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Four Prototypical Trajectories

Light Midterm Reflection



1. Finish conversation on correlations
2. Learn rejection sampling

3. Maybe get to the beta? (What’s a beta?)

Learning Goals



BAYES NETS!
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Four Prototypical Trajectories

Where do models come from?
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Multiple	Random	Variables.	Start	of	Digital	Revolution
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Multiple	Random	Variables.	Start	of	Digital	Revolution
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Constructing	a	Bayesian	Network
In a Bayesian Network,
Each random variable is caused by 
its parents. Def P(node | parents)

• Node: random variable
• Directed edge: causality

Examples:
• 𝑃 𝐹!" = 1
• 𝑃 𝑈 = 0
• 𝑃 𝐹#$ = 1|𝐹!" = 1 , 𝑃 𝐹#$ = 1|𝐹!" = 0
• 𝑃 𝑇 = 1|𝐹!" = 0, 𝑈 = 0  …
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Flu Under-
grad

TiredFever

𝑃 𝑇 = 1|𝐹!" = 0, 𝑈 = 0
𝑃 𝑇 = 1|𝐹!" = 0, 𝑈 = 1
𝑃 𝑇 = 1|𝐹!" = 1, 𝑈 = 0
𝑃 𝑇 = 1|𝐹!" = 1, 𝑈 = 1
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Make	a	Generative	Model

9

A good probabilistic 
model is generative. It 
explains the process 
through which the joint 
is created. 
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Other	applications
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Chemical 
present?

Chemical 
detected?

Trajectory 
deviation

Solar 
panel 
failure

Electrical 
system 
failure

Battery 
failure

Communi-
cation loss
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Bayesian	Network

def get_prob_Xi(x, parents):
    # what is the probability that Xi = x
    # given the list parents of assignments to 
    # the parents variables Xi
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Bayesian	Network	Assumption
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U I F T

X1 X2 X3 X4

Order nodes by ancestry

Assume: Once you know the value of the parents of a variable 
in your network, Xi, any further information about non-
descendents will not change your belief in Xi.
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Bayesian	Network

Let’s go ahead and figure this one out together!

P(Fever = 0, Influenza = 1, Uni = 0, Tired = 0 ) 
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Four Prototypical Trajectories

End Review
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Four Prototypical Trajectories

How do people design these?
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The	art	of	modelling
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Flu Under-
grad

TiredFever

𝑃 𝐹!" = 1 = 0.1 𝑃 𝑈 = 1 = 0.8

𝑃 𝐹#$ = 1|𝐹!" = 1 = 0.9
𝑃 𝐹#$ = 1|𝐹!" = 0 = 0.05

𝑃 𝑇 = 1|𝐹!" = 0, 𝑈 = 0 = 0.1
 𝑃 𝑇 = 1|𝐹!" = 0, 𝑈 = 1 = 0.8
 𝑃 𝑇 = 1|𝐹!" = 1, 𝑈 = 0 = 0.9
 𝑃 𝑇 = 1|𝐹!" = 1, 𝑈 = 1 = 1.0 

1. Design this

2. Also design this.
Later in CS109: learn 
this from data
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Calculate	the	Covariance	/	Correlation	(new	stat!)

Positive

X

Y
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X and Y are random variables:

X is -1, 0 or 1 with equal probability

î
í
ì ¹

=
 otherwise       1

   0 if       0 X
Y

Covariance	of	Zero	Does	Not	Mean	Independence!



Chris Piech, CS109, 2021

X and Y are random variables with PMF:

§ E[X] = -1(1/3) + 0(1/3) + 1(1/3) = 0
§ E[Y] = 0(2/3) + 1(1/3) = 1/3
§ Since XY = 0, E[XY] = 0
§ Cov(X, Y) = E[XY] – E[X]E[Y] = 0 – 0 = 0

But, X and Y are clearly dependent!

X
Y -1 0 1 pY(y)

0 1/3 0 1/3 2/3

1 0 1/3 0 1/3

pX(x) 1/3 1/3 1/3 1

î
í
ì ¹

=
 otherwise       1

   0 if       0 X
Y

Covariance	of	Zero	Does	Not	Mean	Independence!
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Consider the following data:
Weight Height Weight * Height

64 57 3648
71 59 4189
53 49 2597
67 62 4154
55 51 2805
58 50 2900
77 55 4235
57 48 2736
56 42 2352
51 42 2142
76 61 4636
68 57 3876

E[W]      
= 62.75

E[H]      
= 52.75

E[W*H]                     
= 3355.83

30
35
40
45
50
55
60
65

40 45 50 55 60 65 70 75 80

He
ig
ht

Weight

Cov(W, H) = E[W*H] – E[W]E[H]
 = 3355.83 – (62.75)(52.75)
 = 45.77  

What is Wrong With This?
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�Std(X)Std(Y )  Cov(X,Y )  Std(X)Std(Y )

Cauchy	Schwarz,	a	great	way	to	normalize!
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Just	in	case	you	wanted	to	see	the	proof….
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Correlation	is	just	normalized	Covariance
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<latexit sha1_base64="hma38TkKbr2Ub00Gk7Ktxs+zxVo="></latexit>

⇢(X,Y ) =
Cov(X,Y )p
Var(X)Var(Y )

Correlation Covariance

It is always true that
<latexit sha1_base64="GPB8x8dgZ4rJLjCm80ei/UMLES0=">AAACHHicbZDLSgMxFIYz9VbrrerSTbAILUiZ0aIuuih047KCvdEZSiZN29DMxeRMsQx9EDe+ihsXirhxIfg2ppdFbf0h8Oc755Cc3w0FV2CaP0ZibX1jcyu5ndrZ3ds/SB8e1VQQScqqNBCBbLhEMcF9VgUOgjVCyYjnClZ3B+VJvT5kUvHAv4dRyByP9Hze5ZSARu30pQ3sEeJyMBxnG+fNHC5iWz1IiGe8RqTmuYVLMzdupzNm3pwKrxprbjJorko7/WV3Ahp5zAcqiFItywzBiYkETgUbp+xIsZDQAemxlrY+8Zhy4ulyY3ymSQd3A6mPD3hKFydi4ik18lzd6RHoq+XaBP5Xa0XQvXFi7ocRMJ/OHupGAkOAJ0nhDpeMghhpQ6jk+q+Y9okkFHSeKR2Ctbzyqqld5K2rfOGukCkV53Ek0Qk6RVlkoWtUQreogqqIoif0gt7Qu/FsvBofxuesNWHMZ47RHxnfv19XoYw=</latexit>

Cov(X,Y ) <
p

Var(X)Var(Y )
<latexit sha1_base64="lxZeNVC+uVtGozqSH4vpakDNXyE=">AAACHXicbVDLSgMxFM3UV62vqks3wSK0oGVGiroQKXTjsoJ90RlKJk3b0MzD5E6xDP0RN/6KGxeKuHAj/o3pY1FbD1w4Oedecu9xQ8EVmOaPkVhZXVvfSG6mtrZ3dvfS+wdVFUSSsgoNRCDrLlFMcJ9VgINg9VAy4rmC1dx+aezXBkwqHvj3MAyZ45GuzzucEtBSK12wgT1CXAoGo2z9tJHDN/jMVg8S4qlRJVIbublHIzdqpTNm3pwALxNrRjJohnIr/WW3Axp5zAcqiFJNywzBiYkETgUbpexIsZDQPumypqY+8Zhy4sl1I3yilTbuBFKXD3iizk/ExFNq6Lm60yPQU4veWPzPa0bQuXJi7ocRMJ9OP+pEAkOAx1HhNpeMghhqQqjkeldMe0QSCjrQlA7BWjx5mVTP89ZFvnBXyBSvZ3Ek0RE6RllkoUtURLeojCqIoif0gt7Qu/FsvBofxue0NWHMZg7RHxjfv9f4ocU=</latexit>

Cov(X,Y ) > �
p

Var(X)Var(Y )
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Four Prototypical Trajectories

We have models. Need to solve 
problems



Inference:	
Algebra

25
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Bayes	Nets:	Conditional	independence
In a Bayesian Network,
Each random variable is 
conditionally independent of its 
non-descendants, given its parents. 

• Node: random variable
• Directed edge: conditional dependency

26

Flu Under-
grad

TiredFever

Review
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Inference	via	math
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Flu Under-
grad

TiredFever

𝑃 𝐹!" = 1 = 0.1 𝑃 𝑈 = 1 = 0.8

𝑃 𝐹#$ = 1|𝐹!" = 1 = 0.9
𝑃 𝐹#$ = 1|𝐹!" = 0 = 0.05

𝑃 𝑇 = 1|𝐹!" = 0, 𝑈 = 0 = 0.1
 𝑃 𝑇 = 1|𝐹!" = 0, 𝑈 = 1 = 0.8
 𝑃 𝑇 = 1|𝐹!" = 1, 𝑈 = 0 = 0.9
 𝑃 𝑇 = 1|𝐹!" = 1, 𝑈 = 1 = 1.0 

1.  𝑃 𝐹./ = 0,𝑈 = 1, 𝐹01 = 0, 𝑇 = 1 ?

Compute joint probabilities
using chain rule.
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Inference	via	math
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Flu Under-
grad

TiredFever

𝑃 𝑈 = 1 = 0.8

𝑃 𝐹#$ = 1|𝐹!" = 1 = 0.9
𝑃 𝐹#$ = 1|𝐹!" = 0 = 0.05

𝑃 𝑇 = 1|𝐹!" = 0, 𝑈 = 0 = 0.1
 𝑃 𝑇 = 1|𝐹!" = 0, 𝑈 = 1 = 0.8
 𝑃 𝑇 = 1|𝐹!" = 1, 𝑈 = 0 = 0.9
 𝑃 𝑇 = 1|𝐹!" = 1, 𝑈 = 1 = 1.0 

1. Compute joint probabilities

2. Definition of conditional probability

𝑃 𝐹*+ = 1, 𝐹,- = 0,𝑈 = 0, 𝑇 = 1
𝑃 𝐹*+ = 0, 𝐹,- = 0,𝑈 = 0, 𝑇 = 1

𝑃 𝐹*+ = 1, 𝐹,- = 0,𝑈 = 0, 𝑇 = 1
∑.𝑃 𝐹*+ = 𝑥, 𝐹,- = 0,𝑈 = 0, 𝑇 = 1  

2.  𝑃 𝐹./ = 1|𝐹01 = 0,𝑈 = 0, 𝑇 = 1 ?
𝑃 𝐹!" = 1 = 0.1

= 0.095
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Inference	via	math

3.  𝑃 𝐹./ = 1|𝑈 = 1, 𝑇 = 1 ?
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Flu Under-
grad

TiredFever

𝑃 𝐹!" = 1 = 0.1 𝑃 𝑈 = 1 = 0.8

𝑃 𝐹#$ = 1|𝐹!" = 1 = 0.9
𝑃 𝐹#$ = 1|𝐹!" = 0 = 0.05

𝑃 𝑇 = 1|𝐹!" = 0, 𝑈 = 0 = 0.1
 𝑃 𝑇 = 1|𝐹!" = 0, 𝑈 = 1 = 0.8
 𝑃 𝑇 = 1|𝐹!" = 1, 𝑈 = 0 = 0.9
 𝑃 𝑇 = 1|𝐹!" = 1, 𝑈 = 1 = 1.0 
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Inference	via	math

3.  𝑃 𝐹./ = 1|𝑈 = 1, 𝑇 = 1 ?
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Flu Under-
grad

TiredFever

𝑃 𝐹!" = 1 = 0.1 𝑃 𝑈 = 1 = 0.8

𝑃 𝐹#$ = 1|𝐹!" = 1 = 0.9
𝑃 𝐹#$ = 1|𝐹!" = 0 = 0.05

𝑃 𝑇 = 1|𝐹!" = 0, 𝑈 = 0 = 0.1
 𝑃 𝑇 = 1|𝐹!" = 0, 𝑈 = 1 = 0.8
 𝑃 𝑇 = 1|𝐹!" = 1, 𝑈 = 0 = 0.9
 𝑃 𝑇 = 1|𝐹!" = 1, 𝑈 = 1 = 1.0 

1. Compute joint probabilities

2. Definition of conditional probability

𝑃 𝐹*+ = 1,𝑈 = 1, 𝐹,- = 1, 𝑇 = 1
…

𝑃 𝐹*+ = 0,𝑈 = 1, 𝐹,- = 0, 𝑇 = 1 ?

∑/𝑃 𝐹*+ = 1,𝑈 = 1, 𝐹,- = 𝑦, 𝑇 = 1
∑.∑/𝑃 𝐹*+ = 𝑥,𝑈 = 1, 𝐹,- = 𝑦, 𝑇 = 1  

= 0.122
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Rejection	sampling	algorithm

Step 0:
Have a fully specified
Bayesian Network

31

Flu Under-
grad

TiredFever

𝑃 𝐹!" = 1 = 0.1 𝑃 𝑈 = 1 = 0.8

𝑃 𝐹#$ = 1|𝐹!" = 1 = 0.9
𝑃 𝐹#$ = 1|𝐹!" = 0 = 0.05

𝑃 𝑇 = 1|𝐹!" = 0, 𝑈 = 0 = 0.1
 𝑃 𝑇 = 1|𝐹!" = 0, 𝑈 = 1 = 0.8
 𝑃 𝑇 = 1|𝐹!" = 1, 𝑈 = 0 = 0.9
 𝑃 𝑇 = 1|𝐹!" = 1, 𝑈 = 1 = 1.0 



Chris Piech, CS109, 2021

Alg #0: Straight Math

Too many possible inference 
questions one could ask…
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Alg #1: Rejection Sampling
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Recall: Probabilistic Model

Fever
Tired

Flu Undergrad

P (U = 1) = 0.8
<latexit sha1_base64="q04hXdQRTNZ67G98iEl4KWqq7YU=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkIihfYiFLx4rGDaQhvLZrtpl242YXejlND/4cWDIl79L978N27bHLT1wQyP92bY2RcknCntON9WYWNza3unuFva2z84PCofn7RVnEpCPRLzWHYDrChngnqaaU67iaQ4CjjtBJObud95pFKxWNzraUL9CI8ECxnB2kgPraqHrpF7aZpjNwblimM7C6B14uakAjlag/JXfxiTNKJCE46V6rlOov0MS80Ip7NSP1U0wWSCR7RnqMARVX62uHqGLowyRGEsTQmNFurvjQxHSk2jwExGWI/VqjcX//N6qQ4bfsZEkmoqyPKhMOVIx2geARoySYnmU0MwkczcisgYS0y0CapkQnBXv7xO2le269juXa3SrOVxFOEMzqEKLtShCbfQAg8ISHiGV3iznqwX6936WI4WrHznFP7A+vwBPNSPrw==</latexit><latexit sha1_base64="q04hXdQRTNZ67G98iEl4KWqq7YU=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkIihfYiFLx4rGDaQhvLZrtpl242YXejlND/4cWDIl79L978N27bHLT1wQyP92bY2RcknCntON9WYWNza3unuFva2z84PCofn7RVnEpCPRLzWHYDrChngnqaaU67iaQ4CjjtBJObud95pFKxWNzraUL9CI8ECxnB2kgPraqHrpF7aZpjNwblimM7C6B14uakAjlag/JXfxiTNKJCE46V6rlOov0MS80Ip7NSP1U0wWSCR7RnqMARVX62uHqGLowyRGEsTQmNFurvjQxHSk2jwExGWI/VqjcX//N6qQ4bfsZEkmoqyPKhMOVIx2geARoySYnmU0MwkczcisgYS0y0CapkQnBXv7xO2le269juXa3SrOVxFOEMzqEKLtShCbfQAg8ISHiGV3iznqwX6936WI4WrHznFP7A+vwBPNSPrw==</latexit><latexit sha1_base64="q04hXdQRTNZ67G98iEl4KWqq7YU=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkIihfYiFLx4rGDaQhvLZrtpl242YXejlND/4cWDIl79L978N27bHLT1wQyP92bY2RcknCntON9WYWNza3unuFva2z84PCofn7RVnEpCPRLzWHYDrChngnqaaU67iaQ4CjjtBJObud95pFKxWNzraUL9CI8ECxnB2kgPraqHrpF7aZpjNwblimM7C6B14uakAjlag/JXfxiTNKJCE46V6rlOov0MS80Ip7NSP1U0wWSCR7RnqMARVX62uHqGLowyRGEsTQmNFurvjQxHSk2jwExGWI/VqjcX//N6qQ4bfsZEkmoqyPKhMOVIx2geARoySYnmU0MwkczcisgYS0y0CapkQnBXv7xO2le269juXa3SrOVxFOEMzqEKLtShCbfQAg8ISHiGV3iznqwX6936WI4WrHznFP7A+vwBPNSPrw==</latexit><latexit sha1_base64="q04hXdQRTNZ67G98iEl4KWqq7YU=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkIihfYiFLx4rGDaQhvLZrtpl242YXejlND/4cWDIl79L978N27bHLT1wQyP92bY2RcknCntON9WYWNza3unuFva2z84PCofn7RVnEpCPRLzWHYDrChngnqaaU67iaQ4CjjtBJObud95pFKxWNzraUL9CI8ECxnB2kgPraqHrpF7aZpjNwblimM7C6B14uakAjlag/JXfxiTNKJCE46V6rlOov0MS80Ip7NSP1U0wWSCR7RnqMARVX62uHqGLowyRGEsTQmNFurvjQxHSk2jwExGWI/VqjcX//N6qQ4bfsZEkmoqyPKhMOVIx2geARoySYnmU0MwkczcisgYS0y0CapkQnBXv7xO2le269juXa3SrOVxFOEMzqEKLtShCbfQAg8ISHiGV3iznqwX6936WI4WrHznFP7A+vwBPNSPrw==</latexit>

P (Fl = 1) = 0.1
<latexit sha1_base64="2j89fAK6mAT2kD86ZmEJr3Jwugw=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRgm6EgiAuK9gHtKFMppN26GQS5iHU0C9x40IRt36KO//GaZuFth64l8M59zJ3TphyprTnfTtr6xubW9uFneLu3v5ByT08aqnESEKbJOGJ7IRYUc4EbWqmOe2kkuI45LQdjm9mfvuRSsUS8aAnKQ1iPBQsYgRrK/XdUqNyy9E18s9t86p+3y17VW8OtEr8nJQhR6PvfvUGCTExFZpwrFTX91IdZFhqRjidFntG0RSTMR7SrqUCx1QF2fzwKTqzygBFibQlNJqrvzcyHCs1iUM7GWM9UsveTPzP6xodXQUZE6nRVJDFQ5HhSCdolgIaMEmJ5hNLMJHM3orICEtMtM2qaEPwl7+8SloXVd8mdl8r12t5HAU4gVOogA+XUIc7aEATCBh4hld4c56cF+fd+ViMrjn5zjH8gfP5A2CrkEA=</latexit><latexit sha1_base64="2j89fAK6mAT2kD86ZmEJr3Jwugw=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRgm6EgiAuK9gHtKFMppN26GQS5iHU0C9x40IRt36KO//GaZuFth64l8M59zJ3TphyprTnfTtr6xubW9uFneLu3v5ByT08aqnESEKbJOGJ7IRYUc4EbWqmOe2kkuI45LQdjm9mfvuRSsUS8aAnKQ1iPBQsYgRrK/XdUqNyy9E18s9t86p+3y17VW8OtEr8nJQhR6PvfvUGCTExFZpwrFTX91IdZFhqRjidFntG0RSTMR7SrqUCx1QF2fzwKTqzygBFibQlNJqrvzcyHCs1iUM7GWM9UsveTPzP6xodXQUZE6nRVJDFQ5HhSCdolgIaMEmJ5hNLMJHM3orICEtMtM2qaEPwl7+8SloXVd8mdl8r12t5HAU4gVOogA+XUIc7aEATCBh4hld4c56cF+fd+ViMrjn5zjH8gfP5A2CrkEA=</latexit><latexit sha1_base64="2j89fAK6mAT2kD86ZmEJr3Jwugw=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRgm6EgiAuK9gHtKFMppN26GQS5iHU0C9x40IRt36KO//GaZuFth64l8M59zJ3TphyprTnfTtr6xubW9uFneLu3v5ByT08aqnESEKbJOGJ7IRYUc4EbWqmOe2kkuI45LQdjm9mfvuRSsUS8aAnKQ1iPBQsYgRrK/XdUqNyy9E18s9t86p+3y17VW8OtEr8nJQhR6PvfvUGCTExFZpwrFTX91IdZFhqRjidFntG0RSTMR7SrqUCx1QF2fzwKTqzygBFibQlNJqrvzcyHCs1iUM7GWM9UsveTPzP6xodXQUZE6nRVJDFQ5HhSCdolgIaMEmJ5hNLMJHM3orICEtMtM2qaEPwl7+8SloXVd8mdl8r12t5HAU4gVOogA+XUIc7aEATCBh4hld4c56cF+fd+ViMrjn5zjH8gfP5A2CrkEA=</latexit><latexit sha1_base64="2j89fAK6mAT2kD86ZmEJr3Jwugw=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRgm6EgiAuK9gHtKFMppN26GQS5iHU0C9x40IRt36KO//GaZuFth64l8M59zJ3TphyprTnfTtr6xubW9uFneLu3v5ByT08aqnESEKbJOGJ7IRYUc4EbWqmOe2kkuI45LQdjm9mfvuRSsUS8aAnKQ1iPBQsYgRrK/XdUqNyy9E18s9t86p+3y17VW8OtEr8nJQhR6PvfvUGCTExFZpwrFTX91IdZFhqRjidFntG0RSTMR7SrqUCx1QF2fzwKTqzygBFibQlNJqrvzcyHCs1iUM7GWM9UsveTPzP6xodXQUZE6nRVJDFQ5HhSCdolgIaMEmJ5hNLMJHM3orICEtMtM2qaEPwl7+8SloXVd8mdl8r12t5HAU4gVOogA+XUIc7aEATCBh4hld4c56cF+fd+ViMrjn5zjH8gfP5A2CrkEA=</latexit>

P (Fev = 1|Flu = 1) = 0.9
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P (Fev = 1|Flu = 0) = 0.05
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P (T = 1|Flu = 0, U = 0) = 0.1

P (T = 1|Flu = 0, U = 1) = 0.8

P (T = 1|Flu = 1, U = 0) = 0.9

P (T = 1|Flu = 1, U = 1) = 1.0
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Alg #1: Rejection Sampling
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Alg #1: Rejection Sampling
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Lets try it! 
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Rejection	sampling	algorithm

47

What is 𝑃 𝐹!" = 1|𝑈 = 1, 𝑇 = 1 ?Inference
question:

# samples with 𝐹./ = 1,𝑈 = 1, 𝑇 = 1
# samples with 𝑈 = 1, 𝑇 = 1

🤔

Why would this definition of approximate probability make sense?

probability ≈  
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Why	would	this	approximate	probability	make	sense?
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What is 𝑃 𝐹!" = 1|𝑈 = 1, 𝑇 = 1 ?Inference
question:

# samples with 𝐹./ = 1,𝑈 = 1, 𝑇 = 1
# samples with 𝑈 = 1, 𝑇 = 1

Recall our definition of 
probability as a frequency:

𝑃 𝐸 = lim
2→4

𝑛(𝐸)
𝑛

𝑛 = # of total trials
𝑛(𝐸) = # trials where 𝐸 occurs

# samples with 𝑈 = 1, 𝑇 = 1
probability ≈  
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If you can sample enough 
from the joint distribution, 

you can answer any 
probability question

Each one of 
these is one 
joint sample:

[Flu, Undergrad, Fever, Tired]



Where	are	we	in	CS109?



Piech, CS106A, Stanford University

Which video are you more likely to like?

51

10,000 50 10 0

Davie504 Not Davie504
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Drug A Drug B

Which one do you give to a patient?

Which drug should you give if you are uncertain about 
p?
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Four Prototypical TrajectoriesPhilosophical Ponderings:
You ask about the probability of rain tomorrow. 

Person A: My leg itches when it rains and its kind of 
itchy…. Uh, p = .80

Person B: I have done complex calculations and have 
seen 10,451 days like tomorrow… p = 0.80

What is the difference between the two estimates?
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Four Prototypical Trajectories

“Those who are able to 
represent what they do not 
know make better decisions”

- CS109
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Four Prototypical Trajectories

Today we are going to learn 
something unintuitive, beautiful and 

useful
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Flip a plate 5 times. If you get heads 3 times you win 

Let's	play	a	game!

Credit: Rembrandt via Dall E

<latexit sha1_base64="YFHiJZdHAZnVu52614rCkKgesvE="></latexit>

P (X = 3) =

✓
5

3

◆
· 1
2

3

· 1
2

2

= 0.3125
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What	if	you	don't	know	a	probability?
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What	if	you	don't	know	a	probability?
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Four Prototypical Trajectories

What is your belief that you flip a heads 
on my coin?



The parameter p to a 
binomial can be a random 

variable
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Coffee	out	of	10	Bevs……What	is	your	Belief	of	the	P(Coffee)?
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9	Heads	out	of	10	Flips.	What	is	your	Belief	in	p?
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P (X = x|H = 9, T = 1)

=
P (H = 9, T = 1|X = x)f(X = x)

P (H = 9, T = 1)

=

�10
9

�
x
9(1� x)1

P (H = 9, T = 1)

= K · x9(1� x)1
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9	Heads	out	of	10	Flips.	What	is	your	Belief	in	p?

Uniform?Binomial

Let X be our belief about the probability of heads:
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P (X = x|H = 9, T = 1)

=
P (H = 9, T = 1|X = x)f(X = x)

P (H = 9, T = 1)

=

�10
9

�
x
9(1� x)1

P (H = 9, T = 1)

= K · x9(1� x)1
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9	Heads	out	of	10	Flips.	What	is	your	Belief	in	p?

Uniform?Binomial

Let X be our belief about the probability of heads:
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P (X = x|H = 9, T = 1)

=
P (H = 9, T = 1|X = x)f(X = x)

P (H = 9, T = 1)

=

�10
9

�
x
9(1� x)1

P (H = 9, T = 1)

= K · x9(1� x)1
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Let X be our belief about the probability of heads:

9	Heads	out	of	10	Flips.	What	is	your	Belief	in	p?

Uniform?Binomial
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P (X = x|H = 9, T = 1)

=
P (H = 9, T = 1|X = x)f(X = x)

P (H = 9, T = 1)

=

�10
9

�
x
9(1� x)1

P (H = 9, T = 1)

= K · x9(1� x)1
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9	Heads	out	of	10	Flips.	What	is	your	Belief	in	p?
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Flip a coin (n + m) times, comes up with n heads
§ We don’t know probability X that coin comes up 

heads
Frequentist (never prior) Bayesian (prior is great)

X = lim
n+m!1

n

n+m

⇡ n

n+m

fX|N (x|n) =
P (N = n|X = x)fX(x)

P (N = n)

X is (often) a single value
X is a random variable. Leads to a belief 
distribution which captures confidence

Flip	a	coin	with	unknown	probability
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Flip a coin (n + m) times, comes up with n heads
§ We don’t know probability X that coin comes up heads
§ Our belief before flipping coins is that: X ~ Uni(0, 1)
§ Let N = number of heads
§ Given X = x, coin flips independent: (N | X) ~ Bin(n + m, x)

Bayesian
“posterior” 

probability distribution

Bayesian “prior”
probability distribution

fX|N (x|n) = P (N = n|X = x)fX(x)

P (N = n)

=

�n+m
n

�
xn(1� x)m

P (N = n)

=

�n+m
n

�

P (N = n)
xn(1� x)m

=
1

c
· xn(1� x)m where c =

Z 1

0
xn(1� x)mdx

Flip	a	coin	with	unknown	probability!
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Flip a coin (n + m) times, comes up with n heads
§ We don’t know probability X that coin comes up heads
§ Our belief before flipping coins is that: X ~ Uni(0, 1)
§ Let N = number of heads
§ Given X = x, coin flips independent: (N | X) ~ Bin(n + m, x)

fX|N (x|n) = P (N = n|X = x)fX(x)

P (N = n)

=

�n+m
n

�
xn(1� x)m

P (N = n)

=

�n+m
n

�

P (N = n)
xn(1� x)m

=
1

c
· xn(1� x)m where c =

Z 1

0
xn(1� x)mdx

fX|N (x|n) = P (N = n|X = x)fX(x)

P (N = n)

=

�n+m
n

�
xn(1� x)m

P (N = n)

=

�n+m
n

�

P (N = n)
xn(1� x)m

=
1

c
· xn(1� x)m where c =

Z 1

0
xn(1� x)mdx

fX|N (x|n) = P (N = n|X = x)fX(x)

P (N = n)

=

�n+m
n

�
xn(1� x)m

P (N = n)

=

�n+m
n

�

P (N = n)
xn(1� x)m

=
1

c
· xn(1� x)m where c =

Z 1

0
xn(1� x)mdx

fX|N (x|n) = P (N = n|X = x)fX(x)

P (N = n)

=

�n+m
n

�
xn(1� x)m

P (N = n)

=

�n+m
n

�

P (N = n)
xn(1� x)m

=
1

c
· xn(1� x)m where c =

Z 1

0
xn(1� x)mdx

fX|N (x|n) = P (N = n|X = x)fX(x)

P (N = n)

=

�n+m
n

�
xn(1� x)m

P (N = n)

=

�n+m
n

�

P (N = n)
xn(1� x)m

=
1

c
· xn(1� x)m where c =

Z 1

0
xn(1� x)mdx

1

Binomial
Move terms around

Flip	a	coin	with	unknown	probability!



If you start with a X ~ Uni(0, 1) prior 
over probability, and observe: 
   n “successes” and 
   m “failures”…

Your new belief about the probability is:

c =

Z 1

0
xn(1� x)m
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fX(x) =
1

c
· xn(1� x)m

<latexit sha1_base64="Dbtph4HhFWCNF/y0dQp4useRZfg=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTahSURQTdC0Y3LCvYBTRomk0k7dDIJMxNpCf0CN/6KGxeKuHXtzr9x2mahrQcuHM65l3vv8RNGpbKsb2NldW19Y7OwVdze2d3bNw8OWzJOBSZNHLNYdHwkCaOcNBVVjHQSQVDkM9L2hzdTv/1AhKQxv1fjhLgR6nMaUoyUljyzHHqdyqgKr6ATCoQze5LhCXRwECs46vGKfTqq9iLPLFk1awa4TOyclECOhmd+OUGM04hwhRmSsmtbiXIzJBTFjEyKTipJgvAQ9UlXU44iIt1s9s4ElrUSwDAWuriCM/X3RIYiKceRrzsjpAZy0ZuK/3ndVIWXbkZ5kirC8XxRmDKoYjjNBgZUEKzYWBOEBdW3QjxAOhalEyzqEOzFl5dJ66xmWzX77rxUv87jKIBjcAIqwAYXoA5uQQM0AQaP4Bm8gjfjyXgx3o2PeeuKkc8cgT8wPn8Ad3+aeA==</latexit><latexit sha1_base64="Dbtph4HhFWCNF/y0dQp4useRZfg=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTahSURQTdC0Y3LCvYBTRomk0k7dDIJMxNpCf0CN/6KGxeKuHXtzr9x2mahrQcuHM65l3vv8RNGpbKsb2NldW19Y7OwVdze2d3bNw8OWzJOBSZNHLNYdHwkCaOcNBVVjHQSQVDkM9L2hzdTv/1AhKQxv1fjhLgR6nMaUoyUljyzHHqdyqgKr6ATCoQze5LhCXRwECs46vGKfTqq9iLPLFk1awa4TOyclECOhmd+OUGM04hwhRmSsmtbiXIzJBTFjEyKTipJgvAQ9UlXU44iIt1s9s4ElrUSwDAWuriCM/X3RIYiKceRrzsjpAZy0ZuK/3ndVIWXbkZ5kirC8XxRmDKoYjjNBgZUEKzYWBOEBdW3QjxAOhalEyzqEOzFl5dJ66xmWzX77rxUv87jKIBjcAIqwAYXoA5uQQM0AQaP4Bm8gjfjyXgx3o2PeeuKkc8cgT8wPn8Ad3+aeA==</latexit><latexit sha1_base64="Dbtph4HhFWCNF/y0dQp4useRZfg=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTahSURQTdC0Y3LCvYBTRomk0k7dDIJMxNpCf0CN/6KGxeKuHXtzr9x2mahrQcuHM65l3vv8RNGpbKsb2NldW19Y7OwVdze2d3bNw8OWzJOBSZNHLNYdHwkCaOcNBVVjHQSQVDkM9L2hzdTv/1AhKQxv1fjhLgR6nMaUoyUljyzHHqdyqgKr6ATCoQze5LhCXRwECs46vGKfTqq9iLPLFk1awa4TOyclECOhmd+OUGM04hwhRmSsmtbiXIzJBTFjEyKTipJgvAQ9UlXU44iIt1s9s4ElrUSwDAWuriCM/X3RIYiKceRrzsjpAZy0ZuK/3ndVIWXbkZ5kirC8XxRmDKoYjjNBgZUEKzYWBOEBdW3QjxAOhalEyzqEOzFl5dJ66xmWzX77rxUv87jKIBjcAIqwAYXoA5uQQM0AQaP4Bm8gjfjyXgx3o2PeeuKkc8cgT8wPn8Ad3+aeA==</latexit><latexit sha1_base64="Dbtph4HhFWCNF/y0dQp4useRZfg=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTahSURQTdC0Y3LCvYBTRomk0k7dDIJMxNpCf0CN/6KGxeKuHXtzr9x2mahrQcuHM65l3vv8RNGpbKsb2NldW19Y7OwVdze2d3bNw8OWzJOBSZNHLNYdHwkCaOcNBVVjHQSQVDkM9L2hzdTv/1AhKQxv1fjhLgR6nMaUoyUljyzHHqdyqgKr6ATCoQze5LhCXRwECs46vGKfTqq9iLPLFk1awa4TOyclECOhmd+OUGM04hwhRmSsmtbiXIzJBTFjEyKTipJgvAQ9UlXU44iIt1s9s4ElrUSwDAWuriCM/X3RIYiKceRrzsjpAZy0ZuK/3ndVIWXbkZ5kirC8XxRmDKoYjjNBgZUEKzYWBOEBdW3QjxAOhalEyzqEOzFl5dJ66xmWzX77rxUv87jKIBjcAIqwAYXoA5uQQM0AQaP4Bm8gjfjyXgx3o2PeeuKkc8cgT8wPn8Ad3+aeA==</latexit>

where

Flip	a	coin	with	unknown	probability!
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n = 7
m = 1

fX(x) =
1

c
· xn(1� x)m

<latexit sha1_base64="Dbtph4HhFWCNF/y0dQp4useRZfg=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTahSURQTdC0Y3LCvYBTRomk0k7dDIJMxNpCf0CN/6KGxeKuHXtzr9x2mahrQcuHM65l3vv8RNGpbKsb2NldW19Y7OwVdze2d3bNw8OWzJOBSZNHLNYdHwkCaOcNBVVjHQSQVDkM9L2hzdTv/1AhKQxv1fjhLgR6nMaUoyUljyzHHqdyqgKr6ATCoQze5LhCXRwECs46vGKfTqq9iLPLFk1awa4TOyclECOhmd+OUGM04hwhRmSsmtbiXIzJBTFjEyKTipJgvAQ9UlXU44iIt1s9s4ElrUSwDAWuriCM/X3RIYiKceRrzsjpAZy0ZuK/3ndVIWXbkZ5kirC8XxRmDKoYjjNBgZUEKzYWBOEBdW3QjxAOhalEyzqEOzFl5dJ66xmWzX77rxUv87jKIBjcAIqwAYXoA5uQQM0AQaP4Bm8gjfjyXgx3o2PeeuKkc8cgT8wPn8Ad3+aeA==</latexit><latexit sha1_base64="Dbtph4HhFWCNF/y0dQp4useRZfg=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTahSURQTdC0Y3LCvYBTRomk0k7dDIJMxNpCf0CN/6KGxeKuHXtzr9x2mahrQcuHM65l3vv8RNGpbKsb2NldW19Y7OwVdze2d3bNw8OWzJOBSZNHLNYdHwkCaOcNBVVjHQSQVDkM9L2hzdTv/1AhKQxv1fjhLgR6nMaUoyUljyzHHqdyqgKr6ATCoQze5LhCXRwECs46vGKfTqq9iLPLFk1awa4TOyclECOhmd+OUGM04hwhRmSsmtbiXIzJBTFjEyKTipJgvAQ9UlXU44iIt1s9s4ElrUSwDAWuriCM/X3RIYiKceRrzsjpAZy0ZuK/3ndVIWXbkZ5kirC8XxRmDKoYjjNBgZUEKzYWBOEBdW3QjxAOhalEyzqEOzFl5dJ66xmWzX77rxUv87jKIBjcAIqwAYXoA5uQQM0AQaP4Bm8gjfjyXgx3o2PeeuKkc8cgT8wPn8Ad3+aeA==</latexit><latexit sha1_base64="Dbtph4HhFWCNF/y0dQp4useRZfg=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTahSURQTdC0Y3LCvYBTRomk0k7dDIJMxNpCf0CN/6KGxeKuHXtzr9x2mahrQcuHM65l3vv8RNGpbKsb2NldW19Y7OwVdze2d3bNw8OWzJOBSZNHLNYdHwkCaOcNBVVjHQSQVDkM9L2hzdTv/1AhKQxv1fjhLgR6nMaUoyUljyzHHqdyqgKr6ATCoQze5LhCXRwECs46vGKfTqq9iLPLFk1awa4TOyclECOhmd+OUGM04hwhRmSsmtbiXIzJBTFjEyKTipJgvAQ9UlXU44iIt1s9s4ElrUSwDAWuriCM/X3RIYiKceRrzsjpAZy0ZuK/3ndVIWXbkZ5kirC8XxRmDKoYjjNBgZUEKzYWBOEBdW3QjxAOhalEyzqEOzFl5dJ66xmWzX77rxUv87jKIBjcAIqwAYXoA5uQQM0AQaP4Bm8gjfjyXgx3o2PeeuKkc8cgT8wPn8Ad3+aeA==</latexit><latexit sha1_base64="Dbtph4HhFWCNF/y0dQp4useRZfg=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTahSURQTdC0Y3LCvYBTRomk0k7dDIJMxNpCf0CN/6KGxeKuHXtzr9x2mahrQcuHM65l3vv8RNGpbKsb2NldW19Y7OwVdze2d3bNw8OWzJOBSZNHLNYdHwkCaOcNBVVjHQSQVDkM9L2hzdTv/1AhKQxv1fjhLgR6nMaUoyUljyzHHqdyqgKr6ATCoQze5LhCXRwECs46vGKfTqq9iLPLFk1awa4TOyclECOhmd+OUGM04hwhRmSsmtbiXIzJBTFjEyKTipJgvAQ9UlXU44iIt1s9s4ElrUSwDAWuriCM/X3RIYiKceRrzsjpAZy0ZuK/3ndVIWXbkZ5kirC8XxRmDKoYjjNBgZUEKzYWBOEBdW3QjxAOhalEyzqEOzFl5dJ66xmWzX77rxUv87jKIBjcAIqwAYXoA5uQQM0AQaP4Bm8gjfjyXgx3o2PeeuKkc8cgT8wPn8Ad3+aeA==</latexit>

Belief	after	7	success	and	1	fail



If you start with a X ~ Uni(0, 1) prior 
over probability, and observe: 
   let a = num “successes” + 1 
   let b = num “failures” + 1

Your new belief about the probability is:

where c =

Z 1

0
xa�1(1� x)b�1

<latexit sha1_base64="8YoBC0eGaCN9+OUajjST+XZCOIM=">AAACCHicbZDLSgMxFIYzXmu9jbp0YbAIddEyEUE3QtGNywr2Au10yKSZNjSTGZKMtAxduvFV3LhQxK2P4M63MW1noa0/BD7+cw4n5/djzpR2nG9raXlldW09t5Hf3Nre2bX39usqSiShNRLxSDZ9rChngtY005w2Y0lx6HPa8Ac3k3rjgUrFInGvRzF1Q9wTLGAEa2N59hGBV7DNhPacDoLDTopLaFxEpeFpJ/UNenbBKTtTwUVAGRRApqpnf7W7EUlCKjThWKkWcmLtplhqRjgd59uJojEmA9yjLYMCh1S56fSQMTwxThcGkTRPaDh1f0+kOFRqFPqmM8S6r+ZrE/O/WivRwaWbMhEnmgoyWxQkHOoITlKBXSYp0XxkABPJzF8h6WOJiTbZ5U0IaP7kRaiflZFTRnfnhcp1FkcOHIJjUAQIXIAKuAVVUAMEPIJn8ArerCfrxXq3PmatS1Y2cwD+yPr8AQull3A=</latexit><latexit sha1_base64="8YoBC0eGaCN9+OUajjST+XZCOIM=">AAACCHicbZDLSgMxFIYzXmu9jbp0YbAIddEyEUE3QtGNywr2Au10yKSZNjSTGZKMtAxduvFV3LhQxK2P4M63MW1noa0/BD7+cw4n5/djzpR2nG9raXlldW09t5Hf3Nre2bX39usqSiShNRLxSDZ9rChngtY005w2Y0lx6HPa8Ac3k3rjgUrFInGvRzF1Q9wTLGAEa2N59hGBV7DNhPacDoLDTopLaFxEpeFpJ/UNenbBKTtTwUVAGRRApqpnf7W7EUlCKjThWKkWcmLtplhqRjgd59uJojEmA9yjLYMCh1S56fSQMTwxThcGkTRPaDh1f0+kOFRqFPqmM8S6r+ZrE/O/WivRwaWbMhEnmgoyWxQkHOoITlKBXSYp0XxkABPJzF8h6WOJiTbZ5U0IaP7kRaiflZFTRnfnhcp1FkcOHIJjUAQIXIAKuAVVUAMEPIJn8ArerCfrxXq3PmatS1Y2cwD+yPr8AQull3A=</latexit><latexit sha1_base64="8YoBC0eGaCN9+OUajjST+XZCOIM=">AAACCHicbZDLSgMxFIYzXmu9jbp0YbAIddEyEUE3QtGNywr2Au10yKSZNjSTGZKMtAxduvFV3LhQxK2P4M63MW1noa0/BD7+cw4n5/djzpR2nG9raXlldW09t5Hf3Nre2bX39usqSiShNRLxSDZ9rChngtY005w2Y0lx6HPa8Ac3k3rjgUrFInGvRzF1Q9wTLGAEa2N59hGBV7DNhPacDoLDTopLaFxEpeFpJ/UNenbBKTtTwUVAGRRApqpnf7W7EUlCKjThWKkWcmLtplhqRjgd59uJojEmA9yjLYMCh1S56fSQMTwxThcGkTRPaDh1f0+kOFRqFPqmM8S6r+ZrE/O/WivRwaWbMhEnmgoyWxQkHOoITlKBXSYp0XxkABPJzF8h6WOJiTbZ5U0IaP7kRaiflZFTRnfnhcp1FkcOHIJjUAQIXIAKuAVVUAMEPIJn8ArerCfrxXq3PmatS1Y2cwD+yPr8AQull3A=</latexit><latexit sha1_base64="8YoBC0eGaCN9+OUajjST+XZCOIM=">AAACCHicbZDLSgMxFIYzXmu9jbp0YbAIddEyEUE3QtGNywr2Au10yKSZNjSTGZKMtAxduvFV3LhQxK2P4M63MW1noa0/BD7+cw4n5/djzpR2nG9raXlldW09t5Hf3Nre2bX39usqSiShNRLxSDZ9rChngtY005w2Y0lx6HPa8Ac3k3rjgUrFInGvRzF1Q9wTLGAEa2N59hGBV7DNhPacDoLDTopLaFxEpeFpJ/UNenbBKTtTwUVAGRRApqpnf7W7EUlCKjThWKkWcmLtplhqRjgd59uJojEmA9yjLYMCh1S56fSQMTwxThcGkTRPaDh1f0+kOFRqFPqmM8S6r+ZrE/O/WivRwaWbMhEnmgoyWxQkHOoITlKBXSYp0XxkABPJzF8h6WOJiTbZ5U0IaP7kRaiflZFTRnfnhcp1FkcOHIJjUAQIXIAKuAVVUAMEPIJn8ArerCfrxXq3PmatS1Y2cwD+yPr8AQull3A=</latexit>

fX(x) =
1

c
· xa�1(1� x)b�1

<latexit sha1_base64="ukvbDQS41aXIQqDrEbpvFcnjvDk=">AAACFnicbZDLSgMxFIYzXmu9jbp0EyxCu2iZiKAboejGZQV7gXY6ZDKZNjRzIclIyzBP4cZXceNCEbfizrcxbWehrT8EPv5zDifnd2POpLKsb2NldW19Y7OwVdze2d3bNw8OWzJKBKFNEvFIdFwsKWchbSqmOO3EguLA5bTtjm6m9fYDFZJF4b2axNQO8CBkPiNYacsxq77TKY8r8Ar2fIFJirKUZLBHvEjBcT/FVZSVUXVc6aeuRscsWTVrJrgMKIcSyNVwzK+eF5EkoKEiHEvZRVas7BQLxQinWbGXSBpjMsID2tUY4oBKO52dlcFT7XjQj4R+oYIz9/dEigMpJ4GrOwOshnKxNjX/q3UT5V/aKQvjRNGQzBf5CYcqgtOMoMcEJYpPNGAimP4rJEOs41E6yaIOAS2evAytsxqyaujuvFS/zuMogGNwAsoAgQtQB7egAZqAgEfwDF7Bm/FkvBjvxse8dcXIZ47AHxmfP/eonVw=</latexit><latexit sha1_base64="ukvbDQS41aXIQqDrEbpvFcnjvDk=">AAACFnicbZDLSgMxFIYzXmu9jbp0EyxCu2iZiKAboejGZQV7gXY6ZDKZNjRzIclIyzBP4cZXceNCEbfizrcxbWehrT8EPv5zDifnd2POpLKsb2NldW19Y7OwVdze2d3bNw8OWzJKBKFNEvFIdFwsKWchbSqmOO3EguLA5bTtjm6m9fYDFZJF4b2axNQO8CBkPiNYacsxq77TKY8r8Ar2fIFJirKUZLBHvEjBcT/FVZSVUXVc6aeuRscsWTVrJrgMKIcSyNVwzK+eF5EkoKEiHEvZRVas7BQLxQinWbGXSBpjMsID2tUY4oBKO52dlcFT7XjQj4R+oYIz9/dEigMpJ4GrOwOshnKxNjX/q3UT5V/aKQvjRNGQzBf5CYcqgtOMoMcEJYpPNGAimP4rJEOs41E6yaIOAS2evAytsxqyaujuvFS/zuMogGNwAsoAgQtQB7egAZqAgEfwDF7Bm/FkvBjvxse8dcXIZ47AHxmfP/eonVw=</latexit><latexit sha1_base64="ukvbDQS41aXIQqDrEbpvFcnjvDk=">AAACFnicbZDLSgMxFIYzXmu9jbp0EyxCu2iZiKAboejGZQV7gXY6ZDKZNjRzIclIyzBP4cZXceNCEbfizrcxbWehrT8EPv5zDifnd2POpLKsb2NldW19Y7OwVdze2d3bNw8OWzJKBKFNEvFIdFwsKWchbSqmOO3EguLA5bTtjm6m9fYDFZJF4b2axNQO8CBkPiNYacsxq77TKY8r8Ar2fIFJirKUZLBHvEjBcT/FVZSVUXVc6aeuRscsWTVrJrgMKIcSyNVwzK+eF5EkoKEiHEvZRVas7BQLxQinWbGXSBpjMsID2tUY4oBKO52dlcFT7XjQj4R+oYIz9/dEigMpJ4GrOwOshnKxNjX/q3UT5V/aKQvjRNGQzBf5CYcqgtOMoMcEJYpPNGAimP4rJEOs41E6yaIOAS2evAytsxqyaujuvFS/zuMogGNwAsoAgQtQB7egAZqAgEfwDF7Bm/FkvBjvxse8dcXIZ47AHxmfP/eonVw=</latexit><latexit sha1_base64="ukvbDQS41aXIQqDrEbpvFcnjvDk=">AAACFnicbZDLSgMxFIYzXmu9jbp0EyxCu2iZiKAboejGZQV7gXY6ZDKZNjRzIclIyzBP4cZXceNCEbfizrcxbWehrT8EPv5zDifnd2POpLKsb2NldW19Y7OwVdze2d3bNw8OWzJKBKFNEvFIdFwsKWchbSqmOO3EguLA5bTtjm6m9fYDFZJF4b2axNQO8CBkPiNYacsxq77TKY8r8Ar2fIFJirKUZLBHvEjBcT/FVZSVUXVc6aeuRscsWTVrJrgMKIcSyNVwzK+eF5EkoKEiHEvZRVas7BQLxQinWbGXSBpjMsID2tUY4oBKO52dlcFT7XjQj4R+oYIz9/dEigMpJ4GrOwOshnKxNjX/q3UT5V/aKQvjRNGQzBf5CYcqgtOMoMcEJYpPNGAimP4rJEOs41E6yaIOAS2evAytsxqyaujuvFS/zuMogGNwAsoAgQtQB7egAZqAgEfwDF7Bm/FkvBjvxse8dcXIZ47AHxmfP/eonVw=</latexit>

Equivalently!
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X is a Beta Random Variable: X ~ Beta(a, b)
§ Probability Density Function (PDF):      (where a, b > 0)

            

§ Symmetric when a = b
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Beta	Random	Variable
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Used to represent a distributed belief of a probability

Beta	is	the	Random	Variable	for	Probabilities



Beta Parameters can 
come from experiments:

a = “successes” + 1
b = “failures” + 1
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Four Prototypical Trajectories

And with that, we’ll end for today!

See you Friday!


