
CS109: Probability for 
Computer Scientists



Counting

Core 
Probability

Random 
Variables

Probabilistic 
Models Uncertainty 

Theory

The Journey of CS109:The Journey of CS109:

Machine 
Learning

Counting

Core 
Probability

Random 
Variables

Probabilistic 
Models Uncertainty 

Theory
Machine 
Learning

Counting

Core 
Probability

Random 
Variables

Probabilistic 
Models Uncertainty 

Theory
Machine 
Learning



But first… 



Hi!	I	am	Kelly	J



I grew up in Tampa, Florida

Hi!	I	am	Kelly	J



I grew up in Tampa, Florida My family has 2 cats

Alice

Jayne

Hi!	I	am	Kelly	J



I grew up in Tampa, Florida My family has 2 cats

Alice

I have always been a music nerd

Hi!	I	am	Kelly	J

Jayne



I grew up in Tampa, Florida My family has 2 cats
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…and maybe just a nerd in general
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I went to Duke for undergrad – lots of music, basketball, rock climbing, learning, and research
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My	Time	At	Stanford

Mostly Research!

My PhD is in deep learning for genomics (biology)



My	Time	At	Stanford

Also Teaching!
(CS109 is my favorite)



My	Time	At	Stanford

Stanford Laptop Orchestra?!



Fantastic	Teaching	Team











Isabel’s	Dog!!!



Course mechanics
(this is a light version. Please read the syllabus for 

details.)



cs109.stanford.edu

Most	Info	Is	On	The	Course	Website

Piech & Cain, CS109, Stanford University

cs106b.stanford.edu


Ed:	Announcements,	Ask	Questions,	Help	Others

- Ed is the best place outside office hours to get unstuck on problems or ask any other questions

- Keep questions “public” when possible (so other students can answer) 

- …but don’t copy-paste code or give away answers in public posts!
Piech & Cain, CS109, Stanford University



How	To	Get	Help

“Working” office hours
start on Saturday

Q&A forum
All announcements cs109@cs.stanford.edu

Kelly and Joel have extra 1-on-1 office hours

Chris has 1:1 CS109 office hours Piech & Cain, CS109, Stanford University



Are	Lectures	Recorded?	Yes

BUT you should come to class – you’ll get extra credit for attendance!

Coming to class à not falling behind on lectures à finishing homework on time à kicking butt on exams à 

Piech & Cain, CS109, Stanford University



5 Problem Sets

Final
3-hour exam, Saturday, August 17th, 3:30pm

Section Participation

40%

30%

10%

Class	Breakdown

Midterm
2-hour exam: Tuesday, July 23rd, 7pm

20%

Lecture Attendance (extra credit)+3%

Sign up by Wednesday!

Piech & Cain, CS109, Stanford University



We	Use	The	Psetapp!



We	Have	a	(Super	Cool)	Course	Reader!



CS106B/X (important):
• Hash Tables
• Recursion
• Binary Trees
• General programming chops

CS103 (not necessary):
• Set theory
• Math maturity
• Proof techniques, induction (no hard proofs in 109)

Math 51 or CME 100  (important, co-req ok)
• Derivatives, multivariate differentiation
• Integrals, multivariate integration
• Basic familiarity with linear algebra basics (vectors)

What do you really need?

Review session this week!

Assignments include writing Python code

Prerequisites

Piech & Cain, CS109, Stanford University



How	Many	Units	Should	You	Enroll	In?

• If you are a Stanford undergraduate:  5 units

• If you are a Stanford grad student: you can choose 3, 4, or 5

• There is no difference in workload or grading based on units 

• If you are a visiting student: you should be good to go

Stanford’s rule is  units x 3 = # hours/week spent on class

• For CS109, this translates to ~10 hours/week on problem sets + exam prep

Piech & Cain, CS109, Stanford University



Let’s start with a story…



Modern AI
or, How we learned to combine 
probability and programming



1952 1955

Early	AI	Optimism	in	the	1950s

Piech & Cain, CS109, Stanford University



“Machines will be capable, 
within twenty years, of doing 
any work a man can do.”
 
–Herbert Simon, 1952

Early	AI	Optimism	in	the	1950s

Piech & Cain, CS109, Stanford University



Underwhelming	Results:	1950s	to	1980s

Early AI research underestimated the complexity of the world

Спирт хороший, но мясо водянистый.

The alcohol is good, but the meat is watery.

The spirit is willing, but the flesh is weak.

translate into Russian

translate back into English

Piech & Cain, CS109, Stanford University





Fast forward…



1997 Deep Blue

2005 Stanley

2011 Watson

Big	Milestones	Part	1

Piech & Cain, CS109, Stanford University



The	last	remaining	board	game:	Go

Piech & Cain, CS109, Stanford University



Scientific	Advances:	Protein	Structure

Piech & Cain, CS109, Stanford University



Day-to-Day	Algorithms

Piech & Cain, CS109, Stanford University



And then came ChatGPT



AI	that	can	parrot	human	language

Piech & Cain, CS109, Stanford University



Enter	the	LLM	scaling	race

Piech & Cain, CS109, Stanford University



AI-Generated	Art

Dalle2. Prompt “a large lecture class at stanford learning probability for computer scientists in the style of vangough”
Piech & Cain, CS109, Stanford University



Genrative	AI	For	Images

Piech & Cain, CS109, Stanford University



Where did all this tech come from?



Focus on one problem



Computer	Vision

48

Chihuahua or muffin?
Piech & Cain, CS109, Stanford University



Can you do it?



Chihuahua	or	Muffin?

Piech & Cain, CS109, Stanford University



Chihuahua	or	Muffin?

Piech & Cain, CS109, Stanford University



0 0 1 0 1 0 1 0 0 0 1 1 1 0 1
1 0 0 1 0 1 1 1 0 1 0 0 0 0 0
1 1 1 0 1 0 0 1 1 0 0 1 0 1 0
1 1 1 1 1 0 0 0 0 0 1 1 0 1 1
0 0 0 1 1 0 0 1 0 0 0 1 1 1 0
1 0 0 1 1 0 0 0 1 0 1 1 1 1 0
1 1 0 1 1 0 0 1 1 0 1 1 1 0 0
1 0 1 0 0 1 0 0 1 0 0 1 1 1 1
0 0 0 0 1 0 1 0 1 1 0 0 1 1 1
0 1 1 0 0 0 0 0 1 1 1 1 1 1 0
0 0 1 0 1 1 1 0 0 0 1 0 0 0 0
0 1 1 1 0 1 0 0 1 0 0 0 0 0 1
1 1 0 0 0 0 0 0 0 0 1 0 0 1 1
0 0 0 0 0 0 0 0 1 1 1 1 0 0 1
0 0 1 1 1 0 1 0 1 1 0 0 0 1 0

What a computer sees

What a human sees

Chihuahua	or	Muffin?

Piech & Cain, CS109, Stanford University



About 30% of your cortex is used for vision,
while only 3% is used to process hearing

Chihuahua	or	Muffin?

Piech & Cain, CS109, Stanford University



This	Reasoning	Is	Hard	To	Write	As	Code

0 0 1 0 1 0 1 0 0 0 1 1 1 0 1
1 0 0 1 0 1 1 1 0 1 0 0 0 0 0
1 1 1 0 1 0 0 1 1 0 0 1 0 1 0
1 1 1 1 1 0 0 0 0 0 1 1 0 1 1
0 0 0 1 1 0 0 1 0 0 0 1 1 1 0
1 0 0 1 1 0 0 0 1 0 1 1 1 1 0
1 1 0 1 1 0 0 1 1 0 1 1 1 0 0
1 0 1 0 0 1 0 0 1 0 0 1 1 1 1
0 0 0 0 1 0 1 0 1 1 0 0 1 1 1
0 1 1 0 0 0 0 0 1 1 1 1 1 1 0
0 0 1 0 1 1 1 0 0 0 1 0 0 0 0
0 1 1 1 0 1 0 0 1 0 0 0 0 0 1
1 1 0 0 0 0 0 0 0 0 1 0 0 1 1
0 0 0 0 0 0 0 0 1 1 1 1 0 0 1
0 0 1 1 1 0 1 0 1 1 0 0 0 1 0

Piech & Cain, CS109, Stanford University



How does modern machine learning solve this?



Two Great Ideas

1. Artificial Neurons

2. Learn by Example
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1. Artificial Neurons

Piech & Cain, CS109, Stanford University



Neuron

Piech & Cain, CS109, Stanford University



Neuron

Piech & Cain, CS109, Stanford University



Neuron

Piech & Cain, CS109, Stanford University



Neuron

Piech & Cain, CS109, Stanford University



Some Inputs are More Important

Piech & Cain, CS109, Stanford University



Artificial Neuron

+

Piech & Cain, CS109, Stanford University



+

Artificial Neurons Have Inputs

Piech & Cain, CS109, Stanford University



+

Different Inputs à Different Outputs

Piech & Cain, CS109, Stanford University



+

Different Weights à Different Outputs

Piech & Cain, CS109, Stanford University



+

Different Weights à Different Outputs

Piech & Cain, CS109, Stanford University



+

Computing A Weighted Sum Of Inputs

double weightedSum = 0;
weightedSum += input0 * weight0;
weightedSum += input1 * weight1;
weightedSum += input2 * weight2;
weightedSum += input3 * weight3;

X

i

inputi · weighti
<latexit sha1_base64="/gLPxP7dolf5uDiN0+/YPO94FYU=">AAACFHicbVDLSgMxFM3UV62vUZdugkUQhDIjgl0W3LisYB/QliGT3rahmQfJHbUM/Qg3/oobF4q4deHOvzHTzkJbDwROzrmX5Bw/lkKj43xbhZXVtfWN4mZpa3tnd8/eP2jqKFEcGjySkWr7TIMUITRQoIR2rIAFvoSWP77K/NYdKC2i8BYnMfQCNgzFQHCGRvLss65OAk/QLsIDpiKME5xmV96PMBfvQQxHmerZZafizECXiZuTMslR9+yvbj/iSQAhcsm07rhOjL2UKRRcwrTUTTTEjI/ZEDqGhiwA3Utnoab0xCh9OoiUOSHSmfp7I2WB1pPAN5MBw5Fe9DLxP6+T4KDam0eFkM8fGiSSYkSzhmhfKOAoJ4YwroT5K+UjphhH02PJlOAuRl4mzfOK61Tcm4tyrZrXUSRH5JicEpdckhq5JnXSIJw8kmfySt6sJ+vFerc+5qMFK985JH9gff4AcfafqA==</latexit><latexit sha1_base64="/gLPxP7dolf5uDiN0+/YPO94FYU=">AAACFHicbVDLSgMxFM3UV62vUZdugkUQhDIjgl0W3LisYB/QliGT3rahmQfJHbUM/Qg3/oobF4q4deHOvzHTzkJbDwROzrmX5Bw/lkKj43xbhZXVtfWN4mZpa3tnd8/eP2jqKFEcGjySkWr7TIMUITRQoIR2rIAFvoSWP77K/NYdKC2i8BYnMfQCNgzFQHCGRvLss65OAk/QLsIDpiKME5xmV96PMBfvQQxHmerZZafizECXiZuTMslR9+yvbj/iSQAhcsm07rhOjL2UKRRcwrTUTTTEjI/ZEDqGhiwA3Utnoab0xCh9OoiUOSHSmfp7I2WB1pPAN5MBw5Fe9DLxP6+T4KDam0eFkM8fGiSSYkSzhmhfKOAoJ4YwroT5K+UjphhH02PJlOAuRl4mzfOK61Tcm4tyrZrXUSRH5JicEpdckhq5JnXSIJw8kmfySt6sJ+vFerc+5qMFK985JH9gff4AcfafqA==</latexit><latexit sha1_base64="/gLPxP7dolf5uDiN0+/YPO94FYU=">AAACFHicbVDLSgMxFM3UV62vUZdugkUQhDIjgl0W3LisYB/QliGT3rahmQfJHbUM/Qg3/oobF4q4deHOvzHTzkJbDwROzrmX5Bw/lkKj43xbhZXVtfWN4mZpa3tnd8/eP2jqKFEcGjySkWr7TIMUITRQoIR2rIAFvoSWP77K/NYdKC2i8BYnMfQCNgzFQHCGRvLss65OAk/QLsIDpiKME5xmV96PMBfvQQxHmerZZafizECXiZuTMslR9+yvbj/iSQAhcsm07rhOjL2UKRRcwrTUTTTEjI/ZEDqGhiwA3Utnoab0xCh9OoiUOSHSmfp7I2WB1pPAN5MBw5Fe9DLxP6+T4KDam0eFkM8fGiSSYkSzhmhfKOAoJ4YwroT5K+UjphhH02PJlOAuRl4mzfOK61Tcm4tyrZrXUSRH5JicEpdckhq5JnXSIJw8kmfySt6sJ+vFerc+5qMFK985JH9gff4AcfafqA==</latexit><latexit sha1_base64="/gLPxP7dolf5uDiN0+/YPO94FYU=">AAACFHicbVDLSgMxFM3UV62vUZdugkUQhDIjgl0W3LisYB/QliGT3rahmQfJHbUM/Qg3/oobF4q4deHOvzHTzkJbDwROzrmX5Bw/lkKj43xbhZXVtfWN4mZpa3tnd8/eP2jqKFEcGjySkWr7TIMUITRQoIR2rIAFvoSWP77K/NYdKC2i8BYnMfQCNgzFQHCGRvLss65OAk/QLsIDpiKME5xmV96PMBfvQQxHmerZZafizECXiZuTMslR9+yvbj/iSQAhcsm07rhOjL2UKRRcwrTUTTTEjI/ZEDqGhiwA3Utnoab0xCh9OoiUOSHSmfp7I2WB1pPAN5MBw5Fe9DLxP6+T4KDam0eFkM8fGiSSYkSzhmhfKOAoJ4YwroT5K+UjphhH02PJlOAuRl4mzfOK61Tcm4tyrZrXUSRH5JicEpdckhq5JnXSIJw8kmfySt6sJ+vFerc+5qMFK985JH9gff4AcfafqA==</latexit>

Piech & Cain, CS109, Stanford University



+

Filter and Output

A squashing function at the end 
converts this weighted sum into a 

probability prediction

Piech & Cain, CS109, Stanford University



+

+

+

+

What If We Put Many Together?

Piech & Cain, CS109, Stanford University



What If We Put Many Together?
Input Neurons Hidden Neurons Output Neurons

Piech & Cain, CS109, Stanford University



Making a Prediction

…

Input Neurons Hidden Neurons Output Neurons

Piech & Cain, CS109, Stanford University



…

Input Neurons

Making a Prediction
Hidden Neurons Output Neurons

Piech & Cain, CS109, Stanford University



…

Making a Prediction
Input Neurons Hidden Neurons Output Neurons

Piech & Cain, CS109, Stanford University



…

Making a Prediction
Input Neurons Hidden Neurons Output Neurons

I think that is 
a picture of a 
chihuahua!

Piech & Cain, CS109, Stanford University



Demonstration

https://web.archive.org/web/20211117115916/https://www.cs.ryerson.ca/~aharley/vis/conv/
Piech & Cain, CS109, Stanford University



Where do Artificial Neural 
Networks get their 
intelligence from?



+

Intelligence Is In The Weights

Neural Networks get their 
intelligence from their sliders 

(parameters).

Piech & Cain, CS109, Stanford University



Two Great Ideas

1. Artificial Neurons

2. Learn by Example
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Learn by Example

Piech & Cain, CS109, Stanford University



+

Learn by Example

Piech & Cain, CS109, Stanford University



+

Learn by Example

Here is an example 
for the neuron to 

train on.

Piech & Cain, CS109, Stanford University



+

Learn by Example

Here is an example 
for the neuron to 

train on.

Piech & Cain, CS109, Stanford University



+

I think that is a 
picture of a One!

Wahoo I got 
it right!

Learn by Example

Here is an example 
for the neuron to 

train on.

Piech & Cain, CS109, Stanford University



Learn by Example

Here is another 
training example.

Piech & Cain, CS109, Stanford University



+

Learn by Example

Here is another 
training example.

I think that is a 
picture of a One!

Piech & Cain, CS109, Stanford University



+

I think that is a 
picture of a One!

What do you 
mean it’s 

actually a Zero?

I’ll adjust my 
sliders so that I do 
a better job in the 

future

Learn by Example

Here is another 
training example.

Piech & Cain, CS109, Stanford University



+

I think that is a 
picture of a One!

What do you 
mean it’s 

actually a Zero?

I’ll adjust my 
sliders so that I do 
a better job in the 

future

Learn by Example

Here is another 
training example.

@ Loss

@ Slideri
<latexit sha1_base64="uYAxMCED3oYHqtlTg4QF6ZaM1/g=">AAACIHicbVDLSgNBEJz1GeMr6tHLYBA8hV0RkmPAiwcPEc0DsiHMTnqTIbMPZnrFsOynePFXvHhQRG/6Nc4mOWhiQUNR1T3TXV4shUbb/rJWVtfWNzYLW8Xtnd29/dLBYUtHieLQ5JGMVMdjGqQIoYkCJXRiBSzwJLS98WXut+9BaRGFdziJoRewYSh8wRkaqV+qur5iPHVjplAwSV2EB0zpdaR1li3Jt1IMQGV9kfVLZbtiT0GXiTMnZTJHo1/6dAcRTwIIkUumddexY+yl+ftcQlZ0Ew0x42M2hK6hIQtA99LpgRk9NcqA+pEyFSKdqr8nUhZoPQk80xkwHOlFLxf/87oJ+rVeKsI4QQj57CM/kRQjmqdFB0IBRzkxhHElzK6Uj5hJDE2mRROCs3jyMmmdVxy74txclOu1eRwFckxOyBlxSJXUyRVpkCbh5JE8k1fyZj1ZL9a79TFrXbHmM0fkD6zvHxsJpL8=</latexit><latexit sha1_base64="uYAxMCED3oYHqtlTg4QF6ZaM1/g=">AAACIHicbVDLSgNBEJz1GeMr6tHLYBA8hV0RkmPAiwcPEc0DsiHMTnqTIbMPZnrFsOynePFXvHhQRG/6Nc4mOWhiQUNR1T3TXV4shUbb/rJWVtfWNzYLW8Xtnd29/dLBYUtHieLQ5JGMVMdjGqQIoYkCJXRiBSzwJLS98WXut+9BaRGFdziJoRewYSh8wRkaqV+qur5iPHVjplAwSV2EB0zpdaR1li3Jt1IMQGV9kfVLZbtiT0GXiTMnZTJHo1/6dAcRTwIIkUumddexY+yl+ftcQlZ0Ew0x42M2hK6hIQtA99LpgRk9NcqA+pEyFSKdqr8nUhZoPQk80xkwHOlFLxf/87oJ+rVeKsI4QQj57CM/kRQjmqdFB0IBRzkxhHElzK6Uj5hJDE2mRROCs3jyMmmdVxy74txclOu1eRwFckxOyBlxSJXUyRVpkCbh5JE8k1fyZj1ZL9a79TFrXbHmM0fkD6zvHxsJpL8=</latexit><latexit sha1_base64="uYAxMCED3oYHqtlTg4QF6ZaM1/g=">AAACIHicbVDLSgNBEJz1GeMr6tHLYBA8hV0RkmPAiwcPEc0DsiHMTnqTIbMPZnrFsOynePFXvHhQRG/6Nc4mOWhiQUNR1T3TXV4shUbb/rJWVtfWNzYLW8Xtnd29/dLBYUtHieLQ5JGMVMdjGqQIoYkCJXRiBSzwJLS98WXut+9BaRGFdziJoRewYSh8wRkaqV+qur5iPHVjplAwSV2EB0zpdaR1li3Jt1IMQGV9kfVLZbtiT0GXiTMnZTJHo1/6dAcRTwIIkUumddexY+yl+ftcQlZ0Ew0x42M2hK6hIQtA99LpgRk9NcqA+pEyFSKdqr8nUhZoPQk80xkwHOlFLxf/87oJ+rVeKsI4QQj57CM/kRQjmqdFB0IBRzkxhHElzK6Uj5hJDE2mRROCs3jyMmmdVxy74txclOu1eRwFckxOyBlxSJXUyRVpkCbh5JE8k1fyZj1ZL9a79TFrXbHmM0fkD6zvHxsJpL8=</latexit><latexit sha1_base64="uYAxMCED3oYHqtlTg4QF6ZaM1/g=">AAACIHicbVDLSgNBEJz1GeMr6tHLYBA8hV0RkmPAiwcPEc0DsiHMTnqTIbMPZnrFsOynePFXvHhQRG/6Nc4mOWhiQUNR1T3TXV4shUbb/rJWVtfWNzYLW8Xtnd29/dLBYUtHieLQ5JGMVMdjGqQIoYkCJXRiBSzwJLS98WXut+9BaRGFdziJoRewYSh8wRkaqV+qur5iPHVjplAwSV2EB0zpdaR1li3Jt1IMQGV9kfVLZbtiT0GXiTMnZTJHo1/6dAcRTwIIkUumddexY+yl+ftcQlZ0Ew0x42M2hK6hIQtA99LpgRk9NcqA+pEyFSKdqr8nUhZoPQk80xkwHOlFLxf/87oJ+rVeKsI4QQj57CM/kRQjmqdFB0IBRzkxhHElzK6Uj5hJDE2mRROCs3jyMmmdVxy74txclOu1eRwFckxOyBlxSJXUyRVpkCbh5JE8k1fyZj1ZL9a79TFrXbHmM0fkD6zvHxsJpL8=</latexit>

Loss = 1
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Walk uphill and you will find a local maxima 
(if your step size is small enough)

Neurons	Learn	via	Gradients

Piech & Cain, CS109, Stanford University
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Neurons	Learn	via	Gradients	of	Probability
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You will be able to do this by the end of class!



AI has constantly been revolutionized by people 
who understood probability theory.



End of Story



Except it isn’t the end of the story…



Probability is WAY more than just machine learning



Probability is Everywhere



Hash Fn

Raytracing HashMaps

So	Much	“Pure	CS”	Relies	on	Probability

Recommender Systems

Piech & Cain, CS109, Stanford University



Most CS PhD students list their highest desiderata upon 
graduation as: 

“Better understanding of probability”

Probability:	Most	Desired	Skill	in	Academia?

Piech & Cain, CS109, Stanford University



Philosophy	&	Ethics	of	Modern	AI	Needs	You

Piech & Cain, CS109, Stanford University



Patient sees a series of 
letters of different font 
size, and for each, answers 
correct or incorrect

Solving	Real	Problems	in	CS109

Piech & Cain, CS109, Stanford University



A patient has answered 20 “letter sizes” and got a few 
correct. What is your belief in how well they can see? 

Solving	Real	Problems	in	CS109

Piech & Cain, CS109, Stanford University



Solving	Real	Problems	in	CS109

Piech & Cain, CS109, Stanford University



Now	state	of	the	art	for	eye	exam	theory

Piech & Cain, CS109, Stanford University



What	is	on	a	typical	exam?

https://chrispiech.github.io/prob
abilityForComputerScientists/en
/examples/algorithmic_art/

1. Algorithmic Art
2. Lucky Events
3. Supply Chain Decision Making
4. P-Hacking
5. Chess.com Puzzle Ability
6. ML Calibration

Piech & Cain, CS109, Stanford University

https://chrispiech.github.io/probabilityForComputerScientists/en/examples/algorithmic_art/
https://chrispiech.github.io/probabilityForComputerScientists/en/examples/algorithmic_art/


Probability is particularly fun
because it is often not intuitive



A patient has a 
positive Zika test.
What is the probability they have zika?

• 0.8% of people have zika
• Test has 90% positive rate for people with zika
• Test has 7% positive rate for people without zika

The right answer is 9%

Intuition	and	Probability:	Frenemies

Piech & Cain, CS109, Stanford University



Teach you how to write programs
to solve probability problems

that most people are not able to write.

AND 

CS109	View	of	Probability

Teach you the theory you need to do the math  
that most people are not able to do.



Counting

Core 
Probability

Random 
Variables

Probabilistic 
Models Uncertainty 

Theory
Machine 
Learning

Let the journey begin…Let the journey begin…

Counting

Core 
Probability

Random 
Variables

Probabilistic 
Models Uncertainty 

Theory
Machine 
Learning

Counting

Core 
Probability

Random 
Variables

Probabilistic 
Models Uncertainty 

Theory
Machine 
Learning



Counting



• Experiment: any situation where what’s going to happen is uncertain

• Outcome: one possible thing that could happen

Experiments have sets of outcomes, containing groups of things that could possibly happen.

Step 1 of doing probability: counting the number of possible outcomes.

OutcomeExperiment

Goal:	Count	Outcomes	of	Experiments

Piech & Cain, CS109, Stanford University



• Event: some subset of all possible outcomes that we care about

Events:	Interesting	Subsets	of	Outcomes

This is the entire 
sample space: all 
possible outcomes

Here is one event

Piech & Cain, CS109, Stanford University



Example	Outcomes

Roll

Piech & Cain, CS109, Stanford University



6 {1, 2, 3,
 4, 5, 6}

Roll

Example	Outcomes

Piech & Cain, CS109, Stanford University



Example	Outcomes

6 {1, 2, 3,
 4, 5, 6}

Roll Roll even

Piech & Cain, CS109, Stanford University



Example	Outcomes

6 {1, 2, 3,
 4, 5, 6} 3 {2,4,6}

Roll Roll evenRoll even

Piech & Cain, CS109, Stanford University



Example	Outcomes

6 {1, 2, 3,
 4, 5, 6} 3

Roll

Roll

Roll even
{2,4,6}

Piech & Cain, CS109, Stanford University



Tip #1: start by imagining one outcome



Example	Outcomes

6 {1, 2, 3,
 4, 5, 6} 3

{(1, 1) , (1, 2), (1, 3), (1, 4), (1, 5), (1, 6),
 (2, 1) , (2, 2), (2, 3), (2, 4), (2, 5), (2, 6),
 (3, 1) , (3, 2), (3, 3), (3, 4), (3, 5), (3, 6),
 (4, 1) , (4, 2), (4, 3), (4, 4), (4, 5), (4, 6),
 (5, 1) , (5, 2), (5, 3), (5, 4), (5, 5), (5, 6),
 (6, 1) , (6, 2), (6, 3), (6, 4), (6, 5), (6, 6)}

Roll

Roll

Roll even
{2,4,6}

Piech & Cain, CS109, Stanford University



Example	Outcomes

6

36

{1, 2, 3,
 4, 5, 6} 3

{(1, 1) , (1, 2), (1, 3), (1, 4), (1, 5), (1, 6),
 (2, 1) , (2, 2), (2, 3), (2, 4), (2, 5), (2, 6),
 (3, 1) , (3, 2), (3, 3), (3, 4), (3, 5), (3, 6),
 (4, 1) , (4, 2), (4, 3), (4, 4), (4, 5), (4, 6),
 (5, 1) , (5, 2), (5, 3), (5, 4), (5, 5), (5, 6),
 (6, 1) , (6, 2), (6, 3), (6, 4), (6, 5), (6, 6)}

Roll

Roll

Roll even
{2,4,6}

Piech & Cain, CS109, Stanford University



Tip #2: Think about a generative story…



Step/Product	Rule	of	Counting

• If an experiment has two steps, where
• Step 1’s outcomes make up Set 𝐴, where 𝐴 = 𝑚, 
and Step 2’s outcomes make up Set 𝐵, where 𝐵 = 𝑛,
• and |B| is unaffected by the outcome of Step 1,

• Then the number of outcomes of the experiment is
   𝐴 𝐵 = 𝑚𝑛.

Two-step experiment

A B

Piech & Cain, CS109, Stanford University



Each pixel can be one of 17 million distinct colors

How	Many	Unique	Images?

Piech & Cain, CS109, Stanford University



The	First	Lecture	Concept	Check



How	Many	Unique	Images?
Each pixel can be one of 17 million distinct colors

(17 million)n
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How	Many	Ways	To	Cook	Eggs?
Question: Eggs can be boiled, fried, scrambled, or poached. There are 3 ways to boil 
eggs, 4 ways to fry eggs, 2 ways to scramble eggs, and one way to poach eggs. How 
many total egg-cooking options are there?  



The	“Or”	Rule,	Part	1

• If the outcome of an experiment can be either from
• Set 𝐴, where 𝐴 = 𝑚,
• or Set 𝐵, where 𝐵 = 𝑛,
• where 𝐴 ∩ 𝐵 = ∅	(no overlap)

• Then the number of outcomes of the experiment is
• 𝐴 + 𝐵 = 𝑚 + 𝑛.

One experiment
A

B

Piech & Cain, CS109, Stanford University



How	Many	Ways	To	Cook	Eggs?
Question: Eggs can be boiled, fried, scrambled, or poached. There are 3 ways to boil 
eggs, 4 ways to fry eggs, 2 ways to scramble eggs, and one way to poach eggs. How 
many total egg-cooking options are there?  



How	Many	Ways	To	Cook	Eggs?
Question: Eggs can be boiled, fried, scrambled, or poached. There are 3 ways to boil 
eggs, 4 ways to fry eggs, 2 ways to scramble eggs, and one way to poach eggs. How 
many total egg-cooking options are there?  

Answer: 3 + 4 + 2 + 1



How	Many	Bit	Strings?

Problem: A 6-bit string (made of 1s 
and 0s) is sent over a network. The 
valid set of strings recognized by the 
receiver must either start with "01" or 
end with "10". How many such strings 
are there?

Piech & Cain, CS109, Stanford University



How	Many	Bit	Strings?
000010
000110
001010
001110
010010
010110
011010
011110
100010
100110
101010
101110
110010
110110
111010
111110

010000
010001
010010
010011
010100
010101
010110
010111
011000
011001
011010
011011
011100
011101
011110
011111

Set A Set B

Problem: A 6-bit string (made of 1s 
and 0s) is sent over a network. The 
valid set of strings recognized by the 
receiver must either start with "01" or 
end with "10". How many such strings 
are there?
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How	Many	Bit	Strings?
24 start with 01

000010
000110
001010
001110
010010
010110
011010
011110
100010
100110
101010
101110
110010
110110
111010
111110

24 end with 10

Answer

N = |A|+ |B|� |A and B|
= 16 + 16� 4

= 28
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010000
010001
010010
010011
010100
010101
010110
010111
011000
011001
011010
011011
011100
011101
011110
011111

Set A Set B

Problem: A 6-bit string (made of 1s 
and 0s) is sent over a network. The 
valid set of strings recognized by the 
receiver must either start with "01" or 
end with "10". How many such strings 
are there?
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One experiment
A

B

• If the outcome of an experiment can be either from
• Set 𝐴, where 𝐴 = 𝑚,
• or Set 𝐵, where 𝐵 = 𝑛,
• where 𝐴 ∩ 𝐵	 𝑚𝑖𝑔ℎ𝑡	𝑛𝑜𝑡	𝑏𝑒	𝑒𝑚𝑝𝑡𝑦,

• Then the number of outcomes of the experiment is
•  N = 𝐴 + 𝐵 	− |𝐴 ∩ 𝐵|.

The	“Or”	Rule	(aka	Inclusion/Exclusion)
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The	Core	Counting	Rules
Counting with steps

Counting with “or”
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Challenge	Problem

How many different orderings of letters are possible for the 
string BOBA?

BOBA,ABOB,OBBA…

🤔
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Have fun pondering!


