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CS109: Probability for 
Computer Scientists



Gather around and let me tell you a story
that we all should know



But first… 
who am I?
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Chris	Piech

Created a research lab in:
AI for Social Good (esp Education)

Grew up in Nairobi, Kuala Lumpur before Stanford!
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I took the first CS109 back when I looked like this Been teaching it since 2014 

Long	History	in	CS109



Piech, CS109, Stanford University

What	Sort	of	Thing	Does	Chris	Research?



Piech, CS109, Stanford University

Deployed	to	grade	16,000	submissions	in	Code.org
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Impact and Fairness Analysis (work in progress)

Among others



AI Teacher Training



Causal impact of AI teacher Training

Within 4 lessons, as a result of training
1. Teachers asked 10% more questions
2. Teachers “took up” student ideas 10% more
3. Students were significantly more likely to:

recommend the class (p < 0.05), 
find sections helpful (p < 0.05)
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Probability	in	my	Research:	Better	Eye	Exam

Math question: Estimate a continuous valued number. 
Get to run noisy experiments of your choosing.

Jan 2020, With a former CS109 student, Ali Malik
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Fair	AI	with	Adversarial	Network

Math question: Can you remove racism from a 
deep learning predictor?

2018, with undergrads Christina Wadsworth and Francesca Vera
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So	many	things	to	love	in	this	world
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Most	amazing	family
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Amazing	Teaching	Team
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Course mechanics
(this is a light version. Please read the handout 

for details).
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cs109.stanford.edu

Essential	Information

cs106b.stanford.edu
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Are you in the right place?
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CS106B/X (important):
• Recursion
• Hash Tables
• Binary Trees
• Programming

CS103 (not necessary):
• Proof techniques (induction)
• Set theory
• Math maturity

Math 51 or CME 100  (important, coreq ok)
• Multivariate differentiation
• Multivariate integration
• Basic facility with linear algebra (vectors)

What you really need:

Prerequisites
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Review session on Friday

Coding	in	CS109
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5 Units

3 Units
-or-

4 Units

Are you an
Undergrad?

Do you want
to take CS109 for

fewer units?

Start Here
Hours per week = Units⇥ 3

Average about 10 hours / week for assignments

Yes

No

No

Yes

CS109	Units
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6 Assignments

Final
3 hour exam, Dec 13th, 8:30am

Section Participation

40%

30%

10%

Class	Breakdown

Midterm
2 hour exam, Nov 1st, 7pm

20%
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Is	Class	Online?

TLDR: Yes. We are recorded. Come to live class. It’s a good time (and good for you)
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Ask	questions

26

“Working” office hours
start on Thursday

Q&A forum
All announcements

Email cs109@cs.stanford.edu

Chris has 1:1 CS109 office hours
Chris has 1:1 CS109 office hours
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From	Last	Year: Course	Reader!
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ACE	Companion	Course

https://forms.gle/QPhjeoTnDJMaTAh3A

Julia Kadie

https://forms.gle/QPhjeoTnDJMaTAh3A
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Story of Modern AI
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Four Prototypical Trajectories

Modern AI
or, How we learned to combine 
probability and programming
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Brief	History
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1952 1955

Early	Optimism	1950s
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“Machines will be capable, 
within twenty years, of doing 
any work a man can do.” 
–Herbert Simon, 1952

Early	Optimism	1950s
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The world is too complex

Underwhelming	Results	1950s	to	1980s



Piech, CS109, Stanford University



Piech, CS109, Stanford University

Something is going on in the world of AI
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1997 Deep Blue

2005 Stanley

2011 Watson

Big	Milestones	Part	1
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Almost perfect…

I	was	told	speech	was	30	years	out
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The	last	remaining	board	game



Piech, CS109, Stanford University

Protein	Folding
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Directions	From	A	to	B



Piech, CS109, Stanford University



Piech, CS109, Stanford University

Self	Driving	Cars
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And then this year, everything changed, again
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AI	that	(seems)	to	understand	language
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Midjourney Images	made	by	Freya	(20	months)
Three birdies happy Robot Maasai
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What is going on?
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[suspense]
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Focus on one problem
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Computer	Vision

52

Chihuahua or muffin?
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Can you do it?
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Chihuahua	or	Muffin?
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Chihuahua	or	Muffin?



Piech, CS109, Stanford University

0 0 1 0 1 0 1 0 0 0 1 1 1 0 1
1 0 0 1 0 1 1 1 0 1 0 0 0 0 0
1 1 1 0 1 0 0 1 1 0 0 1 0 1 0
1 1 1 1 1 0 0 0 0 0 1 1 0 1 1
0 0 0 1 1 0 0 1 0 0 0 1 1 1 0
1 0 0 1 1 0 0 0 1 0 1 1 1 1 0
1 1 0 1 1 0 0 1 1 0 1 1 1 0 0
1 0 1 0 0 1 0 0 1 0 0 1 1 1 1
0 0 0 0 1 0 1 0 1 1 0 0 1 1 1
0 1 1 0 0 0 0 0 1 1 1 1 1 1 0
0 0 1 0 1 1 1 0 0 0 1 0 0 0 0
0 1 1 1 0 1 0 0 1 0 0 0 0 0 1
1 1 0 0 0 0 0 0 0 0 1 0 0 1 1
0 0 0 0 0 0 0 0 1 1 1 1 0 0 1
0 0 1 1 1 0 1 0 1 1 0 0 0 1 0

What a computer sees

What a human sees

How	about	now?



Why is it easy for Humans?

About 30% of your cortex is used from vision
3% is used to process hearing







Make a Harry Potter Sorting Hat



Logistic Regression is like the Harry Pottery Sorting HatClassification

That is a picture 
of a one



Logistic Regression is like the Harry Pottery Sorting HatClassification

That is a picture 
of a zero



Classification

That is a picture 
of an zero

* It doesn’t have to be 
correct all of the time



0 0 1 0 1 0 1 0 0 0 1 1 1 0 1
1 0 0 1 0 1 1 1 0 1 0 0 0 0 0
1 1 1 0 1 0 0 1 1 0 0 1 0 1 0
1 1 1 1 1 0 0 0 0 0 1 1 0 1 1
0 0 0 1 1 0 0 1 0 0 0 1 1 1 0
1 0 0 1 1 0 0 0 1 0 1 1 1 1 0
1 1 0 1 1 0 0 1 1 0 1 1 1 0 0
1 0 1 0 0 1 0 0 1 0 0 1 1 1 1
0 0 0 0 1 0 1 0 1 1 0 0 1 1 1
0 1 1 0 0 0 0 0 1 1 1 1 1 1 0
0 0 1 0 1 1 1 0 0 0 1 0 0 0 0
0 1 1 1 0 1 0 0 1 0 0 0 0 0 1
1 1 0 0 0 0 0 0 0 0 1 0 0 1 1
0 0 0 0 0 0 0 0 1 1 1 1 0 0 1
0 0 1 1 1 0 1 0 1 1 0 0 0 1 0

How about now?
What a computer sees

What a human sees



Very hard to Program

public class DigitDetector extends ConsoleProgram {

public void run() {
println(“Todo: Write program”);

}

}

??



Piech, ALU @ Stanford University

Perhaps there is an insight?
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Two Great Ideas

1. Artificial Neurons

2. Learn by Example
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Two Great Ideas

1. Artificial Neurons

2. Learn by Example
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1. Artificial Neurons



Piech

Neuron
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Neuron
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Neuron
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Neuron



Piech

Neuron
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Some Inputs are More Important



Piech

Artificial Neuron

+
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Inputs
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Inputs
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Weights



Piech

+

Weights
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Weights
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Weighted Sum

double weightedSum = 0;
weightedSum += input0 * weight0;
weightedSum += input1 * weight1;
weightedSum += input2 * weight2;
weightedSum += input3 * weight3;

X

i

inputi · weighti
<latexit sha1_base64="/gLPxP7dolf5uDiN0+/YPO94FYU=">AAACFHicbVDLSgMxFM3UV62vUZdugkUQhDIjgl0W3LisYB/QliGT3rahmQfJHbUM/Qg3/oobF4q4deHOvzHTzkJbDwROzrmX5Bw/lkKj43xbhZXVtfWN4mZpa3tnd8/eP2jqKFEcGjySkWr7TIMUITRQoIR2rIAFvoSWP77K/NYdKC2i8BYnMfQCNgzFQHCGRvLss65OAk/QLsIDpiKME5xmV96PMBfvQQxHmerZZafizECXiZuTMslR9+yvbj/iSQAhcsm07rhOjL2UKRRcwrTUTTTEjI/ZEDqGhiwA3Utnoab0xCh9OoiUOSHSmfp7I2WB1pPAN5MBw5Fe9DLxP6+T4KDam0eFkM8fGiSSYkSzhmhfKOAoJ4YwroT5K+UjphhH02PJlOAuRl4mzfOK61Tcm4tyrZrXUSRH5JicEpdckhq5JnXSIJw8kmfySt6sJ+vFerc+5qMFK985JH9gff4AcfafqA==</latexit><latexit sha1_base64="/gLPxP7dolf5uDiN0+/YPO94FYU=">AAACFHicbVDLSgMxFM3UV62vUZdugkUQhDIjgl0W3LisYB/QliGT3rahmQfJHbUM/Qg3/oobF4q4deHOvzHTzkJbDwROzrmX5Bw/lkKj43xbhZXVtfWN4mZpa3tnd8/eP2jqKFEcGjySkWr7TIMUITRQoIR2rIAFvoSWP77K/NYdKC2i8BYnMfQCNgzFQHCGRvLss65OAk/QLsIDpiKME5xmV96PMBfvQQxHmerZZafizECXiZuTMslR9+yvbj/iSQAhcsm07rhOjL2UKRRcwrTUTTTEjI/ZEDqGhiwA3Utnoab0xCh9OoiUOSHSmfp7I2WB1pPAN5MBw5Fe9DLxP6+T4KDam0eFkM8fGiSSYkSzhmhfKOAoJ4YwroT5K+UjphhH02PJlOAuRl4mzfOK61Tcm4tyrZrXUSRH5JicEpdckhq5JnXSIJw8kmfySt6sJ+vFerc+5qMFK985JH9gff4AcfafqA==</latexit><latexit sha1_base64="/gLPxP7dolf5uDiN0+/YPO94FYU=">AAACFHicbVDLSgMxFM3UV62vUZdugkUQhDIjgl0W3LisYB/QliGT3rahmQfJHbUM/Qg3/oobF4q4deHOvzHTzkJbDwROzrmX5Bw/lkKj43xbhZXVtfWN4mZpa3tnd8/eP2jqKFEcGjySkWr7TIMUITRQoIR2rIAFvoSWP77K/NYdKC2i8BYnMfQCNgzFQHCGRvLss65OAk/QLsIDpiKME5xmV96PMBfvQQxHmerZZafizECXiZuTMslR9+yvbj/iSQAhcsm07rhOjL2UKRRcwrTUTTTEjI/ZEDqGhiwA3Utnoab0xCh9OoiUOSHSmfp7I2WB1pPAN5MBw5Fe9DLxP6+T4KDam0eFkM8fGiSSYkSzhmhfKOAoJ4YwroT5K+UjphhH02PJlOAuRl4mzfOK61Tcm4tyrZrXUSRH5JicEpdckhq5JnXSIJw8kmfySt6sJ+vFerc+5qMFK985JH9gff4AcfafqA==</latexit><latexit sha1_base64="/gLPxP7dolf5uDiN0+/YPO94FYU=">AAACFHicbVDLSgMxFM3UV62vUZdugkUQhDIjgl0W3LisYB/QliGT3rahmQfJHbUM/Qg3/oobF4q4deHOvzHTzkJbDwROzrmX5Bw/lkKj43xbhZXVtfWN4mZpa3tnd8/eP2jqKFEcGjySkWr7TIMUITRQoIR2rIAFvoSWP77K/NYdKC2i8BYnMfQCNgzFQHCGRvLss65OAk/QLsIDpiKME5xmV96PMBfvQQxHmerZZafizECXiZuTMslR9+yvbj/iSQAhcsm07rhOjL2UKRRcwrTUTTTEjI/ZEDqGhiwA3Utnoab0xCh9OoiUOSHSmfp7I2WB1pPAN5MBw5Fe9DLxP6+T4KDam0eFkM8fGiSSYkSzhmhfKOAoJ4YwroT5K+UjphhH02PJlOAuRl4mzfOK61Tcm4tyrZrXUSRH5JicEpdckhq5JnXSIJw8kmfySt6sJ+vFerc+5qMFK985JH9gff4AcfafqA==</latexit>



Piech

+

Filter and Output

Creates a probability prediction
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• A neuron

• Your brain

Actually, it’s probably someone else’s brain

Biological Basis for Neural Networks

+

???



Piech

+

+
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Put Many Together
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Put Many Together
Input Neurons Hidden Neurons Output Neurons
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Making a Prediction

…

Input Neurons Hidden Neurons Output Neurons
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…

Input Neurons

Making a Prediction
Hidden Neurons Output Neurons
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…

Making a Prediction
Input Neurons Hidden Neurons Output Neurons
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…

Making a Prediction
Input Neurons Hidden Neurons Output Neurons

I think that is 
a picture of a 

one!
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Demonstration

http://scs.ryerson.ca/~aharley/vis/conv/
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Interpret the Output as Prediction
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Great Idea: Artificial Neurons
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Where do Artificial 
Neural Networks 

get their 
intelligence from?
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Neural Networks get their 
intelligence from their 
sliders (parameters)
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Two Great Ideas

1. Artificial Neurons

2. Learn by Example
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Two Great Ideas

1. Artificial Neurons

2. Learn by Example
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2. Learn From Experience



Piech

Learn by Example
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I think that is a 
picture of a One!

What do you 
mean it’s 

actually a Zero?

I’ll adjust my 
sliders so that I do 
a better job in the 

future
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I think that is a 
picture of a One!

What do you 
mean it’s 

actually a Zero?

I’ll adjust my 
sliders so that I do 
a better job in the 

future
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I think that is a 
picture of a One!

Wahoo I got 
it right!
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I think that is a picture 
of a Zero!

But it is 
actually a Zero

I’ll adjust my 
sliders so that I do 
a better job in the 

future
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I think that is a picture 
of a Zero!

But it is 
actually a Zero

I’ll adjust my 
sliders so that I do 
a better job in the 

future

P (Y = 0) = 0.9
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Loss = 1
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@ Loss

@ Slideri
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Update	Neural	Network
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Walk uphill and you will find a local maxima 
(if your step size is small enough)

Gradient	Descent
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ŷ = �

0

@
mhX

j=0

hj✓
(ŷ)
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Where you will be by the end of class
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Heart Ancestry

Netflix

CS109:	Theory	Class	focused	on	Applications



Piech, CS109, Stanford University

A machine learning algorithm 
performs better than the 
best dermatologists.

Developed recently, at 
Stanford. 

Esteva et al., Nature 2017.

Esteva, Andre, et al. "Dermatologist-level classification of skin cancer with deep 
neural networks." Nature 542.7639 (2017): 115-118.

Where	is	this	Useful?
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Not once, but twice, AI was revolutionized by 
people who understood probability theory.
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End of Story
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Except it isn’t the end of the story…
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Probability is more than just machine learning
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Abundance	of	important	problems
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B Lake, R Salakhutdinov, J Tenenbaum. Science 2015.
Human-level concept learning through probabilistic program induction. 

Current deep learning methods are not enough to move the needle as 
far as we want, especially on socially relevant problems that often do 
not have the benefit of massive public datasets. The best new ideas are 

coming from probability theory

Open	Problem:	One	Shot	Learning
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Hash Fn

Eg Raytracing Eg HashMaps

Algorithms	and	Probability
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Understanding	the	world	and	building	tools
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Autocomplete
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Recommender	Systems
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Philosophy	and	Ethics
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Art	and	Probability

Create a probabilistic sample from the 
distribution of images, given a prompt
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Job Score is based on:

• Earning potential

• Number of jobs

• Job satisfaction rating

“Data science and machine learning are
generating more jobs than candidates
right now, making these two areas the
fastest growing employment areas.”

9.8 times more jobs than five years ago.

LinkedIn’s 2017 U.S. Emerging Jobs 
Report

Most	Desired	Skill	in	Industry

https://www.forbes.com/sites/louiscolumbus/2017/12/11/linkedins-fastest-growing-jobs-today-are-in-data-science-machine-learning/
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Most CS PhD students list their highest desiderata upon 
graduation as: 

“Better understanding of probability”

Most	Desired	Skill	in	Academia



Piech, CS109, Stanford University

Learn	Real	Skills	in	CS109
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Spring	2017

Patient sees a series of 
letters of different font 
size, and for each, answers 
correct or incorrect
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Learn	Real	Skills	in	CS109
A patient has answered 20 “letter sizes” and got a few 
correct. What is your belief in how well they can see? 
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Now	state	of	the	art	for	eye	exam	theory
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Learn	Real	Skills	in	CS109
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What	about	last	years	final?

https://chrispiech.github.io/prob
abilityForComputerScientists/en
/examples/algorithmic_art/

1. Algorithmic Art
2. Lucky Events
3. Supply Chain Decision Making
4. P-Hacking
5. Chess.com Puzzle Ability
6. ML Calibration

https://chrispiech.github.io/probabilityForComputerScientists/en/examples/algorithmic_art/
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Foundation for your future
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But its not always intuitive
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A patient has a 
positive Zika test.
What is the probability they have zika?

• 0.8% of people have zika
• Test has 90% positive rate for people with zika
• Test has 7% positive rate for people without zika

The right answer is 9%

But	Its	not	Always	Intuitive
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Probability = Important + Needs Study 

Delayed gratification
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Teach you how to write programs 
that most people are not able to write. 

CS109	View	of	Probability
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Teach you the theory you need to do the math that 
most people are not able to do.

CS109	View	of	Probability
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CS109

Counting Probability Fundamentals

Single Random 
Variables Probabilistic Models

Uncertainty Theory

AI
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Lets dive in…
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2 min pedagogic pause.



Counting	I

152
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What	is	Counting?

An experiment
in probability:

Counting: How many possible outcomes satisfy some event?

153

OutcomeExperiment
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What	is	Counting?

154

6

36

{1, 2, 3,
4, 5, 6}

Roll even only
3 {2, 4, 6}

{(1, 1) , (1, 2), (1, 3), (1, 4), (1, 5), (1, 6),
(2, 1) , (2, 2), (2, 3), (2, 4), (2, 5), (2, 6),
(3, 1) , (3, 2), (3, 3), (3, 4), (3, 5), (3, 6),
(4, 1) , (4, 2), (4, 3), (4, 4), (4, 5), (4, 6),
(5, 1) , (5, 2), (5, 3), (5, 4), (5, 5), (5, 6),
(6, 1) , (6, 2), (6, 3), (6, 4), (6, 5), (6, 6)}

Roll

Roll
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Step	Rule	of	Counting	(aka	Product	Rule	of	Counting)

If an experiment has two steps, where
The first step’s outcomes are from Set 𝐴, where 𝐴 = 𝑚, 
and the second step's outcomes are from Set 𝐵, where 𝐵 = 𝑛,
and |B| is unaffected by outcome of first step.

Then the number of outcomes of the experiment is
𝐴 𝐵 = 𝑚𝑛.

155

Two-step experiment

A B

[On board]
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How	Many	Unique	Images?

Each pixel can be one of 17 million distinct colors

(17 million)n
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How	Many	Unique	Images?

Each pixel can be one of 17 million distinct colors

(17 million)n
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Sum	Rule	of	Counting

If the outcome of an experiment can be either from
Set 𝐴, where 𝐴 = 𝑚,
or Set 𝐵, where 𝐵 = 𝑛,
where 𝐴 ∩ 𝐵 = ∅ ,

Then the number of outcomes of the experiment is
𝐴 + 𝐵 = 𝑚 + 𝑛.

159

One experiment
A

B
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How	many	toys?

160

Question: All of Freya’s toys are either Balls OR Plush Animals. She has 2 Balls and 3 
Plush Animals. How many toys does she have?

Answer: 20 + 10
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How	Many	Bit	Stings?

Problem: A 6-bit string is sent over a 
network. The valid set of strings recognized 
by the receiver must either start with "01" 
or end with "10". How many such strings 
are there?

010000
010001
010010
010011
010100
010101
010110
010111
011000
011001
011010
011011
011100
011101
011110
011111

24 start with 01
000010
000110
001010
001110
010010
010110
011010
011110
100010
100110
101010
101110
110010
110110
111010
111110

24 end with 10

Answer

Set A Set B
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How	Many	Bit	Stings?

010000
010001
010010
010011
010100
010101
010110
010111
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011001
011010
011011
011100
011101
011110
011111

24 start with 01
000010
000110
001010
001110
010010
010110
011010
011110
100010
100110
101010
101110
110010
110110
111010
111110

24 end with 10

Answer

Problem: A 6-bit string is sent over a 
network. The valid set of strings recognized 
by the receiver must either start with "01" 
or end with "10". How many such strings 
are there?

Set A Set B
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How	Many	Bit	Stings?
24 start with 01

000010
000110
001010
001110
010010
010110
011010
011110
100010
100110
101010
101110
110010
110110
111010
111110

24 end with 10

Answer

N = |A|+ |B|� |A and B|
= 16 + 16� 4

= 28
<latexit sha1_base64="iNvg8WulIo7lWBE9P51mJt+/XtA="></latexit><latexit sha1_base64="iNvg8WulIo7lWBE9P51mJt+/XtA="></latexit><latexit sha1_base64="iNvg8WulIo7lWBE9P51mJt+/XtA="></latexit><latexit sha1_base64="iNvg8WulIo7lWBE9P51mJt+/XtA="></latexit>

010000
010001
010010
010011
010100
010101
010110
010111
011000
011001
011010
011011
011100
011101
011110
011111

Problem: A 6-bit string is sent over a 
network. The valid set of strings recognized 
by the receiver must either start with "01" 
or end with "10". How many such strings 
are there?

Set A Set B
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Or	Rule	of	Counting	(aka	Inclusion/	Exclusion	)

If the outcome of an experiment can be either from
Set 𝐴, where 𝐴 = 𝑚,
or Set 𝐵, where 𝐵 = 𝑛,
where 𝐴 ∩ 𝐵 𝑚𝑎𝑦 𝑛𝑜𝑡 𝑏𝑒 𝑒𝑚𝑝𝑡𝑦,

Then the number of outcomes of the experiment is
N = 𝐴 + 𝐵 − |𝐴 ∩ 𝐵|.
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One experiment
A

B
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Core	Counting

167

Counting with steps

Counting with “or”
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Challenge	Problem
1. Strings

• How many different orderings of letters
are possible for the string BOBA?

168

BOBA,ABOB,OBBA…

🤔



Incredible time and school at 
which to study probability!

Exciting.


