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1. Weighted sum
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. Dot product/ ;. _ N
Weighted sum e ==
Recall the linear regression model, where X = (X4, X5, ...,X,,) and Y € R:
A e f\) = QA X\ y)
V=gX=6,+ ) 6%, 6. o
o J=r

How would you rewrite this expression as a single dot product?

g(X) — 80XO + 61X1 + 82X2 + -4 Qme Define XO =1
=0TX New X = (1, Xy, X0, oo, Xim)
N
Prepending X, = 1 to each feature vector X @'
makes matrix operators more accessible. e«
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>. Sigmoid function o(z) sw) = P7AT

* The sigmoid function:

1
14+e72

v

o(z) =

* Sigmoid squashes z to
a number between O and 1.

-ttt 7

10 8 6 4 2 0 2 4 6 8 10
2¢0— pLos

* Recall definition of probability:

A number between O and 1
o(z) can represent

a probability.
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3. Conditional likelihood function

Training data (n datapoints):
- (x®,yW) drawn iid from a dIStrIblit\OH f(X\— x(‘) Yy =yW0|9) = f(x©,yD]6)
=)

conditional likelihood
Omre = arg hax 1_[ (l)l .6) of training data

= arg maxz log f(y®W] 2, 9) log conditional likelihood
6 L

* MLE here is estimator that

= arg max L L(6) maximizes conditional likelihood

* Confusingly, log conditional
likelihood is also written as LL(0)
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Logistic
Regression




Prediction models so far

Linear Regression (Regression)

X 6, + Z 0;X; % X can be dependent
=1 & Regression model (Y € R, not discrete)

Y =06, +X7L,0;X;

Naive Bayes (Classification)

X ~ ~ ~ Tractable with NB assumption, but...
P(X|Y)P(Y) P(X,Y) & Realistically, X; features not
Y always conditionally independent
? = arg max P(Y | X) & Actually models P(X,Y), not P(Y|X)?
y={0,1}

= arg max P(X|Y)P(Y)

y={0,1} Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University s



. L. : B, % 85 ¥ — (8,16 %
Logistic Regression _,,**" R

,w / -
m sigmoid function
X 0o + Z 0;X; z o(z) = 1 P(Y = 1|X)
j=1 1+e2
Logistic Regression m
Model: PY=1X=x)=o0 QO+ZijJ-
j=1
Predict ¥ as the more likely Y 7= arg maxm)
given our observation X = x: y={0,1}
- Since Y € {0,1}, PY=0X=x)=1- 0(90 + Z}n=1 Hjxj)

- Sigmoid function also known as logit function _—
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Logistic Regression

N ST 0.81

6 parameter

P(Y=1|X=x)
conditional likelihood

input features

m
PO =1X=x)=0(0+ ) O
=1
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Logistic Regression: Key Metaphor

6 parameter

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 11



Logistic Regression: Key Metaphor

P(Y = 1|X=x) = O'(HO +29]x]>

J=1

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 12



(D'\\q\/)'ﬁ !

Logistic Regression: Key Metaphor  (v,),0~1 ) T ek

Lot YT )
(o, \ V)0 NS

J=1

JQ.L Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 13

_ P(Y=1|X=x)=a 90+ZHJXJ
X, input features ;



Components of Logistic Regression

m
6 weights PY=1X=x)=0 (90 T Z fo1‘>

(aka parameters) j=1
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Components of Logistic Regression

weighted sum

P(Y = 1|X=x) = G<HO+ZHJx]>

J=1

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 15



Components of Logistic Regression

squashing function
between O and 1

P(Y = 1|X=x) — O'(HO +29]x]>

J=1

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 16



Components of Logistic Regression

RN
/'\/k__\

P(Y =1|x) %‘)

prediction

J=1

P(Y = 1|X=x) = O'(HO +29]x]>

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 17



Different predictions for different inputs

iy

| PY=1X=x)=o0| 0+ ) 0;x;
X, input features ( 0 ; j 1)
[0,1,1]
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Different predictions for different inputs

‘ PY=1X=x)=0|60p+ ) 6;x;
X, input features ( 0 ; j 1>
[0,0,1]
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Parameters affect prediction

P(Y = 1|X=x) = O'(HO +29]x]>

j=1

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 20



Parameters affect prediction

P(Y — 1|X=x) = O'(QO +29]x]>

j=1
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Parameters affect prediction

m
P(Y=1|X=x)=0 90+29]X]
j=1

=g(07x) wherex, =1
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Logistic regression classifier

Y = arg max P(Y|X)
y={0,1}

P(Y =1|1X=x) =0(X]L00;%;) = a(6"x)

Estimate parameters

from training data 0 = (80,01,02, ., 0m)

Training

Given an observation X = (X4, X5, ..., X;;,;), predict

¥ = arg max P(Y|X)
y={0,1}

Testing

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 23



Training:
The big picture




Logistic regression classifier

Y = arg max P(Y|X)
y={0,1}

P(Y =1|1X=x) =0(X]L00;%;) = a(6"x)

Estimate parameters

Training from training data 0 = (60,061,085, ..., Om)
Choose 60 that optimizes some objective:
Determine objective function We are modeling P(Y|X)
Find gradient with respect to 6 directly, so we maximize the
Solve analytically by setting to O, or solve conditional likelihood of
computationally with gradient ascent training data.

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 25



Estimating 6

n
1. Determine objective — maxl_[f(y(i)| x® 0)
function o =

2. Gradient w.r.t. 9]-, forj=20,1,..,m

3. Solve e
_ o initialize x
* No analytical derivation of 8y ... repeat many times:
* ...but can still compute 0y, compute gradient
with gradient ascent! X += n * gradient

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 26



1. Determine objective function

P(Y = 11X = x) = o(T7, 6,%;)

n
Oy =|arg maxl_[f(y(i)| x®,0)|=|arg max LL(8)
o 1 0
i=1

=d(07x)
First: Interpret Second: Write a differentiable
conditional likelihood expression for log conditional
with Logistic Regression likelihood

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 27



1. Determine objective function (interpret)

,l///
_ n
a3 ] [ 601200
6 L
=1

P(Y=1|X=x) = 0(2:]’-’;() Hjxj)
Suppose you have n = 2 training datapoints: @ 1), (x@,0
PPOsey " € P L(f\l (L_l

=d(07x)

Consider the following expressions for a given 6:

A O.(BTx(l) G(eTx(Z—Q @ o ng(lg 1 _G(lng(z)))

ply=1 )%= P(v=t ) p(v=1 %= P(Y=0 [x=22)
B. (1-0(67x™)) o(67x?) N (1— U(ngu)) 51 _ G(QTxm

1. Interpret the above expressions as probabilities.
_ . . . o
2. Ifwe Iew, which probability should be the highest”

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 2s



1. Determine objective function (write)

P(Y =1|X = x) = a(XTL6x;)
OmLE = arg ;nax LL(6) — 5(8Tx)

()] (1)
1. What is a differentiable 4 [x"58)
expression for P(Y = y| X = x)?

a(6Tx) ify=1

P<Y:y|x:x):{1—a(9Tx) ify =0

2. What is a differentiable expression LL(0) = 1Ogﬁf(y<i>| x®,9)
for LL(8), log conditional likelihood? =1

PG
&

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 29




1. Determine objective function (write)

QMLE

1. What is a differentiable
expression for P(Y = y| X = x)?
B"’B&Vt\)) b= D)\

p(B=)) =

Recall
Bernoulli MLE!

2. What is a differentiable expression
for LL(6), log conditional likelihood?

\Dﬁ d <@

tqD

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022

= arg max LL(0)
6

—qm> m/ ¢ (7% "))
(N2 O X/,

PY=1Xx=x) =020,
=d(07x)

0%;)
P
{P(Y‘ylxw—@;@ =0
< o (5% ()1: NESR

n o
LL(O) = logl_[f(y(‘)| x@, 9)
\\ - c,”)

Stanford University 30



Determine objective function (write)

P(Y =1|X = x) = a(XTL6x;)
OmLE = arg ;nax LL(6) — 5(8Tx)

What is a differentiable
expression for P(Y = y| X = x)?

P(Y =y|X =x) = (c(8Tx)) (1 - 0(6Tx))

What is a differentiable expression

for LL(@), log conditional likelihood?
s T

n
LL(O) = ) yDloga(07x®) + (1 - y®) log (1 - o(67x®))

=1

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 31




. . . \iveay M Q l\o
>. Find gradient with respect to 8 o

~ AN — / \
= (6)0,00, ... b0 ) A" Utn?“z\?‘g, %)
5, T
Optimization Omip = argm axl_l[f(yml x,0) = arg max LL(0)
1=

problem: L _ . _

LL(O) = 2 y® log a(HTx(l)) + (1 — y(‘)) log (1 — U(QTx(l)))

=1

>6(2)
292) = 50 (1~ a2y
Gradient w.r.t. 6;, forj = 0,1, ..., m: o2 m

n
JdLL(6 . . :
69( ) = [y(‘) — U(HTx(l))] x-(la (presented without proof)
=

How do we interpret the gradient
contribution of the i-th training datapoint?

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 32




Find gradient with respect to 8

Optimization OmLe = arg maXHf(y(‘)l x,9) = arg max LL(6)

problem:
LL(0) = 2 yDlog a(87xD) + (1 — y®) log (1 _ O-(QTx(l)))

=1

Gradient w.r.t. 6;, forj = 0,1,...,m

OLL(6
ae(j ) z[y(l) _ a(ng(l))] (presented without proof)

=1

scale by j-th feature

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 33



>. Find gradient with respect to 6

n
L Onr g = FI @1 x® 9) = LL(6
Optimization MLE = arg Tax | ) JICAUERAC) arg max (6)

problem: = _ . :
LL(O) = 2 y® log a(HTx(l)) + (1 — y(‘)) log (1 - U(QT’C(U))

=1

Gradient w.r.t. 6;, forj = 0,1, ..., m:

n

OLL(6 N Pt
(6) — E[y(l) — a(HTx(l))] xj(l) (presented without proof)

06, L ? §

1or0 P(Y =1]X =xW)

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 34



Find gradient with respect to 8

Optimization OmLe = arg maXHf(y(‘)l x,9) = arg max LL(6)

problem:
LL(6) —2 y®logs(67x®) + (1 - y®)log (1 - a(67x®))

=1

Gradient w.r.t. 6;, forj = 0,1,...,m

dLL(6)
36,

z [y(‘) — G(HTx(l))] (presented without proof)
i=1
Suppose y = 1 (the true class label for i-th datapoint):

If 5(67x®) > 0.5, correct

If 5(6Tx®) < 0.5, incorrect > change 6; more

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 35



3. Solve

1. Optimization Oy g = arg maxl_[f(y(‘)| x®, 9) = arg max LL(0)

problem:
LL(O) = 2 y©logs(67x®) + (1 - y®)log (1 - o(67x®))
=1
2. Gradientw.r.t. 8;,forj =0,1,...,m ILL(6) Zn:[y(l) — a(ng(l))]
J 30;

=1

3. Solve using gradient ascent

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 36



Training:
The details




Training: Gradient ascent step

n
JdLL(6 : - '
ae( ) _ Z[y(l) — o(67x®)] xj(l) forj=20,1,..,m
J i=1

| 10,0, 200, 5w henge
repeat many times: &%
8 BB . . O

for all thetas: /lmW*‘fs
oLL(6°d

002!
j
n N What does
. T .. ;
=91+ z [y(‘) —0 (9°ld x(‘))] X this look like
i=1 in code?

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 3s



forj=0,1,.. m:

Training: Gradient Ascent Gradient

n
new _ gold ) Q) _ oldT _.(i) )
Ascent Step % Sy Z[y 0(9 X )] X
i=1

Linee~ 9/5"- 0\\\0:- b,

initialize 6; = @ for @ = j = m | w«l
repeat many times:
gradient[j] = 0 for @ = j = m

// TODO: your code here

// compute all gradient[j]l’s
// based on n training examples

6; += n * gradient[j] for all @ = j = m

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 39



inner loop forj=0,1,..,m:

Training: Gradient Ascent —— - o
g Ascer:?c Slteenp Hj_new = 9]-01(1 +n- 2 [y(l) —0 (Bold x(l))] xj( )
.,1i=1 \ Y ]
compute
outer loop

initialize 6, = @ for 0 = ]
repeat many times:

IA
=]

gradient[j] = @ for @ = j =m
for each training example (x,y): & ¥'h~
for each @ = j = m:

// update gradient[j] for
// current (x,y) example

6; += n x gradient[j] for all @ = j = m

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 40



inner loop

Training: Gradient Ascent Gradient

IA
=]

initialize 6, = @ for 0 = ]
repeat many times:
gradient[j] = 0 for 09 = j = m
for each training example (x,y):
for each @ = j < m: (=)

/'\’\1‘/\

1+e-07x

gradient[j] += b}—

6; += n x gradient[j] for all @ = ]

forj=0,1,.., m:

n
new _ pold ) Q) _ oldT _.(i) )
Ascent Step % Sy Z [y 0(9 X )] X

i=1 | J
I

compute
outer loop

Some important
details...

= m

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 41



o o . Gradient " - ; ST ;
Training: Gradient Ascent Ascent step " = 6"+ @y()—a(e 20} 14

= o
I —

IA
=]

initialize 6, = @ for 0 = ] Finish computing
repeat many times: gradient with §°'9
gradient[j] = @ for @ = j = m prior to any & update
)
for each training example (5)13:

A~ .«
for each 0 = J = m:

gradient[j] *=) bw—l_Fe_mR]x,

(:&+= n_* gradient[j] for all @ = j = m]

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 42



S . Gradient 1d S i old” (i i
Training: Gradient Ascent scont Step & = 87 +1- Y [y = o (6470)] 5

i=1

IA
=]

initialize 6, = @ for 0 = ]
repeat many times:

gradient[j] = 0 for 09 = j = m
for each training example (x,y):
for each 0 = J = m:

: : 1
gradient[j] += bw—l_Fe_mR X;

6, += a;i; gradient[j] for all 0 = j = m

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022

Learning rate n is a
constant you set
before training
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S . Gradient 1d S i old” (i i
Training: Gradient Ascent scont Step &/ = 87 1 ) [y = o (6470)] 5

i=1

initialize 6, = @ for 0 = ]
repeat many times:

IA
=]

gradient[j] = 0 for 09 = j = m
for each training example (x,y):

for each @ = j < m: o
x; is j-th feature of

1 input x = (xq, ..., X;,)

1+e 0

gradient[j] += b;—

6; += n x gradient[j] for all @ = j = m

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 44



S . Gradient 1d S i old” (i i
Training: Gradient Ascent scont Step & = 87 +1- Y [y = o (6470)] 5

i=1

initialize 6, = @ for 0 = ]
repeat many times:

IA
=]

gradient[j] = 0 for 09 = j = m
for each training example (x,y):
for each 0 = J = m:

1
radient|j] += [ — ’VZS
g [j] y 1+ j

_aT
e@x

Insert x, = 1 before
training

6; += n x gradient[j] for all @ = j = m

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022 Stanford University 45



Gradient Hew

Training: Gradient Ascent Ascent Step ¥

=61 47 zn: ly® — o (691" x®)] %

i=1

IA
=]

initialize 6, = @ for 0 = ]
repeat many times:
gradient[j] = 0 for @ = j = m
for each training example (x,y):
for each 0 = J = m:
1
1+e-0x|

gradient[j] += b;—

6; += n x gradient[j] for all 0 = j =

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2022

m

Finish computing
gradient with g°1d
prior to any 6 update
Learning rate n is a
constant you set
before training

x; is j-th feature of
input x = (xq, ..., X;,)
Insert x, = 1 before
training

Stanford University 46



