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Parameter
Estimation




Story so far

At this point: 1 Pllu=D=01  PW=D=08
If we're provided with a model and Y ~ Exp (E) @
all the necessary parameters, we ) ﬂ \7 ﬂ
X1, ., Xy lid

can make predictions!
X;~Ber(0.2),
X = Z?=1 Xi

P(F,, = 1|F, =1) = 0.9 P(T=1|F, =0,U=0)=0.1
P(F,, = 1|F,, = 0) = 0.05 P(T=1|F,=0U=1)=08
P(T=1|F,=1,U=0)=09
P(T=1|F, =1U N 1)= 1.0

But how do we infer and estimate the parameters for a given model?
H¢ isthe Heue ﬁ‘ﬁ rf-a/(au?'c
l<ctuve |
90?2  Glimpse: Week 10
] _ we'll Juek gie Ym @ del |
Machine Learning e re v v e

dr all I‘éwb&lw l-(l)\rﬂl’l/>

Jrekice mine week.
wWe'ld veed o while a.;(v\/[.
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S()me eStimatOrS P WA indvsAneed Vagk W(Mzgd% ond yev lened Srme p

7 F’Vnﬂaz? .
X1, X5, ..., X, are n iid random variables,
where X; drawn from distribution F with E[X;] = 2 Var(X;) = a
// by Hae \atlues

1 I W\W( w‘i’tt‘/;}‘lb<m/ca{-rl ankiad
Sample mean: Ez X; 9(b|ased estimate of u
=1
Sample variance: — Z(Xi — X)? unbiased estimate of g2

potentially useful estimates if trying to infer parameters of a Gaussian
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What are parameters?

def Most random variables we’ve seen thus far are parametric models:

Distribution = model + parameter 6

ex The distribution Ber(0.2) — model is Bernoulli, parameter is 8 = 0.2.

For each of the distributions below, what is the parameter 67

1.

o K~ W

Ber(p) 0=p
Poi(1)

Uni(a, )

N(u,0?)
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What are parameters?

def Most random variables we’ve seen thus far are parametric models:

Distribution = model + parameter 6

ex The distribution Ber(0.2) — model is Bernoulli, parameter is 8 = 0.2.

For each of the distributions below, what is the parameter 67

Ber(p) 0=p

Poi(4) =21

Uni(a, B) 0 =(a,p)

N(u,0?) 0 = (1,0

Y=mX+b 6 =(m,b) 6 is the parameter of a distribution.

6 can be a vector.
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Why do we care?

In the real world, we don’t know the true parameters.

* But we observe data: # times coin comes up heads, # requests for
Whevenev fm ee RydeShare per minute, # visitors to website per

ﬂ;ﬂm day, offer amount for that used bike you can’t sell
Y W\(pl WweonC 10 on eSbvide.

def estimator : a random variable estimating the true parameter 6.

In parameter estimation,

We'll initially and often rely on point estimates—i.e., the best single value
* Provides an understanding of why data looks the way it does

* Can make future predictions using that model

* Can run simulations to generate more data
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Defining the likelihood of data: Bernoulli

Consider a sample of n iid random variables X, X, ..., X,,.
+ X; was drawn from distribution F ~ Ber(8) with unknown parameter 6.
* Observed sample:

0,0,1,1,1,1,1,1,1,1] (n = 10)

Vb Yo py G aSSuwne

GS S0& | Yot 1€ my wdutbim
. . . . 0

How likely is this sample if, say, 0 = 0.4? Canest 2

N = 014
et p@w‘ﬁi‘; etk =t €

T —
P(sample|@.= 0.4) = l(0.4)8(0.6)2 = 0.000236

>>> for step in range(11):
theta = 0.1 * step

print("P(sample | theta = {:.1f}) = ({:.1f})"8 * ({:.1f})"2 = {:.6f}".format(theta, theta, 1 - theta, (theta *x 8) * ((1 - theta) %k 2)))

P(sample | theta = 8.0) = (8.0)%8 % (1.0)%2 = 0.000800 L k | h d f d t

P(sample | theta = 0.1) = (0.1)"8 x (8.9)"2 = 0.000000 I e I OO O a a

P(sample | theta = 0.2) = (8.2)%8 * (0.8)%2 = 0.000002

P(sample | theta = 0.3) = (8.3)%8 % (0.7)%2 = 0.000032 .

P(sample | theta = 0.4) = (0.4)"8 % (0.6)"2 = 0.000236 g|ven pa ra[neter 0 =— 0 4

P(sample | theta = 0.5) = (0.5)"8 * (8.5)"2 = 0.000977 "

P(sample | theta = 0.6) = (0.6)"8 x (0.4)"2 = 0.002687

P(sample | theta = 0.7) = (8.7)%8 % (0.3)%2 = 0.005188 . ,P
P(sample | theta = 0.8) = (0.8)%8 x (0.2)42 = 0.006711 I th b tt h f 9
P(sample | theta = 0.9) = (0.9)"8 x (0.1)"2 = 0.004305 S ere a e er C Olce Or H
P(sample | theta 1.0) (1.09)78 % (8.9)"2 = 0.000000

>>>
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Defining the likelihood of data

Consider a sample of n iid random variables X, X, ..., X,,.
+ X; was drawn from a distribution with density function f(X;|8).
« Sample: (X1, X,, ..., X,)

Likelihood question:

How likely is the sample (X, X5, ..., X;,) given the parameter 67?
We lan Soe, Wi e
/_\—/\_/_\ a\ a
Likelihood function, L(6): ”'A%M ¢ poffh! numwi I \'MM'F
(whicha v e

L(8) = f(Xy, Xg) o) Xy |0) = l_[f(X|8) oy o

This is just a product, since the X; are iid.
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Maximum Likelihood Estimator

Consider a sample of n iid random variables X, X5, ..., X,,, drawn from a
distribution f(X;|0).
def The Maximum Likelihood Estimator (MLE) of 8 is the value of 8 that
maximizes L(0). — wefted  dne vue o o thetmamimries din purbab il
waS (Hfﬁca‘("‘(‘]"""
HMLE = dI'g max L(H) e
6
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Maximum Likelihood Estimator

Consider a sample of n iid random variables X, X5, ..., X,,, drawn from a

distribution f(X;|0).

def The Maximum Likelihood Estimator (MLE) of 8 is the value of 8 that
maximizes L(0).

HMLE = dIg max L(H)
6

Likelihood of your sample

L) = | | reaie
=1

— P(X;\\'Bj
For continuous X;, f(X;|0) is PDF, and for discrete X;, f(X;|0) is PMF 5oy
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Maximum Likelihood Estimator

Consider a sample of n iid random variables X, X5, ..., X,,, drawn from a

distribution f(X;|0).

def The Maximum Likelihood Estimator (MLE) of 8 is the value of 8 that

maximizes L(0).

HMLE = dI'g max L(H)
6

the argument 6
that maximizes L(0)

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Winter 2024
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argmax and log

likelihood




New function: arg max

The argument x that

drg max f(x) maximizes the function f(x).

X

1. max f(x)?

Let f(x) = —x? + 4, My

where -2 < x < 2.

2. argmax f(x)?
=0

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Winter 2024 Stanford University 15




Argmax properties

The argument x that

drg max f(x) maximizes the function f(x).

X

arg max ]og f(x) (log is an increasing function:
X x <y logx <logy)

darg max (C logf(x)) (x <y clogx <clogy)
X

for any positive constant ¢

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Winter 2024 Stanford University 16



Finding the argmax with calculus

% = arg max f(x) Let f(x) = —x? + 4,
X where =2 < x < 2.
. . f(x)
Differentiate w.r.t. d _ d 2 _ 4
argmax’s argument Ef(x) - E(x +4) =2x .
2 1
Set to 0 and solve 2x =0 = x=0 1]

Make sure X Check f(£ + ¢€) < f(X)
IS @ maximum Often ignored in expository derivations
We’'ll ignore it as well (and we won’t require it in
class or on problem sets and exams)

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Winter 2024 Stanford University 17



Maximum Likelihood Estimator

Consider a sample of n iid random -
variables X4, X5, ..., X,,, drawn from a L(9) = Hf(XiW)
distribution f(X;|0). i=1

0, Maximizes the likelihood of our Oy g = argmax L(0)

sample, L(6): 0

6,15 also maximizes the log-likelihood Oy r = arg max LL(6O)
6

function, LL(6):

n n
LL(6) = log L(8) = log (1_[ f(Xl-|6?)> - z log £ (X;|0) LL(6) is often easier to
i=1 i=1 differentiate than L(0).

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Winter 2024 Stanford University 18



MLE: Bernoulli




Computing the MLE Oy = arg max LL(0)

General approach for finding 8y, , the MLE of 6:

1. Determine 2. Differentiate LL(6) 3. Solve resulting
formula for LL(6) w.r.t. (each) 8 equations
C dLL(6) To maximize: algebra or
LL(6) = z log £(X;|0) oLL(O) _
- EY: = computer

LL(0) is often easier to
differentiate than L(8).

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Winter 2024 Stanford University 20



Maximum Likelihood with Bernoulli

Consider a sample of n iid RVs X{, X, ..., X,,. * Let X;~Ber(p).
What |S HMLE — pMLE?
1. D -
. Determine _
formula for LL(8) LL(9) = -~ log £ (X;[p)
- 5 f&ilp) = {
41&“\?) [PPRRAN

cunemd Fovm 19

ot Adbevendrably,

ourd 17 By \p) rom*
alder

Ssdwesc?
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Maximum Likelihood with Bernoulli

Consider a sample of n iid RVs X1, X5, ..., Xj,. * Let X;~Ber(p).
Whatis Oy1p = PmLE"? © fXilp) =p*(A —p)t™¥
1. D -
. Determine _
formula for LL(6) LL() = Z log f (Xilp)
1=

f(X;lp) = p*i(1 — p)*~*i where X; € {0,1}
Vw‘\'(?)%m/ Xy=1 = £ :"?) = ?\(‘"PY =P v
% =) = £y =0(P) = Po (1) = ("P)‘/

wivke &v X;=0
ard Ky= | - differentiable with respect to p
* valid PMF over discrete domain
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Maximum Likelihood with Bernoulli s

.PWCKUZL I \oﬂ ol = |03a “Hﬁla
|v3)< = v)ygx

Consider a sample of n iid RVs X{, X, ..., X,,. * Let X;~Ber(p).

What |S QMLE — pMLE?

1. Determine
formula for LL(6)

© fXilp) = p*i(1 —p)t ¥

LL(6) —zlogf(X D) Elogp i(1—p)t=

- Logpl - L5 (0™

n

= ) [X;logp + (1 — X)) log(1 — p)]
i=1

— .ﬁpzx + 1qli- P)z\ - uﬁ(t—p>§><;

=Y(logp) + (n—Y)log(1 —p), whereY = z X;

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Winter 2024 StanfordUnlverSIty 23



Maximum Likelihood with Bernoulli

Consider a sample of n iid RVs X3, X5, ..., X,,. * Let X;~Ber(p).
Whatis Oy = PmLE"? © fXilp) =p*i(1 —p)tT*

LL(6)

n
=Y({ogp) + (n —Y)log(1 —p), where Y = ZXi
i=1

2. Differentiate LL(6) dLL(B) 1 -1

wrt (each) 8, setto O op _YE"'(”_Y)E:O
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Maximum Likelihood with Bernoulli

Consider a sample of n iid RVs X3, X5, ..., X,,. * Let X;~Ber(p).
Whatis Oy = PmLE"? © fXilp) =p*i(1 —p)tT*

LL(6)

n
=Y({ogp) + (n —Y)log(1 —p), where Y = ZXi

=1
dLL(6) 1 —-1 Y  wY
=Y-+(n-Y)——=0 =7 — =
dp ( )7 —p P \-p
X-Xg =vp - Jp
3. Solve resulting p= \\’/V\

equations
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Maximum Likelihood with Bernoulli

Consider a sample of n iid RVs X{, X, ..., X,,. * Let X;~Ber(p).
What |S QMLE — pMLE? ¢ f(Xllp) = pXi(]_ — p)l_xi
1 1< MLE of the Bernoulli parameter, pyik,
3. Solve resulting puLe = —Y = —z X; is the sample mean, X, which is an
equations n n i—1 unbiased estimator of the true mean.
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Quick check

* You draw n iid random variables X4, X, ..., X,, from the distribution F,
yielding the following sample:

0,0,1,1,1,1,1,1,1,1] (n = 10)
* Suppose distribution F = Ber(p) with unknown parameter p.

1. Whatis py; g, the MLE of the parameter p?

A. 1.0

5. 0.5 1
@ 0.8 PuLg = X = EE Xi
D. 0.2 i=1

. None/other
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Quick check

You draw n iid random variables X, X, ..., X,, from the distribution F,
yielding the following sample:

0,0,1,1,1,1,1,1,1,1] (n = 10)
Suppose distribution F = Ber(p) with unknown parameter p.

What is py g, the MLE of the parameter p? 0.8
What is the likelihood L(8) of this specific sample?

fXilp) = p*i(1 — p)*~*i where X; € {0,1}

n
L) = Hf(Xih?) where 6 = p
i=1 )¢ mngll 3 \w*l’d’lxpw\,ﬂbﬂqh |
= p8(1 — p)Z =0.88022 =0.0067 ué any specy e sacpes o 19 BoavelliC

)e CJM‘/S -,-v Iﬂ Ol ,
Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Winter 2024 Stanford University 2s



MLE: Poisson
and Uniform




Maximum Likelihood with Poisson

Consider a sample of n iid RVs X{, X, ..., X,,. * Let X;~Poi(4). A7 X;
Lo ala ‘I) A ‘H 19 . . =
What is Oy = Appe? “" hg 2= \gw \2\, © PMF: f(X:l4) X!
1. Determine AX‘) n
LL(O 1 = ) (—7loge + X;log A — log X;!
formula for LL(6) )= z og< Z( 08¢ o8 o8 Xil)

using natural log,

= —nAi +log(4) ZX ZIOg(X ) i.e,lne=1

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Winter 2024 Stanford University 30



Maximum Likelihood with Poisson

Consider a sample of n iid RVs X{, X, ..., X,,. * Let X;~Poi(4). A7 X;
What is 815 = dyigp? - PMF: f(Xi|1) = X

LL(B) =

= —nA + log(4) i X; — i log(X;!)

2Zexrol

2. Differentiate LL(6) oLL(0) (- >\> L N ‘V\Ex‘ g\/:\/\\
w.r.t. (each) 6, setto O Y ﬂ'ﬁ " AN vey et .2“5?(“
=)
B. - C. .
1 9Xx;! 1
—n+ ZX +nlogd — ZX' 3X. _"+szi Stop trying
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Maximum Likelihood with Poisson

Consider a sample of n iid RVs X4, X5, ...
What |S QMLE — AMLE?

Solve resulting
equations

LL(B) =

X,

Let X;~Poi(A). s x,
PMF:  f(Xi|D) =

X;!

= —nA + log(4) i X; — i log(X;!)

OLL (9)
oA

A —12)(
MLE_,E. i
=1

i=1
n
I
/1
=1

o I X

r).:’

MLE of the Poisson parameter,
AyLEg, iS the sample mean, X,
which is an unbiased estimator of
the true mean.
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Quick Review

1. A particular experiment can be modeled as a
Poisson RV with parameter A, in terms of AMLE = ZX
events/minute. Sawple 3¢ (B=x, 5 %a= Kuyo X0 =5y )
Collect data: observe 53 events over the next Z Xy =53 ”7 %Mw - 30
10 minutes. What is Ay p? 3, =53 o -

2. Is the Bernoulli MLE an unbiased estimator of ¢ [, |- p’
. 5 " .
the Bernoulli parameter p* X Bw(@ c [;‘ gxﬂ - €(X] - up

3. Is the Poisson MLE an unbiased estimator of
the Poisson variance? X~ Poi (D) ElNue | = E ‘] A=a™

_ Unbiased: If you repeat your
4. What does unbiased mean? | experiment multiple times, on average,

E[estimator] = the truth you’ll get what you are looking for.
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Maximum Likelihood with Uniform

Consider a sample of n iid random variables X, X, ..., X,,.

1
: — <x: <
Let X;~Uni(a, B). fila,p)={p—a "TESHSP
0 otherwise
1. Determi 1 \"
. Determine _
N e if a<xq{,%X,..,%X, <
formula for L(6) L(8) = (ﬁ — a) b2 n<h
0 \ otherwise
LL(B) = M Iig o PmAM AL Ky oue cuck At X £ X£8
2. Differentiate L(8) A. Great, let’'s do it
wrt each 6, setto O B. Use LL(6) instead

Constraint a < x4, x5, ..., X, < f
makes differentiation hard
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Maximum Likelihood with Uniform: Sample

Consider a sample of n iid random variables X, X, ..., X,,.

1 \"
L(H) — (ﬁ — a) If a S xl; xz, --.,xn S ﬂ
0 otherwise

Let Xl-~Uni(a,,8).

Underlying X; ~ Uni(0,1) [0.15,0.20, 0.30, 0.40,0.65,0.70,0.75]

You observe data:
Uni(a = 0.00,8 = 1.00)

Uni(a = 0.15, 8 = 0.75)
Uni(a = 0.15, 8 = 0.70) D

A

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Winter 2024 Stanford University 35
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Maximum Likelihood with Uniform: Sample

Consider a sample of n iid random variables X, X, ..., X,,.

1 \"
L(H) — (ﬁ — a) If a S xl; xz, --.,xn S ﬂ
0 otherwise

Let Xl-~Uni(a,,8).

Underlying X; ~ Uni(0,1) [0.15,0.20, 0.30, 0.40,0.65,0.70,0.75]

You observe data: f—%m.;\l\:w(/\w\uc Wivs
Uni(a = 0.00,4 = 1.00) (D" =1 fl"”P '“‘WV' “o’j

Which parameters _ 1\ 0.5

maximize L(6)? Uni(a = 0.15,5 = 0.75) (E) =59, oA o bl

6 .5
Uni(a = 0.15,8 = 0.70)  (c%) -0=0"10"""

0.55

I | Original parameters may not yield maximum likelihood.
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Maximum Likelihood with Uniform

Consider a sample of n iid random variables X, X, ..., X,,.

. 1 \"
Let X;~Uni(a, B). L(6) = (,B—a) if a <xq,%9, .0, <P
0 otherwise
Omie: Qg = Min(xy, Xy, ..., Xp) Bure = max(xq, Xz, ..., Xp)

Intuition:
Want interval size f — a to be as narrow
as possible to maximize likelihood function.
Need to ensure all datapoints are included
in interval. Otherwise, L(6) = 0.
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Small samples = problems with MLE

Maximum Likelihood Estimator 8y, :
Best explains the data we've seen
Does not attempt to generalize to data not yet observed.

HMLE = dIrg max L(H)
0

(MLE for Bernoulli p,

n
1
=) X
In many cases,  MmLE n; i Samplemean Lo son 4, Normal )

Unbiased (E[uy.] = 1, regardless of sample size)
ol ob Mmiw\c,]‘ws Az b i (pusuwwﬂt,
[ Wk )

. For some cases, like Uniform:  ayp = @, Buie < B & savw erock

chove
Ad hoc, biased, and problematic for small sample sizes
Example: If n = 1, then a = 3, and our estimates yield an invalid
distribution
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MLE: Gaussian




Maximum Likelihood with Normal

Consider a sample of n iid random variables X, X, ..., X,,.

- Let X;~ NV (u, 0?). F(X; Iu, o?) = e~ Xi=m)?/(20?)

What is Oy g = (MMLW (]WP
1. Determine

formula for LL(6)

C 1 2 /(g
LL(O) = ; log (mae—(xi—u) /(20 )) z[_ log(\/_a) — (X; — W) /(202)]

(using natural log)

\/Zna

=Y log(V2ra) = ) [(%; - ?/(207)]
i=1 =1
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Maximum Likelihood with Normal

Consider a sample of n iid random variables X, X, ..., X,,.
- Let X;~ NV (u, 0?). Xy 0?) = e~ Xi=m)?/(20?)

What is Oyrr = (Umie, OriLe)?

2. Differentiate LL(6)
wrt (each) 8, setto O

W”I R L10) = - ) log(V2ra) - ) [(X; — 1)?/(207)]
i=1 =1

ALL(O) N0
20 = 120~ /207

i=1

1 n
=) (i =0
i=1

V2ro
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Maximum Likelihood with Normal

Consider a sample of n iid random variables X4, X5, ..., X,,.
Let X;~ N (i, 02). Xy 0?) = e~ Xi=m)?/(20?)

What is Oyrr = (Umie, OriLe)?

Differentiate LL(0)
wrt (each) 8, setto O
n

LL(O) = _z log(\/Z_na) _ Z[(Xi _ ,LL)Z/(ZJZ)] with respect tcla
=1 i=1

OLL(6 SERN
©) _ =D+ ) 20— w?/(20%)
i=1

do _
i=1

%zn:(xi—ﬂ)=0 =——+—2(X —w?=0
i=1

V2ro
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Maximum Likelihood with Normal

Consider a sample of n iid random variables X, X, ..., X,,.

° Let X;~ N(M,O'z). f(Xl.llu’o'z) = \/_2_ e—(Xi—u)z/(Zo'z)
o
: — 2
What is Oy1r = (UmLE, OmLE)?
3. Solve resulting Two equations, _ n L 5
equations two unknowns: E(X w =0 + z(X W =0
F | 1 < 1% 150 anbey
irst, solve ’
HMLE- 0“4 o e . n & o |
i=1 i=1 =1 unbiased i=1 —
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Maximum Likelihood with Normal

Consider a sample of n iid random variables X, X, ..., X,,.

° Let X;~ N(M,O'z). f(Xl.llu’o'z) - e—(Xi—u)Z/(ZO'Z)
_ 5 V2mo
What is Oy1r = (UmLE, OmLE)?
n
3. Solve resulting Two equations, 1 N & _z 2 _
equations two unknowns: 52 Z(Xl w =0 + Xi—p)==0
1
MUMLE = 52 %¢
unbiased  i=1

Next, solve 1 — )

for oy g gZ(Xi == = Z(X -w?=0°n > TigLe = Z(X HmLE)

blased i=1
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