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Consider some probability distributions:
§ Ber(p)
§ Poi(λ)
§ Uni(⍺, β)
§ Normal(μ, s2)
§ Y = mX + b

q = p
q = l
q = (a, b)
q = (µ, s2)
q = (m, b)

What are Parameters?



Fever
Tired

Flu Undergrad

P (U = 1) = 0.8
<latexit sha1_base64="q04hXdQRTNZ67G98iEl4KWqq7YU=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkIihfYiFLx4rGDaQhvLZrtpl242YXejlND/4cWDIl79L978N27bHLT1wQyP92bY2RcknCntON9WYWNza3unuFva2z84PCofn7RVnEpCPRLzWHYDrChngnqaaU67iaQ4CjjtBJObud95pFKxWNzraUL9CI8ECxnB2kgPraqHrpF7aZpjNwblimM7C6B14uakAjlag/JXfxiTNKJCE46V6rlOov0MS80Ip7NSP1U0wWSCR7RnqMARVX62uHqGLowyRGEsTQmNFurvjQxHSk2jwExGWI/VqjcX//N6qQ4bfsZEkmoqyPKhMOVIx2geARoySYnmU0MwkczcisgYS0y0CapkQnBXv7xO2le269juXa3SrOVxFOEMzqEKLtShCbfQAg8ISHiGV3iznqwX6936WI4WrHznFP7A+vwBPNSPrw==</latexit><latexit sha1_base64="q04hXdQRTNZ67G98iEl4KWqq7YU=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkIihfYiFLx4rGDaQhvLZrtpl242YXejlND/4cWDIl79L978N27bHLT1wQyP92bY2RcknCntON9WYWNza3unuFva2z84PCofn7RVnEpCPRLzWHYDrChngnqaaU67iaQ4CjjtBJObud95pFKxWNzraUL9CI8ECxnB2kgPraqHrpF7aZpjNwblimM7C6B14uakAjlag/JXfxiTNKJCE46V6rlOov0MS80Ip7NSP1U0wWSCR7RnqMARVX62uHqGLowyRGEsTQmNFurvjQxHSk2jwExGWI/VqjcX//N6qQ4bfsZEkmoqyPKhMOVIx2geARoySYnmU0MwkczcisgYS0y0CapkQnBXv7xO2le269juXa3SrOVxFOEMzqEKLtShCbfQAg8ISHiGV3iznqwX6936WI4WrHznFP7A+vwBPNSPrw==</latexit><latexit sha1_base64="q04hXdQRTNZ67G98iEl4KWqq7YU=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkIihfYiFLx4rGDaQhvLZrtpl242YXejlND/4cWDIl79L978N27bHLT1wQyP92bY2RcknCntON9WYWNza3unuFva2z84PCofn7RVnEpCPRLzWHYDrChngnqaaU67iaQ4CjjtBJObud95pFKxWNzraUL9CI8ECxnB2kgPraqHrpF7aZpjNwblimM7C6B14uakAjlag/JXfxiTNKJCE46V6rlOov0MS80Ip7NSP1U0wWSCR7RnqMARVX62uHqGLowyRGEsTQmNFurvjQxHSk2jwExGWI/VqjcX//N6qQ4bfsZEkmoqyPKhMOVIx2geARoySYnmU0MwkczcisgYS0y0CapkQnBXv7xO2le269juXa3SrOVxFOEMzqEKLtShCbfQAg8ISHiGV3iznqwX6936WI4WrHznFP7A+vwBPNSPrw==</latexit><latexit sha1_base64="q04hXdQRTNZ67G98iEl4KWqq7YU=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkIihfYiFLx4rGDaQhvLZrtpl242YXejlND/4cWDIl79L978N27bHLT1wQyP92bY2RcknCntON9WYWNza3unuFva2z84PCofn7RVnEpCPRLzWHYDrChngnqaaU67iaQ4CjjtBJObud95pFKxWNzraUL9CI8ECxnB2kgPraqHrpF7aZpjNwblimM7C6B14uakAjlag/JXfxiTNKJCE46V6rlOov0MS80Ip7NSP1U0wWSCR7RnqMARVX62uHqGLowyRGEsTQmNFurvjQxHSk2jwExGWI/VqjcX//N6qQ4bfsZEkmoqyPKhMOVIx2geARoySYnmU0MwkczcisgYS0y0CapkQnBXv7xO2le269juXa3SrOVxFOEMzqEKLtShCbfQAg8ISHiGV3iznqwX6936WI4WrHznFP7A+vwBPNSPrw==</latexit>

P (Fl = 1) = 0.1
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P (T = 1|Flu = 0, U = 0) = 0.1

P (T = 1|Flu = 0, U = 1) = 0.8

P (T = 1|Flu = 1, U = 0) = 0.9

P (T = 1|Flu = 1, U = 1) = 1.0
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Fev|Flu = 0 ⇠ N(100.0, 1.81)

Fev|Flu = 1 ⇠ N(98.25, 0.73)
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Parameters

What are Parameters?



Why Do We Care?

Real World Problem

Formal Model 𝜃
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Parameter Estimation (aka Training)

Real World Problem

Formal Model 𝜃

Prediction 
Function 𝜃*

Model the problem

Learning Algorithm

Testing
Data

Training 
Data

Evaluation
score



Machine Learning: 
Learn parameters (mostly with MLE) for 

probabilistic models.



MLE	Idea:	Chose	params	that	make	the	data	look	likely		

11



MLE	for	a	Pareto

12
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f(x) =
↵

x↵+1We know sand is distributed as a pareto with PDF
<latexit sha1_base64="kfVf1Gnn5S5VfT0QEMi0wLKNwec=">AAACFnicbVBNS8NAEN34bf2KevSyWAQvlkSKehEKXjwq2Co0IWy2m3ZxdxN2J9IS8iu8+Fe8eFDEq3jz37htc/DrwcDjvRlm5sWZ4AY879OZmZ2bX1hcWq6trK6tb7ibWx2T5pqyNk1Fqm9iYpjgirWBg2A3mWZExoJdx7dnY//6jmnDU3UFo4yFkvQVTzglYKXIPQiIyAYkKgJgQyikYGV5GiSa0EKVRWByGXEciLSPhxEvI7fuNbwJ8F/iV6SOKlxE7kfQS2kumQIqiDFd38sgLIgGTu2qWpAblhF6S/qsa6kikpmwmLxV4j2r9HCSalsK8ET9PlEQacxIxrZTEhiY395Y/M/r5pCchAVXWQ5M0emiJBcYUjzOCPe4ZhTEyBJCNbe3YjogNhOwSdZsCP7vl/+SzmHDP2o0L5v1VquKYwntoF20j3x0jFroHF2gNqLoHj2iZ/TiPDhPzqvzNm2dcaqZbfQDzvsXRemgrg==</latexit>

↵mle =
nP

i log xi



• Consider I.I.D. random variables X1, X2, ..., Xn
§ Xi ~ Pareto(α). Use Maximum Likelihood to estimate α.
§ Likelihood:

§ Log-likelihood:

§ Chose α to be the argmax of LL:

MLE for a Pareto

<latexit sha1_base64="To+Oore860gzZMUt6qUmKxUxhmo="></latexit>
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i=1

↵

x↵+1
i
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LL(↵) =
nX

i=1

log↵� (↵+ 1) log xi = n log↵� (↵+ 1)
nX

i=1

log xi
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log xi
3. Find the value of α which maximizes log likelihood

1. What is the likelihood of all the data

2. What is the log-likelihood all the data



• Consider I.I.D. random variables X1, X2, ..., Xn
§ Xi ~ Pareto(α). Use Maximum Likelihood to estimate α.
§ Likelihood:

§ Log-likelihood:

§ Chose α to be the argmax of LL:

MLE for a Pareto
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• Consider I.I.D. random variables X1, X2, ..., Xn
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• Consider I.I.D. random variables X1, X2, ..., Xn
§ Xi ~ Pareto(α). Use Maximum Likelihood to estimate α.
§ Likelihood:

§ Log-likelihood:

§ Chose α to be the argmax of LL:

MLE for a Pareto
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All argmax methods require the derivative
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LL(↵) = n log↵� (↵+ 1)
nX

i=1

log xi

Argmax Option #1: set the derivative to 0, and solve for alpha

argmax of	log	liklihood
Recall for the pareto



Four Prototypical Trajectories

End Review





Optimization (argmax)
Option #2: Gradient Descent



Gradient Ascent

Walk uphill and you will find a local maxima 
(if your step size is small enough)
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Gradient Ascent
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(if your step size is small enough)
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Gradient Ascent

Walk uphill and you will find a local maxima 
(if your step size is small enough)

Especially good if 
function is convex

p(
sa
m
p
le
s|✓

)

✓1 ✓2



✓ new
j = ✓ old

j + ⌘ · @LL(✓
old)

@✓ old
j

Gradient Ascent

Repeat many times

Walk uphill and you will find a local maxima 
(if your step size is small enough)

This is some profound life philosophy

Step size constant



Initialize: θj = random for all 0 ≤ j ≤ m

Gradient Ascent

Calculate all θj



Initialize: θj = random for all 0 ≤ j ≤ m

Gradient Ascent

Repeat many times:

Calculate all gradient[j]’s based on data

𝜃j += h * gradient[j] for all 0 ≤ j ≤ m



Initialize: alpha = some random start

Gradient Ascent for Pareto

Repeat many times:

# Calculate gradient_alpha based on data

alpha += h * gradient_alpha

<latexit sha1_base64="gIhn7CNUvsb4TUhlxtYKgtfohxM="></latexit>
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Initialize: alpha = some random start

Gradient Ascent for Pareto

Repeat many times:

# Calculate gradient_alpha based on data
gradient_alpha = n / alpha
for x_i in data:

gradient_alpha -= math.log(x_i)

alpha += h * gradient_alpha



Gradient descent is the bread 
and butter algorithm for 
optimization 
(use neg LL to switch ascent to 
descent)



Pedagogic Pause



Something rotten
in the world of MLE



Consider I.I.D. random variables X1, X2, ..., Xn
§ Xi ~ Uni(0, 1)

§ Observe data:

o 0.15, 0.20, 0.30, 0.40, 0.65, 0.70, 0.75

Likelihood: L(a,1)

a

L(a,1)

Likelihood: L(0, b)

b

L(0, b)

MLE	Could	Benefit	from	Priors



Foreshadowing..



So good to see 
you again!

Need a Volunteer



I have two envelopes, will allow you to have one
§ One contains $X, the other contains $2X
§ Select an envelope
oOpen it!

§ Now, would you like to switch for other envelope?
§ To help you decide, compute E[$ in other envelope]
oLet Y = $ in envelope you selected

§ Before opening envelope, think either equally good
§ So, what happened by opening envelope?
oAnd does it really make sense to switch?

YYE Y
4
5

2
1

22
1 2]envelopeother in  $[ =×+×=

Two Envelopes



The “two envelopes” problem set-up
§ Two envelopes: one contains $X, other contains 

$2X
§ You select an envelope and open it
oLet Y = $ in envelope you selected
oLet Z = $ in other envelope

§ E[Z | Y] above assumes all values X (where 0 < X
< ¥) are equally likely
oNote: there are infinitely many values of X
oSo, not true probability distribution over X (doesn’t integrate to 1)

YYYZE Y
4
5

2
1

22
1 2]|[ =×+×=

Thinking Deeper About Two Envelopes



All Values are Equally Likely?

X

p(X)

0 10 20 10060 8040

Infinite powers of two…



Belief about contents of envelopes
§ Since implied distribution over X is not a true 

probability distribution, what is our distribution over X?
oFrequentist: play game infinitely many times and see how often different 

values come up.
oProblem: I only allow you to play the game once

§ Bayesian probability
oHave prior belief of distribution for X (or anything for that matter)
oPrior belief is a subjective probability
◦ By extension, all probabilities are subjective

oAllows us to answer question when we have no/limited data
◦ E.g., probability a coin you’ve never flipped lands on heads

oAs we get more data, prior belief is “swamped” by data

Subjectivity of Probability



Subjectivity of Probability

X

p(X)

0 10 20 10060 8040



Bayesian: have prior distribution over X, P(X)
§ Let Y = $ in envelope you selected
§ Let Z = $ in other envelope
§ Open your envelope to determine Y
§ If Y > E[Z | Y], keep your envelope, otherwise switch
oNo inconsistency!

§ Opening envelope provides data to compute P(X | Y) 
and thereby compute E[Z | Y]

§ Of course, there’s the issue of how you determined 
your prior distribution over X…
oBayesian: Doesn’t matter how you determined prior, but you must have 

one (whatever it is)
o Imagine if envelope you opened contained $20.01

The Envelope, Please



Envelope Summary:
Probabilities are beliefs.

Incorporating prior beliefs is useful



We have seen this play out before…



MLE	vs	Beta

44

The medicine is tried on 20 patients. It “works” for 14 and “doesn’t work” for 6. What is 
your new belief that the drug works? 

In other words I have 20 IID samples from a Bernoulli. Estimate p. The data is 
[1,1,1,1,1,1,1,1,1,1,1,1,1,1,0,0,0,0,0,0]

p ⇡ 14

20
= 0.7

<latexit sha1_base64="8Owlbf/Yt1OySQicbfe6LLt2EDk=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFchaQU2o1QcOOygn1AE8pkOmmHTjLDzEQsISs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89oWBUadf9ttbWNza3tks75d29/YND++i4o3gqMWljzrjshUgRRhPS1lQz0hOSoDhkpBtOrmd+955IRXlyp6eCBDEaJTSiGGkjDewzAX0khOQP0I8kwplXy7Oqm8Mr6Dr1gV1xHXcOuEq8glRAgdbA/vKHHKcxSTRmSKm+5wodZEhqihnJy36qiEB4gkakb2iCYqKCbP5GDi+MMoQRl6YSDefq74kMxUpN49B0xkiP1bI3E//z+qmOGkFGE5FqkuDFoihlUHM4ywQOqSRYs6khCEtqboV4jEwa2iRXNiF4yy+vkk7V8VzHu61Vmo0ijhI4BefgEnigDprgBrRAG2DwCJ7BK3iznqwX6936WLSuWcXMCfgD6/MHhUaXKg==</latexit><latexit sha1_base64="8Owlbf/Yt1OySQicbfe6LLt2EDk=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFchaQU2o1QcOOygn1AE8pkOmmHTjLDzEQsISs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89oWBUadf9ttbWNza3tks75d29/YND++i4o3gqMWljzrjshUgRRhPS1lQz0hOSoDhkpBtOrmd+955IRXlyp6eCBDEaJTSiGGkjDewzAX0khOQP0I8kwplXy7Oqm8Mr6Dr1gV1xHXcOuEq8glRAgdbA/vKHHKcxSTRmSKm+5wodZEhqihnJy36qiEB4gkakb2iCYqKCbP5GDi+MMoQRl6YSDefq74kMxUpN49B0xkiP1bI3E//z+qmOGkFGE5FqkuDFoihlUHM4ywQOqSRYs6khCEtqboV4jEwa2iRXNiF4yy+vkk7V8VzHu61Vmo0ijhI4BefgEnigDprgBrRAG2DwCJ7BK3iznqwX6936WLSuWcXMCfgD6/MHhUaXKg==</latexit><latexit sha1_base64="8Owlbf/Yt1OySQicbfe6LLt2EDk=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFchaQU2o1QcOOygn1AE8pkOmmHTjLDzEQsISs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89oWBUadf9ttbWNza3tks75d29/YND++i4o3gqMWljzrjshUgRRhPS1lQz0hOSoDhkpBtOrmd+955IRXlyp6eCBDEaJTSiGGkjDewzAX0khOQP0I8kwplXy7Oqm8Mr6Dr1gV1xHXcOuEq8glRAgdbA/vKHHKcxSTRmSKm+5wodZEhqihnJy36qiEB4gkakb2iCYqKCbP5GDi+MMoQRl6YSDefq74kMxUpN49B0xkiP1bI3E//z+qmOGkFGE5FqkuDFoihlUHM4ywQOqSRYs6khCEtqboV4jEwa2iRXNiF4yy+vkk7V8VzHu61Vmo0ijhI4BefgEnigDprgBrRAG2DwCJ7BK3iznqwX6936WLSuWcXMCfgD6/MHhUaXKg==</latexit><latexit sha1_base64="8Owlbf/Yt1OySQicbfe6LLt2EDk=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFchaQU2o1QcOOygn1AE8pkOmmHTjLDzEQsISs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89oWBUadf9ttbWNza3tks75d29/YND++i4o3gqMWljzrjshUgRRhPS1lQz0hOSoDhkpBtOrmd+955IRXlyp6eCBDEaJTSiGGkjDewzAX0khOQP0I8kwplXy7Oqm8Mr6Dr1gV1xHXcOuEq8glRAgdbA/vKHHKcxSTRmSKm+5wodZEhqihnJy36qiEB4gkakb2iCYqKCbP5GDi+MMoQRl6YSDefq74kMxUpN49B0xkiP1bI3E//z+qmOGkFGE5FqkuDFoihlUHM4ywQOqSRYs6khCEtqboV4jEwa2iRXNiF4yy+vkk7V8VzHu61Vmo0ijhI4BefgEnigDprgBrRAG2DwCJ7BK3iznqwX6936WLSuWcXMCfgD6/MHhUaXKg==</latexit>

MLE estimate:

Prior

Posterior

m
od
e

Beta estimate:



Priors for Parameter Estimation?



Maximum Likelihood Estimation

Maximum A Posteriori

MLE vs MAP

✓̂MAP = argmax
✓

f(⇥ = ✓|X(1) = x(1), . . . , X(n) = x(n))
<latexit sha1_base64="CThWmp611GyF340xXnLlj+lHfLg="></latexit><latexit sha1_base64="CThWmp611GyF340xXnLlj+lHfLg="></latexit><latexit sha1_base64="CThWmp611GyF340xXnLlj+lHfLg="></latexit><latexit sha1_base64="CThWmp611GyF340xXnLlj+lHfLg="></latexit>

✓̂MLE = argmax
✓

f(X(1) = x(1), . . . , X(n) = x(n)|✓)

= argmax
✓

⇣X

i

log f(X(i) = x(i)|✓)
⌘

<latexit sha1_base64="aUsK+mvq/05/+zTPCuGMo3jxx+k="></latexit><latexit sha1_base64="aUsK+mvq/05/+zTPCuGMo3jxx+k="></latexit><latexit sha1_base64="aUsK+mvq/05/+zTPCuGMo3jxx+k="></latexit><latexit sha1_base64="aUsK+mvq/05/+zTPCuGMo3jxx+k="></latexit>

✓̂MLE = argmax
✓

f(X(1) = x(1), . . . , X(n) = x(n)|✓)

= argmax
✓

⇣X

i

log f(X(i) = x(i)|✓)
⌘

<latexit sha1_base64="aUsK+mvq/05/+zTPCuGMo3jxx+k="></latexit><latexit sha1_base64="aUsK+mvq/05/+zTPCuGMo3jxx+k="></latexit><latexit sha1_base64="aUsK+mvq/05/+zTPCuGMo3jxx+k="></latexit><latexit sha1_base64="aUsK+mvq/05/+zTPCuGMo3jxx+k="></latexit>

x(1), . . . , x(n)
<latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit><latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit><latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit><latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit>

Data:



Notation Shorthand

✓̂MAP = argmax
✓

f(⇥ = ✓|X(1) = x(1), . . . , X(n) = x(n))
<latexit sha1_base64="CThWmp611GyF340xXnLlj+lHfLg="></latexit><latexit sha1_base64="CThWmp611GyF340xXnLlj+lHfLg="></latexit><latexit sha1_base64="CThWmp611GyF340xXnLlj+lHfLg="></latexit><latexit sha1_base64="CThWmp611GyF340xXnLlj+lHfLg="></latexit>

x(i) is shorthand for the event: X(i) = x(i)
<latexit sha1_base64="Lc8LdtVOnd31m6WsQdhiC9Ir3ow=">AAACJ3icbVDLSgMxFM34tr6qLt0Ei6CbMiOCIiiCG5cK9gFtLZn0jhPMJENyRyxD/8aNv+JGUBFd+iem7Sx83dXhPJJ7T5hKYdH3P7yJyanpmdm5+dLC4tLySnl1rW51ZjjUuJbaNENmQQoFNRQooZkaYEkooRHenA71xi0YK7S6xH4KnYRdKxEJztBR3fLx3VW+LXYGtI1whzkVltpYG4yZ6tFIG4oxULgFhYd0QJuF+YgWsW654lf90dC/IChAhRRz3i0/t3uaZ4l7kEtmbSvwU+zkzKDgEgaldmYhZfyGXUPLQcUSsJ18dOeAbjlmvFWkFdIR+z2Rs8TafhI6Z8Iwtr+1Ifmf1sowOujkQqUZguLjj6JMUtR0WBrtCQMcZd8Bxo1wu1IeM8M4umpLroTg98l/QX23GvjV4GKvcnJQ1DFHNsgm2SYB2Scn5Iyckxrh5J48khfy6j14T96b9z62TnhFZp38GO/zC+s+pKY=</latexit><latexit sha1_base64="Lc8LdtVOnd31m6WsQdhiC9Ir3ow=">AAACJ3icbVDLSgMxFM34tr6qLt0Ei6CbMiOCIiiCG5cK9gFtLZn0jhPMJENyRyxD/8aNv+JGUBFd+iem7Sx83dXhPJJ7T5hKYdH3P7yJyanpmdm5+dLC4tLySnl1rW51ZjjUuJbaNENmQQoFNRQooZkaYEkooRHenA71xi0YK7S6xH4KnYRdKxEJztBR3fLx3VW+LXYGtI1whzkVltpYG4yZ6tFIG4oxULgFhYd0QJuF+YgWsW654lf90dC/IChAhRRz3i0/t3uaZ4l7kEtmbSvwU+zkzKDgEgaldmYhZfyGXUPLQcUSsJ18dOeAbjlmvFWkFdIR+z2Rs8TafhI6Z8Iwtr+1Ifmf1sowOujkQqUZguLjj6JMUtR0WBrtCQMcZd8Bxo1wu1IeM8M4umpLroTg98l/QX23GvjV4GKvcnJQ1DFHNsgm2SYB2Scn5Iyckxrh5J48khfy6j14T96b9z62TnhFZp38GO/zC+s+pKY=</latexit><latexit sha1_base64="Lc8LdtVOnd31m6WsQdhiC9Ir3ow=">AAACJ3icbVDLSgMxFM34tr6qLt0Ei6CbMiOCIiiCG5cK9gFtLZn0jhPMJENyRyxD/8aNv+JGUBFd+iem7Sx83dXhPJJ7T5hKYdH3P7yJyanpmdm5+dLC4tLySnl1rW51ZjjUuJbaNENmQQoFNRQooZkaYEkooRHenA71xi0YK7S6xH4KnYRdKxEJztBR3fLx3VW+LXYGtI1whzkVltpYG4yZ6tFIG4oxULgFhYd0QJuF+YgWsW654lf90dC/IChAhRRz3i0/t3uaZ4l7kEtmbSvwU+zkzKDgEgaldmYhZfyGXUPLQcUSsJ18dOeAbjlmvFWkFdIR+z2Rs8TafhI6Z8Iwtr+1Ifmf1sowOujkQqUZguLjj6JMUtR0WBrtCQMcZd8Bxo1wu1IeM8M4umpLroTg98l/QX23GvjV4GKvcnJQ1DFHNsgm2SYB2Scn5Iyckxrh5J48khfy6j14T96b9z62TnhFZp38GO/zC+s+pKY=</latexit><latexit sha1_base64="Lc8LdtVOnd31m6WsQdhiC9Ir3ow=">AAACJ3icbVDLSgMxFM34tr6qLt0Ei6CbMiOCIiiCG5cK9gFtLZn0jhPMJENyRyxD/8aNv+JGUBFd+iem7Sx83dXhPJJ7T5hKYdH3P7yJyanpmdm5+dLC4tLySnl1rW51ZjjUuJbaNENmQQoFNRQooZkaYEkooRHenA71xi0YK7S6xH4KnYRdKxEJztBR3fLx3VW+LXYGtI1whzkVltpYG4yZ6tFIG4oxULgFhYd0QJuF+YgWsW654lf90dC/IChAhRRz3i0/t3uaZ4l7kEtmbSvwU+zkzKDgEgaldmYhZfyGXUPLQcUSsJ18dOeAbjlmvFWkFdIR+z2Rs8TafhI6Z8Iwtr+1Ifmf1sowOujkQqUZguLjj6JMUtR0WBrtCQMcZd8Bxo1wu1IeM8M4umpLroTg98l/QX23GvjV4GKvcnJQ1DFHNsgm2SYB2Scn5Iyckxrh5J48khfy6j14T96b9z62TnhFZp38GO/zC+s+pKY=</latexit>

✓ is shorthand for the event: ⇥ = ✓
<latexit sha1_base64="oCuU1hhK/Az3jg80lcCu+mGiTT4="></latexit><latexit sha1_base64="oCuU1hhK/Az3jg80lcCu+mGiTT4="></latexit><latexit sha1_base64="oCuU1hhK/Az3jg80lcCu+mGiTT4="></latexit><latexit sha1_base64="oCuU1hhK/Az3jg80lcCu+mGiTT4="></latexit>

✓̂MAP = argmax
✓

f(✓|x(1), . . . , x(n))
<latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit><latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit><latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit><latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit>

Our shorthand notation

MAP, now with shorthand

MAP, without shorthand



Maximum Likelihood Estimation

Maximum A Posteriori

✓̂MAP = argmax
✓

f(✓|x(1), . . . , x(n))
<latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit><latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit><latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit><latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit>

✓̂MLE = argmax
✓

f(x(1), . . . , x(n)|✓)

= argmax
✓

⇣X

i

log f(x(i)|✓)
⌘

<latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit><latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit><latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit><latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit>

MLE vs MAP

✓̂MLE = argmax
✓

f(x(1), . . . , x(n)|✓)

= argmax
✓

⇣X

i

log f(x(i)|✓)
⌘

<latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit><latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit><latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit><latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit>

x(1), . . . , x(n)
<latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit><latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit><latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit><latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit>

Data:



P(θ | D) For Bernoulli

1 Infer the posterior belief in params

2

Return the argmax



Quick	MAP	for	Bernoulli	and	Binomial
Beta 𝑎, 𝑏 is a conjugate prior for the
probability of success in Bernoulli and 
Binomial distributions.

Prior Beta 𝑎, 𝑏
Saw 𝑎 + 𝑏 − 2 imaginary trials: 𝑎 − 1 successes, 𝑏 − 1 failures

Experiment Observe 𝑛 +𝑚 new trials: 𝑛 successes, 𝑚 failures

Posterior Beta 𝑎 + 𝑛, 𝑏 + 𝑚

50

MAP: 𝑝 =
𝑎 + 𝑛 − 1

𝑎 + 𝑏 + 𝑛 +𝑚 − 2

𝑓 𝑥 =
1

𝐵 𝑎, 𝑏
𝑥"#$ 1 − 𝑥 %#$

Review



But MLE works for more than just estimating p



Conjugate	distributions
MAP
estimator:
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𝜃!"# = arg max
$

𝑓 𝜃|𝑋%, 𝑋&, … , 𝑋' The mode of the
posterior distribution of 𝜃

Distribution parameter Conjugate distribution
Bernoulli 𝑝 Beta
Binomial 𝑝 Beta
Multinomial 𝑝! Dirichlet
Poisson 𝜆 Gamma
Exponential 𝜆 Gamma
Normal 𝜇 Normal
Normal 𝜎" Inverse Gamma

Don’t need to know 
Inverse Gamma…
but it will know you J

CS109: We’ll only focus on MAP for 
Bernoulli/Binomial 𝑝, Multinomial 𝑝&, and Poisson 𝜆.



Good	times	with	Gamma
Gamma 𝛼, 𝛽 is a conjugate for Poisson.
• Also conjugate for Exponential,

but we won’t delve into that
• Mode of gamma: 𝛼 − 1 /𝛽

Prior 𝜃~Gamma 𝛼, 𝛽 = ,
!-!"#."$%

/(1)
Saw 𝛼 − 1 total imaginary events during 𝛽 prior time periods

Experiment Observe 𝑛 events during next 𝑘 time periods

Posterior 𝜃|𝑛 events in 𝑘 periods ~Gamma 𝛼 + 𝑛, 𝛽 + 𝑘
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𝜃'() =
𝑎 + 𝑛 − 1
𝛽 + 𝑘

MAP:

Gamma 𝛼, 𝛽 = !
!"!"##"$%

$(&)



MAP	for	Poisson
Let 𝜆 be the average # of successes in a time period.

1. What does it mean to have
a prior of 𝜃~Gamma 11,5 ?

Now perform the experiment and see 11 events in next 2 time periods.
2. Given your prior, what is the

posterior distribution?

3. What is 𝜃!"#?

54

Gamma 𝛼, 𝛽
is conjugate for Poisson

Observe 10 imaginary events
in 5 time periods,
i.e., observe at Poisson rate = 2

🤔

Mode: #$%
&



MAP	for	Poisson
Let 𝜆 be the average # of successes in a time period.

1. What does it mean to have
a prior of 𝜃~Gamma 11,5 ?

Now perform the experiment and see 11 events in next 2 time periods.
2. Given your prior, what is the

posterior distribution?

3. What is 𝜃!"#?
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Gamma 𝛼, 𝛽
is conjugate for Poisson Mode: #$%

&

Observe 10 imaginary events
in 5 time periods,
i.e., observe at Poisson rate = 2

𝜃|𝑛 events in 𝑘 periods ~Gamma 22, 7

𝜃'() = 3, the updated Poisson rate



Multinomial	is	Multiple	times	the	fun
Dirichlet 𝑎%, 𝑎&, … , 𝑎6 is a conjugate for Multinomial.
• Generalizes Beta in the

same way Multinomial
generalizes Bernoulli/Binomial:

Prior Dirichlet 𝑎%, 𝑎&, … , 𝑎6
Saw ∑78%6 𝑎7 −𝑚 imaginary trials, with 𝑎7 − 1 of outcome 𝑖

Experiment Observe 𝑛% + 𝑛& +⋯+ 𝑛6 new trials, with 𝑛7 of outcome 𝑖

Posterior Dirichlet 𝑎% + 𝑛%, 𝑎& + 𝑛&, … , 𝑎6 + 𝑛6
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MAP: 𝑝& =
𝑎& + 𝑛& − 1

∑&*$+ 𝑎& + ∑&*$+ 𝑛& −𝑚

𝑓 𝑥$, 𝑥,, … , 𝑥+ =
1

𝐵 𝑎$, 𝑎,, … , 𝑎+
9
&*$

+

𝑥&
"$#$



Your	Happy	Laplace
𝐿𝑎𝑝𝑙𝑎𝑐𝑒 𝑔𝑖𝑣𝑒𝑠 𝑎 𝑐𝑙𝑎𝑠𝑠𝑖𝑐 𝐷𝑖𝑟𝑒𝑐ℎ𝑙𝑒𝑡

Prior Dirichlet 𝑎% = 2, 𝑎& = 2,… , 𝑎6 = 2
Saw m imaginary trials, with 1 of outcome 𝑖

Experiment Observe 𝑛% + 𝑛& +⋯+ 𝑛6 new trials, with 𝑛7 of outcome 𝑖

Posterior Dirichlet 2 + 𝑛%, 2 + 𝑛&, … , 2 + 𝑛6
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MAP: 𝑝& =
𝑛& + 1

∑&*$+ 𝑛& +𝑚



Consider our previous 6-sided die.
• Roll the dice 𝑛 = 12 times.
• Observe: 3 ones, 2 twos, 0 threes, 3 fours, 1 fives, 3 sixes

Recall 𝜃!9: :

What are your Laplace estimates for each roll outcome?

Back	to	our	happy	Laplace
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𝑝$ = 3/12, 𝑝, = 2/12, 𝑝- = 0/12,
𝑝. = 3/12, 𝑝/ = 1/12, 𝑝0 = 3/12

⚠



Consider our previous 6-sided die.
• Roll the dice 𝑛 = 12 times.
• Observe: 3 ones, 2 twos, 0 threes, 3 fours, 1 fives, 3 sixes

Recall 𝜃!9: :

What are your Laplace estimates for each roll outcome?

Back	to	our	happy	Laplace
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𝑝$ = 3/12, 𝑝, = 2/12, 𝑝- = 0/12,
𝑝. = 3/12, 𝑝/ = 1/12, 𝑝0 = 3/12

𝑝$ = 4/18, 𝑝, = 3/18, 𝑝- = 1/18,
𝑝. = 4/18, 𝑝/ = 2/18, 𝑝0 = 4/18

⚠

✅ Laplace smoothing:
• Easy to implement/remember
• Avoids estimating a parameter of 𝟎

𝑝& =
𝑛& + 1

∑&*$+ 𝑛& +𝑚



Can we generalize?



Most important slide of today



Maximum A Posteriori
✓̂MAP = argmax

✓
f(✓|x(1), . . . , x(n))
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✓̂MAP =argmax
✓

f(x(1), x(2), . . . , x(n)|✓)g(✓)
h(x(1), x(2), . . . x(n))
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data:

prior

likelihood

posterior



Maximum A Posteriori
✓̂MAP = argmax

✓
f(✓|x(1), . . . , x(n))
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data:

=argmax
✓

g(✓)
Qn

i=1 f(x
(i)|✓)

h(x(1), x(2), . . . , x(n))
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✓̂MAP =argmax
✓

g(✓)f(x(1), x(2), . . . , x(n)|✓)
h(x(1), x(2), . . . x(n))
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=argmax
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nY

i=1

f(x(i)|✓)
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=argmax
✓

 
log(g(✓)) +

nX

i=1

log(f(x(i)|✓))
!
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monotonic

Fury K



Maximum A Posteriori

Estimated
parameter

Sum of 
log likelihood

Log prior

Chose the value of theta
that maximizes:

✓̂MAP =argmax
✓

 
log(g(✓)) +

nX

i=1

log(f(x(i)|✓))
!
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Maximum Likelihood Estimation

Maximum A Posteriori

✓̂MAP = argmax
✓

f(✓|x(1), . . . , x(n))
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MLE vs MAP

✓̂MLE = argmax
✓

f(x(1), . . . , x(n)|✓)

= argmax
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⇣X
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log f(x(i)|✓)
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Data:

= argmax
✓

 
log(g(✓)) +

nX

i=1

log(f(x(i)|✓))
!

<latexit sha1_base64="2Vyh+F2J1WNRU3hIn/gc2jRPn/U="></latexit><latexit sha1_base64="2Vyh+F2J1WNRU3hIn/gc2jRPn/U="></latexit><latexit sha1_base64="2Vyh+F2J1WNRU3hIn/gc2jRPn/U="></latexit><latexit sha1_base64="2Vyh+F2J1WNRU3hIn/gc2jRPn/U="></latexit>



Gotta get that intuition



l Prior: q ~ Beta(a, b);  data = {n heads, m tails}
l Estimate p, aka q

P(θ | D) For Bernoulli

✓̂MAP = argmax
✓

f(✓|data)
<latexit sha1_base64="2dPFug7jP+lcb9KV5NXK/LIaqjM="></latexit><latexit sha1_base64="2dPFug7jP+lcb9KV5NXK/LIaqjM="></latexit><latexit sha1_base64="2dPFug7jP+lcb9KV5NXK/LIaqjM="></latexit><latexit sha1_base64="2dPFug7jP+lcb9KV5NXK/LIaqjM="></latexit>

= argmax
✓

log g(✓) + log f(data|✓)
<latexit sha1_base64="MzcVXhmsGcHUoPfOXd1IquVcRFE="></latexit><latexit sha1_base64="MzcVXhmsGcHUoPfOXd1IquVcRFE="></latexit><latexit sha1_base64="MzcVXhmsGcHUoPfOXd1IquVcRFE="></latexit><latexit sha1_base64="MzcVXhmsGcHUoPfOXd1IquVcRFE="></latexit>

= argmax
✓

f(data|✓)g(✓)
<latexit sha1_base64="/RNboWa8MUosZVGjukU03LYJAo4="></latexit><latexit sha1_base64="/RNboWa8MUosZVGjukU03LYJAo4="></latexit><latexit sha1_base64="/RNboWa8MUosZVGjukU03LYJAo4="></latexit><latexit sha1_base64="/RNboWa8MUosZVGjukU03LYJAo4="></latexit>

This is 
the 

beta PD
F

This is ???



l Prior: q ~ Beta(a, b);  data = {n heads, m tails}
l Estimate p, aka q

P(θ | D) For Bernoulli

= argmax
✓

log
1

�
+ (a� 1) log ✓ + (b� 1) log(1� ✓) + n log ✓ +m log(1� ✓)

= argmax
✓

log
h 1
�
✓a�1(1� ✓)b�1

i

+n log f(heads|✓)
+m log f(tails|✓)

= argmax
✓

(a� 1 + n) log ✓ + (b� 1 +m) log(1� ✓)

✓̂MAP = argmax
✓

f(✓|data)
<latexit sha1_base64="2dPFug7jP+lcb9KV5NXK/LIaqjM="></latexit><latexit sha1_base64="2dPFug7jP+lcb9KV5NXK/LIaqjM="></latexit><latexit sha1_base64="2dPFug7jP+lcb9KV5NXK/LIaqjM="></latexit><latexit sha1_base64="2dPFug7jP+lcb9KV5NXK/LIaqjM="></latexit>

= argmax
✓

log g(✓) + log f(data|✓)
<latexit sha1_base64="MzcVXhmsGcHUoPfOXd1IquVcRFE="></latexit><latexit sha1_base64="MzcVXhmsGcHUoPfOXd1IquVcRFE="></latexit><latexit sha1_base64="MzcVXhmsGcHUoPfOXd1IquVcRFE="></latexit><latexit sha1_base64="MzcVXhmsGcHUoPfOXd1IquVcRFE="></latexit>

= argmax
✓

f(data|✓)g(✓)
<latexit sha1_base64="/RNboWa8MUosZVGjukU03LYJAo4="></latexit><latexit sha1_base64="/RNboWa8MUosZVGjukU03LYJAo4="></latexit><latexit sha1_base64="/RNboWa8MUosZVGjukU03LYJAo4="></latexit><latexit sha1_base64="/RNboWa8MUosZVGjukU03LYJAo4="></latexit>

This is 
the 

beta PD
F

Product of thetas and (1-theta)s



l Prior: q ~ Beta(a, b);  D = {n heads, m tails}
l Estimate p, aka q

P(θ | D) For Bernoulli

✓MAP =
n+ a� 1

n+m+ a+ b� 2

That’s th
e mode of t

he 

updated
 beta

✓̂MAP = argmax
✓

f(✓|data)
<latexit sha1_base64="2dPFug7jP+lcb9KV5NXK/LIaqjM="></latexit><latexit sha1_base64="2dPFug7jP+lcb9KV5NXK/LIaqjM="></latexit><latexit sha1_base64="2dPFug7jP+lcb9KV5NXK/LIaqjM="></latexit><latexit sha1_base64="2dPFug7jP+lcb9KV5NXK/LIaqjM="></latexit>

= argmax
✓

(a� 1 + n) log ✓ + (b� 1 +m) log(1� ✓)



P(θ | D) For Bernoulli

1 Infer the posterior belief in params

2

Return the argmax



Where’d	you	get	them	priors?
• Let 𝜃 be the probability a coin turns up heads.
• Model 𝜃 with 2 different priors:

◦ Prior 1: Beta(3,8): 2 imaginary heads,
7 imaginary tails

◦ Prior 2: Beta(7,4): 6 imaginary heads,
3 imaginary tails

Now flip 100 coins and get 58 heads and 42 tails.
1. What are the two posterior distributions?
2. What are the modes of the two posterior distributions?

71

mode: ,
1

mode: 01

prior

🤔



Where’d	you	get	them	priors?
• Let 𝜃 be the probability a coin turns up heads.
• Model 𝜃 with 2 different priors:

◦ Prior 1: Beta(3,8): 2 imaginary heads,
7 imaginary tails

◦ Prior 2: Beta(7,4): 6 imaginary heads,
3 imaginary tails

Now flip 100 coins and get 58 heads and 42 tails.

72

mode: ,
1

mode: 01

prior

posterior

Posterior 1: Beta(61,50) mode: 02$21

mode: 0.$21Posterior 2: Beta(65,46)

Provided we collect enough data,
posteriors will converge to the true value.



MLE	for	a	Pareto

73

<latexit sha1_base64="Apw7+LYuQkmszaruKi3E0KV2tSg=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUhDIjRbsRCm5cVrAP6IzlTpppQzMPkoy0DPMBbvwVNy4UcesHuPNvTNtZaOuBwOGcc7m5x404k8o0v43cyura+kZ+s7C1vbO7V9w/aMkwFoQ2SchD0XFBUs4C2lRMcdqJBAXf5bTtjq6nfvuBCsnC4E5NIur4MAiYxwgoLfWKJa88PsVX2PYEkMQGHg0hTcb3GT3DVprqlFkxZ8DLxMpICWVo9Ipfdj8ksU8DRThI2bXMSDkJCMUIp2nBjiWNgIxgQLuaBuBT6SSzY1J8opU+9kKhX6DwTP09kYAv5cR3ddIHNZSL3lT8z+vGyqs5CQuiWNGAzBd5MccqxNNmcJ8JShSfaAJEMP1XTIaga1G6v4IuwVo8eZm0zivWRaV6Wy3Va1kdeXSEjlEZWegS1dENaqAmIugRPaNX9GY8GS/Gu/Exj+aMbOYQ/YHx+QOKJ5qq</latexit>

f(x) =
↵

x↵+1We know sand is distributed as a pareto with PDF

Prior:
<latexit sha1_base64="eZPOTASEaohxJ7E7Jamv0SPd0j4="></latexit>

↵ ⇠ N(µ = 2.5,�2 = 3)



§ Xi ~ Pareto(α). Use MAP to estimate α.
§ MAP function:

MLE for a Pareto

<latexit sha1_base64="Tpi24ZR6lI/iOHsQj9qbO1px4Ok="></latexit>

LL(↵) = log g(↵) + n log↵� (↵+ 1)
nX

i=1

log xi

= log
1p

3
p
2⇡

e
�(↵�2)2

6 + n log↵� (↵+ 1)
nX

i=1

log xi

= K +
�(↵� 2)2

6
+ n log↵� (↵+ 1)

nX

i=1

log xi

<latexit sha1_base64="Tpi24ZR6lI/iOHsQj9qbO1px4Ok="></latexit>

LL(↵) = log g(↵) + n log↵� (↵+ 1)
nX

i=1

log xi

= log
1p

3
p
2⇡

e
�(↵�2)2

6 + n log↵� (↵+ 1)
nX

i=1

log xi

= K +
�(↵� 2)2

6
+ n log↵� (↵+ 1)

nX

i=1

log xi

<latexit sha1_base64="Tpi24ZR6lI/iOHsQj9qbO1px4Ok="></latexit>

LL(↵) = log g(↵) + n log↵� (↵+ 1)
nX

i=1

log xi

= log
1p

3
p
2⇡

e
�(↵�2)2

6 + n log↵� (↵+ 1)
nX

i=1

log xi

= K +
�(↵� 2)2

6
+ n log↵� (↵+ 1)

nX

i=1

log xi

§ Choose α which is the argmax of this function
<latexit sha1_base64="7dLftDoKdo6ARhyWhBuoJArUNsU="></latexit>

@MAP(↵)

@↵
= �2↵+ 4 +

n

↵
�

nX

i=1

log xi



Initialize: alpha = some random start

Gradient Descent for Pareto

Repeat many times:

# Calculate gradient_alpha based on data
gradient_alpha = -2 * alpha + 4 + n / alpha 
for x_i in data:

gradient_alpha -= math.log(x_i)

alpha -= h * gradient_alpha



The last estimator has risen…
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