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L.inear to
Logical:
Preamble




Dot product: 67X = }7L, 6;X;

1. Weighted sum

Recall the linear regression model, where X = (X1, X5, ..., X,,) and Y € R:
m
j=1

How would you rewrite this expression as a single dot product?

g(X) = 60Xy +60,X; +0,X, + -+ 6, X, Define X, = 1

= BTX NeWX - (1,X1,X2, ,Xm)
Prepending X, = 1 to each feature vector X ‘ @4
simplifies matrix operators. )
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. Sigmoid function o (z)

The sigmoid function: o(z)
1 b
o\Z) =
(2) 1+e7?

Sigmoid squashes z to
a number between O and 1.

1 WA l l l l |
10 8 6 4 2 0 2 4 6 8 10
Recall definition of probability:
A number between O and 1 that o(z) can represent
expresses a belief that something is true. a probability.
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3. Conditional likelihood function

Training data (n datapoints):
- (x®,y®) drawn iid from a distribution f(X = ),y = y®]9) = f(x,yV)9)

n
_ (D)1 (D) conditional likelihood
Omie arg;naxl_llf(y [x,6) of training data
l:

n
= arg maxz logf(y(i)| xW, 9) log conditional likelihood
0 .
=1

* MLE here is estimator that
= arg max LL (0) maximizes conditional likelihood
6 * log conditional likelihood is also
written as LL(0)
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Logistic
Regression




Prediction models so far

Linear Regression (Regression)

X 6o + z 0:X; % X can be dependent
=1 @ Regression model (Y € R, not discrete)

? — 90 + Z;nzl HJX]

Naive Bayes (Classification)

X ~ ~ ~ Tractable with NB assumption, but...
P(X|Y)P(Y) P(X,Y) 1 Realistically, X; features aren’t always
Y conditionally independent
¥ = arg max P(Y | X) & Actually models P(X,Y), not P(Y|X)?
y={0,1}

= arg max P(X|Y)P(Y)
y={0,1}

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2024 Stanford University 7



Logistic Regression

m sigmoid function
X 9 +29;Xj z | o) = — P(Y =1|X)
j=1 1+e7?
m
Logistic Regression Model: P(Y=1|X=x)=o0| 6, + Z 0;x;
j=1
Predict Y as the more likely Y Y = argmaxP(Y | X)
given our observation X = x: y={0,1}
Since Y € {0,1}, P(Y=0|X=x) =1—-0(6, + X, 6,x;)

Sigmoid function also known as logit function
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Logistic Regression

N~ (_os1

6 parameter

P(Y=1|X =x)
conditional likelihood

input features

m
P(Y= 1|X=X) =0 00+ZHJX]
j=1
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Logistic Regression: Key Metaphor

6 parameter
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Logistic Regression: Key Metaphor

j=1

P(Y=11X=1x) = 0<90 +) ijj>
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Logistic Regression: Key Metaphor

P(Y =1|x)

m
P(Y=1|X=X)=O' 00+Z€1X]

X, input features =

10,1,1]
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Components of Logistic Regression

m
6 weights Py =1|X =x) = 0(‘90 T z 9jxj>

(aka parameters) =1
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Components of Logistic Regression

P(Y =1|x) >()

m
P(Y= 1|X=X) =0 90+Z€1X]
j=1
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Components of Logistic Regression

P(Y =1|x) >()

squashing function
between Oand 1

m
P(Y= 1|X=X) =0 00+Z€1X]
j=1
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Components of Logistic Regression

P(Y =1|x) >()

prediction

m
P(Y= 1|X=X) =0 00+Z€1X]
j=1
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Difterent predictions for different inputs

Zo

m
_ PY=1X=x)=o0o| 6 +26-x-
X, input features 0 =1 i

10,1,1]
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Difterent predictions for different inputs

m
_ PY=1X=x)=o0o| 6 +Z€-x-
X, input features 0 =1 i

10,0,1]
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Parameters affect prediction

j=1

P(Y=11X=1x) = 0<90 +) ijj>
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Parameters affect prediction

m
P(Y= 1|X=X) =0 00+Z€1X]
j=1
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Parameters affect prediction

m
P(Y=1|X=x)=0 60+ZQJX]
j=1

m
PY=1X=x)=o0 z 0;xj | =0(0"x) wherex, =1
j=0
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Logistic regression classifier

Y = arg max P(Y|X)
y={0,1}

P(Y=1|X =x) = (X7, 0x;) = (67 x)

Estimate parameters

from training data 0 = (80,01, 02, ., 0m)

Training

Given an observation X = (X4, X5, ..., X;;,), predict

Y = arg max P(Y|X)
y={0,1}

Testing
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Training:
The big picture




Logistic regression classifier

Y = arg max P(Y|X)
y={0,1}

P(Y=1|X =x) = (X7, 0x;) = (67 x)

Estimate parameters

from training data 0 = (80,01, 02, ., 0m)

Training

Choose 6 that optimizes some objective:

Determine objective function We are modeling P(Y|X)
Find gradient with respect to each 6 directly, so we maximize the
Solve analytically by setting to O, or solve conditional likelihood of
computationally with gradient ascent training data.
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Estimating 6

1. Determine objective

n
_ 6 = ar maxl_[ @) x(i),H
function MLE ge ) f(y | )

2. Gradientwrt 6;, forj =0,1,...,m

3. Solve i
_ o initialize x
* No analytical derivation of 8, ... repeat many times:
* ...but can still determine 0y, compute gradient
via gradient ascent! X += n * gradient

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2024 Stanford Ul’liVEI’Sity 25



1. Determine objective function

P(Y = 11X = x) = (X7, 6,%)

n
Oy p =|arg max ‘ ‘ f(y(i)| x®) 9) =|arg max LL(0) — 5(07x)
6 ; 6
=1

First: Interpret Second: Write a differentiable

conditional likelihood expression for log conditional
with Logistic Regression likelihood
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Determine objective function (interpret)

n o P(Y =1|X =x) = o(X]6;x))
Oyre = arg maxl_[f(y(‘)| x@, 9) = g(0Tx)
A
Suppose you have n = 2 training datapoints: (@, 1), (x?,0)

Consider the following expressions for a given 0

o(6TxD) o(6Tx@) o(67x™) (1 - o(67x®))

(1 _ a(ng(D)) s(87x@) (1 _ O.(HTx(l))) (1 _ O.(QTx(Z)))

Interpret the above expressions as probabilities.
If we let 8 = 08, , Which probability should be the highest?
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1. Determine objective function (write)

P(Y = 1|X = x) = o(ZTL, 6;x;)
Orrir = arg max LL(6) =0(6Tx)

1. What is a differentiable
expression for P(Y = y| X = x)?

a(0Tx) ify=1

P(Yzylxzx)={1—a(9Tx) ify =0

Recall

Bernoulli

MLE!

2. What is a differentiable expression LL(6) = logﬁf(y(i>| x,6)
for LL(68), log conditional likelihood? =

poe
&
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Determine objective function (write)

P(Y = 1|X = x) = o(ZTL, 6;x;)
Orrir = arg max LL(6) =0(6Tx)

What is a differentiable
expression for P(Y = y| X = x)?

P(Y=yIX=x) = (c(0Tx)) (1 -—0c(0Tx)

What is a differentiable expression
for LL(@), log conditional likelihood?

n
LL(O) = Z yDloga(67xW) + (1 —y®)log (1 - U(HTx(i)))

i=1
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>. Find gradient with respect to 6

o Ouip = 1_[ D] xD ) = LL(6
Optimization MLE = Al nax | @12, 6) arg max )

problem: L _ . :
LL(B) = z yDlogo(0TxW) + (1 —y®W)log (1 - U(HTx(l)))

i=1

Gradient wrt 6;, forj = 0,1, ..., m

Sl N
A b,

6LL(9)

Z[y@ ~o(67x0)] 5"

How do we interpret the gradient
contribution of the it training datapoint?
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>. Find gradient with respect to 6

Optimization Omie = arg maxl_[f(y(‘)l x0,0) = arg max LL(B)

problem:
LL(Q) _ z y(l) loga(HTx(‘)) + (1 y(l)) lOg (1 _ O-(QTx(l)))

i=1

Gradient wrt 6;, forj = 0,1, ..., m

6LL(9) z[y(l) . a(QTx(‘))] (l)

scale by j-th feature
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>. Find gradient with respect to 6

Optimization Omie = arg maxnf(y(‘)l x0,0) = arg max LL(B)

problem:
LL(O) = z y®log J(BT (‘)) + (1 y(‘)) log (1 - U(QT (l)))

i=1

Gradient wrt 6;, forj = 0,1, ..., m

6LL(9) z[y(l) . O'(HTx(l))] (l)

1 or 0 P(Y = 11X = 2W)
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Find gradient with respect to 6

Optimization Omie = arg maxl_[f(y(‘)l x0,0) = arg max LL(B)

problem:
LL(O) = z y®log J(BT (‘)) + (1 y(‘)) log (1 - U(QT (l)))

i=1

Gradient wrt 6;, forj = 0,1, ..., m

Zw ~a(67x0)] "

Suppose ¥y = 1 (the true class label for the it" datapoint):
If 5(8Tx®) > 0.5, correct
If 6(6TxW) < 0.5, incorrect > change 6; more
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3. Solve

1. Optimization OyLe = arg maXl_[f(y(‘)I x®,9) = arg max LL(0)

problem:
116) = Y YO logo(57x0) + (1 - yO) g (1 - o(67x)
=1
ILL(O) ~
2. Gradientwrt 6;,forj=0,1,..,m %, Z[y(l) _ a(ng(l))] @)

3. Solve using gradient ascent!
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Training:
The details




Training: Gradient ascent step

GLL (0)

Zw - o(67x0)] 5"

repeat until convergence:

for all thetas:
OLL(6°4)

_ goud
6/ =67 +1n- agold

_ Hold_l_n Z[y(z)

forj=0,1,...,m

1l 0 What does
90 (‘))] X;”  this look like
in code?
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forj=0,1,.. m:

Training: Gradient Ascent Gracient oy _ s, Z [0 — o (49470 0

e_new —

Ascent Step /

initialize 6; = @0 for @ = J = m
repeat until convergence:

gradient[j] = 0 for @ < j =m
// TODO: your code here

// compute all gradient[j]’s
// based on n training examples

6; += n * gradient[j] for all @ = j = m
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. . . inner loop forj =0,1,..,m:
Training: Gradient Ascent GRSt 0, _ ity S0 (0720

e_new —

Ascent Step ,
i=1 |\ Y J

compute
outer loop

initialize 6; = @0 for @ = J = m
repeat until convergence:

gradient[j] = 0 for @ < j =m
for each training example (x,y):
for each 0 = j = m:

// update gradient[j] for
// current (x,y) example

6; += n * gradient[j] for all @ = j = m
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inner loop forj=0,1,..,m:

Training: Gradient Ascent Gradient & N
g Ascerr: Slfenp 67" =677 +n- ; [ly(‘) B 0(90 x(l))] xj()'
1
compute
outer loop
initialize 6; = @0 for @ = J = m
repeat until convergence:
gradient[j] = 0 for @ < j =m
for each training example (x,y):
for each 0 = j = m:
. . 1 Some important
gradient[j] += b/_1,+e—WR] j details...

6; += n * gradient[j] for all @ = j = m
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.« . . Gradient ... .o N ’ ST i
Training: Gradient Ascent pecent step & =6 £1- ) [y —a (6°7x0)] 50

initialize 6; = @ for @ < j =m Finish computing
repeat until convergence: gradient with °1d

. . _ . p
gradient[j] = @ for @ = j = m prior to any 6 update
for each training example (x,y):

for each 0 = j = m:

: : 1
gradient[j] += b”_1_+e—mw]xi

i)
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.« . . Gradient ... .o N ’ ST i
Training: Gradient Ascent pecent step & =6 £1- ) [y —a (6°7x0)] 50

initialize 6; = @0 for @ = J = m

repeat until convergence:
gradient[j] = 0 for @ < j =m L earning rate 1 is a

for each training example (x,y): constant you set

for each @ = j < m: before training

: : 1
gradient[j] += [y_1+e—9Tx] X

6; +=EQ gradient[j] for all 0 <= j = m
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. . . Gradient ... .o N ’ ST i
Training: Gradient Ascent pecent step & =6 £1- ) [y —a (6°7x0)] 50

initialize 6; = @0 for @ = J = m
repeat until convergence:

gradient[j] = 0 for @ < j =m
for each training example (x,y):

for each 0 = j = m: . h
xj is the j*" feature of

. . 1 | J
gradient[j] += b/_],+e—9WJ;w input x = (xq, ..., X,,)

6; += n * gradient[j] for all @ = j = m
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.« . . Gradient ... .o N ’ ST i
Training: Gradient Ascent pecent step & =6 £1- ) [y —a (6°7x0)] 50

initialize 6; = @0 for @ = J = m

repeat until convergence:
gradient[j] = 0 for @ < j =m
for each training example (x,y):

for each 0 = j = m:
1
okl Insert x, = 1 before

: : , training makes
6; += n * gradient[j] for all @ = j = m sigmoid of matrix

compact!
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Gradient

Training: Gradient Ascent Ascent Step ¥

gnew —

o' +1- i [y(i) —0 (0°lde("))] xj(i)
=1

initialize 6; = @0 for @ = J = m
repeat until convergence:

gradient[j] = 0 for @ < j =m
for each training example (x,y):
for each 0 = j = m:

: : 1
gradient[j] += b”_1_+e—mw]xi

6; += n * gradient[j] for all 0 = j =

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Spring 2024

m

Finish computing
gradient with g°ld
prior to any 6 update
Learning rate n is a
constant you set
before training

x; is the jt" feature of
input x = (x4, ..., X;,)
Insert xo = 1 before
training makes
sigmoid of matrix
compact!
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Naive Bayes VS Logistic Regression

0

X [\
. X‘( R R
P(X|Y)P(Y) PX,Y) X 0T x P(Y = 1|X)

Y

Y = argmaxP(Y | X) = arg max P(X|Y)P(Y) Y = argmaxP(Y|X)
y={0,1} y={0,1} y={0,1}
Compare/contrast:

1. What distributions are we modeling?

2. After learning our parameters, could we randomly generate a new datapoint (x, y)?
3. Could we model a continuous X; feature (e.g., Xj~Normal, or X;~Unknown)? } )
4. Could we model a non-binary discrete X; (e.g., X; € {1,2, ..., 6})? t@ |
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Tradeoffs:

Naive Bayes

Logistic Regression

Modeling goal
Generative or

discriminative?

Continuous
input features

Discrete
input features

P(X,Y)

Generative: could use joint

distribution to generate new
points (! but you might not

need this extra effort)

Y. Needs parametric form
(e.g., Gaussian) or
discretized buckets (for
multinomial features)

Yes, multi-value discrete
data = multinomial P(X;|Y)

P(Y|X)

Discriminative: just tries to
discriminatey =0vsy =1
(x cannot generate new points
b/cno P(X,Y))

Yes, easily

. Multi-valued discrete data
hard (e.g., if X; € {4, B, C}, not
necessarily good to encode as
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Linearly separable data

Logistic Regression is trying to find
the line that separates data instances
where y = 1 from those where y = 0:

We call such data (or functions
generating that data) linearly separable.

Naive Bayes is linear too, because there is
one parameter for each feature

(and no parameters that involve multiple
features).
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P(X|Y) = HP(X]-W)
j=1
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Data is not always linearly separable
. - .. ® .. . 0. ..o .o%
b ° e q Y e .%
® o ™ 69(590 Qb% 8

ool e N}

° %m%iﬁzo : (; ‘ 0:
) ) e 03 ® . ® % .~OM"'

p . : ® : ) .. ® d 00%6% - Gpo(;

* Not possible to draw a line that successfully separates all the
y = 1 points (green) from the y = 0 points (red)

» Despite this, Logistic Regression and Naive Bayes still often work well in
practice
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Extra: Gradient
Derivation




Background: Calculus

Calculus refresher #1.:

n n
Derivative(sum) = 0 B af;(x)
sum(derivative) a fi(x) = 9
=1 =1
gﬁ;lrjllrjerefresher "= af(x) — af(z) 0z Calculus Chain Rule

0x dz 0Jx

f(x) — f(z(x)) aka decomposition

of composed functions
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Our goal

| 0LL(6)
Find: 69,' where

& log conditional

LL(O) = z yDloga(87xD) + (1 - y@)log (1 - a(67xD))  1aiinood

=1

Two "pre-processing" steps to prepare for chain rule
1. Rewrite LL(0) with y
2. Compute gradient of y
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1. Rewriting LL(6) with y

| 0LL(6)
Find: 69,'

where

g log conditional

LL(O) = z yDloga(87xD) + (1 - y@)log (1 - a(67xD))  1aiinood

=1

n

LL(O) = z y(i) logf/(i) + (1 — y(i)) log(l — y@')) Let y@') = a(HTx(i))
i=1
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>. Compute gradient of § = a(6" x)

Aside: sigmoid has a
beautiful derivative!

Sigmoid function: Derivative:

o(2) = — 2 52) = 0@ = 0(2)]

1+e? dz
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>. Compute gradient of § = a(6" x)

Sigmoid function: Derivative:
1 d

0(z) = 1= ——0(z) =a(2)[1 -0a(2)]

dz

0

0 o0 T N,
Whatlsa@jy—a -0(0" x)"

m o o w »

6]
o(x)[1 = o ()]
a(0Tx)[1 —a(8Tx)]x
c(0T)[1 — o (87 %)]x;
a(0Tx)x;[1 — o (6T x)x;]
None/other
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>. Compute gradient of § = a(6" x)

Sigmoid function: Derivative:
1 d
0(2) = T —0(2) = 0(D[1 - 0(2)]
What is ﬁa(eTx)’? etz = 0Tx = Z 0%
0 0 0z
s Ty — (Chain Rule)
56, o(0"x) = 3 o(z) - 69

() o(0T0[1 — o (8T2)]x; - -
=0(0"x)[1 —a(8"x)]x;
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Compute gradient of log conditional likelihood

LL(0) o . . » y .
%, =230 [y 1log(9®) + (1 — y®)log(1 — 9®)] Let 90 = 5 (0T x®)
i=1
Y A WOSINONG @) oy 9P .
n 1 1
B z [y(i) 5o~ (1=yO) - ya)] 901 -90)x? eaielis)
=1 ”
ln . n
= ) [y® = 9@ £ = [y® - o(67x®)] (simplify
=1 i=1
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Compute gradient of log conditional likelihood

dLL(O)

36,

Y PR
DY CEECD PU
i=1
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