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Pset	#4	is	Due	Tomorrow!
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Four Prototypical Trajectories

<review>
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Expectation	(just	cool)

<latexit sha1_base64="QulsucrFztYbTExkmkyCleg03VE=">AAACDXicbVDLSgNBEJz1GeNr1aOXwSjES9iVoLkEAiJ4jGAekF3C7GSSDJl9MNMrG5b8gBd/xYsHRbx69+bfOEn2oIkFDUVVN91dXiS4Asv6NlZW19Y3NnNb+e2d3b198+CwqcJYUtagoQhl2yOKCR6wBnAQrB1JRnxPsJY3up76rQcmFQ+DexhHzPXJIOB9TgloqWueOsASSG8mnbaLq9hRsd9NcIId2gsB14ttXE3Ou2bBKlkz4GViZ6SAMtS75pfTC2nsswCoIEp1bCsCNyUSOBVskndixSJCR2TAOpoGxGfKTWffTPCZVnq4H0pdAeCZ+nsiJb5SY9/TnT6BoVr0puJ/XieGfsVNeRDFwAI6X9SPBYYQT6PBPS4ZBTHWhFDJ9a2YDokkFHSAeR2CvfjyMmlelOzLUvmuXKhVsjhy6BidoCKy0RWqoVtURw1E0SN6Rq/ozXgyXox342PeumJkM0foD4zPH/6CmjE=</latexit>

E[X] =
X

x

x · P (X = x)

All the values 
that X can 
take on

The probability 
that X takes 
on that value



Limitation	of	Expectation	(not	cool?)
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X = time to complete the medical diagnosis problem (in seconds)

<latexit sha1_base64="S3x4eyUTA1zhgEsvXCOjj+GwEu0=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFO1FKHjxWMF+QLuUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUvLRBHaJJJL1QmwppwJ2jTMcNqJFcVRwGk7GN/M/PYjVZpJcW8mMfUjPBQsZAQbK7Ua5c7103m/WHIr7hxolXgZKUGGRr/41RtIkkRUGMKx1l3PjY2fYmUY4XRa6CWaxpiM8ZB2LRU4otpP59dO0ZlVBiiUypYwaK7+nkhxpPUkCmxnhM1IL3sz8T+vm5iw5qdMxImhgiwWhQlHRqLZ62jAFCWGTyzBRDF7KyIjrDAxNqCCDcFbfnmVtC4q3mWlelct1WtZHHk4gVMogwdXUIdbaEATCDzAM7zCmyOdF+fd+Vi05pxs5hj+wPn8AXjcjmM=</latexit>

P (X = x)
<latexit sha1_base64="1CeD0rSelmhnxIVGV6r84rrcrLA=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiSl1G6EggguK9gHpKFMppN26OTBzI0YQv0VNy4UceuHuPNvnLZZaOuBC4dz7uXee7xYcAWW9W0UNja3tneKu6W9/YPDI/P4pKuiRFLWoZGIZN8jigkesg5wEKwfS0YCT7CeN72e+70HJhWPwntIY+YGZBxyn1MCWhqa5QGwR8huZk7fxVfYrjUsa2hWrKq1AF4ndk4qKEd7aH4NRhFNAhYCFUQpx7ZicDMigVPBZqVBolhM6JSMmaNpSAKm3Gxx/Ayfa2WE/UjqCgEv1N8TGQmUSgNPdwYEJmrVm4v/eU4CftPNeBgnwEK6XOQnAkOE50ngEZeMgkg1IVRyfSumEyIJBZ1XSYdgr768Trq1qt2o1u/qlVYzj6OITtEZukA2ukQtdIvaqIMoStEzekVvxpPxYrwbH8vWgpHPlNEfGJ8/bxyTTA==</latexit>

E[X] = 12600

Summarize the 
distribution in one 

number



E[X + Y] = E[X] + E[Y]

  Generalized:

Holds regardless of dependency between Xi’s
We shouldn’t be surprised about this though…
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Expectation	of	a	Sum	(much	cool)



What does this even mean? 
E[X + Y] = E[X] + E[Y]
Whenever you have two variables inside of the expectation you should think about how 
they interact jointly. 

We enumerate every possible value of x + y.

Just like you’ve already been doing with individual variables). 

Expectation	of	a	Sum	

Let’s exercise our math muscles to show that they’re equivalent! 
(Or maybe you can already tell!)



Expectation	of	a	Function
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<latexit sha1_base64="RudcZoUcXyNyW9GGSz17K3dT21I=">AAACE3icbVDLSgNBEJyNrxhfUY9eBoOQeAi7EjSXQEAEjxHMA7LLMjuZJENmH8z0SsKSf/Dir3jxoIhXL978GyfJHjSxoKGo6qa7y4sEV2Ca30ZmbX1jcyu7ndvZ3ds/yB8etVQYS8qaNBSh7HhEMcED1gQOgnUiyYjvCdb2Rtczv/3ApOJhcA+TiDk+GQS8zykBLbn5cxvYGJKbaXdQ7JQcXMO2in13jAfFcQnbtBcCbhQ7uDYuufmCWTbnwKvESkkBpWi4+S+7F9LYZwFQQZTqWmYETkIkcCrYNGfHikWEjsiAdTUNiM+Uk8x/muIzrfRwP5S6AsBz9fdEQnylJr6nO30CQ7XszcT/vG4M/aqT8CCKgQV0sagfCwwhngWEe1wyCmKiCaGS61sxHRJJKOgYczoEa/nlVdK6KFuX5cpdpVCvpnFk0Qk6RUVkoStUR7eogZqIokf0jF7Rm/FkvBjvxseiNWOkM8foD4zPH1D4m90=</latexit>

E[g(X)] =
X

x

g(x) · P (X = x)

<latexit sha1_base64="43WRhC8ClKH5ApnD+yHbddNWBaw=">AAACEXicbVDJSgNBEO1xjXGLevTSGIR4CTMhaC6BgAgeI5gFZiZDT6eTNOlZ6K6RhCG/4MVf8eJBEa/evPk3dpaDJj4oeLxXRVU9PxZcgWl+G2vrG5tb25md7O7e/sFh7ui4qaJEUtagkYhk2yeKCR6yBnAQrB1LRgJfsJY/vJ76rQcmFY/CexjHzA1IP+Q9TgloycsVHGAjSG8mdrtTcnEVOyoJvBEedUrYod0IcL3QxtXRhZfLm0VzBrxKrAXJowXqXu7L6UY0CVgIVBClbMuMwU2JBE4Fm2SdRLGY0CHpM1vTkARMuensowk+10oX9yKpKwQ8U39PpCRQahz4ujMgMFDL3lT8z7MT6FXclIdxAiyk80W9RGCI8DQe3OWSURBjTQiVXN+K6YBIQkGHmNUhWMsvr5JmqWhdFst35Xytsogjg07RGSogC12hGrpFddRAFD2iZ/SK3own48V4Nz7mrWvGYuYE/YHx+QN485t5</latexit>

E[X2] =
X

x

x2 · P (X = x)

Law of unconscious statistician

So for example…



Expectation	of	a	Function
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<latexit sha1_base64="RudcZoUcXyNyW9GGSz17K3dT21I=">AAACE3icbVDLSgNBEJyNrxhfUY9eBoOQeAi7EjSXQEAEjxHMA7LLMjuZJENmH8z0SsKSf/Dir3jxoIhXL978GyfJHjSxoKGo6qa7y4sEV2Ca30ZmbX1jcyu7ndvZ3ds/yB8etVQYS8qaNBSh7HhEMcED1gQOgnUiyYjvCdb2Rtczv/3ApOJhcA+TiDk+GQS8zykBLbn5cxvYGJKbaXdQ7JQcXMO2in13jAfFcQnbtBcCbhQ7uDYuufmCWTbnwKvESkkBpWi4+S+7F9LYZwFQQZTqWmYETkIkcCrYNGfHikWEjsiAdTUNiM+Uk8x/muIzrfRwP5S6AsBz9fdEQnylJr6nO30CQ7XszcT/vG4M/aqT8CCKgQV0sagfCwwhngWEe1wyCmKiCaGS61sxHRJJKOgYczoEa/nlVdK6KFuX5cpdpVCvpnFk0Qk6RUVkoStUR7eogZqIokf0jF7Rm/FkvBjvxseiNWOkM8foD4zPH1D4m90=</latexit>

E[g(X)] =
X

x

g(x) · P (X = x)

Law of the unconscious statistician

This one I won’t prove…it’s sorta lengthy…

Consider what we would do if a function outputs the same values
for some x (e.g. x^2)…

This is why we call it the LOTUS



Bool	was	Cool



Let E1, E2, ... En be events with indicator RVs Xi
• Indicators are Bernoulli RVs that represent whether an event 

took place
• If event Ei occurs, then Xi  = 1, else Xi  = 0
§ Hmmm: E[Xi] = P(Ei)

Boole died of being too cool

E[Xi] = 0 · (1� P (Ei)) + 1 · P (Ei)
Bernoulli aka Indicator Random Variables were studied extensively by George Boole

Bool	was	Cool



Bool	was	Cool	until	he	died



An	aside…things	to	care	about
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Aims to provide means to 
maximize the accuracy 
of probabilistic queries while 
minimizing the probability of 
identifying its records.

Cynthia Dwork’s celebrity lookalike is Cynthia Dwork.

Differential	Privacy



# Maximize accuracy, while preserving privacy.
def calculateYi(Xi):
   obfuscate = random()
   if obfuscate:
      return indicator(random())
   else:
      return Xi

100 independent values X1 … X100 where Xi ~ Bern(p)

random() returns True 
or False with equal 
likelihood

Differential	Privacy

<latexit sha1_base64="XPRlyLFYb7c4TcpNWx9I0YCadWk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9kPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WNP9MoVt+rOQJaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rFU0YgbP5udOiEnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2nZEPwFl9eJs2zqndRPb87r9Su8ziKcATHcAoeXEINbqEODWAwgGd4hTdHOi/Ou/Mxby04+cwh/IHz+QM0RI3C</latexit>

Yi

What is 
returned



# Maximize accuracy, while preserving privacy.
def calculateYi(Xi):
   obfuscate = random()
   if obfuscate:
      return indicator(random())
   else:
      return Xi

random() returns True 
or False with equal 
likelihood

What is E[Yi]?

E[Yi] = P (Yi = 1) =
p

2
+

1

4
E[Yi] = P (Yi = 1) =

p

2
+

1

4

Differential	Privacy
100 independent values X1 … X100 where Xi ~ Bern(p)

<latexit sha1_base64="XPRlyLFYb7c4TcpNWx9I0YCadWk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9kPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WNP9MoVt+rOQJaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rFU0YgbP5udOiEnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2nZEPwFl9eJs2zqndRPb87r9Su8ziKcATHcAoeXEINbqEODWAwgGd4hTdHOi/Ou/Mxby04+cwh/IHz+QM0RI3C</latexit>

Yi

What is 
returned



# Maximize accuracy, while preserving privacy.
def calculateYi(Xi):
   obfuscate = random()
   if obfuscate:
      return indicator(random())
   else:
      return Xi

random() returns True 
or False with equal 
likelihood

E[Yi] = P (Yi = 1) =
p

2
+

1

4
E[Yi] = P (Yi = 1) =

p

2
+

1

4

Differential	Privacy
100 independent values X1 … X100 where Xi ~ Bern(p)

<latexit sha1_base64="XPRlyLFYb7c4TcpNWx9I0YCadWk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9kPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WNP9MoVt+rOQJaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rFU0YgbP5udOiEnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2nZEPwFl9eJs2zqndRPb87r9Su8ziKcATHcAoeXEINbqEODWAwgGd4hTdHOi/Ou/Mxby04+cwh/IHz+QM0RI3C</latexit>

Yi

What is 
returned

P(Y=1)=P(Y=1∣ obfuscate=True)⋅P(obfuscate=True)+P(Y =1∣ obfuscate=False)⋅P(obfuscate=False)

Let’s derive this to convince you!



# Maximize accuracy, while preserving privacy.
def calculateYi(Xi):
   obfuscate = random()
   if obfuscate:
      return indicator(random())
   else:
      return Xi

Let Z =
100X

i=1

Yi

E[Z] = E
h 100X

i=1

Yi

i
=

100X

i=1

E[Yi] =
100X

i=1

�p
4
+

1

4

�
= 25p+ 25

random() returns True 
or False with equal 
likelihood

E[Z] = E
h 100X

i=1

Yi

i
=

100X

i=1

E[Yi] =
100X

i=1

�p
4
+

1

4

�
= 25p+ 25E[Z] = E

h 100X

i=1

Yi

i
=

100X

i=1

E[Yi] =
100X

i=1

�p
2
+

1

4

�
= 50p+ 25

Differential	Privacy
100 independent values X1 … X100 where Xi ~ Bern(p)

<latexit sha1_base64="XPRlyLFYb7c4TcpNWx9I0YCadWk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9kPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WNP9MoVt+rOQJaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rFU0YgbP5udOiEnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2nZEPwFl9eJs2zqndRPb87r9Su8ziKcATHcAoeXEINbqEODWAwgGd4hTdHOi/Ou/Mxby04+cwh/IHz+QM0RI3C</latexit>

Yi

What is E[Z]?

What is 
returned



# Maximize accuracy, while preserving privacy.
def calculateYi(Xi):
   obfuscate = random()
   if obfuscate:
      return indicator(random())
   else:
      return Xi

Let Z =
100X

i=1

Yi How do you estimate p?

random() returns True 
or False with equal 
likelihood

Challenge: What is the probability that our estimate is good?

E[Z] = 50p+ 25

Differential	Privacy
100 independent values X1 … X100 where Xi ~ Bern(p)

<latexit sha1_base64="XPRlyLFYb7c4TcpNWx9I0YCadWk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9kPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WNP9MoVt+rOQJaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rFU0YgbP5udOiEnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2nZEPwFl9eJs2zqndRPb87r9Su8ziKcATHcAoeXEINbqEODWAwgGd4hTdHOi/Ou/Mxby04+cwh/IHz+QM0RI3C</latexit>

Yi

What is 
returned



Four Prototypical Trajectories

And aside….

End Review



Computer cluster with k servers
§ Requests independently go to server i with probability pi

§ Let event Ai = server i receives no requests
§ X = # of events A1, A2, … Ak that occur 
§ E[X] after first n requests?

§ Let Bernoulli Bi be an indicator for Ai

§ Since requests independent: n
ii pAP )1()( -=

X =
kX

i=1

Bi

E[X] = E
h kX

I=1

Bi

i
=

kX

i=1

E[Bi] =
kX

i=1

P (Ai) =
kX

i=1

(1� pi)
nE[X] = E

h kX

I=1

Bi

i
=

kX

i=1

E[Bi] =
kX

i=1

P (Ai) =
kX

i=1

(1� pi)
nE[X] = E

h kX

I=1

Bi

i
=

kX

i=1

E[Bi] =
kX

i=1

P (Ai) =
kX

i=1

(1� pi)
nE[X] = E

h kX

I=1

Bi

i
=

kX

i=1

E[Bi] =
kX

i=1

P (Ai) =
kX

i=1

(1� pi)
nE[X] = E

h kX

I=1

Bi

i
=

kX

i=1

E[Bi] =
kX

i=1

P (Ai) =
kX

i=1

(1� pi)
n

Computer	Cluster	Utilization

Since X is an 
expectation, can you 
express it as a sum?



Amazon	Monetized	This



* 52%  74% of Amazons Profits
**More profitable than Amazon’s North   
   America commerce operations

https://www.fool.com/investing/2022/07/07/aws-chief-says-amazons-most-profitable-segment-is/



When stuck, brainstorm 
about random variables





You are trying to collect n distinct toys (and there are only n distinct toys)
§ Each purchase, each toy is equally likely (buying with replacement)
§ Let X = # purchases until you have ≥ 1 of each toy. What is E[X]?

Toy	Collection

Let Xi = # of trials to get success after i-th success where “success” is 
getting an unseen toy.

After i successes, the probability of the next success is 
p = (n – i) / n

X = X0 + X1 + ... + Xn-1  Þ E[X] = E[X0] + E[X1] + ... + E[Xn-1]

<latexit sha1_base64="7xoOz11txDvjbPjvmSfN8pXiMCc="></latexit>

E[X] =
n

n
+

n

n� 1
+

n

n� 2
+ · · ·+ n

1
= n

h 1
n
+

1

n� 1
+ · · ·+ 1

i
= O(n log n)

<latexit sha1_base64="7xoOz11txDvjbPjvmSfN8pXiMCc="></latexit>

E[X] =
n

n
+

n

n� 1
+

n

n� 2
+ · · ·+ n

1
= n

h 1
n
+

1

n� 1
+ · · ·+ 1

i
= O(n log n)

<latexit sha1_base64="7xoOz11txDvjbPjvmSfN8pXiMCc="></latexit>

E[X] =
n

n
+

n

n� 1
+

n

n� 2
+ · · ·+ n

1
= n

h 1
n
+

1

n� 1
+ · · ·+ 1

i
= O(n log n)

<latexit sha1_base64="7xoOz11txDvjbPjvmSfN8pXiMCc="></latexit>

E[X] =
n

n
+

n

n� 1
+

n

n� 2
+ · · ·+ n

1
= n

h 1
n
+

1

n� 1
+ · · ·+ 1

i
= O(n log n)



Four Prototypical Trajectories

Break





Four Prototypical Trajectories

Conditional Expectation



X and Y are discrete random variables:

Conditional	Expectation

<latexit sha1_base64="eThRu7X8rw5TniecXrqFari+x2I=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHqpiRS1E2hKILLCraNpCFMptN26OTBzEQaYndu/BU3LhRx6y+482+ctFlo64ELh3Pu5d57vIhRIQ3jW1tYXFpeWS2sFdc3Nre29Z3dlghjjkkThyzklocEYTQgTUklI1bECfI9Rtre8DLz2/eECxoGtzKJiOOjfkB7FCOpJFc/uLKth7ta4sAa7IjYd0dwBBtlqzbK1GNXLxkVYwI4T8yclECOhqt/dbohjn0SSMyQELZpRNJJEZcUMzIudmJBIoSHqE9sRQPkE+Gkkz/G8EgpXdgLuapAwon6eyJFvhCJ76lOH8mBmPUy8T/PjmXv3ElpEMWSBHi6qBczKEOYhQK7lBMsWaIIwpyqWyEeII6wVNEVVQjm7MvzpHVSMU8r1ZtqqX6Rx1EA++AQlIEJzkAdXIMGaAIMHsEzeAVv2pP2or1rH9PWBS2f2QN/oH3+AFcsl7Y=</latexit>

E[X|Y = y] =
X

x

xP (X = x|Y = y)

Analogously, continuous random variables:
<latexit sha1_base64="Mth8Qr/do6/VLfXNfw0OyGH2g1I=">AAACDnicbVA9SwNBEN3zM8avqKXNYgjEJtxJUJtAUATLCCY5SY6wt9kkS/b2jt05STjzC2z8KzYWitha2/lv3HwUmvhg4PHeDDPz/EhwDbb9bS0tr6yurac20ptb2zu7mb39mg5jRVmVhiJUrk80E1yyKnAQzI0UI4EvWN3vX479+j1TmofyFoYR8wLSlbzDKQEjtTK5q4b7cFcaeriEm1xCU/CAg24N8ABX8m5pMDaPW5msXbAnwIvEmZEsmqHSynw12yGNAyaBCqJ1w7Ej8BKigFPBRulmrFlEaJ90WcNQSQKmvWTyzgjnjNLGnVCZkoAn6u+JhARaDwPfdAYEenreG4v/eY0YOudewmUUA5N0uqgTCwwhHmeD21wxCmJoCKGKm1sx7RFFKJgE0yYEZ/7lRVI7KTinheJNMVu+mMWRQofoCOWRg85QGV2jCqoiih7RM3pFb9aT9WK9Wx/T1iVrNnOA/sD6/AEUvZrg</latexit>

E[X|Y = y] =

Z

x

xP (X = x|Y = y)



Roll two 6-sided dice D1 and D2

§ X = value of D1 + D2        Y = value of D2

§ What is E[X | Y = 6]?

§ Intuitively makes sense: 6 + E[value of D1] = 6 + 3.5
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Conditional	Expectation
<latexit sha1_base64="Jmb8ch+939GnNOUs587p5dkzi2A=">AAACGHicbVDLSgNBEJz1GeMr6tFLYxDiJe5K0FwCgggeI5gYyS5hdjLRwdkHM72SZc1nePFXvHhQxGtu/o2Tx0GjBQ1FVTfdXX4shUbb/rLm5hcWl5ZzK/nVtfWNzcLWdlNHiWK8wSIZqZZPNZci5A0UKHkrVpwGvuTX/v3ZyL9+4EqLKLzCNOZeQG9D0ROMopE6hUMXeR+z80G79XhTSz2ogauToNOHPrisGyHUSy2o9eERbmqQHnQKRbtsjwF/iTMlRTJFvVMYut2IJQEPkUmqdduxY/QyqlAwyQd5N9E8puye3vK2oSENuPay8WMD2DdKF3qRMhUijNWfExkNtE4D33QGFO/0rDcS//PaCfaqXibCOEEessmiXiIBIxilBF2hOEOZGkKZEuZWYHdUUYYmy7wJwZl9+S9pHpWd43LlslI8rU7jyJFdskdKxCEn5JRckDppEEaeyAt5I+/Ws/VqfVifk9Y5azqzQ37BGn4DeOueFQ==</latexit>

E[X|Y = y] =
X

x

x · P (X = x|Y = y)



Four Prototypical Trajectories

Law of Total Expectation



Define g(Y) = E[X | Y]
This is a function of Y

      

E[X|Y=y]

This is a function with Y as input

Conditional	Expectation
<latexit sha1_base64="Jmb8ch+939GnNOUs587p5dkzi2A=">AAACGHicbVDLSgNBEJz1GeMr6tFLYxDiJe5K0FwCgggeI5gYyS5hdjLRwdkHM72SZc1nePFXvHhQxGtu/o2Tx0GjBQ1FVTfdXX4shUbb/rLm5hcWl5ZzK/nVtfWNzcLWdlNHiWK8wSIZqZZPNZci5A0UKHkrVpwGvuTX/v3ZyL9+4EqLKLzCNOZeQG9D0ROMopE6hUMXeR+z80G79XhTSz2ogauToNOHPrisGyHUSy2o9eERbmqQHnQKRbtsjwF/iTMlRTJFvVMYut2IJQEPkUmqdduxY/QyqlAwyQd5N9E8puye3vK2oSENuPay8WMD2DdKF3qRMhUijNWfExkNtE4D33QGFO/0rDcS//PaCfaqXibCOEEessmiXiIBIxilBF2hOEOZGkKZEuZWYHdUUYYmy7wJwZl9+S9pHpWd43LlslI8rU7jyJFdskdKxCEn5JRckDppEEaeyAt5I+/Ws/VqfVifk9Y5azqzQ37BGn4DeOueFQ==</latexit>

E[X|Y = y] =
X

x

x · P (X = x|Y = y)



Y = 5
12

E[X|Y=y]

Conditional	Expectation
<latexit sha1_base64="Jmb8ch+939GnNOUs587p5dkzi2A=">AAACGHicbVDLSgNBEJz1GeMr6tFLYxDiJe5K0FwCgggeI5gYyS5hdjLRwdkHM72SZc1nePFXvHhQxGtu/o2Tx0GjBQ1FVTfdXX4shUbb/rLm5hcWl5ZzK/nVtfWNzcLWdlNHiWK8wSIZqZZPNZci5A0UKHkrVpwGvuTX/v3ZyL9+4EqLKLzCNOZeQG9D0ROMopE6hUMXeR+z80G79XhTSz2ogauToNOHPrisGyHUSy2o9eERbmqQHnQKRbtsjwF/iTMlRTJFvVMYut2IJQEPkUmqdduxY/QyqlAwyQd5N9E8puye3vK2oSENuPay8WMD2DdKF3qRMhUijNWfExkNtE4D33QGFO/0rDcS//PaCfaqXibCOEEessmiXiIBIxilBF2hOEOZGkKZEuZWYHdUUYYmy7wJwZl9+S9pHpWd43LlslI8rU7jyJFdskdKxCEn5JRckDppEEaeyAt5I+/Ws/VqfVifk9Y5azqzQ37BGn4DeOueFQ==</latexit>

E[X|Y = y] =
X

x

x · P (X = x|Y = y)

Define g(Y) = E[X | Y]
This is a function of Y

      



Y = 3 6

E[X|Y=y]

Conditional	Expectation
<latexit sha1_base64="Jmb8ch+939GnNOUs587p5dkzi2A=">AAACGHicbVDLSgNBEJz1GeMr6tFLYxDiJe5K0FwCgggeI5gYyS5hdjLRwdkHM72SZc1nePFXvHhQxGtu/o2Tx0GjBQ1FVTfdXX4shUbb/rLm5hcWl5ZzK/nVtfWNzcLWdlNHiWK8wSIZqZZPNZci5A0UKHkrVpwGvuTX/v3ZyL9+4EqLKLzCNOZeQG9D0ROMopE6hUMXeR+z80G79XhTSz2ogauToNOHPrisGyHUSy2o9eERbmqQHnQKRbtsjwF/iTMlRTJFvVMYut2IJQEPkUmqdduxY/QyqlAwyQd5N9E8puye3vK2oSENuPay8WMD2DdKF3qRMhUijNWfExkNtE4D33QGFO/0rDcS//PaCfaqXibCOEEessmiXiIBIxilBF2hOEOZGkKZEuZWYHdUUYYmy7wJwZl9+S9pHpWd43LlslI8rU7jyJFdskdKxCEn5JRckDppEEaeyAt5I+/Ws/VqfVifk9Y5azqzQ37BGn4DeOueFQ==</latexit>

E[X|Y = y] =
X

x

x · P (X = x|Y = y)

Define g(Y) = E[X | Y]
This is a function of Y

      



E[X]
<latexit sha1_base64="htRPXeyjl3b6xIRinbWutiuEegs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCCB4r2A9IQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5YcKZNq777VQ2Nre2d6q7tb39g8Oj+vFJT8epIrRLYh6rQYg15UzSrmGG00GiKBYhp/1wdpv7/SeqNIvlo5knNBB4IlnECDa5dOcPglG94TbdAmideCVpQInOqP41HMckFVQawrHWvucmJsiwMoxwuqgNU00TTGZ4Qn1LJRZUB1lx6wJdWGWMoljZkgYV6u+JDAut5yK0nQKbqV71cvE/z09NdBNkTCapoZIsF0UpRyZG+eNozBQlhs8twUQxeysiU6wwMTaemg3BW315nfRaTc9teg9XjXarjKMKZ3AOl+DBNbThHjrQBQJTeIZXeHOE8+K8Ox/L1opTzpzCHzifP6EKjec=</latexit><latexit sha1_base64="htRPXeyjl3b6xIRinbWutiuEegs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCCB4r2A9IQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5YcKZNq777VQ2Nre2d6q7tb39g8Oj+vFJT8epIrRLYh6rQYg15UzSrmGG00GiKBYhp/1wdpv7/SeqNIvlo5knNBB4IlnECDa5dOcPglG94TbdAmideCVpQInOqP41HMckFVQawrHWvucmJsiwMoxwuqgNU00TTGZ4Qn1LJRZUB1lx6wJdWGWMoljZkgYV6u+JDAut5yK0nQKbqV71cvE/z09NdBNkTCapoZIsF0UpRyZG+eNozBQlhs8twUQxeysiU6wwMTaemg3BW315nfRaTc9teg9XjXarjKMKZ3AOl+DBNbThHjrQBQJTeIZXeHOE8+K8Ox/L1opTzpzCHzifP6EKjec=</latexit><latexit sha1_base64="htRPXeyjl3b6xIRinbWutiuEegs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCCB4r2A9IQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5YcKZNq777VQ2Nre2d6q7tb39g8Oj+vFJT8epIrRLYh6rQYg15UzSrmGG00GiKBYhp/1wdpv7/SeqNIvlo5knNBB4IlnECDa5dOcPglG94TbdAmideCVpQInOqP41HMckFVQawrHWvucmJsiwMoxwuqgNU00TTGZ4Qn1LJRZUB1lx6wJdWGWMoljZkgYV6u+JDAut5yK0nQKbqV71cvE/z09NdBNkTCapoZIsF0UpRyZG+eNozBQlhs8twUQxeysiU6wwMTaemg3BW315nfRaTc9teg9XjXarjKMKZ3AOl+DBNbThHjrQBQJTeIZXeHOE8+K8Ox/L1opTzpzCHzifP6EKjec=</latexit><latexit sha1_base64="htRPXeyjl3b6xIRinbWutiuEegs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeCCB4r2A9IQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5YcKZNq777VQ2Nre2d6q7tb39g8Oj+vFJT8epIrRLYh6rQYg15UzSrmGG00GiKBYhp/1wdpv7/SeqNIvlo5knNBB4IlnECDa5dOcPglG94TbdAmideCVpQInOqP41HMckFVQawrHWvucmJsiwMoxwuqgNU00TTGZ4Qn1LJRZUB1lx6wJdWGWMoljZkgYV6u+JDAut5yK0nQKbqV71cvE/z09NdBNkTCapoZIsF0UpRyZG+eNozBQlhs8twUQxeysiU6wwMTaemg3BW315nfRaTc9teg9XjXarjKMKZ3AOl+DBNbThHjrQBQJTeIZXeHOE8+K8Ox/L1opTzpzCHzifP6EKjec=</latexit>

E[X|Y = y]
<latexit sha1_base64="Pa5UQzNhSidukK0esk2WC7dbtCI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBehIILHCraNpKFstpt26WYTdzdCiP0TXjwo4tW/481/47bNQVsfDDzem2FmXpBwprRtf1ulldW19Y3yZmVre2d3r7p/0FFxKgltk5jH0g2wopwJ2tZMc+omkuIo4LQbjK+mfveRSsVicaezhPoRHgoWMoK1kdxrz326v8z8frVm1+0Z0DJxClKDAq1+9as3iEkaUaEJx0p5jp1oP8dSM8LppNJLFU0wGeMh9QwVOKLKz2f3TtCJUQYojKUpodFM/T2R40ipLApMZ4T1SC16U/E/z0t1eOHnTCSppoLMF4UpRzpG0+fRgElKNM8MwUQycysiIywx0SaiignBWXx5mXQadceuO7dntWajiKMMR3AMp+DAOTThBlrQBgIcnuEV3qwH68V6tz7mrSWrmDmEP7A+fwCTZY+a</latexit><latexit sha1_base64="Pa5UQzNhSidukK0esk2WC7dbtCI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBehIILHCraNpKFstpt26WYTdzdCiP0TXjwo4tW/481/47bNQVsfDDzem2FmXpBwprRtf1ulldW19Y3yZmVre2d3r7p/0FFxKgltk5jH0g2wopwJ2tZMc+omkuIo4LQbjK+mfveRSsVicaezhPoRHgoWMoK1kdxrz326v8z8frVm1+0Z0DJxClKDAq1+9as3iEkaUaEJx0p5jp1oP8dSM8LppNJLFU0wGeMh9QwVOKLKz2f3TtCJUQYojKUpodFM/T2R40ipLApMZ4T1SC16U/E/z0t1eOHnTCSppoLMF4UpRzpG0+fRgElKNM8MwUQycysiIywx0SaiignBWXx5mXQadceuO7dntWajiKMMR3AMp+DAOTThBlrQBgIcnuEV3qwH68V6tz7mrSWrmDmEP7A+fwCTZY+a</latexit><latexit sha1_base64="Pa5UQzNhSidukK0esk2WC7dbtCI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBehIILHCraNpKFstpt26WYTdzdCiP0TXjwo4tW/481/47bNQVsfDDzem2FmXpBwprRtf1ulldW19Y3yZmVre2d3r7p/0FFxKgltk5jH0g2wopwJ2tZMc+omkuIo4LQbjK+mfveRSsVicaezhPoRHgoWMoK1kdxrz326v8z8frVm1+0Z0DJxClKDAq1+9as3iEkaUaEJx0p5jp1oP8dSM8LppNJLFU0wGeMh9QwVOKLKz2f3TtCJUQYojKUpodFM/T2R40ipLApMZ4T1SC16U/E/z0t1eOHnTCSppoLMF4UpRzpG0+fRgElKNM8MwUQycysiIywx0SaiignBWXx5mXQadceuO7dntWajiKMMR3AMp+DAOTThBlrQBgIcnuEV3qwH68V6tz7mrSWrmDmEP7A+fwCTZY+a</latexit><latexit sha1_base64="Pa5UQzNhSidukK0esk2WC7dbtCI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBehIILHCraNpKFstpt26WYTdzdCiP0TXjwo4tW/481/47bNQVsfDDzem2FmXpBwprRtf1ulldW19Y3yZmVre2d3r7p/0FFxKgltk5jH0g2wopwJ2tZMc+omkuIo4LQbjK+mfveRSsVicaezhPoRHgoWMoK1kdxrz326v8z8frVm1+0Z0DJxClKDAq1+9as3iEkaUaEJx0p5jp1oP8dSM8LppNJLFU0wGeMh9QwVOKLKz2f3TtCJUQYojKUpodFM/T2R40ipLApMZ4T1SC16U/E/z0t1eOHnTCSppoLMF4UpRzpG0+fRgElKNM8MwUQycysiIywx0SaiignBWXx5mXQadceuO7dntWajiKMMR3AMp+DAOTThBlrQBgIcnuEV3qwH68V6tz7mrSWrmDmEP7A+fwCTZY+a</latexit>

E[X = 5]
<latexit sha1_base64="MYACz71CtBV1pIzIxB3Rj94V4uo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktFr0IBRE8VrAfsF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqK1lqghtEcml6oZYU84EbRlmOO0miuI45LQTjm9mfueJKs2keDCThAYxHgoWMYKNldq3fve6HvTLFbfqzoFWiZeTCuRo9stfvYEkaUyFIRxr7XtuYoIMK8MIp9NSL9U0wWSMh9S3VOCY6iCbXztFZ1YZoEgqW8Kgufp7IsOx1pM4tJ0xNiO97M3E/zw/NdFVkDGRpIYKslgUpRwZiWavowFTlBg+sQQTxeytiIywwsTYgEo2BG/55VXSrlU9t+rdX1QatTyOIpzAKZyDB5fQgDtoQgsIPMIzvMKbI50X5935WLQWnHzmGP7A+fwBmlaObQ==</latexit><latexit sha1_base64="MYACz71CtBV1pIzIxB3Rj94V4uo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktFr0IBRE8VrAfsF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqK1lqghtEcml6oZYU84EbRlmOO0miuI45LQTjm9mfueJKs2keDCThAYxHgoWMYKNldq3fve6HvTLFbfqzoFWiZeTCuRo9stfvYEkaUyFIRxr7XtuYoIMK8MIp9NSL9U0wWSMh9S3VOCY6iCbXztFZ1YZoEgqW8Kgufp7IsOx1pM4tJ0xNiO97M3E/zw/NdFVkDGRpIYKslgUpRwZiWavowFTlBg+sQQTxeytiIywwsTYgEo2BG/55VXSrlU9t+rdX1QatTyOIpzAKZyDB5fQgDtoQgsIPMIzvMKbI50X5935WLQWnHzmGP7A+fwBmlaObQ==</latexit><latexit sha1_base64="MYACz71CtBV1pIzIxB3Rj94V4uo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktFr0IBRE8VrAfsF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqK1lqghtEcml6oZYU84EbRlmOO0miuI45LQTjm9mfueJKs2keDCThAYxHgoWMYKNldq3fve6HvTLFbfqzoFWiZeTCuRo9stfvYEkaUyFIRxr7XtuYoIMK8MIp9NSL9U0wWSMh9S3VOCY6iCbXztFZ1YZoEgqW8Kgufp7IsOx1pM4tJ0xNiO97M3E/zw/NdFVkDGRpIYKslgUpRwZiWavowFTlBg+sQQTxeytiIywwsTYgEo2BG/55VXSrlU9t+rdX1QatTyOIpzAKZyDB5fQgDtoQgsIPMIzvMKbI50X5935WLQWnHzmGP7A+fwBmlaObQ==</latexit><latexit sha1_base64="MYACz71CtBV1pIzIxB3Rj94V4uo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktFr0IBRE8VrAfsF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqK1lqghtEcml6oZYU84EbRlmOO0miuI45LQTjm9mfueJKs2keDCThAYxHgoWMYKNldq3fve6HvTLFbfqzoFWiZeTCuRo9stfvYEkaUyFIRxr7XtuYoIMK8MIp9NSL9U0wWSMh9S3VOCY6iCbXztFZ1YZoEgqW8Kgufp7IsOx1pM4tJ0xNiO97M3E/zw/NdFVkDGRpIYKslgUpRwZiWavowFTlBg+sQQTxeytiIywwsTYgEo2BG/55VXSrlU9t+rdX1QatTyOIpzAKZyDB5fQgDtoQgsIPMIzvMKbI50X5935WLQWnHzmGP7A+fwBmlaObQ==</latexit>

Doesn’t make sense. Take expectation of random variables, not 
events

This is a number:

This is a function of y:

Conditional	Expectation
<latexit sha1_base64="Jmb8ch+939GnNOUs587p5dkzi2A=">AAACGHicbVDLSgNBEJz1GeMr6tFLYxDiJe5K0FwCgggeI5gYyS5hdjLRwdkHM72SZc1nePFXvHhQxGtu/o2Tx0GjBQ1FVTfdXX4shUbb/rLm5hcWl5ZzK/nVtfWNzcLWdlNHiWK8wSIZqZZPNZci5A0UKHkrVpwGvuTX/v3ZyL9+4EqLKLzCNOZeQG9D0ROMopE6hUMXeR+z80G79XhTSz2ogauToNOHPrisGyHUSy2o9eERbmqQHnQKRbtsjwF/iTMlRTJFvVMYut2IJQEPkUmqdduxY/QyqlAwyQd5N9E8puye3vK2oSENuPay8WMD2DdKF3qRMhUijNWfExkNtE4D33QGFO/0rDcS//PaCfaqXibCOEEessmiXiIBIxilBF2hOEOZGkKZEuZWYHdUUYYmy7wJwZl9+S9pHpWd43LlslI8rU7jyJFdskdKxCEn5JRckDppEEaeyAt5I+/Ws/VqfVifk9Y5azqzQ37BGn4DeOueFQ==</latexit>

E[X|Y = y] =
X

x

x · P (X = x|Y = y)



X = favorite number
Y = year in school

E[X] = 0 * 0.05 + … + 9 * 0.10 = 5.38 

Expectation
<latexit sha1_base64="Jmb8ch+939GnNOUs587p5dkzi2A=">AAACGHicbVDLSgNBEJz1GeMr6tFLYxDiJe5K0FwCgggeI5gYyS5hdjLRwdkHM72SZc1nePFXvHhQxGtu/o2Tx0GjBQ1FVTfdXX4shUbb/rLm5hcWl5ZzK/nVtfWNzcLWdlNHiWK8wSIZqZZPNZci5A0UKHkrVpwGvuTX/v3ZyL9+4EqLKLzCNOZeQG9D0ROMopE6hUMXeR+z80G79XhTSz2ogauToNOHPrisGyHUSy2o9eERbmqQHnQKRbtsjwF/iTMlRTJFvVMYut2IJQEPkUmqdduxY/QyqlAwyQd5N9E8puye3vK2oSENuPay8WMD2DdKF3qRMhUijNWfExkNtE4D33QGFO/0rDcS//PaCfaqXibCOEEessmiXiIBIxilBF2hOEOZGkKZEuZWYHdUUYYmy7wJwZl9+S9pHpWd43LlslI8rU7jyJFdskdKxCEn5JRckDppEEaeyAt5I+/Ws/VqfVifk9Y5azqzQ37BGn4DeOueFQ==</latexit>

E[X|Y = y] =
X

x

x · P (X = x|Y = y)



E[X | Y] ?

Year in school, Y = y E[X | Y = y]

2 5.5

3 5.8

4 6.0

5 4.7

Conditional	Expectation
<latexit sha1_base64="Jmb8ch+939GnNOUs587p5dkzi2A=">AAACGHicbVDLSgNBEJz1GeMr6tFLYxDiJe5K0FwCgggeI5gYyS5hdjLRwdkHM72SZc1nePFXvHhQxGtu/o2Tx0GjBQ1FVTfdXX4shUbb/rLm5hcWl5ZzK/nVtfWNzcLWdlNHiWK8wSIZqZZPNZci5A0UKHkrVpwGvuTX/v3ZyL9+4EqLKLzCNOZeQG9D0ROMopE6hUMXeR+z80G79XhTSz2ogauToNOHPrisGyHUSy2o9eERbmqQHnQKRbtsjwF/iTMlRTJFvVMYut2IJQEPkUmqdduxY/QyqlAwyQd5N9E8puye3vK2oSENuPay8WMD2DdKF3qRMhUijNWfExkNtE4D33QGFO/0rDcS//PaCfaqXibCOEEessmiXiIBIxilBF2hOEOZGkKZEuZWYHdUUYYmy7wJwZl9+S9pHpWd43LlslI8rU7jyJFdskdKxCEn5JRckDppEEaeyAt5I+/Ws/VqfVifk9Y5azqzQ37BGn4DeOueFQ==</latexit>

E[X|Y = y] =
X

x

x · P (X = x|Y = y)

X = favorite number
Y = year in school



E[X | Y] ?

Year in school, Y = y E[X | Y = y]

2 5.5

3 5.8

4 6.0

5 4.7

Conditional	Expectation
<latexit sha1_base64="Jmb8ch+939GnNOUs587p5dkzi2A=">AAACGHicbVDLSgNBEJz1GeMr6tFLYxDiJe5K0FwCgggeI5gYyS5hdjLRwdkHM72SZc1nePFXvHhQxGtu/o2Tx0GjBQ1FVTfdXX4shUbb/rLm5hcWl5ZzK/nVtfWNzcLWdlNHiWK8wSIZqZZPNZci5A0UKHkrVpwGvuTX/v3ZyL9+4EqLKLzCNOZeQG9D0ROMopE6hUMXeR+z80G79XhTSz2ogauToNOHPrisGyHUSy2o9eERbmqQHnQKRbtsjwF/iTMlRTJFvVMYut2IJQEPkUmqdduxY/QyqlAwyQd5N9E8puye3vK2oSENuPay8WMD2DdKF3qRMhUijNWfExkNtE4D33QGFO/0rDcS//PaCfaqXibCOEEessmiXiIBIxilBF2hOEOZGkKZEuZWYHdUUYYmy7wJwZl9+S9pHpWd43LlslI8rU7jyJFdskdKxCEn5JRckDppEEaeyAt5I+/Ws/VqfVifk9Y5azqzQ37BGn4DeOueFQ==</latexit>

E[X|Y = y] =
X

x

x · P (X = x|Y = y)

X = favorite number
Y = year in school



X = units in fall quarter
Y = year in school

Conditional	Expectation
<latexit sha1_base64="Jmb8ch+939GnNOUs587p5dkzi2A=">AAACGHicbVDLSgNBEJz1GeMr6tFLYxDiJe5K0FwCgggeI5gYyS5hdjLRwdkHM72SZc1nePFXvHhQxGtu/o2Tx0GjBQ1FVTfdXX4shUbb/rLm5hcWl5ZzK/nVtfWNzcLWdlNHiWK8wSIZqZZPNZci5A0UKHkrVpwGvuTX/v3ZyL9+4EqLKLzCNOZeQG9D0ROMopE6hUMXeR+z80G79XhTSz2ogauToNOHPrisGyHUSy2o9eERbmqQHnQKRbtsjwF/iTMlRTJFvVMYut2IJQEPkUmqdduxY/QyqlAwyQd5N9E8puye3vK2oSENuPay8WMD2DdKF3qRMhUijNWfExkNtE4D33QGFO/0rDcS//PaCfaqXibCOEEessmiXiIBIxilBF2hOEOZGkKZEuZWYHdUUYYmy7wJwZl9+S9pHpWd43LlslI8rU7jyJFdskdKxCEn5JRckDppEEaeyAt5I+/Ws/VqfVifk9Y5azqzQ37BGn4DeOueFQ==</latexit>

E[X|Y = y] =
X

x

x · P (X = x|Y = y)

E[X | Y] ?



Four Prototypical Trajectories

Want to see something cool?



What	the	heck	does	this	give	you?

42

<latexit sha1_base64="K+e6RAcTknIZSq0EZr36/GF7Db0=">AAACB3icbVBNS8MwGE79nPOr6lGQ4BDmZbQy1MtgKILHCe5DulLSLNvC0rQkqVDqbl78K148KOLVv+DNf2O69aCbD4Q8eZ735c37+BGjUlnWt7GwuLS8slpYK65vbG5tmzu7LRnGApMmDlkoOj6ShFFOmooqRjqRICjwGWn7o8vMb98TIWnIb1USETdAA077FCOlJc88gFdOx4U12JVx4CXZ6+GulriwUdbXsWeWrIo1AZwndk5KIEfDM7+6vRDHAeEKMySlY1uRclMkFMWMjIvdWJII4REaEEdTjgIi3XSyxxgeaaUH+6HQhys4UX93pCiQMgl8XRkgNZSzXib+5zmx6p+7KeVRrAjH00H9mEEVwiwU2KOCYMUSTRAWVP8V4iESCCsdXVGHYM+uPE9aJxX7tFK9qZbqF3kcBbAPDkEZ2OAM1ME1aIAmwOARPINX8GY8GS/Gu/ExLV0w8p498AfG5w959Jcr</latexit>

E[X] =
X

y

E[X|Y = y]P (Y = y)



Def of E[X|Y]

Chain rule!

I switch the order of the sums

Move that x outside the y sum

Marginalization

Def of E[X]

Law	of	Total	Expectation

<latexit sha1_base64="FgCDlkEsiCEn40u4FD/QFntDtvQ="></latexit>X

y

E[X|Y = y]P (Y = y) =
X

y

X

x

xP (X = x|Y = y)P (Y = y)

=
X

y

X

x

xP (X = x, Y = y)

=
X

x

X

y

xP (X = x, Y = y)

=
X

x

x
X

y

P (X = x, Y = y)

=
X

x

xP (X = x)

= E[X]

<latexit sha1_base64="bMxORUq1mUPgBFCX1/UCph7IM7E=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahbsqMFHVTLIrgsoJ9yHQYMmmmDc08SDLCMHbpxl9x40IRt36CO//GTDsLbT0QcnLOvdzc40aMCmkY31phYXFpeaW4Wlpb39jc0rd32iKMOSYtHLKQd10kCKMBaUkqGelGnCDfZaTjji4zv3NPuKBhcCuTiNg+GgTUoxhJJTn6Pryyujasw56IfSfJXg939cSGzYq6js4dvWxUjQngPDFzUgY5mo7+1euHOPZJIDFDQlimEUk7RVxSzMi41IsFiRAeoQGxFA2QT4SdThYZw0Ol9KEXcnUCCSfq744U+UIkvqsqfSSHYtbLxP88K5bemZ3SIIolCfB0kBczKEOYpQL7lBMsWaIIwpyqv0I8RBxhqbIrqRDM2ZXnSfu4ap5Uaze1cuMij6MI9sABqAATnIIGuAZN0AIYPIJn8AretCftRXvXPqalBS3v2QV/oH3+AAgHl3Q=</latexit>

E[X] =
X

y

E[X|Y = y]P (Y = y)?



Law of Total Expectation

E[X] =
X

y

E[X|Y = y]P (Y = y)
<latexit sha1_base64="AQDusej+73DlBIO4zNq6I35uJKw=">AAACBXicbVDLSgMxFM34rPU16lIXwSLUTZkpgm4KBRFcVrAPaYchk2ba0CQzJBlhGLtx46+4caGIW//BnX9j2s5CWw8knJxzLzf3BDGjSjvOt7W0vLK6tl7YKG5ube/s2nv7LRUlEpMmjlgkOwFShFFBmppqRjqxJIgHjLSD0eXEb98TqWgkbnUaE4+jgaAhxUgbybePrrodD9ZgTyXcT6F5PdzVUq9RNvepb5ecijMFXCRuTkogR8O3v3r9CCecCI0ZUqrrOrH2MiQ1xYyMi71EkRjhERqQrqECcaK8bLrFGJ4YpQ/DSJojNJyqvzsyxJVKeWAqOdJDNe9NxP+8bqLDCy+jIk40EXg2KEwY1BGcRAL7VBKsWWoIwpKav0I8RBJhbYIrmhDc+ZUXSatacZ2Ke3NWqlfzOArgEByDMnDBOaiDa9AATYDBI3gGr+DNerJerHfrY1a6ZOU9B+APrM8fuviWvg==</latexit><latexit sha1_base64="AQDusej+73DlBIO4zNq6I35uJKw=">AAACBXicbVDLSgMxFM34rPU16lIXwSLUTZkpgm4KBRFcVrAPaYchk2ba0CQzJBlhGLtx46+4caGIW//BnX9j2s5CWw8knJxzLzf3BDGjSjvOt7W0vLK6tl7YKG5ube/s2nv7LRUlEpMmjlgkOwFShFFBmppqRjqxJIgHjLSD0eXEb98TqWgkbnUaE4+jgaAhxUgbybePrrodD9ZgTyXcT6F5PdzVUq9RNvepb5ecijMFXCRuTkogR8O3v3r9CCecCI0ZUqrrOrH2MiQ1xYyMi71EkRjhERqQrqECcaK8bLrFGJ4YpQ/DSJojNJyqvzsyxJVKeWAqOdJDNe9NxP+8bqLDCy+jIk40EXg2KEwY1BGcRAL7VBKsWWoIwpKav0I8RBJhbYIrmhDc+ZUXSatacZ2Ke3NWqlfzOArgEByDMnDBOaiDa9AATYDBI3gGr+DNerJerHfrY1a6ZOU9B+APrM8fuviWvg==</latexit><latexit sha1_base64="AQDusej+73DlBIO4zNq6I35uJKw=">AAACBXicbVDLSgMxFM34rPU16lIXwSLUTZkpgm4KBRFcVrAPaYchk2ba0CQzJBlhGLtx46+4caGIW//BnX9j2s5CWw8knJxzLzf3BDGjSjvOt7W0vLK6tl7YKG5ube/s2nv7LRUlEpMmjlgkOwFShFFBmppqRjqxJIgHjLSD0eXEb98TqWgkbnUaE4+jgaAhxUgbybePrrodD9ZgTyXcT6F5PdzVUq9RNvepb5ecijMFXCRuTkogR8O3v3r9CCecCI0ZUqrrOrH2MiQ1xYyMi71EkRjhERqQrqECcaK8bLrFGJ4YpQ/DSJojNJyqvzsyxJVKeWAqOdJDNe9NxP+8bqLDCy+jIk40EXg2KEwY1BGcRAL7VBKsWWoIwpKav0I8RBJhbYIrmhDc+ZUXSatacZ2Ke3NWqlfzOArgEByDMnDBOaiDa9AATYDBI3gGr+DNerJerHfrY1a6ZOU9B+APrM8fuviWvg==</latexit><latexit sha1_base64="AQDusej+73DlBIO4zNq6I35uJKw=">AAACBXicbVDLSgMxFM34rPU16lIXwSLUTZkpgm4KBRFcVrAPaYchk2ba0CQzJBlhGLtx46+4caGIW//BnX9j2s5CWw8knJxzLzf3BDGjSjvOt7W0vLK6tl7YKG5ube/s2nv7LRUlEpMmjlgkOwFShFFBmppqRjqxJIgHjLSD0eXEb98TqWgkbnUaE4+jgaAhxUgbybePrrodD9ZgTyXcT6F5PdzVUq9RNvepb5ecijMFXCRuTkogR8O3v3r9CCecCI0ZUqrrOrH2MiQ1xYyMi71EkRjhERqQrqECcaK8bLrFGJ4YpQ/DSJojNJyqvzsyxJVKeWAqOdJDNe9NxP+8bqLDCy+jIk40EXg2KEwY1BGcRAL7VBKsWWoIwpKav0I8RBJhbYIrmhDc+ZUXSatacZ2Ke3NWqlfzOArgEByDMnDBOaiDa9AATYDBI3gGr+DNerJerHfrY1a6ZOU9B+APrM8fuviWvg==</latexit>

For any discrete random variable X 
and any discrete random variable Y 

<latexit sha1_base64="pR2juXwSlZBL+PqL6kqXmjHLla4=">AAACEnicbVC7TsMwFHXKq5RXgJHFokJqlipBFbBUqmBhLBJ9qY0ix3Vbq3YS2Q4iCv0GFn6FhQGEWJnY+BvcNgO0HMm+R+fcK/seP2JUKtv+NnIrq2vrG/nNwtb2zu6euX/QlGEsMGngkIWi7SNJGA1IQ1HFSDsSBHGfkZY/vpr6rTsiJA2DW5VExOVoGNABxUhpyTOteqkNq/De0ldPxtxLYKbAB9jRNbG00KkmlmcW7bI9A1wmTkaKIEPdM796/RDHnAQKMyRl17Ej5aZIKIoZmRR6sSQRwmM0JF1NA8SJdNPZShN4opU+HIRCn0DBmfp7IkVcyoT7upMjNZKL3lT8z+vGanDhpjSIYkUCPH9oEDOoQjjNB/apIFixRBOEBdV/hXiEBMJKp1jQITiLKy+T5mnZOStXbirF2mUWRx4cgWNQAg44BzVwDeqgATB4BM/gFbwZT8aL8W58zFtzRjZzCP7A+PwByiSZKw==</latexit>

P (X = x) =
X

y

P (X = x|Y = y)P (Y = y)

Recall the Law of Total Probability
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(The Streaming Part)



46

How	long	does	this	code	take	to	run?

Netflix streams millions of hours of videos per day. They REALLY care 
about the speed of the following code:

How long does this line of code take? Say 512 MB movie.
1. 0.3s
2. 1.6 mins
3. 5 mins
4. 2 hours

All are correct! It is a RV!
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How	long	does	this	code	take	to	run?

1. 0.3s
2. 1.6 mins
3. 5 mins
4. 2 hours



1. 0.3s
2. 1.6 mins
3. 5 mins
4. 2 hours

48

Millisecond	Latency
I have the file



1. 0.3s
2. 1.6 mins
3. 5 mins
4. 2 hours

49

Minute	Latency

I have the file



1. 0.3s
2. 1.6 mins
3. 5 mins
4. 2 hours

50

Many	Minutes	Latency

私はファイルを
持っています



5mins across the world!!!!!!
51

Are	we	done?



52

I have 
the 
file



1. 0.3s
2. 1.6 mins
3. 5 mins
4. 2 hours

53

Anyways

I have 
the 
file



Four Prototypical Trajectories

Expected Run Time



Assume the file location is distributed with the PMF:
§ P(file on computer) = 0.10
§ P(file in SoCal) = 0.50
§ P(file in Japan) = 0.37
§ P(file in Space) = 0.03
What is the expected runtime of 

Expected	runtime	(single	file	from	database)

Times From Before:
1. Home: 0.3s
2. Socal: 1.6 mins
3. Japan: 5 mins
4. Space: 2 hours



Four Prototypical Trajectories

Analyze Recursive Code



int Recurse() {
   int x = randomInt(1, 3);  // Equally likely values

   if (x == 1) return 3;
   else if (x == 2) return (5 + Recurse());
   else return (7 + Recurse());
}

Let Y = value returned by Recurse().   What is E[Y]?

)3(]3|[)2(]2|[)1(]1|[][ ==+==+=== XPXYEXPXYEXPXYEYE
3]1|[ ==XYE

][5]5[]2|[ YEYEXYE +=+==
][7]7[]3|[ YEYEXYE +=+==

])[215)(3/1()3/1])([7()3/1])([5()3/1(3][ YEYEYEYE +=++++=
15][ =YE

Analyzing Recursive Code



Chris Piech, CS109

Uncertainty	Theory
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Beta 
Distributions

Adding 
Random Vars

Central Limit 
Theorem

Sampling Algorithmic 
Analysis

Thompson 
Sampling

Bootstrapping



Chris Piech, CS109

Where	are	we	in	CS109?
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On Wednesday…


