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Exciting	Day!
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First, some review
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Where	are	we	in	CS109?
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CDF	of	a	Normal
F(x)

PDF	of	a	Normal
f(x)

f(x) = derivative of probability F(x) = P(X < x)

Normal	Distribution	
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Table of F(z) values in textbook, p. 201 and handout

F (x) = �

✓
x� µ

�

◆

CDF of Standard Normal: A function that 
has been solved for numerically

The cumulative density 
function (CDF) of any 

normal

N (µ,�2)

Cumulative	Density	Function
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Practice
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Enough	Servers?
You are running a website, Alibayes
You want to buy computers based on usage at the busiest minute
You receive R ~ N(10^6, 10^4).              requests at the busiest minute.

You are going to buy N servers
Each server can handle 10,000 requests per min, otherwise you drop 
requests
What is the smallest value of N such that P(No Drops) > 0.9999

9
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R ⇠ N(µ = 106,� = 104)
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/Practice
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probability 
density at x

the distance to the 
mean

f(x) =
1

�
p
2⇡

e
�(x�µ)2

2�2

a constant

“exponential”

sigma shows up twice

N (µ,�2)

Probability	Density	Function
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Does	it	look	less	scary	like	this?

12

f(x) / 1

�
· exp

h�(x� µ)2

2�2

i
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f(x) =
1

�
p
2⇡

e
�(x�µ)2

2�2

What if you had to take the log of this function?

This means "e to the power of" and 
is common function in code math 

libraries

This means "proportional to". There is a 
constant but there are many cases where we 

don’t care what it is!
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log(x) = y implies ey = xlog(x) = y implies ey = x

Log	Review
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log(a · b) = log(a) + log(b)

log(a/b) = log(a)� log(b)

log(an) = n · log(a)

Log	Identities
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log(
Y

i

ai) =
X

i

log(ai)

log(a · b) = log(a) + log(b)

* Spoiler alert: This is important because the product of many 
small numbers gets hard for computers to represent.

Products	become	sums!
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Recall	the	good	times

17

Permutations
𝑛!

How many ways are 
there to order 𝑛

objects?
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How many ways are there to put n objects into r buckets such that:
n1 go into bucket 1
n2 go into bucket 2
…
nr go into bucket r?

n!

n1!n2! . . . nr!

Note: Multinomial > Binomial

=

✓
n

n1, n2, . . . , nr

◆

Ways	to	put	elements	into	fixed	size	containers
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Multinomials generalize 
Binomials for counting.

Counting	unordered	objects

19

Binomial coefficient

How many ways are there
to order n objects such 
that k are indistinct and 

(n-k) are indistinct

Called the binomial coefficient
because of something from Algebra

Multinomial coefficient

How many ways are there
to order n objects such that n1
are indistinct, n2 are indistinct 

etc.

𝑛
𝑘 =

𝑛!
𝑘! 𝑛 − 𝑘 !

𝑛
𝑛!, 𝑛", … , 𝑛# =

𝑛!
𝑛!! 𝑛"!⋯𝑛#!
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End of review
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CS109

Counting Probability Fundamentals

Single Random 
Variables Probabilistic Models

Uncertainty Theory

Machine Learning
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Four Prototypical Trajectories

[suspense]



Discrete	
Probabilistic	
Models

23

11b_discrete_joint
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Have multiple random variables interacting with one another

The	world	is	full	of	interesting	probability	problems
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Multiple	Random	Variables.	Start	of	Digital	Revolution
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Multiple	Random	Variables.	Start	of	Digital	Revolution
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Joint	probability	mass	functions

27

Roll two 6-sided dice, yielding values 𝑋 and 𝑌.

𝑃 𝑋 = 1
probability of

an event

𝑃 𝑋 = 𝑘
probability mass function

𝑋
random variable
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Joint	probability	mass	functions

28

Roll two 6-sided dice, yielding values 𝑋 and 𝑌.

𝑋
random variable

𝑃 𝑋 = 1
probability of

an event

𝑃 𝑋 = 𝑘
probability mass function

𝑃 𝑋 = 1 and 𝑌 = 6

probability of the intersection
of two events

𝑃 𝑋 = 1, 𝑌 = 6
recall: the comma

𝑋, 𝑌
random variables

𝑃 𝑋 = 𝑎, 𝑌 = 𝑏

joint probability mass function
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Two	dice
Roll two 6-sided dice, yielding values 𝑋 and 𝑌.
1. What is the joint PMF of 𝑋 and 𝑌?

29

𝑎, 𝑏 ∈ 1,1 , … , 6,6
𝑋

1 2 3 4 5 6

𝑌

1 1/36 ... ... ... ... 1/36 

2 ... ... ... ... ... ...

3 ... ... ... ... ... ...

4 ... ... ... ... ... ...

5 ... ... ... ... ... ...

6 1/36 ... ... ... ... 1/36 

Probability table
• All possible outcomes

for several discrete RVs
• Not parametric (e.g., 

parameter 𝑝 in Ber(𝑝))

𝑃 𝑋 = 4, 𝑌 = 2
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Dating	at	Stanford.	Data	from	a	few	years	ago

30

Single In a relationship It's complicated

Freshman 0.13 0.08 0.02

Sophomore 0.17 0.11 0.02

Junior 0.09 0.10 0.02

Senior 0.02 0.07 0.01

5+ 0.06 0.09 0.04
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Joint	is	Complete	Information!

31

A joint distribution is complete 
information. It can be used to answer 

any probability question.

Single Relationship Complicated

Frosh 0.13 0.08 0.02

Soph 0.17 0.11 0.02

Junior 0.09 0.10 0.02

Senior 0.02 0.07 0.01

5+ 0.06 0.09 0.04
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Joint	table:	mutually	exclusive	and	covers	sample	space.

32

X

x2X

X

y2Y

P (x, y) = 1
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Single Relationship Complicated

Frosh 0.13 0.08 0.02

Soph 0.17 0.11 0.02

Junior 0.09 0.10 0.02

Senior 0.02 0.07 0.01

5+ 0.06 0.09 0.04
X is dating status. 
Y is year. 

Each combination is mutually 
exclusive, and they span the sample 
space
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X

x2X

X

y2Y

P (x, y) = 1
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Joint	table:	mutually	exclusive	and	covers	sample	space.

Single Relationship Complicated

Frosh 0.13 0.08 0.02

Soph 0.17 0.11 0.02

Junior 0.09 ? 0.02

Senior 0.02 0.07 0.01

5+ 0.06 0.09 0.04
X is dating status. 
Y is year. 

Each combination is mutually 
exclusive, and they span the sample 
space
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X

x2X

X

y2Y

P (x, y) = 1
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Joint	table:	mutually	exclusive	and	covers	sample	space.

Single Relationship Complicated

Frosh 0.13 0.08 0.02

Soph 0.17 0.11 0.02

Junior 0.09 0.10 0.02

Senior 0.02 0.07 0.01

5+ 0.06 0.09 0.04
X is dating status. 
Y is year. 

Each combination is mutually 
exclusive, and they span the sample 
space
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Single Relationship Complicated

Frosh 0.13 0.08 0.02

Soph 0.17 0.11 0.02

Junior 0.09 0.10 0.02

Senior 0.02 0.07 0.01

5+ 0.06 0.09 0.04

We can use the law of total probability! 

What	is	the	probability	someone	is	in	a	relationship?

P (X = relation) =
X

y2Y

P (X = relation, Y = y)

<latexit sha1_base64="g1STack82JV6ram1o5BEYpP50Wc=">AAACL3icbVBNSwMxFMz6WetX1aOXYLEoSNkVwV4KBUE8VrDa0i0lm75qaDa7JG/FZek/8uJf6UVEEa/+C9Pag1YHAsPMPF7eBLEUBl33xZmbX1hcWs6t5FfX1jc2C1vb1yZKNIcGj2SkmwEzIIWCBgqU0Iw1sDCQcBMMzsb+zT1oIyJ1hWkMnZDdKtEXnKGVuoXz+kGTlqrUR3jATIOc6MNDaiWflnyThN0spb5QtDWkNlydSR7RVjU97BaKbtmdgP4l3pQUyRT1bmHk9yKehKCQS2ZM23Nj7GRMo+AShnk/MRAzPmC30LZUsRBMJ5vcO6T7VunRfqTtU0gn6s+JjIXGpGFgkyHDOzPrjcX/vHaC/UonEypOEBT/XtRPJMWIjsujPaGBo0wtYVwL+1fK75hmHG3FeVuCN3vyX3J9XPYsvzwp1irTOnJkl+yRA+KRU1IjF6ROGoSTRzIir+TNeXKenXfn4zs650xndsgvOJ9fQNCnYA==</latexit><latexit sha1_base64="g1STack82JV6ram1o5BEYpP50Wc=">AAACL3icbVBNSwMxFMz6WetX1aOXYLEoSNkVwV4KBUE8VrDa0i0lm75qaDa7JG/FZek/8uJf6UVEEa/+C9Pag1YHAsPMPF7eBLEUBl33xZmbX1hcWs6t5FfX1jc2C1vb1yZKNIcGj2SkmwEzIIWCBgqU0Iw1sDCQcBMMzsb+zT1oIyJ1hWkMnZDdKtEXnKGVuoXz+kGTlqrUR3jATIOc6MNDaiWflnyThN0spb5QtDWkNlydSR7RVjU97BaKbtmdgP4l3pQUyRT1bmHk9yKehKCQS2ZM23Nj7GRMo+AShnk/MRAzPmC30LZUsRBMJ5vcO6T7VunRfqTtU0gn6s+JjIXGpGFgkyHDOzPrjcX/vHaC/UonEypOEBT/XtRPJMWIjsujPaGBo0wtYVwL+1fK75hmHG3FeVuCN3vyX3J9XPYsvzwp1irTOnJkl+yRA+KRU1IjF6ROGoSTRzIir+TNeXKenXfn4zs650xndsgvOJ9fQNCnYA==</latexit><latexit sha1_base64="g1STack82JV6ram1o5BEYpP50Wc=">AAACL3icbVBNSwMxFMz6WetX1aOXYLEoSNkVwV4KBUE8VrDa0i0lm75qaDa7JG/FZek/8uJf6UVEEa/+C9Pag1YHAsPMPF7eBLEUBl33xZmbX1hcWs6t5FfX1jc2C1vb1yZKNIcGj2SkmwEzIIWCBgqU0Iw1sDCQcBMMzsb+zT1oIyJ1hWkMnZDdKtEXnKGVuoXz+kGTlqrUR3jATIOc6MNDaiWflnyThN0spb5QtDWkNlydSR7RVjU97BaKbtmdgP4l3pQUyRT1bmHk9yKehKCQS2ZM23Nj7GRMo+AShnk/MRAzPmC30LZUsRBMJ5vcO6T7VunRfqTtU0gn6s+JjIXGpGFgkyHDOzPrjcX/vHaC/UonEypOEBT/XtRPJMWIjsujPaGBo0wtYVwL+1fK75hmHG3FeVuCN3vyX3J9XPYsvzwp1irTOnJkl+yRA+KRU1IjF6ROGoSTRzIir+TNeXKenXfn4zs650xndsgvOJ9fQNCnYA==</latexit><latexit sha1_base64="g1STack82JV6ram1o5BEYpP50Wc=">AAACL3icbVBNSwMxFMz6WetX1aOXYLEoSNkVwV4KBUE8VrDa0i0lm75qaDa7JG/FZek/8uJf6UVEEa/+C9Pag1YHAsPMPF7eBLEUBl33xZmbX1hcWs6t5FfX1jc2C1vb1yZKNIcGj2SkmwEzIIWCBgqU0Iw1sDCQcBMMzsb+zT1oIyJ1hWkMnZDdKtEXnKGVuoXz+kGTlqrUR3jATIOc6MNDaiWflnyThN0spb5QtDWkNlydSR7RVjU97BaKbtmdgP4l3pQUyRT1bmHk9yKehKCQS2ZM23Nj7GRMo+AShnk/MRAzPmC30LZUsRBMJ5vcO6T7VunRfqTtU0gn6s+JjIXGpGFgkyHDOzPrjcX/vHaC/UonEypOEBT/XtRPJMWIjsujPaGBo0wtYVwL+1fK75hmHG3FeVuCN3vyX3J9XPYsvzwp1irTOnJkl+yRA+KRU1IjF6ROGoSTRzIir+TNeXKenXfn4zs650xndsgvOJ9fQNCnYA==</latexit>

P (X = single) =
X

y2Y

P (X = single, Y = y)

<latexit sha1_base64="YsoMon86pJDW5mEZbtbZAZjRbss="></latexit><latexit sha1_base64="YsoMon86pJDW5mEZbtbZAZjRbss="></latexit><latexit sha1_base64="YsoMon86pJDW5mEZbtbZAZjRbss="></latexit><latexit sha1_base64="YsoMon86pJDW5mEZbtbZAZjRbss="></latexit>

P (Y = soph) =
X

x2X

P (X = x, Y = soph)
<latexit sha1_base64="ClbqbomoTGGytNIXkai3L8SRSR4=">AAACI3icbVDLSgMxFM34rPVVdekmWJQKUmZEsAiFghuXI9gXnVIyadqGZjJDckdahv6LG3/FjQuluHHhv5g+FrX1QODknHNJ7vEjwTXY9re1tr6xubWd2knv7u0fHGaOjis6jBVlZRqKUNV8opngkpWBg2C1SDES+IJV/f79xK8+M6V5KJ9gGLFmQLqSdzglYKRW5s7N1fFFEXvABpDoMOqNLrG56jhoJQPscYlrI+zmasXBFa4XF2OtTNbO21PgVeLMSRbN4bYyY68d0jhgEqggWjccO4JmQhRwKtgo7cWaRYT2SZc1DJUkYLqZTHcc4XOjtHEnVOZIwFN1cSIhgdbDwDfJgEBPL3sT8T+vEUOn0Ey4jGJgks4e6sQCQ4gnheE2V4yCGBpCqOLmr5j2iCIUTK1pU4KzvPIqqVznHcMfb7KlwryOFDpFZyiHHHSLSugBuaiMKHpBb+gDfVqv1rs1tr5m0TVrPnOC/sD6+QX1RaKg</latexit><latexit sha1_base64="ClbqbomoTGGytNIXkai3L8SRSR4=">AAACI3icbVDLSgMxFM34rPVVdekmWJQKUmZEsAiFghuXI9gXnVIyadqGZjJDckdahv6LG3/FjQuluHHhv5g+FrX1QODknHNJ7vEjwTXY9re1tr6xubWd2knv7u0fHGaOjis6jBVlZRqKUNV8opngkpWBg2C1SDES+IJV/f79xK8+M6V5KJ9gGLFmQLqSdzglYKRW5s7N1fFFEXvABpDoMOqNLrG56jhoJQPscYlrI+zmasXBFa4XF2OtTNbO21PgVeLMSRbN4bYyY68d0jhgEqggWjccO4JmQhRwKtgo7cWaRYT2SZc1DJUkYLqZTHcc4XOjtHEnVOZIwFN1cSIhgdbDwDfJgEBPL3sT8T+vEUOn0Ey4jGJgks4e6sQCQ4gnheE2V4yCGBpCqOLmr5j2iCIUTK1pU4KzvPIqqVznHcMfb7KlwryOFDpFZyiHHHSLSugBuaiMKHpBb+gDfVqv1rs1tr5m0TVrPnOC/sD6+QX1RaKg</latexit><latexit sha1_base64="ClbqbomoTGGytNIXkai3L8SRSR4=">AAACI3icbVDLSgMxFM34rPVVdekmWJQKUmZEsAiFghuXI9gXnVIyadqGZjJDckdahv6LG3/FjQuluHHhv5g+FrX1QODknHNJ7vEjwTXY9re1tr6xubWd2knv7u0fHGaOjis6jBVlZRqKUNV8opngkpWBg2C1SDES+IJV/f79xK8+M6V5KJ9gGLFmQLqSdzglYKRW5s7N1fFFEXvABpDoMOqNLrG56jhoJQPscYlrI+zmasXBFa4XF2OtTNbO21PgVeLMSRbN4bYyY68d0jhgEqggWjccO4JmQhRwKtgo7cWaRYT2SZc1DJUkYLqZTHcc4XOjtHEnVOZIwFN1cSIhgdbDwDfJgEBPL3sT8T+vEUOn0Ey4jGJgks4e6sQCQ4gnheE2V4yCGBpCqOLmr5j2iCIUTK1pU4KzvPIqqVznHcMfb7KlwryOFDpFZyiHHHSLSugBuaiMKHpBb+gDfVqv1rs1tr5m0TVrPnOC/sD6+QX1RaKg</latexit><latexit sha1_base64="ClbqbomoTGGytNIXkai3L8SRSR4=">AAACI3icbVDLSgMxFM34rPVVdekmWJQKUmZEsAiFghuXI9gXnVIyadqGZjJDckdahv6LG3/FjQuluHHhv5g+FrX1QODknHNJ7vEjwTXY9re1tr6xubWd2knv7u0fHGaOjis6jBVlZRqKUNV8opngkpWBg2C1SDES+IJV/f79xK8+M6V5KJ9gGLFmQLqSdzglYKRW5s7N1fFFEXvABpDoMOqNLrG56jhoJQPscYlrI+zmasXBFa4XF2OtTNbO21PgVeLMSRbN4bYyY68d0jhgEqggWjccO4JmQhRwKtgo7cWaRYT2SZc1DJUkYLqZTHcc4XOjtHEnVOZIwFN1cSIhgdbDwDfJgEBPL3sT8T+vEUOn0Ey4jGJgks4e6sQCQ4gnheE2V4yCGBpCqOLmr5j2iCIUTK1pU4KzvPIqqVznHcMfb7KlwryOFDpFZyiHHHSLSugBuaiMKHpBb+gDfVqv1rs1tr5m0TVrPnOC/sD6+QX1RaKg</latexit>

P (Y = frosh) =
X

x2X

P (X = x, Y = frosh)
<latexit sha1_base64="vmIkZsn0iH7yAws2ixpdYV3MhhU=">AAACJXicbVDLSgMxFM34rPU16tJNsCgVpMyIYBcWCm5cVrAv2lIyaaYNzWSG5I60DP0ZN/6KGxcWEVz5K6aPhW09EDg551ySe7xIcA2O822trW9sbm2ndtK7e/sHh/bRcUWHsaKsTEMRqppHNBNcsjJwEKwWKUYCT7Cq17+f+NVnpjQP5RMMI9YKSFdyn1MCRmrbd6VsHV8UcBPYABJfhbo3usTmruOgnQxwk0tcG+FStlYYXOF6YSHXtjNOzpkCrxJ3TjJojlLbHjc7IY0DJoEKonXDdSJoJUQBp4KN0s1Ys4jQPumyhqGSBEy3kumWI3xulA72Q2WOBDxV/04kJNB6GHgmGRDo6WVvIv7nNWLw862EyygGJunsIT8WGEI8qQx3uGIUxNAQQhU3f8W0RxShYIpNmxLc5ZVXSeU65xr+eJMp5ud1pNApOkNZ5KJbVEQPqITKiKIX9IY+0Nh6td6tT+trFl2z5jMnaAHWzy+mCqOE</latexit><latexit sha1_base64="vmIkZsn0iH7yAws2ixpdYV3MhhU=">AAACJXicbVDLSgMxFM34rPU16tJNsCgVpMyIYBcWCm5cVrAv2lIyaaYNzWSG5I60DP0ZN/6KGxcWEVz5K6aPhW09EDg551ySe7xIcA2O822trW9sbm2ndtK7e/sHh/bRcUWHsaKsTEMRqppHNBNcsjJwEKwWKUYCT7Cq17+f+NVnpjQP5RMMI9YKSFdyn1MCRmrbd6VsHV8UcBPYABJfhbo3usTmruOgnQxwk0tcG+FStlYYXOF6YSHXtjNOzpkCrxJ3TjJojlLbHjc7IY0DJoEKonXDdSJoJUQBp4KN0s1Ys4jQPumyhqGSBEy3kumWI3xulA72Q2WOBDxV/04kJNB6GHgmGRDo6WVvIv7nNWLw862EyygGJunsIT8WGEI8qQx3uGIUxNAQQhU3f8W0RxShYIpNmxLc5ZVXSeU65xr+eJMp5ud1pNApOkNZ5KJbVEQPqITKiKIX9IY+0Nh6td6tT+trFl2z5jMnaAHWzy+mCqOE</latexit><latexit sha1_base64="vmIkZsn0iH7yAws2ixpdYV3MhhU=">AAACJXicbVDLSgMxFM34rPU16tJNsCgVpMyIYBcWCm5cVrAv2lIyaaYNzWSG5I60DP0ZN/6KGxcWEVz5K6aPhW09EDg551ySe7xIcA2O822trW9sbm2ndtK7e/sHh/bRcUWHsaKsTEMRqppHNBNcsjJwEKwWKUYCT7Cq17+f+NVnpjQP5RMMI9YKSFdyn1MCRmrbd6VsHV8UcBPYABJfhbo3usTmruOgnQxwk0tcG+FStlYYXOF6YSHXtjNOzpkCrxJ3TjJojlLbHjc7IY0DJoEKonXDdSJoJUQBp4KN0s1Ys4jQPumyhqGSBEy3kumWI3xulA72Q2WOBDxV/04kJNB6GHgmGRDo6WVvIv7nNWLw862EyygGJunsIT8WGEI8qQx3uGIUxNAQQhU3f8W0RxShYIpNmxLc5ZVXSeU65xr+eJMp5ud1pNApOkNZ5KJbVEQPqITKiKIX9IY+0Nh6td6tT+trFl2z5jMnaAHWzy+mCqOE</latexit><latexit sha1_base64="vmIkZsn0iH7yAws2ixpdYV3MhhU=">AAACJXicbVDLSgMxFM34rPU16tJNsCgVpMyIYBcWCm5cVrAv2lIyaaYNzWSG5I60DP0ZN/6KGxcWEVz5K6aPhW09EDg551ySe7xIcA2O822trW9sbm2ndtK7e/sHh/bRcUWHsaKsTEMRqppHNBNcsjJwEKwWKUYCT7Cq17+f+NVnpjQP5RMMI9YKSFdyn1MCRmrbd6VsHV8UcBPYABJfhbo3usTmruOgnQxwk0tcG+FStlYYXOF6YSHXtjNOzpkCrxJ3TjJojlLbHjc7IY0DJoEKonXDdSJoJUQBp4KN0s1Ys4jQPumyhqGSBEy3kumWI3xulA72Q2WOBDxV/04kJNB6GHgmGRDo6WVvIv7nNWLw862EyygGJunsIT8WGEI8qQx3uGIUxNAQQhU3f8W0RxShYIpNmxLc5ZVXSeU65xr+eJMp5ud1pNApOkNZ5KJbVEQPqITKiKIX9IY+0Nh6td6tT+trFl2z5jMnaAHWzy+mCqOE</latexit>

X is dating status. Y is year. 
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Four Prototypical Trajectories

Welcome the marginal
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Marginal	Distribution
For two discrete joint random variables 𝑋 and 𝑌,
the joint probability mass function is defined as:

𝑃 𝑋 = 𝑎, 𝑌 = 𝑏

The marginal distributions of the joint PMF are defined as:

37

Use marginal distributions to 
get a 1-D RV from a joint PMF.



Chris Piech, CS109, 2020

Marginal	Distribution.	Law	of	Total	Probability	for	RVs

38



Chris Piech, CS109, 2020

Four Prototypical Trajectories

Why is that called the marginal?



Chris Piech, CS109, 2020

Four Prototypical Trajectories

Key limitation of the joint: it is too big



Chris Piech, CS109, 2020

What	about	3	Random	Variables?

41

D is disease, S is can smell, F is fever status



Chris Piech, CS109, 2020

What	about	10	Random	Variables?

10 million entries in your joint table.

So, we are going to need models …

… probabilistic models …

42

Imagine you have 10 discrete RVs which can each take on 5 values

# unique assignments



Chris Piech, CS109, 2020

Four Prototypical Trajectories

Sometimes the structure of the 
variables suggests a more efficient 

representation
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Four Prototypical TrajectoriesRoll 100 dice.
X1 = How many 1s?
X2 = How many 2s?
X3 = How many 3s?
X4 = How many 4s?
X5 = How many 5s?
X6 = How many 6s?

How big is the joint table?



Multinomial	RV

45



Chris Piech, CS109, 2020

Multinomial RVs also generalize 
Binomial RVs for probability!

Probability

46

Binomial RV

What is the probability
of getting 𝑘 successes 

and 𝑛 − 𝑘 failures
in 𝑛 trials?

Binomial # of ways of 
ordering the successes

Probability of each ordering 
of 𝑘 successes is equal + 
mutually exclusive 

𝑃 𝑋 = 𝑘 = 𝑛
𝑘 𝑝! 1 − 𝑝 "#!

Multinomial RV

What is the probability of 
getting 𝑐# of outcome 1,
𝑐$ of outcome 2, …, and

𝑐% of outcome 𝑚
in 𝑛 trials?
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Multinomial	Random	Variable?
Consider an experiment of 𝑛 independent trials:
• Each trial results in one of 𝑚 outcomes. 𝑃 outcome 𝑖 = 𝑝%, 
• Let 𝑋%= # trials with outcome 𝑖

47

Joint PMF
𝑃 𝑋! = 𝑐!, 𝑋" = 𝑐", … , 𝑋# = 𝑐# =

𝑛
𝑐!, 𝑐", … , 𝑐# 𝑝!

$!𝑝"
$"⋯𝑝#

$#

where .
&'#

%

𝑐& = 𝑛 and .
&'#

%

𝑝& = 1

Probability of each ordering is 
equal + mutually exclusive 

&
!"#

$

𝑝! = 1
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Multinomial	Random	Variable
Consider an experiment of 𝑛 independent trials:
• Each trial results in one of 𝑚 outcomes. 𝑃 outcome 𝑖 = 𝑝%, 
• Let 𝑋%= # trials with outcome 𝑖

48

Joint PMF
𝑃 𝑋! = 𝑐!, 𝑋" = 𝑐", … , 𝑋# = 𝑐# =

𝑛
𝑐!, 𝑐", … , 𝑐# 𝑝!

$!𝑝"
$"⋯𝑝#

$#

where .
&'#

%

𝑐& = 𝑛 and .
&'#

%

𝑝& = 1

Multinomial # of ways of 
ordering the outcomes

Probability of each ordering is 
equal + mutually exclusive 

&
!"#

$

𝑝! = 1
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Hello	dice	rolls,	my	old	friends
A 6-sided die is rolled 7 times.
What is the probability of getting:

49

• 1 one
• 1 two

• 0 threes
• 2 fours

• 0 fives
• 3 sixes

🤔
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Hello	dice	rolls,	my	old	friends
A 6-sided die is rolled 7 times.
What is the probability of getting:

50

• 1 one
• 1 two

• 0 threes
• 2 fours

• 0 fives
• 3 sixes

𝑃 𝑋! = 1, 𝑋" = 1, 𝑋* = 0, 𝑋+ = 2, 𝑋, = 0, 𝑋- = 3

= 7
1,1,0,2,0,3

1
6

! 1
6

! 1
6

. 1
6

" 1
6

. 1
6

*

= 420
1
6

/
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Hello	dice	rolls,	my	old	friends
A 6-sided die is rolled 7 times.
What is the probability of getting:

51

• 1 one
• 1 two

• 0 threes
• 2 fours

• 0 fives
• 3 sixes

𝑃 𝑋! = 1, 𝑋" = 1, 𝑋* = 0, 𝑋+ = 2, 𝑋, = 0, 𝑋- = 3

= 7
1,1,0,2,0,3

1
6

! 1
6

! 1
6

. 1
6

" 1
6

. 1
6

*

= 420
1
6

/

# of times
a six appears

probability
of rolling a sixchoose where

the sixes appear
this many times
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Multinomial	Random	Variable
Consider an experiment of 𝑛 independent trials:
• Each trial results in one of 𝑚 outcomes. 𝑃 outcome 𝑖 = 𝑝%, 
• Let 𝑋%= # trials with outcome 𝑖

Example:
• Rolling 2 twos, 3 threes, and 5 fives on 10 rolls of a fair-sided die
• Generating a random 5-word phrase with 1 “the”, 2 “bacon”, 1 “put”, 1 “on”

52

Joint PMF
𝑃 𝑋! = 𝑐!, 𝑋" = 𝑐", … , 𝑋# = 𝑐# =

𝑛
𝑐!, 𝑐", … , 𝑐# 𝑝!

$!𝑝"
$"⋯𝑝#

$#

where !
&'#

%

𝑐& = 𝑛 and !
&'#

%

𝑝& = 1

&
!"#

$

𝑝! = 1

Review
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Hello	dice	rolls,	my	old	friends
A 6-sided die is rolled 7 times.
What is the probability of getting:

53

• 1 one
• 1 two

• 0 threes
• 2 fours

• 0 fives
• 3 sixes

𝑃 𝑋! = 1, 𝑋" = 1, 𝑋* = 0, 𝑋+ = 2, 𝑋, = 0, 𝑋- = 3

= 7
1,1,0,2,0,3

1
6

! 1
6

! 1
6

. 1
6

" 1
6

. 1
6

*

= 420
1
6

/

Review

# of times
a six appears

probability
of rolling a sixchoose where

the sixes appear
this many times
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Parameters	of	a	Multinomial	RV?
𝑋~Bin 𝑛, 𝑝 has parameters 𝑛, 𝑝…

A Multinomial RV has parameters 𝑛, 𝑝!, 𝑝", … , 𝑝0 (Note 𝑝0 = 1 − ∑%1!02! 𝑝%)

54

𝑃 𝑋! = 𝑐!, 𝑋" = 𝑐", … , 𝑋# = 𝑐# =
𝑛

𝑐!, 𝑐", … , 𝑐# 𝑝!
$!𝑝"

$"⋯𝑝#
$#

𝑃 𝑋 = 𝑘 = 𝑛
𝑘 𝑝% 1 − 𝑝 &'% 𝑝: probability of 

success outcome 
on a single trial

𝑝&: probability of outcome 𝑖 on a single trial

Where do we get 𝑝& from?
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Four Prototypical Trajectories

Pedagogic pause



The	Federalist	
Papers

56

LIVE
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Four Prototypical Trajectories

Intro to Natural Language Processing
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Probabilistic	text	analysis
Ignoring the order of words…
What is the probability of any given word that you write in English?
• 𝑃 word = “the” > 𝑃 word = “pokemon”
• 𝑃 word = “Stanford” > 𝑃 word = “Cal”

Probabilities of counts of words = Multinomial distribution

58

👈

A document is a large multinomial.
(according to the Global Language Monitor,
there are 988,968 words in the English language 
used on the internet.)
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Example document:
“Pay for Viagra with a credit-card. Viagra is great. So 
are credit-cards. Risk free Viagra. Click for free.”
n = 18 

Viagra = 2
Free = 2
Risk = 1
Credit-card: 2
…
For = 2

P

✓
1

2
|spam

◆
=

n!

2!2! . . . 2!
p2viagrap

2
free . . . p

2
forP

✓
1

2
|spam

◆
=

n!

2!2! . . . 2!
p2viagrap

2
free . . . p

2
forP

✓
1

2
|spam

◆
=

n!

2!2! . . . 2!
p2viagrap

2
free . . . p

2
for

Probability of seeing 
this document | spam

It’s a Multinomial!

The probability of a word in 
spam email being viagra

Model	text	as	a	multinomial



Four Prototypical Trajectories

Who wrote the federalist papers?
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Old	and	New	Analysis

Authorship of the Federalist Papers
• 85 essays advocating ratification

of the US constitution
• Written under the pseudonym “Publius”

(really, Alexander Hamilton, James Madison, John Jay)

Who wrote which essays?
• Analyze probability of words in each essay and compare against word 

distributions from known writings of three authors

62
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Who	wrote	Federalist	Paper	53?

63

madison.txt hamilton.txt unknown.txt
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Where	to	start?
We have words, we want to know probability of authorship. We also know 
probability of words given author…

64

Well hello again…
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P (H|D) =
P (D|H)P (H)

P (D)
<latexit sha1_base64="cLTXQ9Pwa+Y0KjAED8DLzr4sxwY=">AAACCnicbZDLSsNAFIYnXmu9RV26GS1CsymJCLoRinbRZQR7gTaUyXTSDp1MwsxEKGnWbnwVNy4UcesTuPNtnLZZaOsPAx//OYcz5/djRqWy7W9jZXVtfWOzsFXc3tnd2zcPDpsySgQmDRyxSLR9JAmjnDQUVYy0Y0FQ6DPS8ke303rrgQhJI36vxjHxQjTgNKAYKW31zBO3XJ/ULHgNu4FAOHXLtUnd0qaVTdnKYM8s2RV7JrgMTg4lkMvtmV/dfoSTkHCFGZKy49ix8lIkFMWMZMVuIkmM8AgNSEcjRyGRXjo7JYNn2unDIBL6cQVn7u+JFIVSjkNfd4ZIDeVibWr+V+skKrjyUsrjRBGO54uChEEVwWkusE8FwYqNNSAsqP4rxEOkI1E6vaIOwVk8eRma5xVH891FqXqTx1EAx+AUlIEDLkEV1IELGgCDR/AMXsGb8WS8GO/Gx7x1xchnjsAfGZ8/hC+Xmg==</latexit><latexit sha1_base64="cLTXQ9Pwa+Y0KjAED8DLzr4sxwY=">AAACCnicbZDLSsNAFIYnXmu9RV26GS1CsymJCLoRinbRZQR7gTaUyXTSDp1MwsxEKGnWbnwVNy4UcesTuPNtnLZZaOsPAx//OYcz5/djRqWy7W9jZXVtfWOzsFXc3tnd2zcPDpsySgQmDRyxSLR9JAmjnDQUVYy0Y0FQ6DPS8ke303rrgQhJI36vxjHxQjTgNKAYKW31zBO3XJ/ULHgNu4FAOHXLtUnd0qaVTdnKYM8s2RV7JrgMTg4lkMvtmV/dfoSTkHCFGZKy49ix8lIkFMWMZMVuIkmM8AgNSEcjRyGRXjo7JYNn2unDIBL6cQVn7u+JFIVSjkNfd4ZIDeVibWr+V+skKrjyUsrjRBGO54uChEEVwWkusE8FwYqNNSAsqP4rxEOkI1E6vaIOwVk8eRma5xVH891FqXqTx1EAx+AUlIEDLkEV1IELGgCDR/AMXsGb8WS8GO/Gx7x1xchnjsAfGZ8/hC+Xmg==</latexit><latexit sha1_base64="cLTXQ9Pwa+Y0KjAED8DLzr4sxwY=">AAACCnicbZDLSsNAFIYnXmu9RV26GS1CsymJCLoRinbRZQR7gTaUyXTSDp1MwsxEKGnWbnwVNy4UcesTuPNtnLZZaOsPAx//OYcz5/djRqWy7W9jZXVtfWOzsFXc3tnd2zcPDpsySgQmDRyxSLR9JAmjnDQUVYy0Y0FQ6DPS8ke303rrgQhJI36vxjHxQjTgNKAYKW31zBO3XJ/ULHgNu4FAOHXLtUnd0qaVTdnKYM8s2RV7JrgMTg4lkMvtmV/dfoSTkHCFGZKy49ix8lIkFMWMZMVuIkmM8AgNSEcjRyGRXjo7JYNn2unDIBL6cQVn7u+JFIVSjkNfd4ZIDeVibWr+V+skKrjyUsrjRBGO54uChEEVwWkusE8FwYqNNSAsqP4rxEOkI1E6vaIOwVk8eRma5xVH891FqXqTx1EAx+AUlIEDLkEV1IELGgCDR/AMXsGb8WS8GO/Gx7x1xchnjsAfGZ8/hC+Xmg==</latexit><latexit sha1_base64="cLTXQ9Pwa+Y0KjAED8DLzr4sxwY=">AAACCnicbZDLSsNAFIYnXmu9RV26GS1CsymJCLoRinbRZQR7gTaUyXTSDp1MwsxEKGnWbnwVNy4UcesTuPNtnLZZaOsPAx//OYcz5/djRqWy7W9jZXVtfWOzsFXc3tnd2zcPDpsySgQmDRyxSLR9JAmjnDQUVYy0Y0FQ6DPS8ke303rrgQhJI36vxjHxQjTgNKAYKW31zBO3XJ/ULHgNu4FAOHXLtUnd0qaVTdnKYM8s2RV7JrgMTg4lkMvtmV/dfoSTkHCFGZKy49ix8lIkFMWMZMVuIkmM8AgNSEcjRyGRXjo7JYNn2unDIBL6cQVn7u+JFIVSjkNfd4ZIDeVibWr+V+skKrjyUsrjRBGO54uChEEVwWkusE8FwYqNNSAsqP4rxEOkI1E6vaIOwVk8eRma5xVH891FqXqTx1EAx+AUlIEDLkEV1IELGgCDR/AMXsGb8WS8GO/Gx7x1xchnjsAfGZ8/hC+Xmg==</latexit>

Who	wrote	Federalist	Paper	53?

Prob Hamilton given 
Document

Prob Document 
given Hamilton

Prior belief it was 
Hamilton

Prob of the 
document???



Chris Piech, CS109, 2020

P (H|D) =
P (D|H)P (H)

P (D)
<latexit sha1_base64="cLTXQ9Pwa+Y0KjAED8DLzr4sxwY=">AAACCnicbZDLSsNAFIYnXmu9RV26GS1CsymJCLoRinbRZQR7gTaUyXTSDp1MwsxEKGnWbnwVNy4UcesTuPNtnLZZaOsPAx//OYcz5/djRqWy7W9jZXVtfWOzsFXc3tnd2zcPDpsySgQmDRyxSLR9JAmjnDQUVYy0Y0FQ6DPS8ke303rrgQhJI36vxjHxQjTgNKAYKW31zBO3XJ/ULHgNu4FAOHXLtUnd0qaVTdnKYM8s2RV7JrgMTg4lkMvtmV/dfoSTkHCFGZKy49ix8lIkFMWMZMVuIkmM8AgNSEcjRyGRXjo7JYNn2unDIBL6cQVn7u+JFIVSjkNfd4ZIDeVibWr+V+skKrjyUsrjRBGO54uChEEVwWkusE8FwYqNNSAsqP4rxEOkI1E6vaIOwVk8eRma5xVH891FqXqTx1EAx+AUlIEDLkEV1IELGgCDR/AMXsGb8WS8GO/Gx7x1xchnjsAfGZ8/hC+Xmg==</latexit><latexit sha1_base64="cLTXQ9Pwa+Y0KjAED8DLzr4sxwY=">AAACCnicbZDLSsNAFIYnXmu9RV26GS1CsymJCLoRinbRZQR7gTaUyXTSDp1MwsxEKGnWbnwVNy4UcesTuPNtnLZZaOsPAx//OYcz5/djRqWy7W9jZXVtfWOzsFXc3tnd2zcPDpsySgQmDRyxSLR9JAmjnDQUVYy0Y0FQ6DPS8ke303rrgQhJI36vxjHxQjTgNKAYKW31zBO3XJ/ULHgNu4FAOHXLtUnd0qaVTdnKYM8s2RV7JrgMTg4lkMvtmV/dfoSTkHCFGZKy49ix8lIkFMWMZMVuIkmM8AgNSEcjRyGRXjo7JYNn2unDIBL6cQVn7u+JFIVSjkNfd4ZIDeVibWr+V+skKrjyUsrjRBGO54uChEEVwWkusE8FwYqNNSAsqP4rxEOkI1E6vaIOwVk8eRma5xVH891FqXqTx1EAx+AUlIEDLkEV1IELGgCDR/AMXsGb8WS8GO/Gx7x1xchnjsAfGZ8/hC+Xmg==</latexit><latexit sha1_base64="cLTXQ9Pwa+Y0KjAED8DLzr4sxwY=">AAACCnicbZDLSsNAFIYnXmu9RV26GS1CsymJCLoRinbRZQR7gTaUyXTSDp1MwsxEKGnWbnwVNy4UcesTuPNtnLZZaOsPAx//OYcz5/djRqWy7W9jZXVtfWOzsFXc3tnd2zcPDpsySgQmDRyxSLR9JAmjnDQUVYy0Y0FQ6DPS8ke303rrgQhJI36vxjHxQjTgNKAYKW31zBO3XJ/ULHgNu4FAOHXLtUnd0qaVTdnKYM8s2RV7JrgMTg4lkMvtmV/dfoSTkHCFGZKy49ix8lIkFMWMZMVuIkmM8AgNSEcjRyGRXjo7JYNn2unDIBL6cQVn7u+JFIVSjkNfd4ZIDeVibWr+V+skKrjyUsrjRBGO54uChEEVwWkusE8FwYqNNSAsqP4rxEOkI1E6vaIOwVk8eRma5xVH891FqXqTx1EAx+AUlIEDLkEV1IELGgCDR/AMXsGb8WS8GO/Gx7x1xchnjsAfGZ8/hC+Xmg==</latexit><latexit sha1_base64="cLTXQ9Pwa+Y0KjAED8DLzr4sxwY=">AAACCnicbZDLSsNAFIYnXmu9RV26GS1CsymJCLoRinbRZQR7gTaUyXTSDp1MwsxEKGnWbnwVNy4UcesTuPNtnLZZaOsPAx//OYcz5/djRqWy7W9jZXVtfWOzsFXc3tnd2zcPDpsySgQmDRyxSLR9JAmjnDQUVYy0Y0FQ6DPS8ke303rrgQhJI36vxjHxQjTgNKAYKW31zBO3XJ/ULHgNu4FAOHXLtUnd0qaVTdnKYM8s2RV7JrgMTg4lkMvtmV/dfoSTkHCFGZKy49ix8lIkFMWMZMVuIkmM8AgNSEcjRyGRXjo7JYNn2unDIBL6cQVn7u+JFIVSjkNfd4ZIDeVibWr+V+skKrjyUsrjRBGO54uChEEVwWkusE8FwYqNNSAsqP4rxEOkI1E6vaIOwVk8eRma5xVH891FqXqTx1EAx+AUlIEDLkEV1IELGgCDR/AMXsGb8WS8GO/Gx7x1xchnjsAfGZ8/hC+Xmg==</latexit>

Who	wrote	Federalist	Paper	53?

Model document as a 
multinomial where we care 

about count of words
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P (H|D) =

� n
c1...ck

�
·
Q

i h
ci
i · P (H)

P (D)
<latexit sha1_base64="VJ52/KheM9uijagW83XFmXaL1es="></latexit><latexit sha1_base64="VJ52/KheM9uijagW83XFmXaL1es="></latexit><latexit sha1_base64="VJ52/KheM9uijagW83XFmXaL1es="></latexit><latexit sha1_base64="VJ52/KheM9uijagW83XFmXaL1es="></latexit>

Who	wrote	Federalist	Paper	53?

Prob Hamilton given 
Document

Prob hamilton
would write word i

Prior belief it was 
Hamilton

Prob of the 
document???

Number of times 
word i is in the doc

Loop over unique 
words
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Who	wrote	Federalist	Paper	53?

P (H|D) =
P (D|H)P (H)

P (D)

=
P (H) ·

� n
c1...cm

�
·
Q

i h
ci
i

P (D)
<latexit sha1_base64="TnllklTXq5cGGkkwVgWb+OsaTo8="></latexit><latexit sha1_base64="TnllklTXq5cGGkkwVgWb+OsaTo8="></latexit><latexit sha1_base64="TnllklTXq5cGGkkwVgWb+OsaTo8="></latexit><latexit sha1_base64="TnllklTXq5cGGkkwVgWb+OsaTo8="></latexit>

Prob that Hamilton wrote it Prob that Madison wrote it

P (M |D) =
P (D|M)P (M)

P (D)

=
P (M) ·

� n
c1...cm

�
·
Q

i m
ci
i

P (D)
<latexit sha1_base64="3IPse5SENVvOW68QApg0DP0MMQc="></latexit><latexit sha1_base64="3IPse5SENVvOW68QApg0DP0MMQc="></latexit><latexit sha1_base64="3IPse5SENVvOW68QApg0DP0MMQc="></latexit><latexit sha1_base64="3IPse5SENVvOW68QApg0DP0MMQc="></latexit>

P (H|D)

P (M |D)
=

P (M) ·
� n
c1...ck

�
·
Q

i h
ci
i

P (D)
/
P (H) ·

� n
c1...ck

�
·
Q

i m
ci
i

P (D)

=

Q
i h

ci
iQ

i m
ci
i

<latexit sha1_base64="DU/QTwLESw4GnjOYHx0sQbesqUM="></latexit><latexit sha1_base64="DU/QTwLESw4GnjOYHx0sQbesqUM="></latexit><latexit sha1_base64="DU/QTwLESw4GnjOYHx0sQbesqUM="></latexit><latexit sha1_base64="DU/QTwLESw4GnjOYHx0sQbesqUM="></latexit>
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To	the	code

69
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What happened?
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All	our	probabilities	are	zero…

71
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Use	logs	when	probabilities	become	too	small!

72

P (H|D)

P (M |D)
=

Q
i m

ci
iQ

i h
ci
i

<latexit sha1_base64="EA+5F6nGgV0xakLt7Tu7r4/lBY8="></latexit><latexit sha1_base64="EA+5F6nGgV0xakLt7Tu7r4/lBY8="></latexit><latexit sha1_base64="EA+5F6nGgV0xakLt7Tu7r4/lBY8="></latexit><latexit sha1_base64="EA+5F6nGgV0xakLt7Tu7r4/lBY8="></latexit>

log
P (H|D)

P (M |D)
= log

Q
i h

ci
iQ

i m
ci
i

=
X

i

log hci
i �

X

i

logmci
i

=
X

i

ci · log hi �
X

i

ci logmi

<latexit sha1_base64="Juhnf4GnVG1MEuvFqIJA2GaXOys="></latexit><latexit sha1_base64="Juhnf4GnVG1MEuvFqIJA2GaXOys="></latexit><latexit sha1_base64="Juhnf4GnVG1MEuvFqIJA2GaXOys="></latexit><latexit sha1_base64="Juhnf4GnVG1MEuvFqIJA2GaXOys="></latexit>
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What	does	it	mean	if	a	log	value	is	positive	/	negative

73

If a log is positive, its input was > 1

If a log is negative, its input was between 0 and 1
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To be continued…


