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Independent discrete RVs

Recall the definition of independent P(EF) = P/(E')P(F)
events £ and F:

Two discrete random variables X and Y are independent if:

forall x, y:
P(X =xY = )—P(X—x)P(Y y)
Different notation, oWz, pve —
e e o Ivhppnly, y) = px(w}By(y)WVg
Intuitively: knowing value of X tells us nothing about

the distribution of Y (and vice versa)
If two variables are not independent, they are called dependent.
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Sum of independent Binomials

{

X~Bin(ny,p) S o
Y ~Bin(n,, p) {—I—/Y ~Bin(ny + ny, p)

X,Y independgﬁ

Intuition:

Each trial in X and Y is independent and has same success probability p

Define Z =# successes in ny + n, independent trials, each with success
probability p. Z~Bin(n, + n,,p),andalso Z = X +Y

Holds in general case:

n n

. , If only it
X~8in(r, p) D Xi~Bn() nip) TR
X; independentfori =1,...,n — =1 simple...
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Coin flips

Flip a coin with probability p of heads a total of n + m times.

Let X = number of heads in first n flips. X~Bin(n, p)
Y = number of heads in next m flips. Y~Bin(m, p)
/Z = total number of heads in n + m flips.

1. Are X and Z independent?
2. Are X and Y independent?
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Coin flips

Flip a coin with probability p of heads a total of n + m times.

Let X = number of heads in first n flips. X~Bin(n, p)
Y = number of heads in next m flips. Y ~Bin(m, p)
/ = total number of heads in n + m flips.

Are X and Z independent? X Counterexample: What if Z = 07
Are X and Y independent?

/T’—‘f]/\h ) d\;\ # of mutually exclusive @@
_ N irst n flips have x heads outcomes in event |
P(X_x’y_y)_P(and next m flips haveyheads) hroutcome ———

m

.
Q- (razpr

This probability (found through

=P(X =x)P(Y =) counting) is the product of the
marginal PMFs.
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Convolution:
Sum of
independent
Poisson RVs




\’h
Convolution: Sum of independent random variables

For any discrete random variables X and Y:

P(X+Y=7{)=ZP(X=k,Y=n—k)
k

In particular, for independent discrete random variables X and Y

POC+Y =m)= ) PO = IP(Y =n =)
k
\

|
the convolution of py and py

J
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Insight into convolution

~

For independent discrete random variables X and Y ?(7‘"7’7 ¥ b{" " )

PX+Y=n)= 2 PX =k)P(Y =n—k) the convolution
- = of px and py

Suppose X and Y are independent, both with support {0, 1, ..., n, ...
X 2 P(ﬁsk) p({= w-k)

k=0
V:eventwhere X +Y =n
N .
0 ’
@ Each event has probability:
- PX=kY=n—-k)
—2
v :—1 v v =P(X =k)P(Y =n—k)
' (because X, Y are independent)
" @ P(X +Y =n) = sum of

n+1 .
mutually exclusive events
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Sum of 2 dice rolls
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The distribution of a sum of
2 dice rolls is a convolution
of 2 PMFs.

Example: /
Gy o

P(X = DP(Y =3)
+ P(X =2)P(Y =2)
+P(X=3)P(Y =1)
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Sum of 10 dice rolls (fun preview)

_____ .|||I||||
A
30

The distribution of a sum of

10 dice rolls is a convolution
10 PMFs.

Looks kinda Normal...???
(more on this in Week 7)

|‘|III|. _________ {
0

50 60
X1 +X2 +"‘+X10 =n

20 4
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Sum of independent Poissons

X~Poi(4,),Y~Poi(4,) :
X,II/ inldependerllt i X+Y NPOI(Al + AZ)

Proof (just for reference):

_ _ 2z, A A X and Y independent,
PX+Y _3) o P = K)P(Y =n=l) convolution
n k n—k n k yn—k
— z e~ A_e —; A — o~ (A1+12) z 1 A2 PMF of Poisson RVs
P k! (n—"k)! - k!(n—k)!

e_(,11+;tz) Binomial Theorem:

Y —

in, 33109. Sprir% 022
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General sum of independent Poissons

Holds in general case:

n n
Xl""POi(/li) Z . z

X; independent fori =1, ...,n X;~Poi( ) 4;)
=1 i=1
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Sum of independent Poissons

/

5 1 ﬁ \\
X~Poi(1,), Y ~Poi(2,) X +Y ~Poi(1{ + 4,)

X,Y independent

n servers with independent number of requests/minute
Server i’s requests each minute can be modeled ast_)&-fPoi(‘/l;)

What is the probability that the total number of web requests received at all

ser%ers%n the next mlnute ezc%ed§\10§>\

,>\ N %Q >\1g
‘P<><>‘,D — ?K)LZ'_” o ;E\", %’F'\'\?”’ & - ?
:]_ 2

k=0
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Exercises




Independent questions

Let X~Bin(30,0.01) and Y~Bin(50,0.02) be independent RVs.
How do we compute P(X + Y = 2) using a Poisson approximation?
How do we compute P(X + Y = 2) exactly?
ljw
Let N = # of requests to a web server per day. Suppose N~Poi(1). ‘@"’;/VW

Each request independently comes from a human (prob. p), or bot (1 — p).
Let X be # of human requests/day, and Y be # of bot requests/day.

Are X and Y independent? What are their marginal PMFs?

>
&
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1. Approximating the sum of independent Binomial RVs

Let X~Bin(30,0.01) and Y~Bin(50,0.02) be independent RVs.
A& A"'?MCO\B \ Y= B ~Poy (W’B

* How do we compute P(X + Y = 2) using a Poisson approximation?

Dlxit=2)= P(A+RB=2) = Ple=2)

N’ . ,—7\ >\
SNPD‘I(\L%> = < 2) o
"’\'g t -—
= e __‘f\, = 2302

* How do we cozmpute P(X +Y = 2) exactly?

PX+Y=2)= ) PX=Kk)P(Y =2—k)

30 K 30—k ( 50 2-k(y @50~ (2—Kk) A
(7) 0:01(0.99)%07k (77 )0.02270.98 ~ 0.2327
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Web server requests

Let N = # of requests to a web server per day. Suppose N~Poi(1).

Each request independently comes from a human (prob. p), or bot (1 — p).
Let X be # of human requests/day, and Y be # of bot requests/day.

Are X and Y indepe ? inal PMFs*
o D e————T 7 R
PX=xY=y)= X=x,Y=y|N=x+y)P(N =x+y) Law of Total
3w +PX=x,Y =y N=+x+y)P(N #x + y) Probability
T T — A - >e<“’_/¥\_———<
= P(X=x|N=x+y)P<z=y|X=x,N=x+y (N=x+y) Chain Rule
1xX+y . . :
_ xX+y 2 4 Given N = x + y indep. trials,
= ( e )Px(l_P)y ' 1 e (x + y)! X|N = x + y~Bin(x + y,p)

G+ L Aa=-p) 0", (A=)

e .
x!y! (x+)’)! L\x!__jw—\és,XandYare

= PX=x)P(Y =y) where X~Poi(1p), Y ~Poi(A(1 — p)) independent!
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Independence of multiple random variables

Recall independence of forr=1,.. n:
nevents £, E,, ..., Ey: for every subset E, Eo, ..., E,:
P(Ey, Ey, ..., Er) = P(E1)P(E;) - P(E;)

We have independence of n discrete random variables X4, X5, ..., X, if
for all x{, x5, ..., Xpy:

n
P(Xl — xl,XZ — xZ, ""XTl — xn) — HP(Xl — xl)
i=1
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Independence is symmetric

If X and Y are independent random variables, then Captain TR
X is independent of Y, and Y is independent of X Obvious vl

‘.l
Let N be the number of times you roll 2 dice repeatedly until a 4 is rolled
(the player wins), or a 7 is rolled (the player loses).

Let X be the value (4 or 7) of the final throw.

Is N independent of X7 P(N =n|X=7)=P(N =n)?
P(N =n|X =4) = P(N = n)?
0

Is X independent of N? P(X =4|N =n) =P(X = 4)? yes, easier
P(X =7|N =n) =P(X =7)? | “tointuit)

Redux: Independence is not always intuitive, but it is always symmetric.
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