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Announcements

• New sections in the reader
• Pset 4, the pros of finishing early
• The CS109 Challenge
• Digitally signing pset work???
• Midterm results (end of class)
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CS109	Challenge
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Example:	The	Robot	Club
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https://robots.rmrm.io/
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Example:	Teaching	the	Central	Limit	Theorem
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https://www.youtube.com/watch?v=HI1nn1Y1oEM
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Example:	Ultimate	Frisbee	Start
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https://www.maikaisogawa.com/wp-content/uploads/2018/12/Ultimate-Probability-Write-Up-Maika-Isogawa.pdf
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Four Prototypical Trajectories

New Definition



• Consider n random variables X1, X2, ... Xn
§ Xi are all independently and identically distributed (I.I.D.)
§ All have the same PMF (if discrete) or PDF (if continuous)
§ All have the same expectation
§ All have the same variance

IID Random Variables

IID iid
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Quick	check
Are 𝑋!, 𝑋", … , 𝑋# i.i.d. with the following distributions?

1. 𝑋$~Exp 𝜆 , 𝑋$ independent

2. 𝑋$~Exp 𝜆$ , 𝑋$ independent

3. 𝑋$~Exp 𝜆 , 𝑋! = 𝑋" = ⋯ = 𝑋#

4. 𝑋$~Bin 𝑛$ , 𝑝 , 𝑋$ independent

9
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Quick	check
Are 𝑋!, 𝑋", … , 𝑋# i.i.d. with the following distributions?

1. 𝑋$~Exp 𝜆 , 𝑋$ independent

2. 𝑋$~Exp 𝜆$ , 𝑋$ independent

3. 𝑋$~Exp 𝜆 , 𝑋! = 𝑋" = ⋯ = 𝑋#

4. 𝑋$~Bin 𝑛$ , 𝑝 , 𝑋$ independent
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✅

❌ (unless 𝜆! equal)

❌ dependent: 𝑋" = 𝑋# = ⋯ = 𝑋$

❌ (unless 𝑛! equal)
Note underlying Bernoulli RVs are i.i.d.!



Four Prototypical Trajectories

What happens when you add random 
variables?



Four Prototypical Trajectories

Why should you care?



Zero Sum Games

How do you model zero sum games?
What is the probability that the Warriors win?



Motivating Idea: Zero Sum Games
How it works:
• Each team has an “ELO” score S, calculated based on their 

past performance.
• Each game, the team has ability A ~ N(S, 2002)
• The team with the higher sampled ability wins.

AW ⇠ N (1797, 2002)

17971555 ability

p
Arpad Elo

AR ⇠ N (1555, 2002)AB ⇠

P (Warriors win) = P (AW > AR)

⇡ 0.87

P (AW > AB)



Motivating Idea: Zero Sum Games

P (Warriors win) = P (AW > AR)

⇡ 0.87

P (AW > AB)

AW ⇠ N (1797, 2002)

AR ⇠ N (1555, 2002)AB ⇠

How do we do this???



Four Prototypical Trajectories

Review
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Sum	of	Two	Die?
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Value 
dice 1 Value 

dice 2

Each outcome

[1,1] [1,2] [1,3] [1,4] [1,5] [1,6]
[2,1] [2,2] [2,3] [2,4] [2,5] [2,6]
[3,1] [3,2] [3,3] [3,4] [3,5] [3,6]
[4,1] [4,2] [4,3] [4,4] [4,5] [4,6]
[5,1] [5,2] [5,3] [5,4] [5,5] [5,6]
[6,1] [6,2] [6,3] [6,4] [6,5] [6,6]

S = {

}

Roll two 6-sidex dice. What is P(sum = 7)?
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Sum	of	Two	Die	=	7?

18

[1,1] [1,2] [1,3] [1,4] [1,5] [1,6]
[2,1] [2,2] [2,3] [2,4] [2,5] [2,6]
[3,1] [3,2] [3,3] [3,4] [3,5] [3,6]
[4,1] [4,2] [4,3] [4,4] [4,5] [4,6]
[5,1] [5,2] [5,3] [5,4] [5,5] [5,6]
[6,1] [6,2] [6,3] [6,4] [6,5] [6,6]

S = {

}

E = in blue

Value 
dice 1 Value 

dice 2

Each outcome

P (straight) =
|E|
|S| =

10 ·
�4
1

�5
�52
5

� ⇡ 0.00394
<latexit sha1_base64="Czym/HAKTSW7cYqkPYrOC/Og/6E="></latexit><latexit sha1_base64="Czym/HAKTSW7cYqkPYrOC/Og/6E="></latexit><latexit sha1_base64="Czym/HAKTSW7cYqkPYrOC/Og/6E="></latexit><latexit sha1_base64="Czym/HAKTSW7cYqkPYrOC/Og/6E="></latexit>

<latexit sha1_base64="HBBjsIVPSMFXclfpQyXBZq60e+Q=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJexKUA8KARE8RjAPSJYwO+lNhszOLjOzQgj5CC8eFPHq93jzb5wke9DEgoaiqpvuriARXBvX/XZWVtfWNzZzW/ntnd29/cLBYUPHqWJYZ7GIVSugGgWXWDfcCGwlCmkUCGwGw9up33xCpXksH80oQT+ifclDzqixUrNWujsjN6RbKLpldwayTLyMFCFDrVv46vRilkYoDRNU67bnJsYfU2U4EzjJd1KNCWVD2se2pZJGqP3x7NwJObVKj4SxsiUNmam/J8Y00noUBbYzomagF72p+J/XTk145Y+5TFKDks0XhakgJibT30mPK2RGjCyhTHF7K2EDqigzNqG8DcFbfHmZNM7L3kW58lApVq+zOHJwDCdQAg8uoQr3UIM6MBjCM7zCm5M4L8678zFvXXGymSP4A+fzBy3cjiY=</latexit>

P (E) =

<latexit sha1_base64="iT4GRNnKtwvf79PRvd3MbvKEkSQ=">AAACBXicbZC7SgNBFIbPxluMt1VLLQaDYBV2NUQLAwEbywjmAtklzE5mkyGzF2ZmhbBsY+Or2FgoYus72Pk2TpItNPGHgZ//nMOZ83kxZ1JZ1rdRWFldW98obpa2tnd298z9g7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOObab3zQIVkUXivJjF1AzwMmc8IVjrqm8d15PgCk7SWpRe1DNWRVbFrjoeFTvpm2apYM6FlY+emDLmaffPLGUQkCWioCMdS9mwrVm6KhWKE06zkJJLGmIzxkPa0DXFApZvOrsjQqU4GyI+EfqFCs/T3RIoDKSeBpzsDrEZysTYN/6v1EuVfuSkL40TRkMwX+QlHKkJTJGjABCWKT7TBRDD9V0RGWENRGlxJQ7AXT1427XONrVK9q5Yb1zmOIhzBCZyBDZfQgFtoQgsIPMIzvMKb8WS8GO/Gx7y1YOQzh/BHxucPhNKWqw==</latexit>

=
6

36
= 0.166̄

Roll two 6-sidex dice. What is P(sum = 7)?
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Sum	of	Two	Die	=	10?

19

Value 
dice 1 Value 

dice 2

Each outcome

[1,1] [1,2] [1,3] [1,4] [1,5] [1,6]
[2,1] [2,2] [2,3] [2,4] [2,5] [2,6]
[3,1] [3,2] [3,3] [3,4] [3,5] [3,6]
[4,1] [4,2] [4,3] [4,4] [4,5] [4,6]
[5,1] [5,2] [5,3] [5,4] [5,5] [5,6]
[6,1] [6,2] [6,3] [6,4] [6,5] [6,6]

S = {

}

Roll two 6-sidex dice. What is P(sum = 10)?

P (straight) =
|E|
|S| =

10 ·
�4
1

�5
�52
5

� ⇡ 0.00394
<latexit sha1_base64="Czym/HAKTSW7cYqkPYrOC/Og/6E="></latexit><latexit sha1_base64="Czym/HAKTSW7cYqkPYrOC/Og/6E="></latexit><latexit sha1_base64="Czym/HAKTSW7cYqkPYrOC/Og/6E="></latexit><latexit sha1_base64="Czym/HAKTSW7cYqkPYrOC/Og/6E="></latexit>

<latexit sha1_base64="HBBjsIVPSMFXclfpQyXBZq60e+Q=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJexKUA8KARE8RjAPSJYwO+lNhszOLjOzQgj5CC8eFPHq93jzb5wke9DEgoaiqpvuriARXBvX/XZWVtfWNzZzW/ntnd29/cLBYUPHqWJYZ7GIVSugGgWXWDfcCGwlCmkUCGwGw9up33xCpXksH80oQT+ifclDzqixUrNWujsjN6RbKLpldwayTLyMFCFDrVv46vRilkYoDRNU67bnJsYfU2U4EzjJd1KNCWVD2se2pZJGqP3x7NwJObVKj4SxsiUNmam/J8Y00noUBbYzomagF72p+J/XTk145Y+5TFKDks0XhakgJibT30mPK2RGjCyhTHF7K2EDqigzNqG8DcFbfHmZNM7L3kW58lApVq+zOHJwDCdQAg8uoQr3UIM6MBjCM7zCm5M4L8678zFvXXGymSP4A+fzBy3cjiY=</latexit>

P (E) =

<latexit sha1_base64="0S1EZ52zUc+7kcqr7n9HHqtABUY=">AAACHHicbVDLSsNAFJ34rPUVdelmsAh1UxJbajdCQQouK9oHNKVMppN26OTBzEQoST7Ejb/ixoUiblwI/o2TNoi2Hhg495x7uXOPHTAqpGF8aSura+sbm7mt/PbO7t6+fnDYFn7IMWlhn/m8ayNBGPVIS1LJSDfgBLk2Ix17cpX6nXvCBfW9OzkNSN9FI486FCOppIFebhYbZ/ASWg5HOIobcRLFt3Hyo5STqFxNS6Nk1CwbcaUM9IKqZoDLxMxIAWRoDvQPa+jj0CWexAwJ0TONQPYjxCXFjCR5KxQkQHiCRqSnqIdcIvrR7LgEniplCB2fq+dJOFN/T0TIFWLq2qrTRXIsFr1U/M/rhdKp9SPqBaEkHp4vckIGpQ/TpOCQcoIlmyqCMKfqrxCPkQpFqjzzKgRz8eRl0j4vmdVS5aZSqNeyOHLgGJyAIjDBBaiDa9AELYDBA3gCL+BVe9SetTftfd66omUzR+APtM9vDqifew==</latexit>

P (E) =
|E|
|S| =

3

36
= 0.083̄E = in blue



Four Prototypical Trajectories

End Review



Sum of Two Dice

Y =
2X

i=0

Xi

<latexit sha1_base64="UJGg5iVnsksgWiflT0EMR4O5Hv8=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiRFsJtCwY3LCvYhbQyT6aQdOpmEmYlQQ/FX3LhQxK3/4c6/cdpmoa0HLhzOuZd77wkSzpR2nG9rZXVtfWOzsFXc3tnd27cPDlsqTiWhTRLzWHYCrChngjY105x2EklxFHDaDkZXU7/9QKVisbjV44R6ER4IFjKCtZF8+/gO1VBPpZGfsZozua+gjs98u+SUnRnQMnFzUoIcDd/+6vVjkkZUaMKxUl3XSbSXYakZ4XRS7KWKJpiM8IB2DRU4osrLZtdP0JlR+iiMpSmh0Uz9PZHhSKlxFJjOCOuhWvSm4n9eN9Vh1cuYSFJNBZkvClOOdIymUaA+k5RoPjYEE8nMrYgMscREm8CKJgR38eVl0qqUXafs3lyU6tU8jgKcwCmcgwuXUIdraEATCDzCM7zCm/VkvVjv1se8dcXKZ47gD6zPH4Emk+0=</latexit><latexit sha1_base64="UJGg5iVnsksgWiflT0EMR4O5Hv8=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiRFsJtCwY3LCvYhbQyT6aQdOpmEmYlQQ/FX3LhQxK3/4c6/cdpmoa0HLhzOuZd77wkSzpR2nG9rZXVtfWOzsFXc3tnd27cPDlsqTiWhTRLzWHYCrChngjY105x2EklxFHDaDkZXU7/9QKVisbjV44R6ER4IFjKCtZF8+/gO1VBPpZGfsZozua+gjs98u+SUnRnQMnFzUoIcDd/+6vVjkkZUaMKxUl3XSbSXYakZ4XRS7KWKJpiM8IB2DRU4osrLZtdP0JlR+iiMpSmh0Uz9PZHhSKlxFJjOCOuhWvSm4n9eN9Vh1cuYSFJNBZkvClOOdIymUaA+k5RoPjYEE8nMrYgMscREm8CKJgR38eVl0qqUXafs3lyU6tU8jgKcwCmcgwuXUIdraEATCDzCM7zCm/VkvVjv1se8dcXKZ47gD6zPH4Emk+0=</latexit><latexit sha1_base64="UJGg5iVnsksgWiflT0EMR4O5Hv8=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiRFsJtCwY3LCvYhbQyT6aQdOpmEmYlQQ/FX3LhQxK3/4c6/cdpmoa0HLhzOuZd77wkSzpR2nG9rZXVtfWOzsFXc3tnd27cPDlsqTiWhTRLzWHYCrChngjY105x2EklxFHDaDkZXU7/9QKVisbjV44R6ER4IFjKCtZF8+/gO1VBPpZGfsZozua+gjs98u+SUnRnQMnFzUoIcDd/+6vVjkkZUaMKxUl3XSbSXYakZ4XRS7KWKJpiM8IB2DRU4osrLZtdP0JlR+iiMpSmh0Uz9PZHhSKlxFJjOCOuhWvSm4n9eN9Vh1cuYSFJNBZkvClOOdIymUaA+k5RoPjYEE8nMrYgMscREm8CKJgR38eVl0qqUXafs3lyU6tU8jgKcwCmcgwuXUIdraEATCDzCM7zCm/VkvVjv1se8dcXKZ47gD6zPH4Emk+0=</latexit><latexit sha1_base64="UJGg5iVnsksgWiflT0EMR4O5Hv8=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiRFsJtCwY3LCvYhbQyT6aQdOpmEmYlQQ/FX3LhQxK3/4c6/cdpmoa0HLhzOuZd77wkSzpR2nG9rZXVtfWOzsFXc3tnd27cPDlsqTiWhTRLzWHYCrChngjY105x2EklxFHDaDkZXU7/9QKVisbjV44R6ER4IFjKCtZF8+/gO1VBPpZGfsZozua+gjs98u+SUnRnQMnFzUoIcDd/+6vVjkkZUaMKxUl3XSbSXYakZ4XRS7KWKJpiM8IB2DRU4osrLZtdP0JlR+iiMpSmh0Uz9PZHhSKlxFJjOCOuhWvSm4n9eN9Vh1cuYSFJNBZkvClOOdIymUaA+k5RoPjYEE8nMrYgMscREm8CKJgR38eVl0qqUXafs3lyU6tU8jgKcwCmcgwuXUIdraEATCDzCM7zCm/VkvVjv1se8dcXKZ47gD6zPH4Emk+0=</latexit>

Xi is the outcome of dice roll i

Xi s ar
e iid



Sum of Three Dice

Xi is the outcome of dice roll i

Xi s ar
e iid

Y =
3X

i=0

Xi

<latexit sha1_base64="tOTYB5md1IfHAd16I63dMOKJ8KM=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiQq2E2h4MZlBfuQNobJdNIOnUnCzESoofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99wQJZ0o7zre1tLyyurZe2Chubm3v7Np7+00Vp5LQBol5LNsBVpSziDY005y2E0mxCDhtBcOrid96oFKxOLrVo4R6AvcjFjKCtZF8+/AOVVFXpcLPWNUZ35+jts98u+SUnSnQInFzUoIcdd/+6vZikgoaacKxUh3XSbSXYakZ4XRc7KaKJpgMcZ92DI2woMrLpteP0YlReiiMpalIo6n6eyLDQqmRCEynwHqg5r2J+J/XSXVY8TIWJammEZktClOOdIwmUaAek5RoPjIEE8nMrYgMsMREm8CKJgR3/uVF0jwru07Zvbko1Sp5HAU4gmM4BRcuoQbXUIcGEHiEZ3iFN+vJerHerY9Z65KVzxzAH1ifP4Kuk+4=</latexit><latexit sha1_base64="tOTYB5md1IfHAd16I63dMOKJ8KM=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiQq2E2h4MZlBfuQNobJdNIOnUnCzESoofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99wQJZ0o7zre1tLyyurZe2Chubm3v7Np7+00Vp5LQBol5LNsBVpSziDY005y2E0mxCDhtBcOrid96oFKxOLrVo4R6AvcjFjKCtZF8+/AOVVFXpcLPWNUZ35+jts98u+SUnSnQInFzUoIcdd/+6vZikgoaacKxUh3XSbSXYakZ4XRc7KaKJpgMcZ92DI2woMrLpteP0YlReiiMpalIo6n6eyLDQqmRCEynwHqg5r2J+J/XSXVY8TIWJammEZktClOOdIwmUaAek5RoPjIEE8nMrYgMsMREm8CKJgR3/uVF0jwru07Zvbko1Sp5HAU4gmM4BRcuoQbXUIcGEHiEZ3iFN+vJerHerY9Z65KVzxzAH1ifP4Kuk+4=</latexit><latexit sha1_base64="tOTYB5md1IfHAd16I63dMOKJ8KM=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiQq2E2h4MZlBfuQNobJdNIOnUnCzESoofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99wQJZ0o7zre1tLyyurZe2Chubm3v7Np7+00Vp5LQBol5LNsBVpSziDY005y2E0mxCDhtBcOrid96oFKxOLrVo4R6AvcjFjKCtZF8+/AOVVFXpcLPWNUZ35+jts98u+SUnSnQInFzUoIcdd/+6vZikgoaacKxUh3XSbSXYakZ4XRc7KaKJpgMcZ92DI2woMrLpteP0YlReiiMpalIo6n6eyLDQqmRCEynwHqg5r2J+J/XSXVY8TIWJammEZktClOOdIwmUaAek5RoPjIEE8nMrYgMsMREm8CKJgR3/uVF0jwru07Zvbko1Sp5HAU4gmM4BRcuoQbXUIcGEHiEZ3iFN+vJerHerY9Z65KVzxzAH1ifP4Kuk+4=</latexit><latexit sha1_base64="tOTYB5md1IfHAd16I63dMOKJ8KM=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiQq2E2h4MZlBfuQNobJdNIOnUnCzESoofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99wQJZ0o7zre1tLyyurZe2Chubm3v7Np7+00Vp5LQBol5LNsBVpSziDY005y2E0mxCDhtBcOrid96oFKxOLrVo4R6AvcjFjKCtZF8+/AOVVFXpcLPWNUZ35+jts98u+SUnSnQInFzUoIcdd/+6vZikgoaacKxUh3XSbSXYakZ4XRc7KaKJpgMcZ92DI2woMrLpteP0YlReiiMpalIo6n6eyLDQqmRCEynwHqg5r2J+J/XSXVY8TIWJammEZktClOOdIwmUaAek5RoPjIEE8nMrYgMsMREm8CKJgR3/uVF0jwru07Zvbko1Sp5HAU4gmM4BRcuoQbXUIcGEHiEZ3iFN+vJerHerY9Z65KVzxzAH1ifP4Kuk+4=</latexit>



Sum of One Dice
This is the PMF of the sum of one dice

0.0

0.1

0.2

1 2 3 4 5 6



This is the PMF of the sum of two dice

Why is there more mass in the middle?

Sum of Two Dice

2 4 6 8 10 12



This is the PMF of the sum of three dice

Why is there more mass in the middle?

Sum of Three Dice

0.0

0.1

0.2

3 5 7 9 11131517



Four Prototypical Trajectories

Sum of 50 dice?



The Insight to Convolution
Imagine a game 

where each player independently scores between 0 and 100 points:

Let X be the amount of points you score.
Let Y be the amount of points your opponent scores.

Let’s say you know P(X = x) and P(Y = y).

What is the probability of a tie?

P (tie) =
100X

i=0

P (X = i, Y = i)

=
100X

I=0

P (X = i)P (Y = i) if independent
<latexit sha1_base64="BW49qVBZp868Cq084QXXYifvz2E="></latexit><latexit sha1_base64="BW49qVBZp868Cq084QXXYifvz2E="></latexit><latexit sha1_base64="BW49qVBZp868Cq084QXXYifvz2E="></latexit><latexit sha1_base64="BW49qVBZp868Cq084QXXYifvz2E="></latexit>

P (tie) =
100X

i=0

P (X = i, Y = i)

=
100X

i=0

P (X = i)P (Y = i) if independent
<latexit sha1_base64="ybb1zPAbvNiaN/3OHW35xpEdYNk="></latexit><latexit sha1_base64="ybb1zPAbvNiaN/3OHW35xpEdYNk="></latexit><latexit sha1_base64="ybb1zPAbvNiaN/3OHW35xpEdYNk="></latexit><latexit sha1_base64="ybb1zPAbvNiaN/3OHW35xpEdYNk="></latexit>



The Insight to Convolution Proofs
What is the 

probability that X + 
Y = n?

X Y i
0 n 0

1 n - 1 1

2 n - 2 2

n 0 n

…

P (X + Y = n)?
<latexit sha1_base64="BHln8RZAzkmDtbbPJfrTgyhu6wI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJUhLIrgr2IBS8eK9gPaZeSTbNtaJJdk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXhBzpo3rfjsrq2vrG5u5rfz2zu7efuHgsKGjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLyd+s0RVZpF8sGMY+oL3JcsZAQbK/m1Ugudo0d0jeTZTbdQdMvuDGiZeBkpQoZat/DV6UUkEVQawrHWbc+NjZ9iZRjhdJLvJJrGmAxxn7YtlVhQ7aezoyfo1Co9FEbKljRopv6eSLHQeiwC2ymwGehFbyr+57UTE1b8lMk4MVSS+aIw4chEaJoA6jFFieFjSzBRzN6KyAArTIzNKW9D8BZfXiaNi7Lnlr37y2K1ksWRg2M4gRJ4cAVVuIMa1IHAEzzDK7w5I+fFeXc+5q0rTjZzBH/gfP4AYFCP2Q==</latexit><latexit sha1_base64="BHln8RZAzkmDtbbPJfrTgyhu6wI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJUhLIrgr2IBS8eK9gPaZeSTbNtaJJdk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXhBzpo3rfjsrq2vrG5u5rfz2zu7efuHgsKGjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLyd+s0RVZpF8sGMY+oL3JcsZAQbK/m1Ugudo0d0jeTZTbdQdMvuDGiZeBkpQoZat/DV6UUkEVQawrHWbc+NjZ9iZRjhdJLvJJrGmAxxn7YtlVhQ7aezoyfo1Co9FEbKljRopv6eSLHQeiwC2ymwGehFbyr+57UTE1b8lMk4MVSS+aIw4chEaJoA6jFFieFjSzBRzN6KyAArTIzNKW9D8BZfXiaNi7Lnlr37y2K1ksWRg2M4gRJ4cAVVuIMa1IHAEzzDK7w5I+fFeXc+5q0rTjZzBH/gfP4AYFCP2Q==</latexit><latexit sha1_base64="BHln8RZAzkmDtbbPJfrTgyhu6wI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJUhLIrgr2IBS8eK9gPaZeSTbNtaJJdk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXhBzpo3rfjsrq2vrG5u5rfz2zu7efuHgsKGjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLyd+s0RVZpF8sGMY+oL3JcsZAQbK/m1Ugudo0d0jeTZTbdQdMvuDGiZeBkpQoZat/DV6UUkEVQawrHWbc+NjZ9iZRjhdJLvJJrGmAxxn7YtlVhQ7aezoyfo1Co9FEbKljRopv6eSLHQeiwC2ymwGehFbyr+57UTE1b8lMk4MVSS+aIw4chEaJoA6jFFieFjSzBRzN6KyAArTIzNKW9D8BZfXiaNi7Lnlr37y2K1ksWRg2M4gRJ4cAVVuIMa1IHAEzzDK7w5I+fFeXc+5q0rTjZzBH/gfP4AYFCP2Q==</latexit><latexit sha1_base64="BHln8RZAzkmDtbbPJfrTgyhu6wI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJUhLIrgr2IBS8eK9gPaZeSTbNtaJJdk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXhBzpo3rfjsrq2vrG5u5rfz2zu7efuHgsKGjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLyd+s0RVZpF8sGMY+oL3JcsZAQbK/m1Ugudo0d0jeTZTbdQdMvuDGiZeBkpQoZat/DV6UUkEVQawrHWbc+NjZ9iZRjhdJLvJJrGmAxxn7YtlVhQ7aezoyfo1Co9FEbKljRopv6eSLHQeiwC2ymwGehFbyr+57UTE1b8lMk4MVSS+aIw4chEaJoA6jFFieFjSzBRzN6KyAArTIzNKW9D8BZfXiaNi7Lnlr37y2K1ksWRg2M4gRJ4cAVVuIMa1IHAEzzDK7w5I+fFeXc+5q0rTjZzBH/gfP4AYFCP2Q==</latexit>

P (X = 0, Y = n)
<latexit sha1_base64="R3FGzRj+mdvs+u91kGzwM5f4Apc=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISEexGKLhxWcE+pA1lMp20QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPXO7hnHuZO8ePOVPacb6twtr6xuZWcbu0s7u3X7YPDtsqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8Sc3md95pFKxSNzraUy9EI8ECxjB2kgDu9ysdtE1cs7Rg2nibGBXnJozB1olbk4qkKM5sL/6w4gkIRWacKxUz3Vi7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL54TN0apQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOqh7KRNxoqkgi4eChCMdoSwFNGSSEs2nhmAimbkVkTGWmGiTVcmE4C5/eZW0L2quU3PvLiuNeh5HEY7hBKrgwhU04Baa0AICCTzDK7xZT9aL9W59LEYLVr5zBH9gff4AnvuQbQ==</latexit><latexit sha1_base64="R3FGzRj+mdvs+u91kGzwM5f4Apc=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISEexGKLhxWcE+pA1lMp20QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPXO7hnHuZO8ePOVPacb6twtr6xuZWcbu0s7u3X7YPDtsqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8Sc3md95pFKxSNzraUy9EI8ECxjB2kgDu9ysdtE1cs7Rg2nibGBXnJozB1olbk4qkKM5sL/6w4gkIRWacKxUz3Vi7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL54TN0apQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOqh7KRNxoqkgi4eChCMdoSwFNGSSEs2nhmAimbkVkTGWmGiTVcmE4C5/eZW0L2quU3PvLiuNeh5HEY7hBKrgwhU04Baa0AICCTzDK7xZT9aL9W59LEYLVr5zBH9gff4AnvuQbQ==</latexit><latexit sha1_base64="R3FGzRj+mdvs+u91kGzwM5f4Apc=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISEexGKLhxWcE+pA1lMp20QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPXO7hnHuZO8ePOVPacb6twtr6xuZWcbu0s7u3X7YPDtsqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8Sc3md95pFKxSNzraUy9EI8ECxjB2kgDu9ysdtE1cs7Rg2nibGBXnJozB1olbk4qkKM5sL/6w4gkIRWacKxUz3Vi7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL54TN0apQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOqh7KRNxoqkgi4eChCMdoSwFNGSSEs2nhmAimbkVkTGWmGiTVcmE4C5/eZW0L2quU3PvLiuNeh5HEY7hBKrgwhU04Baa0AICCTzDK7xZT9aL9W59LEYLVr5zBH9gff4AnvuQbQ==</latexit><latexit sha1_base64="R3FGzRj+mdvs+u91kGzwM5f4Apc=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISEexGKLhxWcE+pA1lMp20QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPXO7hnHuZO8ePOVPacb6twtr6xuZWcbu0s7u3X7YPDtsqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8Sc3md95pFKxSNzraUy9EI8ECxjB2kgDu9ysdtE1cs7Rg2nibGBXnJozB1olbk4qkKM5sL/6w4gkIRWacKxUz3Vi7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL54TN0apQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOqh7KRNxoqkgi4eChCMdoSwFNGSSEs2nhmAimbkVkTGWmGiTVcmE4C5/eZW0L2quU3PvLiuNeh5HEY7hBKrgwhU04Baa0AICCTzDK7xZT9aL9W59LEYLVr5zBH9gff4AnvuQbQ==</latexit>

P (X = 1, Y = n� 1)
<latexit sha1_base64="OJlQxypWIFNmhGQRwKnR4qUVJ/U=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSJU0JKIYDdCwY3LCvYhbSiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnLZZaOuByz2ccy9z5/gxZ0o7zre1srq2vrFZ2Cpu7+zu7dsHhy0VJZLQJol4JDs+VpQzQZuaaU47saQ49Dlt++Obqd9+pFKxSNzrNKZeiIeCBYxgbaS+XWpUOugauWfowTSBzpF72rfLTtWZAS0TNydlyNHo21+9QUSSkApNOFaq6zqx9jIsNSOcToq9RNEYkzEe0q6hAodUedns+Ak6McoABZE0JTSaqb83MhwqlYa+mQyxHqlFbyr+53UTHdS8jIk40VSQ+UNBwpGO0DQJNGCSEs1TQzCRzNyKyAhLTLTJq2hCcBe/vExaF1XXqbp3l+V6LY+jAEdwDBVw4QrqcAsNaAKBFJ7hFd6sJ+vFerc+5qMrVr5Tgj+wPn8AMlWRNA==</latexit><latexit sha1_base64="OJlQxypWIFNmhGQRwKnR4qUVJ/U=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSJU0JKIYDdCwY3LCvYhbSiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnLZZaOuByz2ccy9z5/gxZ0o7zre1srq2vrFZ2Cpu7+zu7dsHhy0VJZLQJol4JDs+VpQzQZuaaU47saQ49Dlt++Obqd9+pFKxSNzrNKZeiIeCBYxgbaS+XWpUOugauWfowTSBzpF72rfLTtWZAS0TNydlyNHo21+9QUSSkApNOFaq6zqx9jIsNSOcToq9RNEYkzEe0q6hAodUedns+Ak6McoABZE0JTSaqb83MhwqlYa+mQyxHqlFbyr+53UTHdS8jIk40VSQ+UNBwpGO0DQJNGCSEs1TQzCRzNyKyAhLTLTJq2hCcBe/vExaF1XXqbp3l+V6LY+jAEdwDBVw4QrqcAsNaAKBFJ7hFd6sJ+vFerc+5qMrVr5Tgj+wPn8AMlWRNA==</latexit><latexit sha1_base64="OJlQxypWIFNmhGQRwKnR4qUVJ/U=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSJU0JKIYDdCwY3LCvYhbSiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnLZZaOuByz2ccy9z5/gxZ0o7zre1srq2vrFZ2Cpu7+zu7dsHhy0VJZLQJol4JDs+VpQzQZuaaU47saQ49Dlt++Obqd9+pFKxSNzrNKZeiIeCBYxgbaS+XWpUOugauWfowTSBzpF72rfLTtWZAS0TNydlyNHo21+9QUSSkApNOFaq6zqx9jIsNSOcToq9RNEYkzEe0q6hAodUedns+Ak6McoABZE0JTSaqb83MhwqlYa+mQyxHqlFbyr+53UTHdS8jIk40VSQ+UNBwpGO0DQJNGCSEs1TQzCRzNyKyAhLTLTJq2hCcBe/vExaF1XXqbp3l+V6LY+jAEdwDBVw4QrqcAsNaAKBFJ7hFd6sJ+vFerc+5qMrVr5Tgj+wPn8AMlWRNA==</latexit><latexit sha1_base64="OJlQxypWIFNmhGQRwKnR4qUVJ/U=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSJU0JKIYDdCwY3LCvYhbSiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnLZZaOuByz2ccy9z5/gxZ0o7zre1srq2vrFZ2Cpu7+zu7dsHhy0VJZLQJol4JDs+VpQzQZuaaU47saQ49Dlt++Obqd9+pFKxSNzrNKZeiIeCBYxgbaS+XWpUOugauWfowTSBzpF72rfLTtWZAS0TNydlyNHo21+9QUSSkApNOFaq6zqx9jIsNSOcToq9RNEYkzEe0q6hAodUedns+Ak6McoABZE0JTSaqb83MhwqlYa+mQyxHqlFbyr+53UTHdS8jIk40VSQ+UNBwpGO0DQJNGCSEs1TQzCRzNyKyAhLTLTJq2hCcBe/vExaF1XXqbp3l+V6LY+jAEdwDBVw4QrqcAsNaAKBFJ7hFd6sJ+vFerc+5qMrVr5Tgj+wPn8AMlWRNA==</latexit>

P (X = 2, Y = n� 2)
<latexit sha1_base64="dfmQgUPOWZd0TJlHASSZLudYDLI=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyxCBS0zRbAboeDGZQX7kHYomTTThmYyQ5IRhqH+ihsXirj1Q9z5N6aPhbYeuNzDOfeSm+PHnCntON9Wbm19Y3Mrv13Y2d3bP7APj1oqSiShTRLxSHZ8rChngjY105x2Yklx6HPa9sc3U7/9SKVikbjXaUy9EA8FCxjB2kh9u9god9A1qp6jB9MEukDVs75dcirODGiVuAtSggUaffurN4hIElKhCcdKdV0n1l6GpWaE00mhlygaYzLGQ9o1VOCQKi+bHT9Bp0YZoCCSpoRGM/X3RoZDpdLQN5Mh1iO17E3F/7xuooOalzERJ5oKMn8oSDjSEZomgQZMUqJ5aggmkplbERlhiYk2eRVMCO7yl1dJq1pxnYp7d1mq1xZx5OEYTqAMLlxBHW6hAU0gkMIzvMKb9WS9WO/Wx3w0Zy12ivAH1ucPNWqRNg==</latexit><latexit sha1_base64="dfmQgUPOWZd0TJlHASSZLudYDLI=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyxCBS0zRbAboeDGZQX7kHYomTTThmYyQ5IRhqH+ihsXirj1Q9z5N6aPhbYeuNzDOfeSm+PHnCntON9Wbm19Y3Mrv13Y2d3bP7APj1oqSiShTRLxSHZ8rChngjY105x2Yklx6HPa9sc3U7/9SKVikbjXaUy9EA8FCxjB2kh9u9god9A1qp6jB9MEukDVs75dcirODGiVuAtSggUaffurN4hIElKhCcdKdV0n1l6GpWaE00mhlygaYzLGQ9o1VOCQKi+bHT9Bp0YZoCCSpoRGM/X3RoZDpdLQN5Mh1iO17E3F/7xuooOalzERJ5oKMn8oSDjSEZomgQZMUqJ5aggmkplbERlhiYk2eRVMCO7yl1dJq1pxnYp7d1mq1xZx5OEYTqAMLlxBHW6hAU0gkMIzvMKb9WS9WO/Wx3w0Zy12ivAH1ucPNWqRNg==</latexit><latexit sha1_base64="dfmQgUPOWZd0TJlHASSZLudYDLI=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyxCBS0zRbAboeDGZQX7kHYomTTThmYyQ5IRhqH+ihsXirj1Q9z5N6aPhbYeuNzDOfeSm+PHnCntON9Wbm19Y3Mrv13Y2d3bP7APj1oqSiShTRLxSHZ8rChngjY105x2Yklx6HPa9sc3U7/9SKVikbjXaUy9EA8FCxjB2kh9u9god9A1qp6jB9MEukDVs75dcirODGiVuAtSggUaffurN4hIElKhCcdKdV0n1l6GpWaE00mhlygaYzLGQ9o1VOCQKi+bHT9Bp0YZoCCSpoRGM/X3RoZDpdLQN5Mh1iO17E3F/7xuooOalzERJ5oKMn8oSDjSEZomgQZMUqJ5aggmkplbERlhiYk2eRVMCO7yl1dJq1pxnYp7d1mq1xZx5OEYTqAMLlxBHW6hAU0gkMIzvMKb9WS9WO/Wx3w0Zy12ivAH1ucPNWqRNg==</latexit><latexit sha1_base64="dfmQgUPOWZd0TJlHASSZLudYDLI=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyxCBS0zRbAboeDGZQX7kHYomTTThmYyQ5IRhqH+ihsXirj1Q9z5N6aPhbYeuNzDOfeSm+PHnCntON9Wbm19Y3Mrv13Y2d3bP7APj1oqSiShTRLxSHZ8rChngjY105x2Yklx6HPa9sc3U7/9SKVikbjXaUy9EA8FCxjB2kh9u9god9A1qp6jB9MEukDVs75dcirODGiVuAtSggUaffurN4hIElKhCcdKdV0n1l6GpWaE00mhlygaYzLGQ9o1VOCQKi+bHT9Bp0YZoCCSpoRGM/X3RoZDpdLQN5Mh1iO17E3F/7xuooOalzERJ5oKMn8oSDjSEZomgQZMUqJ5aggmkplbERlhiYk2eRVMCO7yl1dJq1pxnYp7d1mq1xZx5OEYTqAMLlxBHW6hAU0gkMIzvMKb9WS9WO/Wx3w0Zy12ivAH1ucPNWqRNg==</latexit>

P (X = n, Y = 0)
<latexit sha1_base64="NO8VpnpwHw2pQIXOaT7GrxcWF3I=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISEexGKLhxWcE+pA1lMp20QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPXO7hnHuZO8ePOVPacb6twtr6xuZWcbu0s7u3X7YPDtsqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8Sc3md95pFKxSNzraUy9EI8ECxjB2kgDu9ysdtE1EufowTTnbGBXnJozB1olbk4qkKM5sL/6w4gkIRWacKxUz3Vi7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL54TN0apQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOqh7KRNxoqkgi4eChCMdoSwFNGSSEs2nhmAimbkVkTGWmGiTVcmE4C5/eZW0L2quU3PvLiuNeh5HEY7hBKrgwhU04Baa0AICCTzDK7xZT9aL9W59LEYLVr5zBH9gff4AoK2QbQ==</latexit><latexit sha1_base64="NO8VpnpwHw2pQIXOaT7GrxcWF3I=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISEexGKLhxWcE+pA1lMp20QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPXO7hnHuZO8ePOVPacb6twtr6xuZWcbu0s7u3X7YPDtsqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8Sc3md95pFKxSNzraUy9EI8ECxjB2kgDu9ysdtE1EufowTTnbGBXnJozB1olbk4qkKM5sL/6w4gkIRWacKxUz3Vi7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL54TN0apQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOqh7KRNxoqkgi4eChCMdoSwFNGSSEs2nhmAimbkVkTGWmGiTVcmE4C5/eZW0L2quU3PvLiuNeh5HEY7hBKrgwhU04Baa0AICCTzDK7xZT9aL9W59LEYLVr5zBH9gff4AoK2QbQ==</latexit><latexit sha1_base64="NO8VpnpwHw2pQIXOaT7GrxcWF3I=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISEexGKLhxWcE+pA1lMp20QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPXO7hnHuZO8ePOVPacb6twtr6xuZWcbu0s7u3X7YPDtsqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8Sc3md95pFKxSNzraUy9EI8ECxjB2kgDu9ysdtE1EufowTTnbGBXnJozB1olbk4qkKM5sL/6w4gkIRWacKxUz3Vi7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL54TN0apQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOqh7KRNxoqkgi4eChCMdoSwFNGSSEs2nhmAimbkVkTGWmGiTVcmE4C5/eZW0L2quU3PvLiuNeh5HEY7hBKrgwhU04Baa0AICCTzDK7xZT9aL9W59LEYLVr5zBH9gff4AoK2QbQ==</latexit><latexit sha1_base64="NO8VpnpwHw2pQIXOaT7GrxcWF3I=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISEexGKLhxWcE+pA1lMp20QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPXO7hnHuZO8ePOVPacb6twtr6xuZWcbu0s7u3X7YPDtsqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8Sc3md95pFKxSNzraUy9EI8ECxjB2kgDu9ysdtE1EufowTTnbGBXnJozB1olbk4qkKM5sL/6w4gkIRWacKxUz3Vi7aVYakY4nZX6iaIxJhM8oj1DBQ6p8tL54TN0apQhCiJpSmg0V39vpDhUahr6ZjLEeqyWvUz8z+slOqh7KRNxoqkgi4eChCMdoSwFNGSSEs2nhmAimbkVkTGWmGiTVcmE4C5/eZW0L2quU3PvLiuNeh5HEY7hBKrgwhU04Baa0AICCTzDK7xZT9aL9W59LEYLVr5zBH9gff4AoK2QbQ==</latexit>

P (X + Y = n) =
nX

i=0

P (X = i, Y = n� i)
<latexit sha1_base64="Y+sTl2RXL2jJwIt+v+ZUtLDGjRU=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VoUWsigt0UCm5cVrAPaWOYTCft0MkkzEyEEvoZbvwVNy4Ucdudf+OkzUJbD9zL4Zx7mbnHixiVyrK+jdzK6tr6Rn6zsLW9s7tn7h+0ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblK//USEpCG/V+OIOAEacOpTjJSWXPOiUerAU/gAa5CXdevJOHATWrMmjxymXg3Ss7kNzyEtu2bRqlgzwGViZ6QIMjRcc9rrhzgOCFeYISm7thUpJ0FCUczIpNCLJYkQHqEB6WrKUUCkk8wOm8ATrfShHwpdXMGZ+nsjQYGU48DTkwFSQ7nopeJ/XjdWftVJKI9iRTieP+THDKoQpinBPhUEKzbWBGFB9V8hHiKBsNJZFnQI9uLJy6R1WbGtin13VaxXszjy4AgcgxKwwTWog1vQAE2AwTN4Be/gw3gx3oxP42s+mjOynUPwB8b0B+8fmqs=</latexit><latexit sha1_base64="Y+sTl2RXL2jJwIt+v+ZUtLDGjRU=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VoUWsigt0UCm5cVrAPaWOYTCft0MkkzEyEEvoZbvwVNy4Ucdudf+OkzUJbD9zL4Zx7mbnHixiVyrK+jdzK6tr6Rn6zsLW9s7tn7h+0ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblK//USEpCG/V+OIOAEacOpTjJSWXPOiUerAU/gAa5CXdevJOHATWrMmjxymXg3Ss7kNzyEtu2bRqlgzwGViZ6QIMjRcc9rrhzgOCFeYISm7thUpJ0FCUczIpNCLJYkQHqEB6WrKUUCkk8wOm8ATrfShHwpdXMGZ+nsjQYGU48DTkwFSQ7nopeJ/XjdWftVJKI9iRTieP+THDKoQpinBPhUEKzbWBGFB9V8hHiKBsNJZFnQI9uLJy6R1WbGtin13VaxXszjy4AgcgxKwwTWog1vQAE2AwTN4Be/gw3gx3oxP42s+mjOynUPwB8b0B+8fmqs=</latexit><latexit sha1_base64="Y+sTl2RXL2jJwIt+v+ZUtLDGjRU=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VoUWsigt0UCm5cVrAPaWOYTCft0MkkzEyEEvoZbvwVNy4Ucdudf+OkzUJbD9zL4Zx7mbnHixiVyrK+jdzK6tr6Rn6zsLW9s7tn7h+0ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblK//USEpCG/V+OIOAEacOpTjJSWXPOiUerAU/gAa5CXdevJOHATWrMmjxymXg3Ss7kNzyEtu2bRqlgzwGViZ6QIMjRcc9rrhzgOCFeYISm7thUpJ0FCUczIpNCLJYkQHqEB6WrKUUCkk8wOm8ATrfShHwpdXMGZ+nsjQYGU48DTkwFSQ7nopeJ/XjdWftVJKI9iRTieP+THDKoQpinBPhUEKzbWBGFB9V8hHiKBsNJZFnQI9uLJy6R1WbGtin13VaxXszjy4AgcgxKwwTWog1vQAE2AwTN4Be/gw3gx3oxP42s+mjOynUPwB8b0B+8fmqs=</latexit><latexit sha1_base64="Y+sTl2RXL2jJwIt+v+ZUtLDGjRU=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VoUWsigt0UCm5cVrAPaWOYTCft0MkkzEyEEvoZbvwVNy4Ucdudf+OkzUJbD9zL4Zx7mbnHixiVyrK+jdzK6tr6Rn6zsLW9s7tn7h+0ZBgLTJo4ZKHoeEgSRjlpKqoY6USCoMBjpO2NblK//USEpCG/V+OIOAEacOpTjJSWXPOiUerAU/gAa5CXdevJOHATWrMmjxymXg3Ss7kNzyEtu2bRqlgzwGViZ6QIMjRcc9rrhzgOCFeYISm7thUpJ0FCUczIpNCLJYkQHqEB6WrKUUCkk8wOm8ATrfShHwpdXMGZ+nsjQYGU48DTkwFSQ7nopeJ/XjdWftVJKI9iRTieP+THDKoQpinBPhUEKzbWBGFB9V8hHiKBsNJZFnQI9uLJy6R1WbGtin13VaxXszjy4AgcgxKwwTWog1vQAE2AwTN4Be/gw3gx3oxP42s+mjOynUPwB8b0B+8fmqs=</latexit>



The Insight to Convolution Proofs

P (X + Y = n) =
nX

k=0

P (X = k, Y = n� k) Since the events are mutually exclusive

=
nX

k=0

P (X = k)P (Y = n� k) If they are independent
P (X + Y = n) =

nX

k=0

P (X = k, Y = n� k) Since the events are mutually exclusive

=
nX

k=0

P (X = k)P (Y = n� k) If they are independent

If the random variables are independent

Since this is the OR or mutually exclusive events

What is the 
probability that X + 

Y = n?

P (X + Y = n)?
<latexit sha1_base64="BHln8RZAzkmDtbbPJfrTgyhu6wI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJUhLIrgr2IBS8eK9gPaZeSTbNtaJJdk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXhBzpo3rfjsrq2vrG5u5rfz2zu7efuHgsKGjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLyd+s0RVZpF8sGMY+oL3JcsZAQbK/m1Ugudo0d0jeTZTbdQdMvuDGiZeBkpQoZat/DV6UUkEVQawrHWbc+NjZ9iZRjhdJLvJJrGmAxxn7YtlVhQ7aezoyfo1Co9FEbKljRopv6eSLHQeiwC2ymwGehFbyr+57UTE1b8lMk4MVSS+aIw4chEaJoA6jFFieFjSzBRzN6KyAArTIzNKW9D8BZfXiaNi7Lnlr37y2K1ksWRg2M4gRJ4cAVVuIMa1IHAEzzDK7w5I+fFeXc+5q0rTjZzBH/gfP4AYFCP2Q==</latexit><latexit sha1_base64="BHln8RZAzkmDtbbPJfrTgyhu6wI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJUhLIrgr2IBS8eK9gPaZeSTbNtaJJdk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXhBzpo3rfjsrq2vrG5u5rfz2zu7efuHgsKGjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLyd+s0RVZpF8sGMY+oL3JcsZAQbK/m1Ugudo0d0jeTZTbdQdMvuDGiZeBkpQoZat/DV6UUkEVQawrHWbc+NjZ9iZRjhdJLvJJrGmAxxn7YtlVhQ7aezoyfo1Co9FEbKljRopv6eSLHQeiwC2ymwGehFbyr+57UTE1b8lMk4MVSS+aIw4chEaJoA6jFFieFjSzBRzN6KyAArTIzNKW9D8BZfXiaNi7Lnlr37y2K1ksWRg2M4gRJ4cAVVuIMa1IHAEzzDK7w5I+fFeXc+5q0rTjZzBH/gfP4AYFCP2Q==</latexit><latexit sha1_base64="BHln8RZAzkmDtbbPJfrTgyhu6wI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJUhLIrgr2IBS8eK9gPaZeSTbNtaJJdk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXhBzpo3rfjsrq2vrG5u5rfz2zu7efuHgsKGjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLyd+s0RVZpF8sGMY+oL3JcsZAQbK/m1Ugudo0d0jeTZTbdQdMvuDGiZeBkpQoZat/DV6UUkEVQawrHWbc+NjZ9iZRjhdJLvJJrGmAxxn7YtlVhQ7aezoyfo1Co9FEbKljRopv6eSLHQeiwC2ymwGehFbyr+57UTE1b8lMk4MVSS+aIw4chEaJoA6jFFieFjSzBRzN6KyAArTIzNKW9D8BZfXiaNi7Lnlr37y2K1ksWRg2M4gRJ4cAVVuIMa1IHAEzzDK7w5I+fFeXc+5q0rTjZzBH/gfP4AYFCP2Q==</latexit><latexit sha1_base64="BHln8RZAzkmDtbbPJfrTgyhu6wI=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJUhLIrgr2IBS8eK9gPaZeSTbNtaJJdk2yhLP0dXjwo4tUf481/Y9ruQVsfDDzem2FmXhBzpo3rfjsrq2vrG5u5rfz2zu7efuHgsKGjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLyd+s0RVZpF8sGMY+oL3JcsZAQbK/m1Ugudo0d0jeTZTbdQdMvuDGiZeBkpQoZat/DV6UUkEVQawrHWbc+NjZ9iZRjhdJLvJJrGmAxxn7YtlVhQ7aezoyfo1Co9FEbKljRopv6eSLHQeiwC2ymwGehFbyr+57UTE1b8lMk4MVSS+aIw4chEaJoA6jFFieFjSzBRzN6KyAArTIzNKW9D8BZfXiaNi7Lnlr37y2K1ksWRg2M4gRJ4cAVVuIMa1IHAEzzDK7w5I+fFeXc+5q0rTjZzBH/gfP4AYFCP2Q==</latexit>



Sum of Two Dice
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X
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 x
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x

0

Let X+Y be the value of the sum of two dice
(aka two independent random variables)

P (X + Y = n) =
nX

k=0

P (X = k, Y = n� k) Since the events are mutually exclusive

=
nX

k=0

P (X = k)P (Y = n� k) If they are independent
P(

X
+ 

Y
= 

n)

n

1
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<latexit sha1_base64="HMlAbUcyNa9bibvYBZjNqAT40S8=">AAAB83icbZBLSwMxFIXv1Fetr6pLN8EiuCozKuqy4MZlC/YBnaFk0jttaCYzJBmhDAV/hRsXirj1z7jz35g+Ftp6IHA454bcfGEquDau++0U1tY3NreK26Wd3b39g/LhUUsnmWLYZIlIVCekGgWX2DTcCOykCmkcCmyHo7tp335EpXkiH8w4xSCmA8kjzqixke9HirLcm+SX15NeueJW3ZnIqvEWpgIL1XvlL7+fsCxGaZigWnc9NzVBTpXhTOCk5GcaU8pGdIBdayWNUQf5bOcJObNJn0SJskcaMkt/38hprPU4Du1kTM1QL3fT8L+um5noNsi5TDODks0fijJBTEKmAEifK2RGjK2hTHG7K2FDajEYi6lkIXjLX141rYuq51a9xlWl1nia4yjCCZzCOXhwAzW4hzo0gUEKz/AKb07mvDjvzsd8tOAsEB7DHzmfP+AdkgM=</latexit><latexit sha1_base64="HMlAbUcyNa9bibvYBZjNqAT40S8=">AAAB83icbZBLSwMxFIXv1Fetr6pLN8EiuCozKuqy4MZlC/YBnaFk0jttaCYzJBmhDAV/hRsXirj1z7jz35g+Ftp6IHA454bcfGEquDau++0U1tY3NreK26Wd3b39g/LhUUsnmWLYZIlIVCekGgWX2DTcCOykCmkcCmyHo7tp335EpXkiH8w4xSCmA8kjzqixke9HirLcm+SX15NeueJW3ZnIqvEWpgIL1XvlL7+fsCxGaZigWnc9NzVBTpXhTOCk5GcaU8pGdIBdayWNUQf5bOcJObNJn0SJskcaMkt/38hprPU4Du1kTM1QL3fT8L+um5noNsi5TDODks0fijJBTEKmAEifK2RGjK2hTHG7K2FDajEYi6lkIXjLX141rYuq51a9xlWl1nia4yjCCZzCOXhwAzW4hzo0gUEKz/AKb07mvDjvzsd8tOAsEB7DHzmfP+AdkgM=</latexit><latexit sha1_base64="HMlAbUcyNa9bibvYBZjNqAT40S8=">AAAB83icbZBLSwMxFIXv1Fetr6pLN8EiuCozKuqy4MZlC/YBnaFk0jttaCYzJBmhDAV/hRsXirj1z7jz35g+Ftp6IHA454bcfGEquDau++0U1tY3NreK26Wd3b39g/LhUUsnmWLYZIlIVCekGgWX2DTcCOykCmkcCmyHo7tp335EpXkiH8w4xSCmA8kjzqixke9HirLcm+SX15NeueJW3ZnIqvEWpgIL1XvlL7+fsCxGaZigWnc9NzVBTpXhTOCk5GcaU8pGdIBdayWNUQf5bOcJObNJn0SJskcaMkt/38hprPU4Du1kTM1QL3fT8L+um5noNsi5TDODks0fijJBTEKmAEifK2RGjK2hTHG7K2FDajEYi6lkIXjLX141rYuq51a9xlWl1nia4yjCCZzCOXhwAzW4hzo0gUEKz/AKb07mvDjvzsd8tOAsEB7DHzmfP+AdkgM=</latexit><latexit sha1_base64="HMlAbUcyNa9bibvYBZjNqAT40S8=">AAAB83icbZBLSwMxFIXv1Fetr6pLN8EiuCozKuqy4MZlC/YBnaFk0jttaCYzJBmhDAV/hRsXirj1z7jz35g+Ftp6IHA454bcfGEquDau++0U1tY3NreK26Wd3b39g/LhUUsnmWLYZIlIVCekGgWX2DTcCOykCmkcCmyHo7tp335EpXkiH8w4xSCmA8kjzqixke9HirLcm+SX15NeueJW3ZnIqvEWpgIL1XvlL7+fsCxGaZigWnc9NzVBTpXhTOCk5GcaU8pGdIBdayWNUQf5bOcJObNJn0SJskcaMkt/38hprPU4Du1kTM1QL3fT8L+um5noNsi5TDODks0fijJBTEKmAEifK2RGjK2hTHG7K2FDajEYi6lkIXjLX141rYuq51a9xlWl1nia4yjCCZzCOXhwAzW4hzo0gUEKz/AKb07mvDjvzsd8tOAsEB7DHzmfP+AdkgM=</latexit>



Four Prototypical Trajectories

Convolution: The fanciest way to say 
“adding random variables”



Four Prototypical Trajectories

Sometimes Adding is Easy:



• Let X and Y be independent binomials with the 
same value for p:
§ X ~ Bin(n1, p) and  Y ~ Bin(n2, p) 
§ X + Y ~ Bin(n1 + n2, p)

• Intuition:
§ X has n1 trials and Y has n2 trials

o Each trial has same “success” probability p

§ Define Z to be n1 + n2 trials, each with success prob. p
§ Z ~ Bin(n1 + n2, p), and also Z = X + Y

Sum of Independent Binomials



• Let X and Y be independent random variables
§ X ~ N(µ1, s12)  and  Y ~ N(µ2, s22)
§ X + Y ~ N(µ1 + µ2, s12 + s22) 

• Generally, have n independent random variables     
Xi ~ N(µi, si2)  for  i = 1, 2, ..., n:
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Sum of Independent Normals



• Let X and Y be independent random variables
§ X ~ Poi(l1)  and  Y ~ Poi(l2)
§ X + Y ~ Poi(l1 + l2) 

Sum of Independent Poissons



• Say you are working with the WHO to plan a 
response to a the initial conditions of a virus:
§ Two exposed groups
§ P1: 50 people, each independently infected with p = 0.1
§ P2: 100 people, each independently infected with p = 0.4
§ Question: Probability of more than 40 infections?

Virus Infections

Sanity check: Should we use the Binomial 
Sum-of-RVs shortcut?
A. YES!
B. NO!
C. Other/none/more



• Say you are working with the WHO to plan a 
response to a the initial conditions of a virus:
§ Two exposed groups
§ P1: 50 people, each independently infected with p = 0.1
§ P2: 100 people, each independently infected with p = 0.4
§ A = # infected in P1 A ~ Bin(50, 0.1)   » X ~ N(5, 4.5)
§ B = # infected in P2 B ~ Bin(100, 0.4) » Y ~ N(40, 24)
§ What is P(≥ 40 people infected)?
§ P(A + B ≥ 40) » P(X + Y ≥ 39.5)
§ X + Y = W ~ N(5 + 40 = 45, 4.5 + 24 = 28.5)

Virus Infections

<latexit sha1_base64="lMLjgDGRJMZdfoz1gwS8fOuI2OA="></latexit>

P (W > 39.5) = 1� P (X < 39.5)

= 1� FX(39.5) = 1� �(
39.5� 45p

28.5
) ⇡ 0.8485



Linear Transform
X ⇠ N(µ,�2)

Y ⇠ N(2µ, 4�2)

Y = X +X = 2 ·X

Y = X +X = 2 ·X

X +X ⇠ N(µ+ µ,�2 + �2)

Y ⇠ N(2µ, 2�2)

X is not ind
ependent

 of 

X

Thinking of Y as a linear transform

Thinking of Y as the sum 
of independent normals



Zero Sum Games

How do you model zero sum games?
What is the probability that the Warriors win?



Gaussian Sampling and ELO ratings

40

What is the probability that the Warriors win?
How do you model zero-sum games?



Gaussian Sampling and ELO ratings
Each team has an ELO score 𝑆, 
calculated based on its
past performance.
• Each game, a team has

ability 𝐴~𝒩 𝑆, 200" .
• The team with the higher

sampled ability wins.
What is the probability
that Warriors win
this game?

Want: 𝑃 Warriors win = 𝑃 𝐴% > 𝐴&

41
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Arpad Elo

Warriors’ 𝐴!~𝒩 𝑆 = 1657, 200"

Opponent’s 𝐴#~𝒩 𝑆 = 1470, 200"



Probability of Winning a Game

<latexit sha1_base64="fS6l08fokeV5AD/zqfq/LZGhv1g=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkhJSqtdVty40gr2AW0Mk+mkHTqThJmJUGIX/oobF4q49Tfc+TdO2yy09cCFwzn3cu89XsSoVJb1bWSWlldW17LruY3Nre0dc3evKcNYYNLAIQtF20OSMBqQhqKKkXYkCOIeIy1veDnxWw9ESBoGd2oUEYejfkB9ipHSkmseXLg3sCsph9cFu1KpnJYs67504pp5q2hNAReJnZI8SFF3za9uL8QxJ4HCDEnZsa1IOQkSimJGxrluLEmE8BD1SUfTAHEinWR6/xgea6UH/VDoChScqr8nEsSlHHFPd3KkBnLem4j/eZ1Y+VUnoUEUKxLg2SI/ZlCFcBIG7FFBsGIjTRAWVN8K8QAJhJWOLKdDsOdfXiTNUtE+K5Zvy/laNY0jCw7BESgAG5yDGrgCddAAGDyCZ/AK3own48V4Nz5mrRkjndkHf2B8/gBiDJMX</latexit>

AO ⇠ N(1555, 2002)

<latexit sha1_base64="HCfd5k+QY9r0R1T88sPBt4CAlVU=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyxCBSkzpdi6q7hxJRXsA9pxyKRpG5pkhiQjlLELf8WNC0Xc+hvu/BvTdhbaeuDC4Zx7ufeeIGJUacf5tpaWV1bX1jMb2c2t7Z1de2+/ocJYYlLHIQtlK0CKMCpIXVPNSCuSBPGAkWYwvJr4zQciFQ3FnR5FxOOoL2iPYqSN5NuHl34TdhTl8Cbvli/KZ0XHuS+e+nbOKThTwEXipiQHUtR8+6vTDXHMidCYIaXarhNpL0FSU8zIONuJFYkQHqI+aRsqECfKS6b3j+GJUbqwF0pTQsOp+nsiQVypEQ9MJ0d6oOa9ifif1451r+IlVESxJgLPFvViBnUIJ2HALpUEazYyBGFJza0QD5BEWJvIsiYEd/7lRdIoFtzzQum2lKtW0jgy4AgcgzxwQRlUwTWogTrA4BE8g1fwZj1ZL9a79TFrXbLSmQPwB9bnD3skkyc=</latexit>

AW ⇠ N(1797, 2002)

<latexit sha1_base64="rgMAeyMkbMasBHTnCNXCoI6T1WY=">AAACDnicbVC7TgJBFJ3FF+ILtbSZSEigIbuGKI0GYmMnJvJIgGxmhwEmzM5uZu6qZMMX2PgrNhYaY2tt5984PAoFT3KTk3Puzb33eKHgGmz720qsrK6tbyQ3U1vbO7t76f2Dug4iRVmNBiJQTY9oJrhkNeAgWDNUjPieYA1veDnxG3dMaR7IWxiFrOOTvuQ9TgkYyU1nq7k2sAeIG0QpHiiN77kc5/E5ruYqbgNf4Ip7nXfTGbtgT4GXiTMnGTRH1U1/tbsBjXwmgQqidcuxQ+jERAGngo1T7UizkNAh6bOWoZL4THfi6TtjnDVKF/cCZUoCnqq/J2Liaz3yPdPpExjoRW8i/ue1IuiVOjGXYQRM0tmiXiQwBHiSDe5yxSiIkSGEKm5uxXRAFKFgEkyZEJzFl5dJ/aTgnBaKN8VMuTSPI4mO0DHKIQedoTK6QlVUQxQ9omf0it6sJ+vFerc+Zq0Jaz5ziP7A+vwBBTSaHw==</latexit>

P (Warriors win) = P (AW > AO)

<latexit sha1_base64="4PtEUIQHq23Hn1m2dEASuPIcCDw=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSAkhWFXgqZREmzsjGAekIRldjJJhszOLjN31bDkG2z8FRsLRWyt7PwbJ49CEw9cOJxzL/fe44WCa7DtbyuxtLyyupZcT21sbm3vpHf3ajqIFGVVGohANTyimeCSVYGDYI1QMeJ7gtW9weXYr98xpXkgb2EYsrZPepJ3OSVgJDedq2RbwB4grhOleKA0vudylMPnuJItu3V8jMvuNb7Ads5NZ+y8PQFeJM6MZNAMFTf91eoENPKZBCqI1k3HDqEdEwWcCjZKtSLNQkIHpMeahkriM92OJy+N8JFROrgbKFMS8ET9PRETX+uh75lOn0Bfz3tj8T+vGUG32I65DCNgkk4XdSOBIcDjfHCHK0ZBDA0hVHFzK6Z9oggFk2LKhODMv7xIaid55zRfuClkSsVZHEl0gA5RFjnoDJXQFaqgKqLoET2jV/RmPVkv1rv1MW1NWLOZffQH1ucPuOia5A==</latexit>

P (Warriors win) = P (AW �AO > 0)
<latexit sha1_base64="fFjod/PBleH0YTvQxExlOhPHXLA=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKtiSlFa7rLhxpRXsA9oYJtNpO3QmCTMToYS68VfcuFDErX/hzr9x2mahrQcuHM65l3vv8UJGpbKsbyO1tLyyupZez2xsbm3vmLt7DRlEApM6DlggWh6ShFGf1BVVjLRCQRD3GGl6w8uJ33wgQtLAv1OjkDgc9X3aoxgpLbnmQf7CvYEdSTm8zuXtcrl8WrSs++KJa2atgjUFXCR2QrIgQc01vzrdAEec+AozJGXbtkLlxEgoihkZZzqRJCHCQ9QnbU19xIl04ukHY3islS7sBUKXr+BU/T0RIy7liHu6kyM1kPPeRPzPa0eqV3Fi6oeRIj6eLepFDKoATuKAXSoIVmykCcKC6lshHiCBsNKhZXQI9vzLi6RRLNhnhdJtKVutJHGkwSE4Ajlgg3NQBVegBuoAg0fwDF7Bm/FkvBjvxsesNWUkM/vgD4zPHz4jk4U=</latexit>

�AO ⇠ N(�1555, 2002)

<latexit sha1_base64="FTf6zc4mjpy1Uofh9kwD+mxCaQE=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahgpQkFO2yoAtXUsE+oIllMpm0Q2eSMDMRSii48VfcuFDErT/hzr9x2mah1QMXDufcy733+AmjUlnWl1FYWl5ZXSuulzY2t7Z3zN29toxTgUkLxywWXR9JwmhEWooqRrqJIIj7jHT80cXU79wTIWkc3apxQjyOBhENKUZKS33z4NKVlMPrilNzTh3o4iBW0LGsO+ekb5atqjUD/EvsnJRBjmbf/HSDGKecRAozJGXPthLlZUgoihmZlNxUkgThERqQnqYR4kR62eyHCTzWSgDDWOiKFJypPycyxKUcc193cqSGctGbiv95vVSFdS+jUZIqEuH5ojBlUMVwGggMqCBYsbEmCAuqb4V4iATCSsdW0iHYiy//JW2nap9Vaze1cqOex1EEh+AIVIANzkEDXIEmaAEMHsATeAGvxqPxbLwZ7/PWgpHP7INfMD6+AUhylLQ=</latexit>

D ⇠ N(242, 2 · 2002)

<latexit sha1_base64="qvUMhkYD0BUzWviZJIPRrdOJ+NY=">AAAB+XicbVDLSgNBEOz1GeNr1aOXwSBExLArQXMREvTgzQjmAcmyzE5mkyGzD2ZmA2HJn3jxoIhX/8Sbf+Mk2YMmFjQUVd10d3kxZ1JZ1rexsrq2vrGZ28pv7+zu7ZsHh00ZJYLQBol4JNoelpSzkDYUU5y2Y0Fx4HHa8oa3U781okKyKHxS45g6Ae6HzGcEKy25pnmHblDNbaFzVLyouQ9nrlmwStYMaJnYGSlAhrprfnV7EUkCGirCsZQd24qVk2KhGOF0ku8mksaYDHGfdjQNcUClk84un6BTrfSQHwldoUIz9fdEigMpx4GnOwOsBnLRm4r/eZ1E+RUnZWGcKBqS+SI/4UhFaBoD6jFBieJjTTARTN+KyAALTJQOK69DsBdfXibNy5J9VSo/lgvVShZHDo7hBIpgwzVU4R7q0AACI3iGV3gzUuPFeDc+5q0rRjZzBH9gfP4AUx2Q2g==</latexit>

D = AW + (�AO)

<latexit sha1_base64="nFwsQUmJA4bvZE5+QtZ8Jaenn6o=">AAACDHicbVDNSgMxGMzWv1r/qh69BItQDy67UrQXpWARjxXsD7RLyabZNjSbLElWLEsfwIuv4sWDIl59AG++jWm7B20dCExm5iP5xo8YVdpxvq3M0vLK6lp2PbexubW9k9/daygRS0zqWDAhWz5ShFFO6ppqRlqRJCj0GWn6w6uJ37wnUlHB7/QoIl6I+pwGFCNtpG6+UCtW4SV0juEFdOEJvO5Wi+bSQVEkxQN07LJTMinHdqaAi8RNSQGkqHXzX52ewHFIuMYMKdV2nUh7CZKaYkbGuU6sSITwEPVJ21COQqK8ZLrMGB4ZpQcDIc3hGk7V3xMJCpUahb5JhkgP1Lw3Ef/z2rEOyl5CeRRrwvHsoSBmUAs4aQb2qCRYs5EhCEtq/grxAEmEtekvZ0pw51deJI1T2z2zS7elQqWc1pEFB+AQFIELzkEF3IAaqAMMHsEzeAVv1pP1Yr1bH7Noxkpn9sEfWJ8/o7qWUA==</latexit>

P (D > 0) = 1� FD(0) ⇡ 0.804



We talked about sum of Binomial, Normal and 
Poisson…who’s missing from this party? 

Uniform. 

CON



Discrete Vs Continuous

<latexit sha1_base64="aSLNm9l27r7YS5g2AeiiPmU3DQE="></latexit>

f(X + Y = a) =

1Z

y=�1

f(X = a� y)f(Y = y) dy

Discrete

Continuous

<latexit sha1_base64="ksst1/DXCtNR8AUa3Js9qvQhmDY="></latexit>

P (X + Y = a) =
1X

y=�1
P (X = a� y)P (Y = y) dy



• Let X and Y be independent random variables
§ X ~ Uni(0, 1)  and  Y ~ Uni(0, 1)  à f(x) = 1 for 0 £ x £ 1

Sum of Independent Uniforms

1

1
f(x)

For both X and Y



X ⇠ Uni(0, 1)
<latexit sha1_base64="bsfwAExZQAi/e/aUXOtd20ENOZM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYKphSaUzXbTLt1swu5ELKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXpoJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtnWSKMo8mIlGdkGgmuGQecBCskypG4lCw+3B0PfXvH5jSPJF3ME5ZEJOB5BGnBIzUs4862Nc8xj6wR8g9ySc15xy7Zz276tSdGfAycQtSRQVaPf vL7yc0i5kEKojWXddJIciJAk4Fm1T8TLOU0BEZsK6hksRMB/nsgQk+NUofR4kyJQHP1N8TOYm1Hseh6YwJDPWiNxX/87oZRI0g5zLNgEk6XxRlAkOCp2ngPleMghgbQqji5lZMh0QRCiazignBXXx5mbQv6q5Td28vq81GEUcZHaMTVEMuukJNdINayEMUTdAzekVv1pP1Yr1bH/PWklXMHKI/sD5/AIvRlQc=</latexit><latexit sha1_base64="bsfwAExZQAi/e/aUXOtd20ENOZM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYKphSaUzXbTLt1swu5ELKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXpoJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtnWSKMo8mIlGdkGgmuGQecBCskypG4lCw+3B0PfXvH5jSPJF3ME5ZEJOB5BGnBIzUs4862Nc8xj6wR8g9ySc15xy7Zz276tSdGfAycQtSRQVaPf vL7yc0i5kEKojWXddJIciJAk4Fm1T8TLOU0BEZsK6hksRMB/nsgQk+NUofR4kyJQHP1N8TOYm1Hseh6YwJDPWiNxX/87oZRI0g5zLNgEk6XxRlAkOCp2ngPleMghgbQqji5lZMh0QRCiazignBXXx5mbQv6q5Td28vq81GEUcZHaMTVEMuukJNdINayEMUTdAzekVv1pP1Yr1bH/PWklXMHKI/sD5/AIvRlQc=</latexit><latexit sha1_base64="bsfwAExZQAi/e/aUXOtd20ENOZM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYKphSaUzXbTLt1swu5ELKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXpoJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtnWSKMo8mIlGdkGgmuGQecBCskypG4lCw+3B0PfXvH5jSPJF3ME5ZEJOB5BGnBIzUs4862Nc8xj6wR8g9ySc15xy7Zz276tSdGfAycQtSRQVaPf vL7yc0i5kEKojWXddJIciJAk4Fm1T8TLOU0BEZsK6hksRMB/nsgQk+NUofR4kyJQHP1N8TOYm1Hseh6YwJDPWiNxX/87oZRI0g5zLNgEk6XxRlAkOCp2ngPleMghgbQqji5lZMh0QRCiazignBXXx5mbQv6q5Td28vq81GEUcZHaMTVEMuukJNdINayEMUTdAzekVv1pP1Yr1bH/PWklXMHKI/sD5/AIvRlQc=</latexit><latexit sha1_base64="bsfwAExZQAi/e/aUXOtd20ENOZM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYKphSaUzXbTLt1swu5ELKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXpoJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtnWSKMo8mIlGdkGgmuGQecBCskypG4lCw+3B0PfXvH5jSPJF3ME5ZEJOB5BGnBIzUs4862Nc8xj6wR8g9ySc15xy7Zz276tSdGfAycQtSRQVaPf vL7yc0i5kEKojWXddJIciJAk4Fm1T8TLOU0BEZsK6hksRMB/nsgQk+NUofR4kyJQHP1N8TOYm1Hseh6YwJDPWiNxX/87oZRI0g5zLNgEk6XxRlAkOCp2ngPleMghgbQqji5lZMh0QRCiazignBXXx5mbQv6q5Td28vq81GEUcZHaMTVEMuukJNdINayEMUTdAzekVv1pP1Yr1bH/PWklXMHKI/sD5/AIvRlQc=</latexit>

Y ⇠ Uni(0, 1)
<latexit sha1_base64="X7FJKkXH+K6LYbqv5nNAhOKZgTQ=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYJpK00pm+22XbrZhN2JWEIu/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMviAXX4DjfVmFldW19o7hZ2tre2d2z9w+aOkoUZR6NRKTaAdFMcMk84CBYO1aMhIFgrWB8PfVbD0xpHsk7mMSsG5Kh5ANOCRipZx/dY1/zEPvAHiH1JM8qzjl2z3p22ak6M+Bl4uakjHI0evaX349oEjIJVBCtO64TQzclCjgVLCv5iWYxoWMyZB1DJQmZ7qazBzJ8apQ+HkTKlAQ8U39PpCTUehIGpjMkMNKL3lT8z+skMKh1Uy7jBJik80WDRGCI8DQN3OeKURATQwhV3NyK6YgoQsFkVjIhuIsvL5PmRdV1qu7tZbley+MoomN0girIRVeojm5QA3mIogw9o1f0Zj1ZL9a79TFvLVj5zCH6A+vzB41rlQg=</latexit><latexit sha1_base64="X7FJKkXH+K6LYbqv5nNAhOKZgTQ=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYJpK00pm+22XbrZhN2JWEIu/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMviAXX4DjfVmFldW19o7hZ2tre2d2z9w+aOkoUZR6NRKTaAdFMcMk84CBYO1aMhIFgrWB8PfVbD0xpHsk7mMSsG5Kh5ANOCRipZx/dY1/zEPvAHiH1JM8qzjl2z3p22ak6M+Bl4uakjHI0evaX349oEjIJVBCtO64TQzclCjgVLCv5iWYxoWMyZB1DJQmZ7qazBzJ8apQ+HkTKlAQ8U39PpCTUehIGpjMkMNKL3lT8z+skMKh1Uy7jBJik80WDRGCI8DQN3OeKURATQwhV3NyK6YgoQsFkVjIhuIsvL5PmRdV1qu7tZbley+MoomN0girIRVeojm5QA3mIogw9o1f0Zj1ZL9a79TFvLVj5zCH6A+vzB41rlQg=</latexit><latexit sha1_base64="X7FJKkXH+K6LYbqv5nNAhOKZgTQ=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYJpK00pm+22XbrZhN2JWEIu/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMviAXX4DjfVmFldW19o7hZ2tre2d2z9w+aOkoUZR6NRKTaAdFMcMk84CBYO1aMhIFgrWB8PfVbD0xpHsk7mMSsG5Kh5ANOCRipZx/dY1/zEPvAHiH1JM8qzjl2z3p22ak6M+Bl4uakjHI0evaX349oEjIJVBCtO64TQzclCjgVLCv5iWYxoWMyZB1DJQmZ7qazBzJ8apQ+HkTKlAQ8U39PpCTUehIGpjMkMNKL3lT8z+skMKh1Uy7jBJik80WDRGCI8DQN3OeKURATQwhV3NyK6YgoQsFkVjIhuIsvL5PmRdV1qu7tZbley+MoomN0girIRVeojm5QA3mIogw9o1f0Zj1ZL9a79TFvLVj5zCH6A+vzB41rlQg=</latexit><latexit sha1_base64="X7FJKkXH+K6LYbqv5nNAhOKZgTQ=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksQgUpiQj2WPDisYJpK00pm+22XbrZhN2JWEIu/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDMviAXX4DjfVmFldW19o7hZ2tre2d2z9w+aOkoUZR6NRKTaAdFMcMk84CBYO1aMhIFgrWB8PfVbD0xpHsk7mMSsG5Kh5ANOCRipZx/dY1/zEPvAHiH1JM8qzjl2z3p22ak6M+Bl4uakjHI0evaX349oEjIJVBCtO64TQzclCjgVLCv5iWYxoWMyZB1DJQmZ7qazBzJ8apQ+HkTKlAQ8U39PpCTUehIGpjMkMNKL3lT8z+skMKh1Uy7jBJik80WDRGCI8DQN3OeKURATQwhV3NyK6YgoQsFkVjIhuIsvL5PmRdV1qu7tZbley+MoomN0girIRVeojm5QA3mIogw9o1f0Zj1ZL9a79TFvLVj5zCH6A+vzB41rlQg=</latexit>

X and Y are independent

0 ½ 1 ½3 2

1 < a < 2
<latexit sha1_base64="kc8bAS6i81b4r0a8Krmd4arARqM=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSJUhLIrRXsRC148VrAfsl1KNs22odlkSbJCKf0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXphwpo3rfjsrq2vrG5u5rfz2zu7efuHgsKllqghtEMmlaodYU84EbRhmOG0niuI45LQVDm+nfuuJKs2keDCjhAYx7gsWMYKNlfyo1D5/RNcIn910C0W37M6AlomXkSJkqHcLX52eJGlMhSEca+17bmKCMVaGEU4n+U6qaYLJEPepb6nAMdXBeHbyBJ1apYciqWwJg2bq74kxjrUexaHtjLEZ6EVvKv7n+amJqsGYiSQ1VJD5oijlyEg0/R/1mKLE8JElmChmb0VkgBUmxqaUtyF4iy8vk+ZF2bssV+4rxVo1iyMHx3ACJfDgCmpwB3VoAAEJz/AKb45xXpx352PeuuJkM0fwB87nD8LYj5c=</latexit>

f(X + Y = a)?

<latexit sha1_base64="aSLNm9l27r7YS5g2AeiiPmU3DQE="></latexit>

f(X + Y = a) =

1Z

y=�1

f(X = a� y)f(Y = y) dy

<latexit sha1_base64="GzJwkEIpGSrKU/lA1gATkiUxiPM="></latexit>

f(X + Y = a) =

8
><

>:

a 0 < a < 1

2� a 1 < a < 2

0 otherwise

<latexit sha1_base64="aSLNm9l27r7YS5g2AeiiPmU3DQE="></latexit> f
(X

+
Y

=
a)

=

1 Z

y
=
�
1

f
(X

=
a
�

y)
f
(Y

=
y)

dy

a



0

  1/36

  2/36

  3/36

  4/36

  5/36

  6/36

2 3 4 5 6 7 8 9 10 11 12

P(
X

 =
 x

)

x

0

0 ½ 1 ½3 2

f
X

+
Y
(
↵
)

<latexit sha1_base64="jOvp5uOaOeKHF2svPUBMepQUeGM=">AAAB+HicbVBNS8NAEJ34WetHox69BItQEUoigj0WvHisYD+kDWWy3bRLN5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g9K9uFRS8WpJLRJYh7LToCKciZoUzPNaSeRFKOA03Ywvpn57UcqFYvFvZ4k1I9wKFjICGoj9e1S2M86Fw/TSg95MsLzvl12q+4czirxclKGHI2+/dUbxCSNqNCEo1Jdz020n6HUjHA6LfZSRRMkYxzSrqECI6r8bH741DkzysAJY2lKaGeu/p7IMFJqEgWmM0I9UsveTPzP66Y6rPkZE0mqqSCLRWHKHR07sxScAZOUaD4xBIlk5laHjFAi0SarognBW355lbQuq55b9e6uyvVaHkcBTuAUKuDBNdThFhrQBAIpPMMrvFlP1ov1bn0sWtesfOYY/sD6/AHYAJKD</latexit><latexit sha1_base64="jOvp5uOaOeKHF2svPUBMepQUeGM=">AAAB+HicbVBNS8NAEJ34WetHox69BItQEUoigj0WvHisYD+kDWWy3bRLN5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g9K9uFRS8WpJLRJYh7LToCKciZoUzPNaSeRFKOA03Ywvpn57UcqFYvFvZ4k1I9wKFjICGoj9e1S2M86Fw/TSg95MsLzvl12q+4czirxclKGHI2+/dUbxCSNqNCEo1Jdz020n6HUjHA6LfZSRRMkYxzSrqECI6r8bH741DkzysAJY2lKaGeu/p7IMFJqEgWmM0I9UsveTPzP66Y6rPkZE0mqqSCLRWHKHR07sxScAZOUaD4xBIlk5laHjFAi0SarognBW355lbQuq55b9e6uyvVaHkcBTuAUKuDBNdThFhrQBAIpPMMrvFlP1ov1bn0sWtesfOYY/sD6/AHYAJKD</latexit><latexit sha1_base64="jOvp5uOaOeKHF2svPUBMepQUeGM=">AAAB+HicbVBNS8NAEJ34WetHox69BItQEUoigj0WvHisYD+kDWWy3bRLN5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g9K9uFRS8WpJLRJYh7LToCKciZoUzPNaSeRFKOA03Ywvpn57UcqFYvFvZ4k1I9wKFjICGoj9e1S2M86Fw/TSg95MsLzvl12q+4czirxclKGHI2+/dUbxCSNqNCEo1Jdz020n6HUjHA6LfZSRRMkYxzSrqECI6r8bH741DkzysAJY2lKaGeu/p7IMFJqEgWmM0I9UsveTPzP66Y6rPkZE0mqqSCLRWHKHR07sxScAZOUaD4xBIlk5laHjFAi0SarognBW355lbQuq55b9e6uyvVaHkcBTuAUKuDBNdThFhrQBAIpPMMrvFlP1ov1bn0sWtesfOYY/sD6/AHYAJKD</latexit><latexit sha1_base64="jOvp5uOaOeKHF2svPUBMepQUeGM=">AAAB+HicbVBNS8NAEJ34WetHox69BItQEUoigj0WvHisYD+kDWWy3bRLN5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpV3321pb39jc2i7sFHf39g9K9uFRS8WpJLRJYh7LToCKciZoUzPNaSeRFKOA03Ywvpn57UcqFYvFvZ4k1I9wKFjICGoj9e1S2M86Fw/TSg95MsLzvl12q+4czirxclKGHI2+/dUbxCSNqNCEo1Jdz020n6HUjHA6LfZSRRMkYxzSrqECI6r8bH741DkzysAJY2lKaGeu/p7IMFJqEgWmM0I9UsveTPzP66Y6rPkZE0mqqSCLRWHKHR07sxScAZOUaD4xBIlk5laHjFAi0SarognBW355lbQuq55b9e6uyvVaHkcBTuAUKuDBNdThFhrQBAIpPMMrvFlP1ov1bn0sWtesfOYY/sD6/AHYAJKD</latexit>

Sum of Uniforms and Sum of Dice



Four Prototypical Trajectories

Sum of 100 uniforms???



Were talking about the sum of uniforms



Four Prototypical Trajectories

Sum of 100 poissons???



And now a moment of silence...

...before we present...

...a beautiful result of probability theory!

Silence!!



(silent	drumroll)

52



Chris Piech, CS109

Central	Limit	Theorem
Consider 𝑛 independent and identically distributed (i.i.d) variables 𝑋!, 𝑋", … , 𝑋#
with 𝐸 𝑋$ = 𝜇 and Var 𝑋$ = 𝜎".

!
!"#

$

𝑋! ~𝒩(𝑛𝜇, 𝑛𝜎%)

The sum of 𝑛 i.i.d. random variables is normally distributed with mean 𝑛𝜇
and variance 𝑛𝜎".

53

As 𝑛 → ∞



Chris Piech, CS109

True	happiness

54



Chris Piech, CS109

Sum	of	dice	rolls

Roll 𝑛 independent dice. Let 𝑋$ be the outcome of roll 𝑖. 𝑋/ are i.i.d.

55

4
!"#

#

𝑋!

2 4 6 8 10 12
0.0

0.1

0.2

1 2 3 4 5 6
0.0

0.1

0.2

3 5 7 9 11131517

4
!"#

$

𝑋! 4
!"#

%

𝑋!
Sum of 1
die roll

Sum of 2
dice rolls

Sum of 3
dice rolls

How many ways
can you roll a total
of 3 vs 11?



Chris Piech, CS109

CLT	explains	a	lot

56

4
!"#

&

𝑋! ~𝒩(𝑛𝜇, 𝑛𝜎$)

0 1 2 3 4 5

𝑛 = 5

Galton Board, by Sir Francis Galton
(1822-1911)

As 𝑛 → ∞
The sum of 𝑛 i.i.d. random variables is normally 
distributed with mean 𝑛𝜇 and variance 𝑛𝜎$.



Chris Piech, CS109

CLT	explains	a	lot

57

4
!"#

&

𝑋! ~𝒩(𝑛𝜇, 𝑛𝜎$)

Normal approximation of Binomial
Sum of i.i.d. Bernoulli RVs ≈ Normal

𝑋~Bin(𝑛, 𝑝)𝑋 =4
!"#

&

𝑋!

𝑋~𝒩 𝑛𝑝, 𝑛𝑝(1 − 𝑝)

Proof:

𝑋~𝒩 𝑛𝜇, 𝑛𝜎" CLT, as 𝑛 → ∞

(substitute mean,
variance of Bernoulli) 

Let 𝑋!~Ber(𝑝) for 𝑖 = 1,… , 𝑛, where 𝑋! are i.i.d.
𝐸 𝑋! = 𝑝, Var 𝑋! = 𝑝(1 − 𝑝)

As 𝑛 → ∞
The sum of 𝑛 i.i.d. random variables is normally 
distributed with mean 𝑛𝜇 and variance 𝑛𝜎$.



Chris Piech, CS109

CLT	explains	a	lot

58

4
!"#

&

𝑋! ~𝒩(𝑛𝜇, 𝑛𝜎$)

Sample of
size 15,

sum values

Distribution of 𝑋! Distribution of ∑!"##' 𝑋!

As 𝑛 → ∞
The sum of 𝑛 i.i.d. random variables is normally 
distributed with mean 𝑛𝜇 and variance 𝑛𝜎$.



Chris Piech, CS109

CLT	explains	a	lot

59

4
!"#

&

𝑋! ~𝒩(𝑛𝜇, 𝑛𝜎$)

Sample of
size 15,

average values

(sample mean) Distribution of #
#'
∑!"##' 𝑋!Distribution of 𝑋!

As 𝑛 → ∞
The sum of 𝑛 i.i.d. random variables is normally 
distributed with mean 𝑛𝜇 and variance 𝑛𝜎$.



CLT	example
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Chris Piech, CS109

Sum	of	𝑛 independent	Uniform	RVs
Let 𝑋 = ∑$9!# 𝑋$ be sum of i.i.d. RVs, where 𝑋$~Uni 0,1 .

For different 𝑛, how close is the CLT approximation of 𝑃 𝑋 ≤ 𝑛/3 ?

62

𝑛 = 2: 𝑃 𝑋 ≤ 2/3 ≈ 0.2222

𝑋 ≈ 𝑌~𝒩(𝑛𝜇, 𝑛𝜎")

Exact

𝑥

PD
F

CLT approximation

𝜇 = 𝐸 𝑋! = 1/2
𝜎$ = Var 𝑋! = 1/12

⟹ 𝑌~𝒩(1, 1/6)

𝑃 𝑋 ≤ 2/3 ≈ 𝑃 𝑌 ≤ 2/3

= Φ
2/3 − 1
1/6

≈ 0.2071



Chris Piech, CS109

Sum	of	𝑛 independent	Uniform	RVs
Let 𝑋 = ∑$9!# 𝑋$ be sum of i.i.d. RVs, where 𝑋$~Uni 0,1 .

For different 𝑛, how close is the CLT approximation of 𝑃 𝑋 ≤ 𝑛/3 ?
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𝑛 = 5: 𝑃 𝑋 ≤ 5/3 ≈ 0.1017

𝑋 ≈ 𝑌~𝒩(𝑛𝜇, 𝑛𝜎")

Exact

𝑥

PD
F

CLT approximation

𝜇 = 𝐸 𝑋! = 1/2
𝜎$ = Var 𝑋! = 1/12

⟹ 𝑌~𝒩(5/2, 5/12)

𝑃 𝑋 ≤ 5/3 ≈ 𝑃 𝑌 ≤ 5/3

= Φ
5/3 − 5/2

5/12
≈ 0.0984
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Sum	of	𝑛 independent	Uniform	RVs
Let 𝑋 = ∑$9!# 𝑋$ be sum of i.i.d. RVs, where 𝑋$~Uni 0,1 .

For different 𝑛, how close is the CLT approximation of 𝑃 𝑋 ≤ 𝑛/3 ?
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𝑛 = 10: 𝑃 𝑋 ≤ 10/3 ≈ 0.0337

𝑋 ≈ 𝑌~𝒩(𝑛𝜇, 𝑛𝜎")

Exact

𝑥

PD
F

CLT approximation

𝜇 = 𝐸 𝑋! = 1/2
𝜎$ = Var 𝑋! = 1/12

⟹ 𝑌~𝒩(5, 5/6)

𝑃 𝑋 ≤ 10/3 ≈ 𝑃 𝑌 ≤ 10/3

= Φ
10/3 − 5

5/6
≈ 0.0339
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Sum	of	𝑛 independent	Uniform	RVs
Let 𝑋 = ∑$9!# 𝑋$ be sum of i.i.d. RVs, where 𝑋$~Uni 0,1 .

For different 𝑛, how close is the CLT approximation of 𝑃 𝑋 ≤ 𝑛/3 ?
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𝑛 = 10:

𝑥

PD
F

𝜇 = 𝐸 𝑋! = 1/2
𝜎$ = Var 𝑋! = 1/12

Most books will tell you that CLT holds if 𝑛 ≥ 30, but it can hold 
for smaller 𝑛 depending on the distribution of your i.i.d. 𝑋!’s.

𝑛 = 5:

𝑥

PD
F

𝑛 = 2:

𝑥

PD
F
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The sum of independent, identically 
distributed variables:

Y ⇠ N(nµ, n�2)

Y =
nX

i=0

Xi

<latexit sha1_base64="uYDVuRJBbfczdMhsQ3y+/g7D7Fs=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURwW4KBTcuK9iHtDFMppN26GQSZiZCDcVfceNCEbf+hzv/xmmbhbYeuHA4517uvSdIOFPacb6twsrq2vpGcbO0tb2zu2fvH7RUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYyupn77gUrFYnGrxwn1IjwQLGQEayP59tEdqqGeSiM/YzVnci9Qx2e+XXYqzgxombg5KUOOhm9/9foxSSMqNOFYqa7rJNrLsNSMcDop9VJFE0xGeEC7hgocUeVls+sn6NQofRTG0pTQaKb+nshwpNQ4CkxnhPVQLXpT8T+vm+qw6mVMJKmmgswXhSlHOkbTKFCfSUo0HxuCiWTmVkSGWGKiTWAlE4K7+PIyaZ1XXKfi3lyU69U8jiIcwwmcgQuXUIdraEATCDzCM7zCm/VkvVjv1se8tWDlM4fwB9bnD90GlCk=</latexit><latexit sha1_base64="uYDVuRJBbfczdMhsQ3y+/g7D7Fs=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURwW4KBTcuK9iHtDFMppN26GQSZiZCDcVfceNCEbf+hzv/xmmbhbYeuHA4517uvSdIOFPacb6twsrq2vpGcbO0tb2zu2fvH7RUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYyupn77gUrFYnGrxwn1IjwQLGQEayP59tEdqqGeSiM/YzVnci9Qx2e+XXYqzgxombg5KUOOhm9/9foxSSMqNOFYqa7rJNrLsNSMcDop9VJFE0xGeEC7hgocUeVls+sn6NQofRTG0pTQaKb+nshwpNQ4CkxnhPVQLXpT8T+vm+qw6mVMJKmmgswXhSlHOkbTKFCfSUo0HxuCiWTmVkSGWGKiTWAlE4K7+PIyaZ1XXKfi3lyU69U8jiIcwwmcgQuXUIdraEATCDzCM7zCm/VkvVjv1se8tWDlM4fwB9bnD90GlCk=</latexit><latexit sha1_base64="uYDVuRJBbfczdMhsQ3y+/g7D7Fs=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURwW4KBTcuK9iHtDFMppN26GQSZiZCDcVfceNCEbf+hzv/xmmbhbYeuHA4517uvSdIOFPacb6twsrq2vpGcbO0tb2zu2fvH7RUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYyupn77gUrFYnGrxwn1IjwQLGQEayP59tEdqqGeSiM/YzVnci9Qx2e+XXYqzgxombg5KUOOhm9/9foxSSMqNOFYqa7rJNrLsNSMcDop9VJFE0xGeEC7hgocUeVls+sn6NQofRTG0pTQaKb+nshwpNQ4CkxnhPVQLXpT8T+vm+qw6mVMJKmmgswXhSlHOkbTKFCfSUo0HxuCiWTmVkSGWGKiTWAlE4K7+PIyaZ1XXKfi3lyU69U8jiIcwwmcgQuXUIdraEATCDzCM7zCm/VkvVjv1se8tWDlM4fwB9bnD90GlCk=</latexit><latexit sha1_base64="uYDVuRJBbfczdMhsQ3y+/g7D7Fs=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURwW4KBTcuK9iHtDFMppN26GQSZiZCDcVfceNCEbf+hzv/xmmbhbYeuHA4517uvSdIOFPacb6twsrq2vpGcbO0tb2zu2fvH7RUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYyupn77gUrFYnGrxwn1IjwQLGQEayP59tEdqqGeSiM/YzVnci9Qx2e+XXYqzgxombg5KUOOhm9/9foxSSMqNOFYqa7rJNrLsNSMcDop9VJFE0xGeEC7hgocUeVls+sn6NQofRTG0pTQaKb+nshwpNQ4CkxnhPVQLXpT8T+vm+qw6mVMJKmmgswXhSlHOkbTKFCfSUo0HxuCiWTmVkSGWGKiTWAlE4K7+PIyaZ1XXKfi3lyU69U8jiIcwwmcgQuXUIdraEATCDzCM7zCm/VkvVjv1se8tWDlM4fwB9bnD90GlCk=</latexit>

where µ = E[Xi]
<latexit sha1_base64="NOY5LD7OtUjaN8jQFu9+bWfgduE=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzEUIiOAxgnnA7hJmJ7PJkJnZZR5CCPkNLx4U8erPePNvnCR70MSChqKqm+6uJOdMG9//9tbWNza3tks75d29/YPDytFxW2dWEdoiGc9UN8GaciZpyzDDaTdXFIuE004yup35nSeqNMvkoxnnNBZ4IFnKCDZOiiJh0Q26C7s9FvcqVb/mz4FWSVCQKhRo9ipfUT8jVlBpCMdah4Gfm3iClWGE02k5sprmmIzwgIaOSiyojifzm6fo3Cl9lGbKlTRorv6emGCh9VgkrlNgM9TL3kz8zwutSevxhMncGirJYlFqOTIZmgWA+kxRYvjYEUwUc7ciMsQKE+NiKrsQguWXV0n7shb4teDhqtqoF3GU4BTO4AICuIYG3EMTWkAgh2d4hTfPei/eu/exaF3zipkT+APv8wesDJDA</latexit><latexit sha1_base64="NOY5LD7OtUjaN8jQFu9+bWfgduE=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzEUIiOAxgnnA7hJmJ7PJkJnZZR5CCPkNLx4U8erPePNvnCR70MSChqKqm+6uJOdMG9//9tbWNza3tks75d29/YPDytFxW2dWEdoiGc9UN8GaciZpyzDDaTdXFIuE004yup35nSeqNMvkoxnnNBZ4IFnKCDZOiiJh0Q26C7s9FvcqVb/mz4FWSVCQKhRo9ipfUT8jVlBpCMdah4Gfm3iClWGE02k5sprmmIzwgIaOSiyojifzm6fo3Cl9lGbKlTRorv6emGCh9VgkrlNgM9TL3kz8zwutSevxhMncGirJYlFqOTIZmgWA+kxRYvjYEUwUc7ciMsQKE+NiKrsQguWXV0n7shb4teDhqtqoF3GU4BTO4AICuIYG3EMTWkAgh2d4hTfPei/eu/exaF3zipkT+APv8wesDJDA</latexit><latexit sha1_base64="NOY5LD7OtUjaN8jQFu9+bWfgduE=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzEUIiOAxgnnA7hJmJ7PJkJnZZR5CCPkNLx4U8erPePNvnCR70MSChqKqm+6uJOdMG9//9tbWNza3tks75d29/YPDytFxW2dWEdoiGc9UN8GaciZpyzDDaTdXFIuE004yup35nSeqNMvkoxnnNBZ4IFnKCDZOiiJh0Q26C7s9FvcqVb/mz4FWSVCQKhRo9ipfUT8jVlBpCMdah4Gfm3iClWGE02k5sprmmIzwgIaOSiyojifzm6fo3Cl9lGbKlTRorv6emGCh9VgkrlNgM9TL3kz8zwutSevxhMncGirJYlFqOTIZmgWA+kxRYvjYEUwUc7ciMsQKE+NiKrsQguWXV0n7shb4teDhqtqoF3GU4BTO4AICuIYG3EMTWkAgh2d4hTfPei/eu/exaF3zipkT+APv8wesDJDA</latexit><latexit sha1_base64="NOY5LD7OtUjaN8jQFu9+bWfgduE=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0RzEUIiOAxgnnA7hJmJ7PJkJnZZR5CCPkNLx4U8erPePNvnCR70MSChqKqm+6uJOdMG9//9tbWNza3tks75d29/YPDytFxW2dWEdoiGc9UN8GaciZpyzDDaTdXFIuE004yup35nSeqNMvkoxnnNBZ4IFnKCDZOiiJh0Q26C7s9FvcqVb/mz4FWSVCQKhRo9ipfUT8jVlBpCMdah4Gfm3iClWGE02k5sprmmIzwgIaOSiyojifzm6fo3Cl9lGbKlTRorv6emGCh9VgkrlNgM9TL3kz8zwutSevxhMncGirJYlFqOTIZmgWA+kxRYvjYEUwUc7ciMsQKE+NiKrsQguWXV0n7shb4teDhqtqoF3GU4BTO4AICuIYG3EMTWkAgh2d4hTfPei/eu/exaF3zipkT+APv8wesDJDA</latexit>

�2 = Var(Xi)
<latexit sha1_base64="GJsLx2makHeUuEVOwtbUqjC273Q=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahbkpSBLsRCm5cVrAPaGKYTCft0MmDmRuxhIIbf8WNC0Xc+hPu/BunbRbaeuDC4Zx7ufcePxFcgWV9G4WV1bX1jeJmaWt7Z3fP3D9oqziVlLVoLGLZ9YligkesBRwE6yaSkdAXrOOPrqZ+555JxePoFsYJc0MyiHjAKQEteeaRo/ggJHc1fIkdYA+QtYmcVLoeP/PMslW1ZsDLxM5JGeVoeuaX049pGrIIqCBK9WwrATcjEjgVbFJyUsUSQkdkwHqaRiRkys1mP0zwqVb6OIilrgjwTP09kZFQqXHo686QwFAtelPxP6+XQlB3Mx4lKbCIzhcFqcAQ42kguM8loyDGmhAqub4V0yGRhIKOraRDsBdfXibtWtW2qvbNeblRz+MoomN0girIRheoga5RE7UQRY/oGb2iN+PJeDHejY95a8HIZw7RHxifP6ANltI=</latexit><latexit sha1_base64="GJsLx2makHeUuEVOwtbUqjC273Q=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahbkpSBLsRCm5cVrAPaGKYTCft0MmDmRuxhIIbf8WNC0Xc+hPu/BunbRbaeuDC4Zx7ufcePxFcgWV9G4WV1bX1jeJmaWt7Z3fP3D9oqziVlLVoLGLZ9YligkesBRwE6yaSkdAXrOOPrqZ+555JxePoFsYJc0MyiHjAKQEteeaRo/ggJHc1fIkdYA+QtYmcVLoeP/PMslW1ZsDLxM5JGeVoeuaX049pGrIIqCBK9WwrATcjEjgVbFJyUsUSQkdkwHqaRiRkys1mP0zwqVb6OIilrgjwTP09kZFQqXHo686QwFAtelPxP6+XQlB3Mx4lKbCIzhcFqcAQ42kguM8loyDGmhAqub4V0yGRhIKOraRDsBdfXibtWtW2qvbNeblRz+MoomN0girIRheoga5RE7UQRY/oGb2iN+PJeDHejY95a8HIZw7RHxifP6ANltI=</latexit><latexit sha1_base64="GJsLx2makHeUuEVOwtbUqjC273Q=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahbkpSBLsRCm5cVrAPaGKYTCft0MmDmRuxhIIbf8WNC0Xc+hPu/BunbRbaeuDC4Zx7ufcePxFcgWV9G4WV1bX1jeJmaWt7Z3fP3D9oqziVlLVoLGLZ9YligkesBRwE6yaSkdAXrOOPrqZ+555JxePoFsYJc0MyiHjAKQEteeaRo/ggJHc1fIkdYA+QtYmcVLoeP/PMslW1ZsDLxM5JGeVoeuaX049pGrIIqCBK9WwrATcjEjgVbFJyUsUSQkdkwHqaRiRkys1mP0zwqVb6OIilrgjwTP09kZFQqXHo686QwFAtelPxP6+XQlB3Mx4lKbCIzhcFqcAQ42kguM8loyDGmhAqub4V0yGRhIKOraRDsBdfXibtWtW2qvbNeblRz+MoomN0girIRheoga5RE7UQRY/oGb2iN+PJeDHejY95a8HIZw7RHxifP6ANltI=</latexit><latexit sha1_base64="GJsLx2makHeUuEVOwtbUqjC273Q=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahbkpSBLsRCm5cVrAPaGKYTCft0MmDmRuxhIIbf8WNC0Xc+hPu/BunbRbaeuDC4Zx7ufcePxFcgWV9G4WV1bX1jeJmaWt7Z3fP3D9oqziVlLVoLGLZ9YligkesBRwE6yaSkdAXrOOPrqZ+555JxePoFsYJc0MyiHjAKQEteeaRo/ggJHc1fIkdYA+QtYmcVLoeP/PMslW1ZsDLxM5JGeVoeuaX049pGrIIqCBK9WwrATcjEjgVbFJyUsUSQkdkwHqaRiRkys1mP0zwqVb6OIilrgjwTP09kZFQqXHo686QwFAtelPxP6+XQlB3Mx4lKbCIzhcFqcAQ42kguM8loyDGmhAqub4V0yGRhIKOraRDsBdfXibtWtW2qvbNeblRz+MoomN0girIRheoga5RE7UQRY/oGb2iN+PJeDHejY95a8HIZw7RHxifP6ANltI=</latexit>

Is normally distributed:
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What about other functions?

Sum of iid? Normal

Average of iid? 

Max of iid? 
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Demo	Time!

69

http://onlinestatbook.com/stat_sim/sampling_dist/

http://onlinestatbook.com/stat_sim/sampling_dist/
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By the Central Limit 
Theorem, the mean of IID 
variables are distributed 
normally.

X̄ ⇠ N(µ,
�2

n
)
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What about other functions?

Sum of iid? Normal

Average of iid? Normal 

Max of iid? 
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What about other functions?

Sum of iid? Normal

Average of iid? Normal 

Max of iid? Gumbel 
See Fisher Trippett Gnedenko Theorem
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1733

Once Upon a Time…
Abraham De Moivre
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• History of the Central Limit Theorem

§ 1733: CLT for X ~ Ber(1/2) postulated by           
Abraham de Moivre

§ 1823: Pierre-Simon Laplace extends de Moivre’s
work to approximating Bin(n, p) with Normal

§ 1901: Aleksandr Lyapunov provides precise                   
definition and rigorous proof of CLT

§ 2016: Beyonce releases Lemonade
o It was her 6th album, bringing her total number of songs 

to 214
oMean quality of subsamples of songs is Normally 

distributed (thanks to the Central Limit Theorem)

Once Upon a Time…
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It’s play time!



Piech, CS109, Stanford University

• You will roll 10 6-sided dice (X1, X2, …, X10)
§ X = total value of all 10 dice = X1 + X2 + … + X10

§ Win if:  X £ 25  or  X ³ 45
§ Roll!

• And now the truth (according to the CLT)…

Sum of Dice



• You will roll 10 6-sided dice (X1, X2, …, X10)
§ X = total value of all 10 dice = X1 + X2 + … + X10

§ Win if:  X £ 25  or  X ³ 45

• Recall CLT:

§ Determine P(X £ 25 or X ³ 45) using CLT:

0784.0)9608.01(2)1)76.1(2(1 =-»-F-»

[ ]
12
35)(Var                  5.3 2 ==== ii XXE sµ

Sum of Dice

Y =
X

i

Xi ! N(nE[Xi], nVar(Xi)) As n ! 1X =
nX

i

Xi ! N(nµ, n�2)

X ⇡ N(35, 29.2)

1� P (25.5 < X < 44.5) = 1� P (
25.5� 35p

29.2
< Z <

44.5� 35p
29.2

)
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I know of scarcely anything so apt to impress the imagination 
as the wonderful form of cosmic order expressed by the 
”[Central limit theorem]". The law would have been personified 
by the Greeks and deified, if they had known of it. It reigns 
with serenity and in complete self-effacement, amidst the 
wildest confusion. The huger the mob, and the greater the 
apparent anarchy, the more perfect is its sway. It is the 
supreme law of Unreason. Whenever a large sample of 
chaotic elements are taken in hand and marshalled in the 
order of their magnitude, an unsuspected and most beautiful 
form of regularity proves to have been latent all along.
- Sir Francis Galton

-

Wonderful Form of Cosmic Order


