t3bPzg0j467Kk4lZR0ai1j2PaKY4BHrAAfB+olkJPQE63mT69zv3TOpeBzdwTRhbkhGEQ84JaCloVnpY0fxEDvAHiBrx3xWc4SO+wRfYatuWY3zoVnNSQ68SuyCVFGB9tD8cvyYpiGLgAqi1MC2EnAzIoFTwWZlJ1UsIXRCRmygaURCptxsfssMn2nFx0Es9YsAz9XfiYyESk1DT0+GBMZq2cvF/7xBCkHTzXiUpMAiulgUpAJDjPNisM8loyCmmhAquf4rpmMiCQVdX1mXYC+fvEq6jbpt1e3bi2qrWdRRQqeogmrIRpeohW5QG3UQRY/oGb2iN+PJeDHejY/F6JpRZE7QHxifP9dqmO4=</latexit><latexit sha1_base64="z7pF8IB0v1YUYAfk9GjGp5SGuEs=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHqpiRFsBuh4MZlBfuAJpTJZNIOnTyYuRFL6N6Nv+LGhSJu/QF3/o2TNgttPTBwOOce7tzjJYIrsKxvY219Y3Nru7RT3t3bPzg0j467Kk4lZR0ai1j2PaKY4BHrAAfB+olkJPQE63mT69zv3TOpeBzdwTRhbkhGEQ84JaCloVnpY0fxEDvAHiBrx3xWc4SO+wRfYatuWY3zoVnNSQ68SuyCVFGB9tD8cvyYpiGLgAqi1MC2EnAzIoFTwWZlJ1UsIXRCRmygaURCptxsfssMn2nFx0Es9YsAz9XfiYyESk1DT0+GBMZq2cvF/7xBCkHTzXiUpMAiulgUpAJDjPNisM8loyCmmhAquf4rpmMiCQVdX1mXYC+fvEq6jbpt1e3bi2qrWdRRQqeogmrIRpeohW5QG3UQRY/oGb2iN+PJeDHejY/F6JpRZE7QHxifP9dqmO4=</latexit><latexit sha1_base64="z7pF8IB0v1YUYAfk9GjGp5SGuEs=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHqpiRFsBuh4MZlBfuAJpTJZNIOnTyYuRFL6N6Nv+LGhSJu/QF3/o2TNgttPTBwOOce7tzjJYIrsKxvY219Y3Nru7RT3t3bPzg0j467Kk4lZR0ai1j2PaKY4BHrAAfB+olkJPQE63mT69zv3TOpeBzdwTRhbkhGEQ84JaCloVnpY0fxEDvAHiBrx3xWc4SO+wRfYatuWY3zoVnNSQ68SuyCVFGB9tD8cvyYpiGLgAqi1MC2EnAzIoFTwWZlJ1UsIXRCRmygaURCptxsfssMn2nFx0Es9YsAz9XfiYyESk1DT0+GBMZq2cvF/7xBCkHTzXiUpMAiulgUpAJDjPNisM8loyCmmhAquf4rpmMiCQVdX1mXYC+fvEq6jbpt1e3bi2qrWdRRQqeogmrIRpeohW5QG3UQRY/oGb2iN+PJeDHejY/F6JpRZE7QHxifP9dqmO4=</latexit>

P (X = 0) =
�0e��

0!
=

0.0020e�0.002

0!
⇡ 0.998

<latexit sha1_base64="zNT+xm2CH7t1ciZ2Bc1zPVA6d+4="></latexit><latexit sha1_base64="zNT+xm2CH7t1ciZ2Bc1zPVA6d+4="></latexit><latexit sha1_base64="zNT+xm2CH7t1ciZ2Bc1zPVA6d+4="></latexit><latexit sha1_base64="zNT+xm2CH7t1ciZ2Bc1zPVA6d+4="></latexit>

How Many Earthquakes

*In California, according to the USGS, 2015
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Based on historical data, major earthquakes (magnitude 8.0+) 
happen at a rate of 0.002 per year*. What is the probability of 

a major earthquake in the next 30 years?

Y = Years until the next earthquake of magnitude 8.0+

Y ⇠ Exp(� = 0.002) fY (y) = �e��y

= 0.002e0.002y

*In California, according to the USGS, 2015

P (Y < 30) =

30Z

0

0.002e�0.002y dy

= 0.002
h
� 500e�0.002y

i30
0

=
500

500
(�e�0.06 + e0)

P (Y < 30) =

30Z

0

0.002e�0.002y dy

= 0.002
h
� 500e�0.002y

i30
0

=
500

500
(�e�0.06 + e0)

= 0.002�0.002y

How Long Until the Next Earthquake
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Z
ecx dx =

1

c
ecx

Integral Review
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Based on historical data, major earthquakes (magnitude 8.0+) 
happen at a rate of 0.002 per year*. What is the probability of 

a major earthquake in the next 30 years?

Y = Years until the next earthquake of magnitude 8.0+
Y ⇠ Exp(� = 0.002) fY (y) = �e��y

= 0.002e0.002y

*In California, according to the USGS, 2015

P (Y < 30) =

30Z

0

0.002e�0.002y dy

= 0.002
h
� 500e�0.002y

i30
0

=
500

500
(�e�0.06 + e0)

P (Y < 30) =

30Z

0

0.002e�0.002y dy

= 0.002
h
� 500e�0.002y

i30
0

=
500

500
(�e�0.06 + e0)

P (Y < 30) =

30Z

0

0.002e�0.002y dy

= 0.002
h
� 500e�0.002y

i30
0

=
500

500
(�e�0.06 + e0)

P (Y < 30) =

30Z

0

0.002e�0.002y dy

= 0.002
h
� 500e�0.002y

i30
0

=
500

500
(�e�0.06 + e0) ⇡ 0.06

= 0.002�0.002y

How Long Until the Next Earthquake
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Based on historical data, major earthquakes (magnitude 8.0+) 
happen at a rate of 0.002 per year*. What is the expected 

number of years until the next earthquake?

Y = Years until the next earthquake of magnitude 8.0+

Y ⇠ Exp(� = 0.002)

E[Y ] =
1

�
=

1

0.002
= 500
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How Long Until the Next Earthquake
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Based on historical data, major earthquakes (magnitude 8.0+) 
happen at a rate of 0.002 per year*. What is the standard 

deviation of years until the next earthquake?

Y = Years until the next earthquake of magnitude 8.0+

Y ⇠ Exp(� = 0.002)

*In California, according to the USGS, 2015

Var(Y ) =
1

�2
=

1

0.0022
= 250, 000 years2

<latexit sha1_base64="969KgZDUuCg8hmFAq8zJUxYniPM="></latexit><latexit sha1_base64="969KgZDUuCg8hmFAq8zJUxYniPM="></latexit><latexit sha1_base64="969KgZDUuCg8hmFAq8zJUxYniPM="></latexit><latexit sha1_base64="969KgZDUuCg8hmFAq8zJUxYniPM="></latexit>

Std(Y ) =
p
Var(X) = 500 years
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How Long Until the Next Earthquake
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Four Prototypical Trajectories

Is there a way to avoid 
integrals?
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A cumulative density function (CDF) is a “closed form” equation for the probability that a 
random variable is less than a given value

This is also shorthand 
notation for the PMF

F (x) = P (X < x) =

xZ

y=�1

f(y) dy

If you learn how to use a 
cumulative density function, 

you can avoid integrals!

FX(x)

Cumulative Density Function
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F (x) = P (X < x) =

xZ

y=�1

f(y) dy

0.03125x = 2

Cumulative Density Function
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FX(x) = 1� e��x

P (X < x) =

xZ

y=�1

f(y) dy

=

xZ

y=0

�e��y dy

=
�

�

h
� e��y

ix
0

= [�e��x]� [�e�0]

= 1� e��x

CDF of an Exponential
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Probability
density 
function

Cumulative
density function

x

x

F (x) = 1� e��x

f(x) = �e��x

FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy

Using CDF Example. X is Exp(l = 1)
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Probability
density 
function

Cumulative
density function

x

x

F (x) = 1� e��x

f(x) = �e��x

P(X < 2)

FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy

Using CDF Example. X is Exp(l = 1)
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Probability
density 
function

Cumulative
density function

f(x)

x

x

F (x) = 1� e��x

f(x) = �e��x

P(X < 2)

=

2Z

x=�1

f(x) dx

FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy

Using CDF Example. X is Exp(l = 1)
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Probability
density 
function

Cumulative
density function

f(x)

x

x

F (x) = 1� e��x

f(x) = �e��x

P(X < 2)

=

2Z

x=�1

f(x) dx

or

= F (2)

= 1� e�2

⇡ 0.84

FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy

Using CDF Example. X is Exp(l = 1)
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Probability
density 
function

Cumulative
density function

x

x

F (x) = 1� e��x

f(x) = �e��x

P(X > 1)

FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy

Using CDF Example. X is Exp(l = 1)
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Probability
density 
function

Cumulative
density function

x

x

F (x) = 1� e��x

f(x) = �e��x

P(X > 1)

=

1Z

x=1

f(x) dx

FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy

Using CDF Example. X is Exp(l = 1)
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Probability
density 
function

Cumulative
density function

x

x

F (x) = 1� e��x

f(x) = �e��x

P(X > 1)

=

1Z

x=1

f(x) dx

or

= 1� F (1)

= e�1

⇡ 0.37

FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy

Using CDF Example. X is Exp(l = 1)
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Probability
density 
function

Cumulative
density function

x

x

F (x) = 1� e��x

f(x) = �e��x

P(1 < X < 2)

FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy

Using CDF Example. X is Exp(l = 1)
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Probability
density 
function

Cumulative
density function

x

x

F (x) = 1� e��x

f(x) = �e��x

P(1 < X < 2)

=

2Z

x=1

f(x) dx

FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy

Using CDF Example. X is Exp(l = 1)
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Probability
density 
function

Cumulative
density function

f(x)

x

x

F (x) = 1� e��x

f(x) = �e��x

P(1 < X < 2)

=

2Z

x=1

f(x) dx

or

= F (2)� F (1)

=(1� e�2)

� (1� e�1)

⇡ 0.23

FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy

Using CDF Example. X is Exp(l = 1)
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Based on historical data, earthquakes of magnitude 8.0+ happen 
at a rate of 0.002 per year*. What is the probability of 

an major earthquake in the next 4 years?

Y = Years until the next earthquake of magnitude 8.0+

Y ⇠ Exp(� = 0.002)

*According to USGS, 2015

P (Y < 4) = F (4)

= 1� e�0.002·4

⇡ 0.008

F (y) = 1� e�0.002y

Feeling lucky?

Probability of Earthquake in Next 4 Years?
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Continuous
Random 
Variable

Semantic 
Meaning

E[X]

f(X = x)

FX(x)

Var(X)

Std(X)

E[X2]

Support

Properties for Continuous Random Variable
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X∼ Geo( p)

number of 
successes

time to get 
successes

One
trial

Several
trials

Interval
of time

X∼ Exp(λ )

One
success

Several
successes

One 
success

X∼ NegBin (r , p)

X∼ Ber ( p)

X∼ Bin (n , p)

X∼ Poi (λ )

n = 1

One
success

One
success

r = 1

Here are a few more Random Variables
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Four Prototypical Trajectories

Extra Problem
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Website visits
Suppose a visitor to your website leaves after 𝑋 minutes.
• On average, visitors leave the site after 5 minutes.
• The length of stay, 𝑋, is exponentially distributed.

1. 𝑃 𝑋 > 10 ?

2. 𝑃 10 < 𝑋 < 20 ?

77

𝑋~Exp(𝜆)
𝐸 𝑋 = 1/𝜆
𝐹 𝑥 = 1 − 𝑒!"#
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Website visits
Suppose a visitor to your website leaves after 𝑋 minutes.
• On average, visitors leave the site after 5 minutes.
• The length of stay, 𝑋, is exponentially distributed.

1. 𝑃 𝑋 > 10 ?

2. 𝑃 10 < 𝑋 < 20 ?

78

𝑋~Exp(𝜆)
𝐸 𝑋 = 1/𝜆

𝑋: when visitor leaves
𝑋 ~Exp(𝜆 = 1/5 = 0.2)

𝐹 𝑥 = 1 − 𝑒!"#

𝑃 𝑋 > 10 = 1 − 𝐹(10)

= 1 − 1 − 𝑒$%&/( = 𝑒$) ≈ 0.1353

Define Solve

Solve
𝑃 10 < 𝑋 < 20 = 𝐹 20 − 𝐹(10)

= 1 − 𝑒$* − 1 − 𝑒$) ≈ 0.1170
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Exponential is Memoryless

79

X = time until some event occurs
§ X ~ Exp(l)
§ What is P(X > s + t | X > s)?

§ After initial period of time s, P(X > t | •) for waiting another t units 
of time until event is same as at start

§ “Memoryless” = no impact from preceding period s
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[Advanced] How to Represent Visual Ability?


