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Maximum A Posteriori (MAP) Estimator

Consider a sample of n iid random variables X4, X5, ..., X;,.

Maximum
a Posteriori
(MAP)
Estimator

maximizes the likelihood

f(Xl;XZ;-- X |8)

likelihogd of data |
[ : //
f{oﬁ [q.{(,ﬂC K

W\ZQ "”?’C,W l/

Given the sample data

(X1, X2, ., X)), Omap = arg max f(9|X1;X2,
what is the most probable oosterior distribution
parameter 67 of 6
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Maximum A Posteriori (MAP) Estimator

Consider a sample of n iid random variables X4, X5, ..., X,,.

def The Maximum a Posteriori (MAP) Estimator of 0 is the value of 8 that
maximizes the posterior distribution of 6.

QMAP = arg maXf(9|X1,X2,...,Xn) \ M‘l' %
6 !
ppth
o~ V{_\z,«\
Intuition with Bayes’ Theorem: L(6), probability of data Ve
given parameter 6 éﬁfv‘v‘; s

After seeing
data, posterior
belief of 6

likelihood prior

If&’;ﬁ”‘f) ~ P(datal6)P(6)
i = P(data)
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Before seeing data,
prior belief of 6




Solving for 0y, 4p

Observe data: X4, X5, ..., X;,, all iid n
Let likelihood be same as MLE: f(X1, X5, ..., X,|0) = Hf(XiI )
=1

Let the prior distribution of 8 be g(0). :

V'\'m'k
T el gerevie AHHOE
i v
f(X1'X2' 'ang)g(e)

h(X1, X5, o, Xp)

Oumap = arg max f (601X, X5, ..., X)) = arg max (Bayes’ Theorem)
6 0

g (@) I1iz, f(Xi| 6)

= arg;nax h(Xy, X0, o) X)) (independence)
n
= arg max g(6) nf(Xl| 0) (1/h(X1, X2, ..., Xp,) is @ positive constant w.r.t. 8)
0 g
1=1

= arg;nax (logg(@) + z log f (X;] 9))

=1
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Oy 4p: Interpretation 1

* Observe data: X{, X5, ..., X, all iid

» Let likelihood be same as MLE: f(X1,Xy, ..., X,|0) = Hf(Xi| )
=1

* Let the prior distribution of 8 be g(6).

Opap = arg;naxf(9|X1,X2, vy X))

= arg;nax (logg(@) + z log f(X;| 9)

=1

|

l

Oy14p Maximizes

log prior + log-likelihood

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2024
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Oy 4p: Interpretation 2

* Observe data: X4, X, ..., X, all iid

» Let likelihood be same as MLE: f(Xy, X3, ...,X,10) = Hf(Xi| )
=1

* Let the prior distribution of 8 be g(6).

l

Opap = arg;naxf(9|X1,X2, vy X))

posterior distribution of

The mode of the

= arg;nax (logg(@) + z log f(X;| 9)

=1

|

Oy14p Maximizes

log prior + log-likelihood

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2024
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Mode: A statistic of a random variable

The mode of a random variable X is defined as:

arg max p(x) arg max f (x)
X X
(X discrete, PMF p(x)) (X continuous, PDF f(x))

Intuitively: The value of X that is "most likely".

Note some distributions don’t have a unique mode
(e.g., Uniform distribution, Bernoulli(0.5))

Opap = argemaxf(9|X1,X2, v, Xp)

*{/Y\,‘;C\imwﬁz Kmﬁmw Omap is the most probable 6

oA ot How end by b - given the data X4, X>, ..., X,,.
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Bernoulli MAP:
Choosing a

prior




How does MAP work? (for Bernoulli)

Observe data

Choose model

Choose prior on 6

Flnd OMAP —

arg max f(0|X1,X,, ..., X,)
6

n heads, m tails

/ Bernoulli(p)

(some g(6))

maximize
log prior + log-likelihood

log g(6) + ) log £(X;|6)
i=1

* Differentiate, setto O
* Solve

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2024

MAP depends on what
g(8) we choose.
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PZN.CtéP\v‘ vealmble L,

- 1Y combered ot P05, bt
MAP for Bernoulli e cdat 7 PO
Aol b
* Flip a coin 8 times. Observe n = 7 heads and m = 1 tail. gﬁ;@”m mﬁw"w
* Choose a prioron 8. What is 0,4p7 \ IWeN -

/_\/\__———”T\
Suppose we pick a prior 6~ (0.5,1%). g(8) = z=e~#=09"/2

1. Determine log logg(0) +log f(X1,X,, ..., X,|6)

prior + log 1
o _ —(p—0.5)2/2) ( n+m\ nq m)
likelihood log (—me +log " )p"(1 - p)

= —log(V2m) — (p — 0.5)?/2 + log (n ;:m) + nlogp + mlog(1l — p)
2. Differentiate

wrt (each) 6, —(p—05) + n__m _ g  We should choose a prior that's
setto O ' p 1l-p easier to deal with. This one is hard!
3. Solve resulting . . L veatm Al QW L e 4
WIN e,
equations cubic equations, nope not goingto do it o e pecanee e
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A better approach: Use conjugate distributions
£ the Janu o oS

: up
Observe data n heads, m tails “QM"\;’:% dnﬁ;j L
iy P
Choose model Bernoulli(p) Qﬁ”’ "
Choose prior on 6 (choose conjugate
distribution)

Flnd QMAP —
arg max f(0|X1,X,, ..., X,)
6

Up next: Conjugate
priors are great
for MAP!
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Bernoulli MAP:
Conjugate prior




Beta is a conjugate distribution for Bernoulli

Beta is a conjugate distribution for Bernoulli, meaning;:
Prior and posterior parametric forms are the same

Practically, conjugate means easy update:
Add numbers of "successes" and "failures" seen to Beta parameters.

You can set the prior to reflect how fair/biased you think the experiment is a priori.
BA—,‘C\)\B Anranm( gmtnle all ©=p valnes egaalle, Veal,,

Prior Beta(a = nypag + 1,0 = Mypqq + 1)
Experiment Observe n successes and m failures

Posterior Beta(a = Nimag TN+ 1,0 =mypeg + m+ 1)

1 Beta parameters a, b are called hyperparameters.
_ a— Interpret Beta(a, b): a + b — 2 trials,
Mode of Beta(a, b): a+b—2 with a — 1 successes and with b — 1 failures

(We ” prove th ISIna feW mlnulﬁsea$gn Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2024 Stanford University 14



How does MAP work? (for Bernoulli)

Observe data n heads, m tails
Choose model Bernoulli(p) \
Choose prior on 6 (choose conjugate
distribution)
Find Oy 4p Z . X Mode of posterior
argernax fO1X1, X2, oo Xp) distribution of 6

(posterior is also
conjugate)
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Conjugate strategy: MAP for Bernoulli

* Flip a coin 8 times. Observe n = 7 heads and m = 1 tail. } Define as data, D
* Choose a prior on 8. What is Oy;4p?

1. Choose a prior

2. Determine posterior

3. Compute MAP

Suppose we pick a prior 8~Beta(a, b).

Because Beta is a conjugate distribution for Bernoulli,
the posterior distribution is 8| D~Beta(a + n, b + m)

at+n—1
a+n+b+m-—2

Oriap = (mode of Beta(a + n, b + m))

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2024 Stanford University 16



MAP in practice

* Flip a coin 8 times. Observe n = 7 heads and m = 1 tail.

* What is the MAP estimator of the Bernoulli parameter p,
if we assume a prior on p of Beta(2,2)?

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2024 Stanford Ul’liVEI’Sity 17



MAP in practice

* Flip a coin 8 times. Observe n = 7 heads and m = 1 tail.

* What is the MAP estimator of the Bernoulli parameter p,

if we assume a prior on p of Beta(2,2)?
Before flipping the coin,

1. Choose a prior 9~Beta(|2,2). we imagined 2 trials:
avie A I’YW \ 1 imaginary head, 1
== imaginary tail.
2410
2. Determine posterior Posterior distribution of 6 given observed data is Beta(9, 3)

q ¢ \,.ea\lbl 2+
% \¢ wlu\ 24+\
After the experiment, we saw 10 trials:

3. Compute MAP A Oriap = 10 8 heads (imaginary and real),
2 tails (imaginary and real).

. i~
G
" ot =D
& 2L
0\ (\’ Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2024 Stanford University 18



Proving the mode of Beta

Flnd QMAP —
arg max f(0|X1,X,, ..., X,)
6

These are equivalent
interpretations of Oy4p.
We'll use this equivalence
to prove the mode of Beta.

(choose conjugate)
Beta(a, b)

maximize
log prior + log-likelihood

Mode of posterior
distribution of 6

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2024
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MAP for Bernoulli, conjugate prior (from first principles)

Flip a coin 8 times. Observe n = 7 heads and m = 1 tail.
Choose a prior on 8. What is Oy,4p?

normalizing
constant, 8

Suppose we pick a prior 6~Beta(a, b). g(6 =p) = ;;p“‘l(l _ pyb-1

Determine log prior + log likelihood

log g(0) +log f (X, X3, ..., X3 |0) = log (lp“_l(l — p)b_l) + log ((n -;m) p"(1— p)m)

B
1 n+m
= logE + (a—1)log(p) + (b — 1) log(1 —p) + log( . ) + nlogp + mlog(1l — p)
Differentiate a—1+2_b—1_ m _o
w.r.t. (each) 9, p p 1-p 1-p
setto O

(next slide)

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2024 Stanford University 20



MAP for Bernoulli, conjugate prior (from first principles)

Flip a coin 8 times. Observe n = 7 heads and m = 1 tail.
Choose a prior on 8. What is Oy,4p?

normalizing
constant, 8

Suppose we pick a prior 6~Beta(a, b). g(6) = %pa—l(l _ p)b-1

Solve for p a—1 + n_ b—1 __m o 0 (from previous slide)
p p 1-p 1-p
~a+n—-1 b+m-1
— J— —
1-p

= (a+n—-1)—(@+n—Dp=>b+m-—1)p
— pla@a+n+b+m-2)=a+n-1

p B at+n—1
MAP = a+n+b+m-—2

The mode of the posterior,
Beta(a + n,b + m)!

If we choose a conjugate prior, we avoid calculus
with MAP, and we can simply report mode of
posterior.

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2024
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Choosing
hyperparameters
for conjugate
prior




Where'd you get them priors?

. . prior
Let 8 be the probability a coin turns up heads. s,
Model 6 with 2 different priors: zz
Prior 1: Beta(3,8): 2 imaginary heads, ) sl
7 imaginary tails ~ mode: o]
Prior 2: Beta(7,4): 6 imaginary heads, 6 0.5
3 imaginary tails ~ Mode: g 001 :

Now flip 100 coins and get 58 heads and 42 tails.

What are the two posterior distributions?
What are the modes of the two posterior distributions?

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2024 Stanford University 23



Where'd you get them priors?

* Let 8 be the probability a coin turns up heads.

* Model 8 with 2 different priors:
> Prior 1: Beta(3,8): 2 imaginary heads, 2 =
7 imaginary tails ~ mode: -
> Prior 2: Beta(7,4): 6 imaginary heads, 6

3 imaginary tails ~ Mode: g

Now flip 100 coins and get 58 heads and 42 tails.
60
109
64

Posterior 2: Beta(65,46) mode: 775

Posterior 1: Beta(61,50) mode:

PDF

Provided we collect enough data, posteriors will converge to
the true value and choice of prior will matter less.

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 202

3.0 1
2.5 1
2.0 4
1.5
1.01

0.5

0.0 -

8.0 1

6.0 -

4.0 -

2.0 1

0.0 -

prior

—— Beta(3,8)

. --- Beta(74)

0.0

posterior

— Beta(61,50)
-==- Beta(65,46)

0.0

0.2




Laplace smoothing

MAP with Laplace smoothing: a prior which represents k imagined
observations of each outcome.

Categorical data (i.e., Multinomial, Bernoulli/Binomial)
Also known as additive smoothing

Laplace estimate Imagine k = 1 of each outcome
(follows from Laplace’s "law of succession")

Example: Laplace estimate for probabilities from previously mentioned
experiment (100 coins: b8 heads, 42 tails)

Laplace smoothing:

9 e | 43 424 .
: tails —— =2 e Easy to implement/remember

‘v 102 o>
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https://en.wikipedia.org/wiki/Rule_of_succession

Back to our happy Laplace

Consider our previous 6-sided die.
* Roll the dice n = 12 times.
* Observe: 3 ones, 2 twos, 0 threes, 3 fours, 1 fives, 3 sixes

| bl
Recall QMLE: P1 = 3/12; P2 = 2/12; p3 = 0/12: ! "’O‘SMZ;VLLZPDLCM lﬁ
ps = 3/12,p5 = 1/12,p¢ = 3/12

What are your Laplace estimates for each roll outcome?

:@
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Back to our happy Laplace

Consider our previous 6-sided die.
Roll the dice n = 12 times.
Observe: 3 ones, 2 twos, 0 threes, 3 fours, 1 fives, 3 sixes

Recall HMLE: p1 = 3/12;p2 = 2/12;293 — 0/12, :
Pa=3/12,pc =1/12,p, = 3/12

What are your Laplace estimates for each roII outqome?
Xi + 1 Xg - “ 1o & b
n+m

pi =

p1 =4/18,p, = 3/18,p3 = 1/18, Laplace smoothing:
ps =4/18,ps = 2/18,p, = 4/18 » Easy to implement/remember
* Avoids parameter estimation of 0
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Extra: Other
Conjugates




Conjugate distributions

MAP 0 — aromax F(01X. X X The mode of the
estimator: MAp ge f( l L2y e n) posterior distribution of 6

Distribution parameter Conjugate distribution

Bernoulli p Beta

Binomial p Beta
Multinomial p; Dirichlet
Poisson A Gamma
Exponential A Gamma
Normal u Normal

Normal o2 Inverse Gamma
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Multinomial is Multiple times the fun

Dirichlet(a4, a,, ..., a,;) is a conjugate for Multinomial.

Generalizes Beta in the m
same way Multinomial 1 nx_ai—l
s Qyp) = L

_ _ _ flxg, %o, ey X)) =
generalizes Binomial: B(ay, ay,

Prior Dirichlet(aq, a,, ..., a;,)
Saw (31, a;) — m imaginary trials, with a; — 1 of outcome i

Experiment Observe nq + n, + --- + n,, new trials, with n; of outcome i

BEVERLY CLEARY

Posterior  Dirichlet(a; + nq,a, + n,, ..., a; + Nyy) m;ia.;s

"\\&

a; +n;—1

) (Zyil ai) + (Z{’il Tli) —m

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2024
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Good times with Gamma

0.7

Gamma(a, f) is a conjugate for Poisson. 06| — arapos
* Also conjugate for Exponential, zj — o
but we won't delve into that -3 =iap
_ ﬁa:xa—le—ﬁx
* Mode of gamma: (a« — 1)/ 0.2 / Gammala, £) == —
011/ /9
a.a—-1,—Lx ——
Prior 9~Gamma(a“3) _BxT e °%0"7 2 6 8 10 12 14 16 18 20

F((X) Poisson parameter

Saw a — 1 total imaginary events during [ prior time periods

Experiment Observe n events during next k time periods
Posterior  (6|n events in k periods)~Gamma(a + n, 8 + k)

a+n—1
B+ k
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MAP: Ouinp =




Gamma(a, ) ode: =1

MAP for Poisson is conjugate for Poisson 75

Let A be the average # of successes in a time period.

Observe 10 imaginary events
in 5 time periods,
l.e., observe at Poisson rate = 2

1. What does it mean to have
a prior of 6~Gamma(11,5)7?

Now perform the experiment and see 11 events in next 2 time periods.

2. @Given your prior, what is the
posterior distribution?

:@
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3. What is Oy 4p? 0/



Gamma(a, ) La—1

MAP for Poisson is conjugate for Poisson 75

Let A be the average # of successes in a time period.

Observe 10 imaginary events
in 5 time periods,
l.e., observe at Poisson rate = 2

1. What does it mean to have
a prior of 6~Gamma(11,5)7?

Now perform the experiment and see 11 events in next 2 time periods.

2. @Given your prior, what is the

posterior distribution? (6]n events in k periods)~Gamma(22,7)

3. What is Oy4p? Ormap = 3, the updated Poisson rate
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