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Continuous RVs




People heights

You are volunteering at the local elementary school.
* To choose a t-shirt for your friend Mia, you need to know their height.

1. What is the probability that your
buddy is 54.0923857234 inches tall?

P(52 < X <56)
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What is the probability Mia is between 52-56 inches tall?

P(52 < X £56)
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Continuous RV definition

A random variable X is continuous if there is a probability density function

——

f(x) = 0 such that for —co < x < oo —

Pla <X<b)= j f(x)dx

Integrating a PDF must always yield valid probabilities,
and therefore, the PDF must also satisfy

Joof(x)dx=P(—oo<X<00)=1

Also written as: fx(x)
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: . el
Today’s main takeaway, #1 <4 b W\", /MA

4 inches }

Integrate f(x) to get / \ /f\(x) probyinch

probabilities. — L .
0 .. 44 52 60 .. 90
X
56
PDF Units: probability per units of X P(52 <X <56) = f(x)dx
52
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PMF vs PDF

Discrete random variable X Continuous random variable X
Probability mass function (PMF): Probability density function (PDF):
p(x) f(x)
To get probability: To get probability:
b
P(X =x) =px) Pla<X<b)= f f(x)dx
a

Both are measures of how likely X is to take on a value.
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Computing probability

b
Pla <X<bh)= j f(x)dx

Let X be a continuous RV with PDF:

1
0 otherwise

What is P(X = 1)?

N
&

¢
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Computing probability

b
Pla <X<bh)= j f(x)dx

Let X be a continuous RV with PDF:

1

0 otherwise

Whatis P(X = 1)? . - =

Strategy 1: Integrate .

£0 21
P(1<X <o) = f(x)dxzf —xdx
1.0 1 2
1/1 2 1 1 3
2\2 1 2 2

1.00 -
2 0.50 -
SN
0.00 A
0.00 1.00 2.00

Strategy 2: Know triangles

1/1 3
-3+
2\2 4

Wait...is this even\fe/gal?
PO<X<1)=[ f(x)dx??
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Today’s main takeaway, #2

For a continuous random
variable X with PDF f(x),

f(x): prob/inch

P(X — C) — fccf(x)dx — 0 Io |44 | ;2 | .60 | '90

Contrast with PMF in discrete case: P(X = ¢) = p(c)

X
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PDF Properties

For a continuous RV X with PDF f,

o FGo

Pla <X<b)= j f(x)dx
a : : . X
X1 X9 X3
True/FaIse: < » support: values of
x where f(x) >0

1. PX=c¢)= 03
2 P(aSXSb)=P(a<X<b)=P(a§X<b)=P(a<XSbﬂ
3. f(x) is a probability
4. In the graphed PDF above, 2—~<7

P(X1SXSXZ)>P(.X2SXSX3) t@
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PDF Properties

For a continuous RV X with PDF f,
) @)
Pla <X<b)= j f(x)dx
a l l —X
X1 X2 X3
True/False: < » support: values of
x where f(x) >0
1. PX=¢c)=0 Interval width dx — 0

2. P(@@b)=P(a<X<b)=P(aSX<b)=P(a§X§b)!

X 3. f(x)is a probability

4. In the graphed PDF above,
‘:/ P(x; <X <xy)>P(x, <X <x3)  Comparearea under the curve f
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b
Determining valid PDFs Pla =X =)= f f @) dx

Which of the following functions are valid PDFs?

RRAS g(x)dx =1

. ﬂ/“’\x

é} j h(x)dx = 1 L /\ Joow(x)dx =1

0

b M P 7
P x s §
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Determining valid PDFs

Which of the following functions are valid PDFs?

f(x)

J_o:of(x)dx = 0.5

X2

j_o:oh(x) dx =1

X

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry C

b
Pla <X<bh)= j f(x)dx

J_o:og (x)dx =1

J_o:ow(x)dx =1
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Uniform RV




Uniform Random Variable

def An Uniform random variable X is defined as follows:

1
PDE f) ={F—a fa<x<p

X"’Un|(&,ﬁ) 0 otherwise

Support: [a, f]
(sometimes defined

over (a, ))

— X
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Quick check

If X~Uni(a, ), the PDF of X is: f(x)
1 . 1
— <x< n
Fx) = {p-a fa<x<p 5 —a
0 otherwise X
a B
What is ﬁ%a if the following graphs are PDFs of Uniform RVs X7
i) > f) = £
?
7- .
? 27

= x 3
0 25 1 3/2 5 5 %
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Quick check

If X~Uni(a, B), the PDF of X is: f(x)
1 . 1
Fx) = {p-a fa<x<p 5 —a
0 otherwise X
a B
What is ﬁ%a if the following graphs are PDFs of Uniform RVs X7
R ic) > @ 5 1
] ! 10#
1 2
25 ‘ —x X x
0 25 1 3/2 _t 5
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Expectation and Variance

Discrete RV X Continuous RV X
E[X] = pr(x) E[X] = f xf () dx
z(\)g ~ 00
Lo Elg(X)] = zg(x)p(x) Elg(X)] = Jr g(x)f(x) dx
Both continuous and discrete RVs | _
ElaX +b] = aE[X] + D Ilg;npeeacttlzig;
Var(X) = E[(X — E[X]D?] = E[X*] — (E[XD)* | properties of

Var(aX + b) = a*Var(X) variance

TLDR: X2, = [ Ak

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 18



Uniform RV expectation

E[X] = j_mx  F(x)dx

[xg
= X - dx
a :8_“

1 1

1 1
B_a'f(ﬁz—az)

:1.(ﬁ+a)(ﬁ/ﬁ):a+,8

2 ,8/(

2

Interpretation:
Average the start & end

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022
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Uniform Random Variable

X~Uni(a, )

. a+p /\\,:
Expectation  E[X] = Just now

(B —a)*
12

Variance Var(X) =

—X

Cll ,3 | Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 20



Exponential RV




Grid of random variables

Time until
success

Interval of time to
first success

Exp(4)
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Exponential Random Variable

Aot

Consider an experiment that lasts a duration of time until'success ogcurs.
1%
def An Exponential random variable X is the amount of time until'success.

PDF flx) = {ge_lx t:x =0
XN EXp(}{) » otnerwise
Expectation ElX] ==

Support: &) o) A 1
A Variance Var(X) = =
Examples: 11
Time until next earthquake f(x)ﬁji
Time for request to reach web server 0.4 1
Time until water main break on Campus Dr. " | X

T T T T 1
Lisa Yan, Chris Piech, Mehran Sahami, and Jerry C 0 1 2 3 L-{ 5 StanOI'd UI'liVCI'Sity 23



Interpreting Exp(4)

def An Exponential random variable X is the amount of time until success.

X ~Exp(/1) Expectation E[X] = %

Based on the expectation E[X], what are the units of 1?

&

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 24
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Interpreting Exp(4)

def An Exponential random variable X is the amount of time until success.

X~Exp(4) Expectation  E[X] = =

Based on the expectation E[X], what are the units of 1?

e.g., average # of successes per second

For both Poisson and Exponential RVs,
A = # successes/time.

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 25




Earthquakes

1906 Earthquake

1LL, No. 65, MEMORIAL ARCH, WITH CHURCH IN BACKGROUND, STANFORD UNIVERSITY, SHOWING TYPES OF CARVED WORK IVI .t d 7 8
WITH THE SANDSTONE. a n I u e ]
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E[X] = 1/4
Earthquakes B flx)=2de™ ifx >0

Major earthquakes (magnitude 8.0+) occur once every 500 years.*
What is the probability of a major earthquake in the next 30 years?

We know on average:

years
500
earthquake
earthquakes
0.00
)\ — year
1 earthquakes
500 years

S . L i isqh i i i nford University 27
*In California, according to historical data form J8GS,; 905" Viehran Sanami, and Jerry Cain, €5109, Spring 2022 Stanford University



Earthquakes

=1/2
wf@ = Ae=™ ifx 20

N
Major earthquakes (magnitude 8.0+) occur once every 500 years.*
1. What is the probability of a major earthquake in the next 30 years?

_

—

30

~ (ows2) X
Define events/ Solve X < 3p) = (om2) € Ax
RVs & state goal v ( . ) Rfecall )
O Xy = _ pCx
X: when next ] 2y
earthquake happens — bom \ = f;.mxj
X ~Exp(4 = 0.002) 0,002 D

Aryear™ = 1/500
Want: P(X 2/30)

— . L | g i i i nford University 2s
*In California, according to historical data form UGS, 205" hran Sahami, and Jerry Cain, €109, Spring 2022 Stanford University



E[X] = 1/4
Earthquakes B flx)=2de™ ifx >0

Major earthquakes (magnitude 8.0+) occur once every 500 years.*

2. What is the standard deviation of years until the next earthquake?

\//\

Solve

I . L - s R i i i nford Universi 29
*In California, according to historical data form U@é@, %i@ech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford Univers ty



Cumulative
Distribution
Functions

(CDFs)




Cumulative Distribution Function (CDF)

CDF is a probability,

For a continuous RV X, the CDF is: though PDF is not.

a
f(me(a) =PX <a)= f fx)dx  [if you learn to use
F(a) — CDFs, you can avoid

a g integrating the PDF.
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Using the CDF for continuous RVs

For a continuous random variable X with PDF f(x), the CDF of X is

Fla)=P(X<a) = fa f(x)dx

Matching (choices are used 0/1/2 times)

> W N

P(X < a)
P(X >a)
P(X = a)
Pla<X<b)

A.

B.
C.
D

F(a)
1—F(a)
F(b) — F(a)
F(a) — F(b)

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022
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Using the CDF for continuous RVs

For a continuous random variable X with PDF f(x), the CDF of X is

Fla)=P(X<a) = fa f(x)dx

Matching (choices are used 0/1/2 times)

1. PX<a) A. F(a)

2. P(X>a) B. 1—F(a)

3. P(X=a) __— C. F(b) —F(a) (nextslide)
4. P(a<X<h) D. F(a) — F(b)

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 33



Using the CDF for continuous RVs

For a continuous random variable X with PDF f (x), the CDF of X is
a
Fla)=P(X<a) = f f(x)dx
fx)

4. P(@a< X <h)=F(b)-F(a) /W/\

Proof:

: , X
) a a b
F(b) — F(a) = j G dx - ] FOO)dx Q ) ﬁ ) D

a b a
= (j f(x)dx+j f(x)dx)—f f(x)dx F(b) F(a)

= j bf (x)dx

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 34



Addendum to today’s main takeaway, #1

Integrate f(x) to get
probabilities.*

*|f you have F(a), you already have
probabilities, since F(a) = [ f(x)dx

4 inches
/\f(x):prob/inch
0 . 44 52 60 .. 90
X
b
Pla <X<b)= f f(x)dx
a

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022
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CDF of an Exponential RV X~Exp(A) f(x) = e~ ifx 20

X~Exp(l) Fx)=1—e " it>o0

Proof:
X x Recall
F@ =P <0 = fO)y=| dePdy  jesa=le

y=—00 y:O ¢

1 X

= 1 — -y
_/1 €
0

= —1(e~™ — =)

1 — e—lx

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 36



x = 0: Fx) = Le—Ax

PDF/CDF X~Exp(1 = 1) X~ I

f) 7 f) 1
0.8 - 0.8 4
0.6 - 2 0.6 - %
—Ax ~ —Ax ~ 0.14
04 | jo Ae ™ dx ~ 0.86 04 L Ae™dx = 0
0.2 A 0.2 4
O T T T T 1 X O T T T T v X
0] 1 2 3 4 5 0 1 2 3 4 5
F(x) 1-i ] 1—e 22 ~ 0.86 F(x)i'i : 1-F(2)=e?~0.14
0.8 - 0.8 4
0.6 - 0.6 4
0.4 - 0.4 -
0.2 0.2 -
0 | | | X 0 | | | T X
0 1 2 3 4 5 0 1 2 3 4 5

P(X <2) P(X > 2)

LTsa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 37



Exercises




Earthquakes

Major earthquakes (magnitude 8.0+) occur independently on average
once every 500 years.*

What is the probability of zero major earthquakes next year?

. . . b i SR i i i nford Universi 39
*In California, according to historical data form J8GS; 205" Vehran sahami, and Jerty Cain, C5109, Spring 2022 Stanford University



Earthquakes

Major earthquakes (magnitude 8.0+) occur independently on average
once every 500 years.*

What is the probability of zero major earthquakes next year?

Strategy 1: Exponential RV

Define events/RVs & state goal
T: when first earthquake happens
T ~Exp(4A = 0.002)

Want: P(T > 1) =1—-F(1)
Solve

PT>1)=1-(1—-e*1)=¢"*

. . . o i SR i i i nford Universi 40
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/1k
Earthquakes Y~Poi(d) (k) =e™ 77

Major earthquakes (magnitude 8.0+) occur independently on average
once every 500 years.*

What is the probability of zero major earthquakes next year?

Strategy 2: Poisson RV

Define events/RVs & state goal

N: # earthquakes next year
N ~Poi(4A = 0.002)

_ earthquakes
Want: P(N = 0) - year
Solve 0,-1
P(N=0)=——= e~* =~ 0.998

e , s ' i Rl i i i nford Universi a1
*In California, according to historical data form U@é@, %i%ech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford Univers ty



: .. E[X] =1/A
Website visits X~BOA) poy 4 e

Suppose a visitor to your website leaves after X minutes.

* On average, visitors leave the site after 5 minutes.
* The length of stay, X, is exponentially distributed.

1. P(X > 10)?

2. P(10< X <20)?

&
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: .. E[X] = 1/A
Website visits X~BOA) poy 4 e

Suppose a visitor to your website leaves after X minutes.

On average, visitors leave the site after 5 minutes.
The length of stay, X, is exponentially distributed.

P(X >10)7?
Define Solve
X: when visitor leaves P(X>10)=1-F(10)

X ~Exp(A =1/5 = 0.2)
P(10 < X < 20)7?

=1-(1-e"10/5) =¢72 % 0.1353

Solve
P(10 < X < 20) = F(20) — F(10)
=(1-e®H-1-e"2)=0.1170
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Extra




Expectation of the Exponential

X~Exp(d) f(x) =2e™™ ifx>0

Proof:
E[X]

X~ Exp(ﬂ) Expectation
xf(x)dx = J xde M dx
— 00 0
. B j e Mdx
0 0
0o 1 (o)
—Ax —Ax
—xe ——e
o A ‘o

0-o+o-()

Integration by parts

jxxle“’lxdx = Ju-dv

u= x dv = le Mdx
du=dx v=—-e™

fu-dvzu-v—jv-du

—xe ™ — [ —e Mdx

A Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 45



