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Rock on

Tiny bit to review

Review major 
concepts

Check in

<latexit sha1_base64="5Ngu/DQrvYw7Mx9P4XbV56mpU1I=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyUpxcdCKLpxWcG2QlPKZDpph04mYWYi1BD8FTcuFHHrf7jzb5y2WWjrgQuHc+7l3nv8mDOlHefbKiwtr6yuFddLG5tb2zv27l5LRYkktEkiHsl7HyvKmaBNzTSn97GkOPQ5bfuj64nffqBSsUjc6XFMuyEeCBYwgrWRevaBFyboEnmBxCS9cLPUrTpZzy47FWcKtEjcnJQhR6Nnf3n9iCQhFZpwrFTHdWLdTbHUjHCalbxE0RiTER7QjqECh1R10+n1GTo2Sh8FkTQlNJqqvydSHCo1Dn3TGWI9VPPeRPzP6yQ6OO+mTMSJpoLMFgUJRzpCkyhQn0lKNB8bgolk5lZEhtgEoU1gJROCO//yImlVK+5ppXZbK9ev8jiKcAhHcAIunEEdbqABTSDwCM/wCm/Wk/VivVsfs9aClc/swx9Ynz+0YpQc</latexit>

µ =
91

120
<latexit sha1_base64="tmqW7ZiBDqTDVMHmEhUnqsrNrC8=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwVVJSvGxEIpuXFawD2hKmUwn7dCZJMxMhBKy8VfcuFDErZ/hzr9x2mahrQcuHM65l3vv8WPOlHacb6uwsrq2vlHcLG1t7+zu2fsHLRUlktAmiXgkOz5WlLOQNjXTnHZiSbHwOW3749up336kUrEofNCTmPYEHoYsYARrI/XtI0+xocDoGnmBxCR1r7LUrTpZ3y47FWcGtEzcnJQhR6Nvf3mDiCSChppwrFTXdWLdS7HUjHCalbxE0RiTMR7SrqEhFlT10tkDGTo1ygAFkTQVajRTf0+kWCg1Eb7pFFiP1KI3Ff/zuokOLnspC+NE05DMFwUJRzpC0zTQgElKNJ8Ygolk5lZERtgEoU1mJROCu/jyMmlVK+55pXZfK9dv8jiKcAwncAYuXEAd7qABTSCQwTO8wpv1ZL1Y79bHvLVg5TOH8AfW5w8ITJVp</latexit>

� =
19

120
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≈ A/A+

≈ A-/A

≈ B+/A-

<latexit sha1_base64="5Ngu/DQrvYw7Mx9P4XbV56mpU1I=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyUpxcdCKLpxWcG2QlPKZDpph04mYWYi1BD8FTcuFHHrf7jzb5y2WWjrgQuHc+7l3nv8mDOlHefbKiwtr6yuFddLG5tb2zv27l5LRYkktEkiHsl7HyvKmaBNzTSn97GkOPQ5bfuj64nffqBSsUjc6XFMuyEeCBYwgrWRevaBFyboEnmBxCS9cLPUrTpZzy47FWcKtEjcnJQhR6Nnf3n9iCQhFZpwrFTHdWLdTbHUjHCalbxE0RiTER7QjqECh1R10+n1GTo2Sh8FkTQlNJqqvydSHCo1Dn3TGWI9VPPeRPzP6yQ6OO+mTMSJpoLMFgUJRzpCkyhQn0lKNB8bgolk5lZEhtgEoU1gJROCO//yImlVK+5ppXZbK9ev8jiKcAhHcAIunEEdbqABTSDwCM/wCm/Wk/VivVsfs9aClc/swx9Ynz+0YpQc</latexit>

µ =
91

120
<latexit sha1_base64="tmqW7ZiBDqTDVMHmEhUnqsrNrC8=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwVVJSvGxEIpuXFawD2hKmUwn7dCZJMxMhBKy8VfcuFDErZ/hzr9x2mahrQcuHM65l3vv8WPOlHacb6uwsrq2vlHcLG1t7+zu2fsHLRUlktAmiXgkOz5WlLOQNjXTnHZiSbHwOW3749up336kUrEofNCTmPYEHoYsYARrI/XtI0+xocDoGnmBxCR1r7LUrTpZ3y47FWcGtEzcnJQhR6Nvf3mDiCSChppwrFTXdWLdS7HUjHCalbxE0RiTMR7SrqEhFlT10tkDGTo1ygAFkTQVajRTf0+kWCg1Eb7pFFiP1KI3Ff/zuokOLnspC+NE05DMFwUJRzpC0zTQgElKNJ8Ygolk5lZERtgEoU1mJROCu/jyMmlVK+55pXZfK9dv8jiKcAwncAYuXEAd7qABTSCQwTO8wpv1ZL1Y79bHvLVg5TOH8AfW5w8ITJVp</latexit>
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19
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How	should	you	normalize	exam	scores?

6
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Our Goal	in	Grading

7

Let G be the grade that you get in the class
Let S be the score that you get on a midterm

Let D be the difficulty of the midterm

<latexit sha1_base64="tU7ipyU7tQPeTrS9KKEDPizJg9M=">AAAB/HicbZDLSsNAFIYnXmu9Rbt0M1iEdlMSKdpNoaCgywr2Am0ok8mkHTqZhJmJEGJ9FTcuFHHrg7jzbZymWWjrDwMf/zmHc+Z3I0alsqxvY219Y3Nru7BT3N3bPzg0j467MowFJh0cslD0XSQJo5x0FFWM9CNBUOAy0nOnV/N674EISUN+r5KIOAEac+pTjJS2RmapXblpjquwCTN4vG561ZFZtmpWJrgKdg5lkKs9Mr+GXojjgHCFGZJyYFuRclIkFMWMzIrDWJII4Skak4FGjgIinTQ7fgbPtONBPxT6cQUz9/dEigIpk8DVnQFSE7lcm5v/1Qax8htOSnkUK8LxYpEfM6hCOE8CelQQrFiiAWFB9a0QT5BAWOm8ijoEe/nLq9A9r9kXtfpdvdxq5HEUwAk4BRVgg0vQAregDToAgwQ8g1fwZjwZL8a78bFoXTPymRL4I+PzB/GLkl4=</latexit>

P (G = g) = P (G = g|D = d)

For any value g and for any value d
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Improvement	Between	Midterm and Final

8

Bad midterm? The final can show me you have learned
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DEC 5TH
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A	real	difference?

Learning in Context A
4.44
3.36
5.87
2.31
...

3.70

Learning in Context B
2.15
3.01
2.02
1.43
...

1.83

Claim: Group 1 and Group 2 are samples from different 
distributions with a 0.7 difference of means. 

µ1 = 3.1 µ2 = 2.4

How confident are you in this claim?

18
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Group 1
4.44
3.36
5.87
2.31
...

3.70

Group 2
2.15
3.01
2.02
1.43
...

1.83

Claim: Group 1 and Group 2 are samples from different 
distributions with a 0.7 difference of means. 

µ1 = 3.1 µ2 = 2.4

The	Classic	Science	Test

How confident are you in this claim?



Chris Piech, Lisa Yan and Jerry Cain, CS109, 2021

Four Prototypical Trajectories

<review>
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Consider 𝑛 independent and identically distributed (i.i.d) variables 𝑋!, 𝑋", … , 𝑋#
with 𝐸 𝑋$ = 𝜇 and Var 𝑋$ = 𝜎".

!
!"#

$

𝑋! ~𝒩(𝑛𝜇, 𝑛𝜎%)

The sum of the variables is normally distributed

Central	Limit	Theorem	(Summation)

13

As 𝑛 → ∞
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Consider 𝑛 independent and identically distributed (i.i.d) variables 𝑋!, 𝑋", … , 𝑋#
with 𝐸 𝑋$ = 𝜇 and Var 𝑋$ = 𝜎".

1
𝑛
!
!"#

$

𝑋! ~𝒩(𝜇,
𝜎%

𝑛
)

The average of the variables is normally distributed

Central	Limit	Theorem	(Average)

14

As 𝑛 → ∞
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Population
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Sample
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Collect one (or more) numbers from each person

Sample
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A sample of sample size 8:
𝑋!, 𝑋", 𝑋#, 𝑋$, 𝑋%, 𝑋&, 𝑋', 𝑋(

A realization of a sample of size 8:
𝑋!, 𝑋", 𝑋#, 𝑋$, 𝑋%, 𝑋&, 𝑋', 𝑋(

A	sample,	mathematically

18

59 87 94 99 87 78 69 91

2x
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𝑆! =
1

𝑛 − 1
,
"#$

%

𝑋" − .𝑋 !

Equations	we	used	to	get	those	values

19

sample
variance
estimate

sample mean

.𝑋 =
1
𝑛
,
"#$

%

𝑋"
sample

mean
estimate

Std( .𝑋) =
𝑆!

𝑛
Std error of 

the mean
estimate

sample variance

Our best guess at 
the true mean

Our best guess at 
the true variance

How wrong do we 
think our mean 
estimate is?
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Sample	Mean	and	Standard	Error	for	PSets

20

Error bars are standard error of 
the mean

Expectation of the sum of 
problems is sum of 
expectations:

pset1: 2.87 hours on answers
pset2: 4.23 hours on answers
pset3: 5.11 hours on answers

Total: 12.1 hours on answers
Budget: 50 hours for psets

most surprising to staff
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Statistics	Vs	Distribution

Medical Diagnosis (seconds)

Sampling statistics Sampling distributionvs
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[Aside]	Distribution	of	PSet Completion	Times
Grab Share (seconds)

Aside: could be Erlang, could be Gumbel
https://en.wikipedia.org/wiki/Erlang_distribution

Erlang Gumbel
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Four Prototypical Trajectories

But what about Bhutan?
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83

Bhutan

Average Happiness
Av
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Variance of Happiness
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Our	Report	to	Bhutan	Government	(after	talking	to	200	ppl)

<latexit sha1_base64="lQDw0EyxftbZB0sb2yWsM4nurvc=">AAACDnicbVBNS8NAEN3Ur1q/oh69LJaCp5KIaC+FghePFWwbaGrYbDft0s0m7G6EsuQXePGvePGgiFfP3vw3btsctPXBwOO9GWbmhSmjUjnOt1VaW9/Y3CpvV3Z29/YP7MOjrkwygUkHJywRXogkYZSTjqKKES8VBMUhI71wcj3zew9ESJrwOzVNySBGI04jipEyUmDX/BAJ7eWwCf1IIKzdXPPcl1kcaNp083sOvYAGdtWpO3PAVeIWpAoKtAP7yx8mOIsJV5ghKfuuk6qBRkJRzEhe8TNJUoQnaET6hnIUEznQ83dyWDPKEEaJMMUVnKu/JzSKpZzGoemMkRrLZW8m/uf1MxU1BpryNFOE48WiKGNQJXCWDRxSQbBiU0MQFtTcCvEYmVSUSbBiQnCXX14l3fO6e1m/uL2othpFHGVwAk7BGXDBFWiBG9AGHYDBI3gGr+DNerJerHfrY9FasoqZY/AH1ucPyV+b7A==</latexit>

X̄ =
1

n

nX

i=1

Xi

<latexit sha1_base64="0DoKwUiQ6eMlpcB9boGVGAlMtPA=">AAACF3icbVDLSsNAFJ34rPVVdelmsAh10ZKUot0UCm5cVrRtoEnDZDpph04mYWYilJC/cOOvuHGhiFvd+TdOHwttPXDhcM693HuPHzMqlWl+G2vrG5tb27md/O7e/sFh4ei4I6NEYNLGEYuE7SNJGOWkrahixI4FQaHPSNcfX0/97gMRkkb8Xk1i4oZoyGlAMVJa8gqVu34VNqATCIRTK0t52cocmYReShtW1ucl26Nlx0citbOLftUrFM2KOQNcJdaCFMECLa/w5QwinISEK8yQlD3LjJWbIqEoZiTLO4kkMcJjNCQ9TTkKiXTT2V8ZPNfKAAaR0MUVnKm/J1IUSjkJfd0ZIjWSy95U/M/rJSqouynlcaIIx/NFQcKgiuA0JDiggmDFJpogLKi+FeIR0hEpHWVeh2Atv7xKOtWKdVmp3daKzfoijhw4BWegBCxwBZrgBrRAG2DwCJ7BK3gznowX4934mLeuGYuZE/AHxucP0OWedQ==</latexit>

S2 =
1

n� 1

nX

i=1

(Xi � X̄)2
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Bhutan

Average Happiness
Av
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Bhutan

Variance of Happiness
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But	what	about	error	bars???
<latexit sha1_base64="0JfVETglC65D5t+MCEvxHxwsrOs=">AAACEHicbVDLSgMxFM3UV62vUZdugkWsIGWmFO2y4MaVVLAP6Iwlk2ba0CQzJBmhDPMJbvwVNy4UcevSnX9j+lho64ELh3Pu5d57gphRpR3n28qtrK6tb+Q3C1vbO7t79v5BS0WJxKSJIxbJToAUYVSQpqaakU4sCeIBI+1gdDXx2w9EKhqJOz2Oic/RQNCQYqSN1LNPvQDJtJNBT1EOb0oeT86hF0qEU6MMOLqvZKnIznp20Sk7U8Bl4s5JEczR6NlfXj/CCSdCY4aU6rpOrP0USU0xI1nBSxSJER6hAekaKhAnyk+nD2XwxCh9GEbSlNBwqv6eSBFXaswD08mRHqpFbyL+53UTHdb8lIo40UTg2aIwYVBHcJIO7FNJsGZjQxCW1NwK8RCZNLTJsGBCcBdfXiatStm9KFdvq8V6bR5HHhyBY1ACLrgEdXANGqAJMHgEz+AVvFlP1ov1bn3MWnPWfOYQ/IH1+QPTPJxy</latexit>

X̄ ⇠ N(µ,
�2

n
)By CLT:

<latexit sha1_base64="lQDw0EyxftbZB0sb2yWsM4nurvc=">AAACDnicbVBNS8NAEN3Ur1q/oh69LJaCp5KIaC+FghePFWwbaGrYbDft0s0m7G6EsuQXePGvePGgiFfP3vw3btsctPXBwOO9GWbmhSmjUjnOt1VaW9/Y3CpvV3Z29/YP7MOjrkwygUkHJywRXogkYZSTjqKKES8VBMUhI71wcj3zew9ESJrwOzVNySBGI04jipEyUmDX/BAJ7eWwCf1IIKzdXPPcl1kcaNp083sOvYAGdtWpO3PAVeIWpAoKtAP7yx8mOIsJV5ghKfuuk6qBRkJRzEhe8TNJUoQnaET6hnIUEznQ83dyWDPKEEaJMMUVnKu/JzSKpZzGoemMkRrLZW8m/uf1MxU1BpryNFOE48WiKGNQJXCWDRxSQbBiU0MQFtTcCvEYmVSUSbBiQnCXX14l3fO6e1m/uL2othpFHGVwAk7BGXDBFWiBG9AGHYDBI3gGr+DNerJerHfrY9FasoqZY/AH1ucPyV+b7A==</latexit>

X̄ =
1

n

nX

i=1

Xi

<latexit sha1_base64="MxWWAnhzhXIqYazQZiFYDMjrQa4=">AAACE3icbVA9SwNBEN3zM8avU0ubxSCoRbgLQW0EwcYyotFALoa9zV6yZG/v3J0Tw3L/wca/YmOhiK2Nnf/GTUyh0QcDj/dmmJkXpoJr8LxPZ2p6ZnZuvrBQXFxaXll119YvdZIpyuo0EYlqhEQzwSWrAwfBGqliJA4Fuwr7J0P/6pYpzRN5AYOUtWLSlTzilICV2u5eAOwOzDl08p0gJMo08l18hAN9o8AEkSLUnF9XciPzvO2WvLI3Av5L/DEpoTFqbfcj6CQ0i5kEKojWTd9LoWWIAk4Fy4tBpllKaJ90WdNSSWKmW2b0U463rdLBUaJsScAj9eeEIbHWgzi0nTGBnp70huJ/XjOD6LBluEwzYJJ+L4oygSHBw4BwhytGQQwsIVRxeyumPWKDABtj0YbgT778l1xWyv5+uXpWLR0fjuMooE20hXaQjw7QMTpFNVRHFN2jR/SMXpwH58l5dd6+W6ec8cwG+gXn/QuWap6Y</latexit>

Std(X̄) =

r
S2

n <latexit sha1_base64="0DoKwUiQ6eMlpcB9boGVGAlMtPA=">AAACF3icbVDLSsNAFJ34rPVVdelmsAh10ZKUot0UCm5cVrRtoEnDZDpph04mYWYilJC/cOOvuHGhiFvd+TdOHwttPXDhcM693HuPHzMqlWl+G2vrG5tb27md/O7e/sFh4ei4I6NEYNLGEYuE7SNJGOWkrahixI4FQaHPSNcfX0/97gMRkkb8Xk1i4oZoyGlAMVJa8gqVu34VNqATCIRTK0t52cocmYReShtW1ucl26Nlx0citbOLftUrFM2KOQNcJdaCFMECLa/w5QwinISEK8yQlD3LjJWbIqEoZiTLO4kkMcJjNCQ9TTkKiXTT2V8ZPNfKAAaR0MUVnKm/J1IUSjkJfd0ZIjWSy95U/M/rJSqouynlcaIIx/NFQcKgiuA0JDiggmDFJpogLKi+FeIR0hEpHWVeh2Atv7xKOtWKdVmp3daKzfoijhw4BWegBCxwBZrgBrRAG2DwCJ7BK3gznowX4934mLeuGYuZE/AHxucP0OWedQ==</latexit>

S2 =
1

n� 1

nX

i=1

(Xi � X̄)2
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But	what	about	error	bars???
<latexit sha1_base64="0JfVETglC65D5t+MCEvxHxwsrOs=">AAACEHicbVDLSgMxFM3UV62vUZdugkWsIGWmFO2y4MaVVLAP6Iwlk2ba0CQzJBmhDPMJbvwVNy4UcevSnX9j+lho64ELh3Pu5d57gphRpR3n28qtrK6tb+Q3C1vbO7t79v5BS0WJxKSJIxbJToAUYVSQpqaakU4sCeIBI+1gdDXx2w9EKhqJOz2Oic/RQNCQYqSN1LNPvQDJtJNBT1EOb0oeT86hF0qEU6MMOLqvZKnIznp20Sk7U8Bl4s5JEczR6NlfXj/CCSdCY4aU6rpOrP0USU0xI1nBSxSJER6hAekaKhAnyk+nD2XwxCh9GEbSlNBwqv6eSBFXaswD08mRHqpFbyL+53UTHdb8lIo40UTg2aIwYVBHcJIO7FNJsGZjQxCW1NwK8RCZNLTJsGBCcBdfXiatStm9KFdvq8V6bR5HHhyBY1ACLrgEdXANGqAJMHgEz+AVvFlP1ov1bn3MWnPWfOYQ/IH1+QPTPJxy</latexit>

X̄ ⇠ N(µ,
�2

n
)By CLT:

Std(S2)?

<latexit sha1_base64="MxWWAnhzhXIqYazQZiFYDMjrQa4=">AAACE3icbVA9SwNBEN3zM8avU0ubxSCoRbgLQW0EwcYyotFALoa9zV6yZG/v3J0Tw3L/wca/YmOhiK2Nnf/GTUyh0QcDj/dmmJkXpoJr8LxPZ2p6ZnZuvrBQXFxaXll119YvdZIpyuo0EYlqhEQzwSWrAwfBGqliJA4Fuwr7J0P/6pYpzRN5AYOUtWLSlTzilICV2u5eAOwOzDl08p0gJMo08l18hAN9o8AEkSLUnF9XciPzvO2WvLI3Av5L/DEpoTFqbfcj6CQ0i5kEKojWTd9LoWWIAk4Fy4tBpllKaJ90WdNSSWKmW2b0U463rdLBUaJsScAj9eeEIbHWgzi0nTGBnp70huJ/XjOD6LBluEwzYJJ+L4oygSHBw4BwhytGQQwsIVRxeyumPWKDABtj0YbgT778l1xWyv5+uXpWLR0fjuMooE20hXaQjw7QMTpFNVRHFN2jR/SMXpwH58l5dd6+W6ec8cwG+gXn/QuWap6Y</latexit>

Std(X̄) =

r
S2

n <latexit sha1_base64="0DoKwUiQ6eMlpcB9boGVGAlMtPA=">AAACF3icbVDLSsNAFJ34rPVVdelmsAh10ZKUot0UCm5cVrRtoEnDZDpph04mYWYilJC/cOOvuHGhiFvd+TdOHwttPXDhcM693HuPHzMqlWl+G2vrG5tb27md/O7e/sFh4ei4I6NEYNLGEYuE7SNJGOWkrahixI4FQaHPSNcfX0/97gMRkkb8Xk1i4oZoyGlAMVJa8gqVu34VNqATCIRTK0t52cocmYReShtW1ucl26Nlx0citbOLftUrFM2KOQNcJdaCFMECLa/w5QwinISEK8yQlD3LjJWbIqEoZiTLO4kkMcJjNCQ9TTkKiXTT2V8ZPNfKAAaR0MUVnKm/J1IUSjkJfd0ZIjWSy95U/M/rJSqouynlcaIIx/NFQcKgiuA0JDiggmDFJpogLKi+FeIR0hEpHWVeh2Atv7xKOtWKdVmp3daKzfoijhw4BWegBCxwBZrgBrRAG2DwCJ7BK3gznowX4934mLeuGYuZE/AHxucP0OWedQ==</latexit>

S2 =
1

n� 1

nX

i=1

(Xi � X̄)2
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Four Prototypical Trajectories

[suspense]



Chris Piech, CS109

Four Prototypical Trajectories

Bootstrap: 
Probability for Computer Scientists
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Four Prototypical Trajectories

Bootstraping allows you to:
• Know the distribution of statistics
• Calculate p values
• Using computers
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Hypothetical
What is the std of the sample variance, calculated from 200 people?
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If	I	Gave	You	the	True	Distribution,	what	would	you	do?

(I give you the distribution -- stored as a dictionary)

What is the std of the sample variance, calculated from 200 people?
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If	I	Gave	You	the	True	Distribution,	what	would	you	do?

Answer: 10
,000 

times ta
ke a 

mock s
ample 

of 20
0, ca

lculat
e the

 sam
ple v

arian
ce 

What is the std of the sample variance, calculated from 200 people?

(I give you the distribution -- stored as a dictionary)
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You can estimate the PMF of the underlying distribution, using your 
sample.*

* This is just a histogram of your data!!

But	Wait	–What	If	You	Actually	Have	a	Good	Estimate?
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90,
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95,

IID Samples

90 92 93 94 9591

Sample Distribution
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Key	Insight
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F ⇡ F̂
The underlying 

distribution
The sample 
distribution

(aka the histogram of 
your data)

Bootstrapping	Assumption
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Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Resample len(sample) from PMF
b. Recalculate the stat on the resample

3. You now have a distribution of your stat

Algorithm
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Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the mean on the resample

3. You now have a distribution of your means

Bootstrapping	of	Means	(we	could	do	this	with	CLT)
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Happiness
PM

F
0

83 10461

Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the mean on the resample

3. You now have a distribution of your means

Bootstrapping	of	Means
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Happiness
PM

F
0

83 10461

Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the mean on the resample

3. You now have a distribution of your means

Bootstrapping	of	Means
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Happiness
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83 10461

Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the mean on the resample

3. You now have a distribution of your means

Bootstrapping	of	Means
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Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the mean on the resample

3. You now have a distribution of your means

Happiness
PM

F
0

83 10461

Bootstrapping	of	Means
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Happiness
PM

F
0

83 10461

Means = [82.7]

Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the mean on the resample

3. You now have a distribution of your means

Bootstrapping	of	Means
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Happiness
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Means = [82.7]

Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the mean on the resample

3. You now have a distribution of your means

Bootstrapping	of	Means
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Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the mean on the resample

3. You now have a distribution of your means

Happiness
PM

F
0

83 10461

Means = [82.7]

Bootstrapping	of	Means
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Happiness
PM
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Means = [82.7, 83.4]

Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the mean on the resample

3. You now have a distribution of your means

Bootstrapping	of	Means
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Happiness
PM
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Means = [82.7, 83.4]

Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the mean on the resample

3. You now have a distribution of your means

Bootstrapping	of	Means
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Means = [82.7, 83.4, 82.9, 91.4, 79.3, 82.1, …, 81.7]

Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the mean on the resample

3. You now have a distribution of your means

Bootstrapping	of	Means
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Means = [82.7, 83.4, 82.9, 91.4, 79.3, 82.1, …, 81.7]

Mean value
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Bootstrapping	of	Means
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Means = [82.7, 83.4, 82.9, 91.4, 79.3, 82.1, …, 81.7]

Mean value
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E[X̄]

Bootstrapping	of	Means
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What is the probability that the mean is in the range 81 to 85?

Mean value
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E[X̄]

Bootstrapping	of	Means
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Bhutan

0

Std(X̄)

Std(S2)?

Claim: The average happiness of Bhutan is 83 ± 2

Our	Report	to	Bhutan	Government
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Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the variance on the resample

3. You have a distribution of your variances

Bootstrapping	of	Variance
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Happiness
PM

F
0

83 10461

Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the var on the resample

3. You now have a distribution of your vars

Bootstrapping	of	Variance
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Happiness
PM
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83 10461

Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the var on the resample

3. You now have a distribution of your vars

Bootstrapping	of	Variance



Chris Piech, CS109

Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the var on the resample

3. You now have a distribution of your vars

Happiness
PM

F
0

83 10461

Bootstrapping	of	Variance
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Happiness
PM
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0
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Vars = [472.7]

Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the vars on the resample

3. You now have a distribution of your vars

Bootstrapping	of	Variance
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Happiness
PM
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Vars = [472.7]

Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the var on the resample

3. You now have a distribution of your vars

Bootstrapping	of	Variance
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Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the var on the resample

3. You now have a distribution of your vars

Happiness
PM

F
0

83 10461

Vars = [472.7]

Bootstrapping	of	Variance
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Happiness
PM
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Vars = [472.7, 478.4]

Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the var on the resample

3. You now have a distribution of your vars

Bootstrapping	of	Variance
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Vars = [472.7, 478.4]

Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the var on the resample

3. You now have a distribution of your vars

Bootstrapping	of	Variance
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Vars = [472.7, 478.4, 469.2, …, 476.2]

Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the var on the resample

3. You now have a distribution of your vars

Bootstrapping	of	Variance
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Variance values (S2) 
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500

Sample Vars = [472.7, 478.4, 469.2, …, 476.2]

1000

Std(S2) = 46.9
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Bootstrapping	of	Variance
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Claim: The average happiness of Bhutan is 83 ± 2

Our	Report	to	Bhutan	Government
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Std(S2) = 46.9
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Four Prototypical TrajectoriesPedagogical pause

Bootstrap Algorithm for E[S^2] (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the var on the resample

3. You now have a distribution of your vars
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Four Prototypical Trajectories

Warmup: what is the relationship 
between a histogram and a PMF?
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def resample(samples, K):
# Estimate the PMF using the samples
# Draw K new samples from the PMF

X

PM
F

0
83 10461

Original samples

Bootstrapping	in	Practice
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def resample(samples, K):
# Estimate the PMF using the samples
# Draw K new samples from the PMF
return np.random.choice(samples, K, 

replace = True)

X

PM
F

0
83 10461

Original samples

P (X = k) =
count(X = k)

n
<latexit sha1_base64="9er+JfMkxCy09QxEdKUj2FP/scc=">AAACEXicbVDLSsNAFJ34rPUVdelmsAh1UxIRdKFQcOOygn1AE8pkOmmHTiZh5kYsIb/gxl9x40IRt+7c+TdO2yy09cC9HM65l5l7gkRwDY7zbS0tr6yurZc2yptb2zu79t5+S8epoqxJYxGrTkA0E1yyJnAQrJMoRqJAsHYwup747XumNI/lHYwT5kdkIHnIKQEj9exqo9rBV3h0YpoXKkIzD9gDZDROJeSFl2cy79kVp+ZMgReJW5AKKtDo2V9eP6ZpxCRQQbTuuk4CfkYUcCpYXvZSzRJCR2TAuoZKEjHtZ9OLcnxslD4OY2VKAp6qvzcyEmk9jgIzGREY6nlvIv7ndVMIL/yMyyQFJunsoTAVGGI8iQf3uWIUxNgQQhU3f8V0SEwuYEIsmxDc+ZMXSeu05jo19/asUr8s4iihQ3SEqshF56iOblADNRFFj+gZvaI368l6sd6tj9noklXsHKA/sD5/AMNim7w=</latexit><latexit sha1_base64="9er+JfMkxCy09QxEdKUj2FP/scc=">AAACEXicbVDLSsNAFJ34rPUVdelmsAh1UxIRdKFQcOOygn1AE8pkOmmHTiZh5kYsIb/gxl9x40IRt+7c+TdO2yy09cC9HM65l5l7gkRwDY7zbS0tr6yurZc2yptb2zu79t5+S8epoqxJYxGrTkA0E1yyJnAQrJMoRqJAsHYwup747XumNI/lHYwT5kdkIHnIKQEj9exqo9rBV3h0YpoXKkIzD9gDZDROJeSFl2cy79kVp+ZMgReJW5AKKtDo2V9eP6ZpxCRQQbTuuk4CfkYUcCpYXvZSzRJCR2TAuoZKEjHtZ9OLcnxslD4OY2VKAp6qvzcyEmk9jgIzGREY6nlvIv7ndVMIL/yMyyQFJunsoTAVGGI8iQf3uWIUxNgQQhU3f8V0SEwuYEIsmxDc+ZMXSeu05jo19/asUr8s4iihQ3SEqshF56iOblADNRFFj+gZvaI368l6sd6tj9noklXsHKA/sD5/AMNim7w=</latexit><latexit sha1_base64="9er+JfMkxCy09QxEdKUj2FP/scc=">AAACEXicbVDLSsNAFJ34rPUVdelmsAh1UxIRdKFQcOOygn1AE8pkOmmHTiZh5kYsIb/gxl9x40IRt+7c+TdO2yy09cC9HM65l5l7gkRwDY7zbS0tr6yurZc2yptb2zu79t5+S8epoqxJYxGrTkA0E1yyJnAQrJMoRqJAsHYwup747XumNI/lHYwT5kdkIHnIKQEj9exqo9rBV3h0YpoXKkIzD9gDZDROJeSFl2cy79kVp+ZMgReJW5AKKtDo2V9eP6ZpxCRQQbTuuk4CfkYUcCpYXvZSzRJCR2TAuoZKEjHtZ9OLcnxslD4OY2VKAp6qvzcyEmk9jgIzGREY6nlvIv7ndVMIL/yMyyQFJunsoTAVGGI8iQf3uWIUxNgQQhU3f8V0SEwuYEIsmxDc+ZMXSeu05jo19/asUr8s4iihQ3SEqshF56iOblADNRFFj+gZvaI368l6sd6tj9noklXsHKA/sD5/AMNim7w=</latexit><latexit sha1_base64="9er+JfMkxCy09QxEdKUj2FP/scc=">AAACEXicbVDLSsNAFJ34rPUVdelmsAh1UxIRdKFQcOOygn1AE8pkOmmHTiZh5kYsIb/gxl9x40IRt+7c+TdO2yy09cC9HM65l5l7gkRwDY7zbS0tr6yurZc2yptb2zu79t5+S8epoqxJYxGrTkA0E1yyJnAQrJMoRqJAsHYwup747XumNI/lHYwT5kdkIHnIKQEj9exqo9rBV3h0YpoXKkIzD9gDZDROJeSFl2cy79kVp+ZMgReJW5AKKtDo2V9eP6ZpxCRQQbTuuk4CfkYUcCpYXvZSzRJCR2TAuoZKEjHtZ9OLcnxslD4OY2VKAp6qvzcyEmk9jgIzGREY6nlvIv7ndVMIL/yMyyQFJunsoTAVGGI8iQf3uWIUxNgQQhU3f8V0SEwuYEIsmxDc+ZMXSeu05jo19/asUr8s4iihQ3SEqshF56iOblADNRFFj+gZvaI368l6sd6tj9noklXsHKA/sD5/AMNim7w=</latexit>

Bootstrapping	in	Practice



Chris Piech, CS109

Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Resample len(sample) from PMF
b. Recalculate the stat on the resample

3. You now have a distribution of your stat

OG	Bootstrapping
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Bootstrap Algorithm (sample):
1. Repeat 10,000 times:
a. Choose len(sample) elems from sample, 

with replacement
b. Recalculate the stat on the resample

2. You now have a distribution of your stat

Bootstrapping	in	Practice
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Four Prototypical Trajectories

To the code!
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The	Distribution	of	the	Sampling	Variance

71



Bootstrap provides a way 
to calculate probabilities of 
statistics using code.
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Bootstrap
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Bradley Efron

Still a professor at Stanford

Won a National Science Medal

Invented bootstrapping in 1979
According to starbyface.com:
Dolph Lundgren
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Four Prototypical Trajectories

Works for any statistic*

*as long as your samples are IID and the underlying distribution doesn’t have a long tail
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Group 1
4.44
3.36
5.87
2.31
...

3.70

Group 2
2.15
3.01
2.02
1.43
...

1.83

Claim: Group 1 and Group 2 are samples from different 
distributions with a 0.7 difference of means. 

µ1 = 3.1 µ2 = 2.4

The	Classic	Science	Test

How confident are you in this claim?
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A	real	difference?

Learning in Context A
4.44
3.36
5.87
2.31
...

3.70

Learning in Context B
2.15
3.01
2.02
1.43
...

1.83

Claim: Group 1 and Group 2 are samples from different 
distributions with a 0.7 difference of means. 

µ1 = 3.1 µ2 = 2.4

How confident are you in this claim?
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The	Null	Hypothesis
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There is no difference between the two groups, so everyone is drawn from the 
same distribution. Any difference you observe is due to sampling error.

The universal 
distribution

Group A Samples Group B Samples
µ1 = 3.1 µ2 = 2.4
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Four Prototypical Trajectories

To the code!
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Distribution	of	Mean	Diffs	under	Null	Hypothesis
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P value: 0.008

Ob
se

rv
ed

 d
iff

 =
 0

.7
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Four Prototypical Trajectories

Food For Thought
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Two	Opinions	on	Distributions
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Results of flipping a coin 20 times. Give your belief distribution of p:

4 tails, 16 heads

Bayesian:

Let’s use Laplace prior

X ~ Beta(a = 18, b = 6)

Frequentist:
Let’s bootstrap


