24: Naive Bayes

Jerry Cain
May 20, 2022

Table of Contents

2 Intro: Machine Learning
18 Brute Force Bayes
29 Naive Bayes
38 Netflix and Learning
56 Spam and Learning




Intro: Machine
Learning




Our path from here

Deep Learning
— \
r/—' — ’ ‘ ) —
St AN¢ .eX\C
\«\(\ 55\0(\ \AO\ > \’og\sx 5'\0(\
oS %0 @
) L
o o
e \

Parameter Estimation

= Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University



Our path from here

Deep Learning

— \
r/—' — ’ ‘ - ’
of 42 C
W% L AQ \ - X\
W < e.5;3.\0 \4; o eS \’og\s 55\0(\
Q@g @Q,(
/ /_AL_\
S@é .\(({\'I;\(\qé 5\0(\
g (\\0\0 X of® VNy/\ \_\\(\00 % ¢ 0){\0“
“8 | |Yml |
X,S? OmLe Omap \
= Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 . Stanford University




Machine Learning (formally)

Many different forms of Machine Learning
* We focus on the problem of prediction given prior observations.

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 5



Machine Learning uses a lot of data.

Task: Identify the chair
Data: All the chairs ever

Supervised learning: A category
of machine learning where you
have labeled data for the
problem you are solving.
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Supervised learning

Real World Problem

1
Model the problem

‘l' Training
Formal Model 6 Data

|
Learning Algorithm

v K

Testing > Predicton = Evaluation
Data Function 8 SOl
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Supervised learning

| Real World Problem
Parameter estimation 1

is a'basis for learning  Model the problem

from data. 4&
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Model and dataset

Many different forms of machine learning
* We focus on a specific type of problem: prediction from observations.

vanAvan
<, : VvanAd,
Goal Based on observed X, predict some unknown Y
* Features Vector X of m observations (new term: feature vector)
X = (XllXZI ,Xm)
* Qutput Variable Y (also called class label if discrete)

Model ? = g(X), a functionon X
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Training data

X = (X, X3, X3, ..., X300)

no o

Feature 1 Feature 2 Feature 300 Output
Patient1 1 0 1 1
Patient2 1 1 0 0
Patientn O 0 1 1
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Training data notation

(x(l),y(l)),w..., (x(n),y(n))
n datapoints, assumed to be iid

T
i-th datapoint (x(®,y®):

m features: x() = (xfi),xéi), x,,(,?)

A single output y®
Independent of all other datapoints

Use these n datapoints to learn a

Training Goal: model ¥ = g(X) that predicts Y

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022

Stanford University 12



Supervised learning

Real World Problem
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Testing data notation

(x(l),y(l)), (x(z),y(z)), (x(n),y(n))
Neese Other datapoints, assumed to be iid

i-th datapoint (x(®,y®):
Has the same structure as your training data

Leveraging the model ¥ = g(X) that you
trained, see how well you can predict Y on
Known data

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 14
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Two tasks we will focus on

* Qutput Variable Y (also called class label if discrete)

Model Y = g(X), a function on X
* Regression prediction when Y is continuous
 Classification prediction when Y is discrete

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 15



Regression: Predicting real numbers

Training data: (x@,y®), (x@,y@), ., (x™,y™)

Year 1
Year 2

Year n

O
G0,

CO2 levels

338.8
340.0

340.76
~_ —

Sea Feature m
level

0 1

1 0

0 1

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain,

Output

Global Land-Ocean
temperature

-
0.26

0.32

0.14
\

\

CS109, Spring 2022
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Classification: Predicting class labels

X = (X, X3, X3, ..., X300)

no o

Feature 1 Feature 2 Feature 300 Output
_ 4 )
Patient1 1 0 1 1
Patient2 1 1 0 0
Patientn O 0 1 1
\_ J

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 17



Brute Force
Bayes




Classification: Having a healthy heart

X = (X1)

Single feature:  Region of Interest (ROI) is

Feature 1 Output healthy (1) or unhealthy (O)
_ How can we predict whether
Patient 1 1 0 heart is healthy (1 healthy (0)?
eart is hea or unhea :
Patient 2 1 1 y(d) y(9)
Patientn 0 1 The following strategy is not used in practice but

helps us understand how to approach classification.

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 19



Classification: Brute Force Bayes

_ Our prediction for Y
- g(X) is a function of X

= arg max P(Y | X) Proposed model: Choose the Y that is
&{Oi} more or most likely given X
P(X[Y)P(Y) ,
= arg max (Bayes’ Theorem)
vy={0,1} ﬂ)
= arg ma ‘@)' !E) (1/P(X) is constant w.r.t. y)
y={0,1}

If we estimat(P(X|Y)>and P(Y), we can classify datapoints!

Lisa Yan, Chris Piech, MShvan-Sahami-emd Jerry Cain, CS109, Spring 2022 Stanford University 20




Training: Estimate parameters

X = (X1)

2.

e

Y = arg max P(X|YV)P(Y)

7

y={0,1}
c—\_/\/\ (\/\/—\
Conditional PXIY=0) | PX|Y =1)
Feature1  Output prokiability X1 =0 01 03
tables P(X|Y) X;=1 0, 0,
Patient1 1 0 B(Y)
: Marginal
Patient 2 1 1 orobability =0 0-
table P(Y) Y =1 O
N——
Patientn 0 1 Training Use n datapoints to learn

Goal: 2 -2+ 2 = 6 parameters.

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022

Stanford University 21



Training: Estimate parameters P(X|Y)

PX|Y=0) | PX|IY=1)
X1 - 0 01 83
X1 - 1 02 84

Count:
X1 = O, Y =0:
X;=1,Y=0:
Paxi=ov=1: X|Y =0and X|Y =1
Pax, =1,v=1: are each multinomials with 2 outcomes!
Total: Q/\A? widt Laploce varv’l@‘??(‘>
Loplace
Patientn 0 1 Use MLE or Laplace (MAP) estimate

P(X|Y) and P(Y) as parameters.

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 22



Training: MLE estimates, P(X|Y)

T _
P(X|y =0) | P(X|Y =1)
X1 =0 0.4- 7 0.0 = e
Xl =1 0.6 :')% 1.0 = ‘{Ll:
A # X = x’Y =
: . g\\g’ MLE of P(X; = x|Y = y) = (X, - y)
Count: # datapoints JUst count! HY =)
X1 = O, Y=0: 4’18
Xl = 1! Y = O: 6
Xl = 07 Y = 1: O
X1=14,Y=1. 100
Total: 110

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 23



Training: Laplace (MAP) estimates, P(X|Y)

Count: # datapoints
X;1=0,Y=0: 4 (
X,=1,Y=0: 6 e v
X1 = O, Y =1: 0] MAP
X;1=1,Y=1: 100
Total: 110
A<
Laplace of P(X; = x|Y =y) = ? @
Just count + add imaginary trials! &

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 24



Training: Laplace (MAP) estimates, P(X|Y)

T
Count: # datapoints
X,=0,Y=0: 4 g\o
X1 = 1, Y =0: 6 R R
}
X;=1,Y=1: 100 X, =0 042= 55| 001 -
. {1
Total: 110 X, =1 0.58 0.99 =¥
. =1 X)) = )& ol T —— #(X1=x,Y=y)<::>
( ?(&]\cl )7;;% o 1+ st Laplace of P(X; = x|Y =y) = ——H =)
—> p(r=o 7\{:\\ = | & bevwd Just count + add imaginary trials! Y @
( ‘7[3(1 g ‘) V;;} — ( J—ULVV_«,Q% Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford UnlverSIty 25



Testing

Y = arg max P(X|Y)P(Y)

y={0,1}
(MAP) | P(X|Y =0) | P(X|Y =1) (MLE) P(Y)
X, =0 0.42 0.01 Y =0 0.09 “his
X, =1 0.58 0.99 Yy =1 0.91 105]) 14

New patient has a healthy ROI (X; = 1). What is your prediction, ¥?

P(X,=1|Y =0)P(Y =0) =0.58-0.09 = 0.052
P(X,=1Y =1DP(Y =1) =099 -091 = 0.901 /v;g@

A\

A. 0.052<05 = V=1 403

A\

5. 0901>05 = Y=1

A\

C. 0052<0901= Y=1

Sanity check: Why don’t these sum to 17 o
i Stanford University 26
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Testing

Y = arg max P(X|Y)P(Y)

y={0,1}
(MAP) | P(X|Y =0) | P(X|Y = 1) (MLE) P(Y)
X, =0 0.42 0.01 Y =0 0.09
X, =1 0.58 0.99 Y =1 0.91

New patient has a healthy ROI (X; = 1). What is your prediction, ¥?

P(X, =1|Y = 0)P(Y = 0) = 0.58-0.09 ~ 0.052 7=t ¥=2)
P(X, =1|Y = DP(Y = 1) = 0.99-0.91 ~ 0.901 *(¥= 1~

0.052<05 = V=
0.901> 0.5 =
0.052 < 0.901 =

Sanity check: Why don’t these sum to 17?

an, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 27



Brute Force Bayes classifier

Y = arg max P(X|Y)P(Y) (P(Y) is an estimate of P(Y),
y={0,1} P(X|Y) is an estimate of P(X|Y))

N\

etmae ese P(Xy, Xpy o, X |Y = 1)
Training RTobabllities—=l.e., P(X{,X,, .., Xm|Y = 0)
learn these parameters By = 1 B(Y = 0
using MLE or Laplace (MAP) ¥ =1 ¥ =0)
_ Given an observation X = (X4, X,, ..., X;;,;), predict
Testing ~

? = arg max (P(Xl,Xz, ,Xm|Y)13(Y))
y={0,1}

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 28
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Brute Force Bayes: m = 300 (# features)

X = (X, X3, X3, ..., X300)

no o

Feature 1 Feature 2 Feature 300 Output
Patient1 1 0 1 1
Patient 2 1 1 0 0
Patientn 0 0 1 1 This won’t be

too bad, right?

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 30



Brute Force Bayes: m = 300 (# features)

X = (X, X3, X3, ..., X300)

NN M

Count: # datapoints

X;=0,X,=0, .., X009 = 0, X300 = 0, Y = 0: 0

X;=0,X,=0, ., X000 = 0, X300 = 1, Y = O 0

X;=0,X,=0, ., X000 = 1, X300 = 0, Y = 0 1
Pal ...
Pai X1 =0, X5 =0, ., Xp99= 0, X399 = 0, Y = 1: 2

X;=0,X,=0, ., X000 = 0, X300 = 1, Y = 1: 1

{X;=0,X,=0, ., X399 = 1, X300 =0, Y = 1: 1 o

Patientn 0 0 .. 1 1 Ihis won t be

too bad, right?

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 31



Brute Force Bayes: m = 300 (# features)

.
~ P(Y = 1] x) : estimated probability a
Y heart is healthy givgm X

\X/: (Xl,Xz, ""X3OO): Whether 300
regions of interest (ROI) are healthy (1)
or unhealthy (0)

How many parameters do we
have to learn?

= arg max P(X|Y)P(Y) P(X|Y) P()
y=1{0,1} 22 +2 =6
Learn parameters 2-300 +2 =602
through MLE or MAP 2.2300 L 2 — 5ot

3
&

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 32



Brute Force Bayes: m = 300 (# features)

~ P(Y = 1| x) : estimated probability a
Y heart is healthy given x
X = (Xl,Xz, ""XSOO): Whether 300

regions of interest (ROI) are healthy (1)
or unhealthy (0)

How many parameters do we

R ~ have to learn? A%
= arg{ma&x P(X|Y)P(Y) PX|Y)  P(Y) ))
={0,1
g 2-2 +2 =6
Learn parameters 2-300 +2 =602
through MLE or MAP 300 _
€ 2,230 42 =alot
This approach requires you to learn %= 7 R E % K=Y, .. 7‘:’”/1 , }’\:ﬁ
0(2™) parameters. - B

ehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 33



The problem with our current classifier

Y

= arg max P(X|Y)P(Y)

y={0,1} L L »
Estimating this joint conditional

P(X1, Xz, o) X [Y) distribution is intractable.
What if we could make a simplifying assumption—even if incredibly naive—
to make our parameter estimation effort computationally tractable? —

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 34



The Naive Bayes assumption

Y Assumption:

X1, ..., Xy are all conditionally
independent given Y.

= arg max P(X|Y)P(Y)

y={0,1}
m Naive Bayes
= arg max HP(X Y) P(Y) Assumption
y={0,1} =1

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 35



Naive Bayes Classifier 4 <mso \YV=p)

- '\r/?(j‘l"\ l\‘\'"’()\)
/Y_/\ A 1 P ((3(,‘ b I\Y ':())
~ ~ ~ P Xi =\ N =)
Y = arg max P(X;|Y) | P(Y)
y={0,1} 1 ~
" B + 2
What is the Big-O of # of
Training parameters we need to learn?
0(m)
xo02™)
C. other

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 3e



Naive Bayes Classifier

m
Y = arg max Hﬁ(XﬂY) P(YV)
y={01} \ 5.1

forj=1,..,m: P(X;=1|Y =0),
Training P(x; =1y =1)
P(Yy =1)

Use MLE or
Laplace (MAP)

g

m
Testing Y = arg max| log P(Y) + z log P(X;|Y)
y={0,1} j=1

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 37



and Learn




: : : (i)
Classification terminology check S
B. y(l)
Training data: (x(*),y W), (x),y@), .., (2, y() C. (x,y®)
5 4@
X
SANDRA BULLOGK J
) 1: like movie
S| 0: dislike movie
IHI]VEFE.IIITIE;Ef I]?H : - l \ — AV ’ 'X(E;
Movie 1 Movie 2 )
‘_ (%l';,\ | b\[z\)
Userl 1. 1 0 1 2.1 4-D° X,
User2 3. 1 1 0
Usern 0 4.0 1 1

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 39



SANDRA BULLOCK

MICHAEL CAINE

BENJAMIN BRATT /5 .
& '

CANDICE BERGEN /9y’ ¢

: like movie

o . (0
Classification terminology check B

B. y(l)
Training data: (x(*),y W), (x),y@), .., (2, y() C. (xW,yW)

D. xV

! J
1
0

COGATY - dislike movie
IHI]YEFE.ﬂ.f][;E[‘I]‘H N | : l #
Movie 1 Movie 2 Movie m
User1l 1. 1 0 1 2.1
User2 3. 1 1 0
: L -th user
Usern 0 4.0 .. 1 1 J- MOVIE ]

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 40



Predicting user TV preferences

Will a user like the Pokémon TV series?

Observe indicator variables X = (X{,X,) : Output Y indicator:

"likes Star Wars" "likes Harry Potter" "likes Pokémon"

Predict ¥ = arg max P(Y | X)
y={0,1}

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 41



Predicting user TV preferences = agmerd AR

y={0,1} ~
Which probabilities do you need to estimate? T\zgme;ter] PAIY) = QP(X"'Y)
How many are there?
* Brute Force Bayes / “ U“’“’B
(strawman, without NB assumption) B ‘ 21 P @
«,&,vi\yc wodod T \% ~

* Nalve Bayes

Quring training, how to estimate the prob
P(X; =1,X, = 1|Y = 0) with MLE? with Laplace?

* Brute F B 2
A 2R %=L a Y0 R R +

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 42



Predicting user TV preferences = agmerd AR

y={0,1}

. . Naive Baves  pox|yy = | | P(x;|Y
Which probabilities do you need to estimate? Assumption 1) H (1)
How many are there?

- Brute Force Bayes pr =\ \Y=0) —
(strawman, without NB assumption) r(x.= ) LY=1) — y(¥=2)
PlysolN=o) | P(Y=1)
Y=o\ Y=1) | —
- Naive Bayes ) ?4,/ X‘;XL
\ L\ & L = x Ko =X
Durlng training, how to estimate the prob o(w )

=1,X, =1|Y = Q) W|th E;P Vllth L(apl ce?

o Brute Force Bayes P(%a=1 )\ - Naive Bayes

- = | AYco ot ﬁ\:’A})@) *\(
awp > Tatase) r>(7<2 [n¥=r) MAD = (ﬁ“& -
V('\\}:, P('\):—Z)) (\-/0) f\'“Q—-.
—\/

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 43



(Strawman Brute Force) Multinomial MLE and MAP

Model:
Observe:
X1 X
0 1
1 1
1 0
1 1

training data

Multinomial, m outcomes:
p;j probability of outcome j

n; = # of trials with outcome j
Total of Y72, n; trials

= e

== Pj=ym
j=1"

Laplace R n; + 1

estimate Pj = om

(MAP w/Laplace j=11j +m

smoothing)

P(X;=1X,=1|Y =0)

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 44



(Naive Bayes) Multinomial MLE and MAP

Model:
Observe:
X1 X
0 1
1 1
1 0
1 1

training data

Multinomial, m outcomes: LE 153 —

p;j probability of outcome j

: : . Laplace
n; = # of trials with outcome j ; A~
m _ estimate Dj
Total of X.7=; n; trials (MAP w/Laplace
smoothing)

= e

n;

m .
j=11y
nj + 1

m

P(X;=1X,=1|Y =0)

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022
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Fx 1. Naive Bayes Classifier (MLE)

m
Y = arg max Hﬁ(XﬂY) P(YV)
y={01} \ 5.1

vi: P(X; =1|Y =0), P(X; = 0]Y = 0), Use MLE
Training P(x; = 1|y =1),P(X; = 0]Y = 0),
P(Y =1),P(Y =0)

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 46



Training: Naive Bayes for TV shows (MLE)

Observe indicator vars. X = (X, X,): 1 2
_ 0 1 0 1
X1: “likes Star Wars” Y Y
X,: “likes Harry Potter” 3 10 0 5 8
4 13 1 7 10

Predict Y: “likes Pokémon”

How many datapoints (n)
are in our training data?

Conrlpute MLE estimates X4
for P(X{|Y): Y

Training data counts

Lisa Yan, Chris Piech, v

ity a7




Training: Naive Bayes for TV shows (MLE)

Observe indicator vars. X = (X, X,): 1l o 1 2 1
X1: “likes Star Wars” Y Y

X,: “likes Harry Potter” 3 10 0 38

4 13 1 10

Predict Y: “likes Pokémon”

How many datapoints (n)
are in our training data?

Conrlpute MLE estimates X4
for P(X{|Y): Y

Training data counts

Lisa Yan, Chris Piech, v

ity 48




Training: Naive Bayes for TV shows (MLE)

Observe indicator vars. X = (X, X,): 1
Xq: “likes Star Wars”
X5: “likes Harry Potter”

Predict Y: “likes Pokémon”

o 1

0 10.23 0.77
1 (0.24 0.76

(from last slide)

v o 1 2 1
3 10 0 8 0 13
4 13 1 10 1 17
Training data-counts
X
v 2 0 1
0 5/13 = 0.38 8/13 = 0.62 0 | 13/30 = 0.43
1 7/17 = 0.41 10/17 = 0.59 1 |17/30 = 0.57

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022

Stanford University 49



Training : Naive Bayes for TV shows (MLE)

Observe indicator vars. X = (X, X,): 1 2
_ 0 1 0 1
X1: “likes Star Wars” Y Y
X5: “likes Harry Potter” 0 1(0.23 0.77 0 (0.38 0.62 0 | 043
Predict Y: “likes Pokémon” 1 1|0.24 0.76 1 1(0.41 0.59 1 | 057

Now that we’ve trained and found parameters,
It’s time to classify new users!

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University so



Fx 1. Naive Bayes Classifier (MLE)

Use MLE

m
Testing ? = arg max 1_[ P(Xx;lY) | P(Y)
y={01} \ 5.3

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University s1



Testing: Naive Bayes for TV shows (MLE)

Observe indicator vars. X = (X, X,): 1 2
_ 0 1 0 1
X1: “likes Star Wars” Y Y
X5: “likes Harry Potter” 0 1(0.23 0.77 0 (0.38 0.62 0 | 043
Predict Y: “likes Pokémon” 1 1|0.24 0.76 1 1(0.41 0.59 1 | 057

Suppose a new person “likes Star Wars” (X; = 1) but “dislikes Harry Potter” (X, = 0).

Will they like Pokemon? Need to predict Y:

Y =argmax P(X|Y)P(Y) = argmaxP(X{|Y)P(X,|Y)P(Y)
y={0,1} y={0,1}

fYy =0 PX;=1Y =0)P(X,=0|Y =0)P(Y =0) =0.77-0.38-0.43 = 0.126

fYy=1: PX,=1Y=1PX,=0Y =1)P(Y=1) =0.76-0.41-0.57 = 0.178

Since term is greatest when Y = 1, predict ¥ = 1

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 52



Fx 2. Naive Bayes Classifier (MAP)

m
Y = arg max Hﬁ(XﬂY) P(YV)
y={01} \ 5.1

vi: P(X; = 1]Y =0), P(X; = 0]Y = 0),
Training ﬁ(Xj =1|Y = 1),}3()(]. =0|Y = 0), Laplace (MAP)
P(Y=1),P(Yy=0)

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 53



Training: Naive Bayes for TV shows (MAP)

Observe indicator vars. X = (X, X,): 1 5
_ 0 1 0 1
X1: “likes Star Wars” Y Y
X,: “likes Harry Potter” 0 3 10 0 5 8
Predict Y: “likes Pokémon” 1 4 13 1 7 10

Training data counts
P(X; =x|Y =y):

#(Xj=xY=y)
What are our MAP estimates #(Y=y)
usinAg Laplace smoothing #(X j=x,Y=y)+1
for P(X;|Y)? # (V=) 2
#(Xj=xY=y)+1
#(Y=y)+4

other

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 54



Training: Naive Bayes for TV shows (MAP) ?”5‘5{2‘,’%"@? “‘””)p .

Observe indicator vars. X = (X, X,): 1 2
_ 0 1 0 1

X1: “likes Star Wars” Y Y

X,: “likes Harry Potter” 0 3 10 0 5 8 0 13
Predict Y: “likes Pokémon” 1 4 13 1 7 10 1 17

Training data-eounts
1 2
v 0 1 y 0 1
0.27 0.73 0 0.40 0.60 In practice:
1 10.26 0.74 1 (0.42 0.58 » We use Laplace for P(X;|Y) in case

some events X; = x; don’t appear

« We don’t use Laplace for P(Y),
because all class labels should
appear reasonably often

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 55




/

and Learn

naively




What is Bayes doing in my mail server?

From:
To:
Cc
Subje:

Abey Chavez [tristramu@deleteddomains.com]
sahami@robotics.stanford.edu

ct: For excellent metabolism

Sent: Sat 5/22/3610 4:08 AN

Content analysis details:

Canadian * * Pharmacy
#1 Intemet Inline Drugstore =

Viagra Cialis

Our price $1.15

Cialis Professionsl Viagra
Our price $4.17
Levitra Viagra

Our price $2.93

And more...

Click

Our price $1.99

Our price $2.82

Our price $1.64

IS |

0.9 RCVD_IN_PBL
1.5 URIBL_WS_SURBL

Viagra Professional
Our price $3.73

5.0 URIBL_JP_SURBL
Super Active Cialis Super Active

Our price $3.66 E

5.0 URIBL_OB_SURBL

Soft Tabs Cialis Soft Tabs

Our price $3.51

5.0 URIBL_SC_SURBL

4 2.0 URIBL_BLACK

here

1 8.0 BAYES_99

Let’s get Bayesian on your spam:

(49.5 hits, 7.0 required)

RBL: Received via a relay in Spamhaus PBL
[93.40.189.29 listed in zen.spamhaus.org]
Contains an URL listed in the WS SURBL blocklist
[URIs: recragas.cn]
Contains an URL listed
[URIs: recragas.cn]
Contains an URL listed
[URIs: recragas.cn]
Contains an URL listed
[URIs: recragas.cn]
Contains an URL listed
[URIs: recragas.cn]
BODY: Bayesian spam probability is 99 to 100%
[score: 1.0000]

in the JP SURBL blocklist
in the OB SURBL blocklist
in the SC SURBL blocklist

in the URIBL blacklist

A Bayesian A

Mehran Sahami-

“(iates Building 1A

ce Department

ord, CA S43505-6010
sahami@cs.stanford.edu
Abstract

In addressing the growing problem of junl

the Internet. we examine methads for the

Susan Dumais’

pproach to Filtering Junk E-Mail

David Heckerman’ Eric Horvitz’

IMicrosoft Research
Redmond, WA 88052-6399

|adumais, heckerma, horvitz [ Cmicrozoft.com

contain offensive material (such as graphic pornogra
phy), there is often a higher cost to users of actually
k12 mail on
automated

viewing this mail than simply the time to sort out the
inpl 1 octle dupl pnod) pot cp b suoctoo poon oo oy
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Naive Bayes Classifier (m, n large)
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Email classification

Goal Based on email content X, predict if email is spam or not.

Features Consider a lexicon m words (for English: m = 100,000).
X = (X, X,, ..., X,,,), mindicator variables
X; = 1if word j appeared in document

Output Y =1 if email is spam

m

Note: m is huge. Make Naive Bayes assumption: P(X|spam) = HP(X,-ISIOam)
j=1

Appearances of words in email are conditionally independent

given the email is spam or not
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Training: Naive Bayes Email classification

Trainset  n previous emails (x(V, yW), (22,5 @) (x5 ()

x@® = (xil)’ xgl)’ . x)grll)) for each Yvord, V\./h.ether it
appears in email i

y@® =1 if spam, 0 if not spam

Note: m is huge.

Which estimator should MLE
we use for P(X;|Y)? Laplace estimate (MAP)
Other MAP estimate N

| / ‘
Both A and B "
3
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Training: Naive Bayes Email classification

Trainset  n previous emails (x(V, yW), (22,5 @) (x5 ()

x@® = (xil)’ xgl)’ . x)grll)) for each Yvord, V\./h.ether it
appears in email i

y@® =1 if spam, 0 if not spam

Note: m is huge.

Which estimator should MLE Many words are
we use for P(X;|Y)? Laplace estimate (MAP) likely to not
Other MAP estimate appear at all in

Both A and B the training set!
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Naive Bayes Classifier (m, n large)

vj: P(X; = 1|Y = 0), P(X; = 0|Y = 0),
Training 13()(]. =1|Y = 1),}3()(]. = 0|y = 0), Laplace (MAP)
P(Y=1),P(Yy=0)

Laplace (MAP) estimates avoid estimating
O probabilities for events that don’t occur
in your training data.
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Testing: Naive Bayes Email classification

For a new email:
Generate X = (X1, X5, ..., X;)
Classify as spam or not using Naive Bayes assumption

Note: m is huge.

Suppose train set size n also huge (many labeled emails).
Can we still use the below prediction?

m
¥ = arg max Hﬁ(XﬂY) P(Y)
y={01} \ 57
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Testing: Naive Bayes Email classification

For a new email:
Generate X = (X1, X5, ..., X;)
Classify as spam or not using Naive Bayes assumption

Note: m is huge.

Suppose train set size n also huge (many labeled emails).
Can we still use the below prediction?

m
Y = arg max l_[ p‘(Xj|y) p(y) Will probably lead to underflow!
y={0,1} .
J=1
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Ex 3. Naive Bayes Classifier (m, n large)

Use sums of log-
probabilities for
numerical stability.

m
Testing Y = arg max| log P(Y) + z log P(X;|Y)
y={0,1} j=1
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How well does Naive Bayes perform?

After training, you can test with another set of data, called the test set.
Test set also has known values for Y so we can see how often

we were right/wrong in our predictions Y.

Typical workflow:
Have a dataset of 1789 emails (1578 spam, 211 ham)
Train set: First 1538 emails (by time)

Test set: Next 251 messages

Evaluation criteria on test. set: Spam Non-spam
orecision — (# COZeCtB;P';e(:‘j'Ctled C';‘SS Y) Prec. Recall| Prec. Recall
(# predicted class Y)  wordsonly | 971% 94.3%|87.7% 93.4%
B (# correctly predicted class Y) Words +
recall = (# real class Y messages) addtl features | 100%  98.3%]96.2% 100%
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What are precision and recall?

Accuracy (# correct)/(# total) sometimes just doesn’t cut it.

Precision:  Of the emails you predicted as spam, Measure of
how many are truly spam? false positives

Recall: Of the emails that are truly spam, Measure of
how many did you predict? false negatives

More on Wikipedia (https://en.wikipedia.org/wiki/Precision_and_recall)
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