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Announcements
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We’re in the final stretch! 

4 more lectures (including this one!



Where	are	we	in	CS109?
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You are here





5

Let’s remember our wonderful WebMD example!



Probabilistic Model

Fever
Tired

Flu Undergrad

P (U = 1) = 0.8
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P (T = 1|Flu = 1, U = 1) = 1.0
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Fev|Flu = 0 ⇠ N(100.0, 1.81)

Fev|Flu = 1 ⇠ N(98.25, 0.73)
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If you know the probability of each random variables 
given the ones that directly cause it, you can joint 
sample!



Four Prototypical Trajectories

But where do those numbers come 
from? 



Four Prototypical Trajectories

Suspense



Four Prototypical Trajectories

At this point, if you are given a model, 
with all the involved probabilities, you 

can make predictions



Four Prototypical Trajectories

But what if you want to learn the 
probabilities in the model?



Four Prototypical Trajectories

But what if you want to learn the 
probabilities in the model?

Oh can we also learn the structure of 
the model too?



Four Prototypical Trajectories

But what if you want to learn the 
probabilities in the model?

Oh can we also learn the structure of 
the model too?

I wish. Another day J



Four Prototypical Trajectories

But what if you want to learn the 
probabilities in the model?



Four Prototypical Trajectories

Machine Learning



AI and Machine Learning

ML:	Rooted	in	probability	theory

Artificial 
Intelligence

Machine 
Learning

Deep 
Learning

Gen AI



Our Path

Parameter Estimation

Deep Learning

Core Algorithms



Our Path

Deep Learning

Core Algorithms

Unbia
sed

esti
mator

s Maxim
izin

g

like
liho

od
Bay

esia
n 

esti
matio

n



Jump Straight to Deep Learning?

Tensor Flow



Jump Straight to Deep Learning?



Understand the theory to help you debug



But another reason…



Computers struggle...



… especially for human problems.



Understand the theory 
to push for better systems
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Once upon a time…



…there was parameter estimation



Consider some probability distributions:
§ Ber(p)
§ Poi(λ)
§ Uni(⍺, β)
§ Normal(μ, s2)
§ Y = mX + b
§ etc…

Call these “parametric models”
Given model, parameters yield actual distribution
§ Usually refer to parameters of distribution as q
§ Note that q that can be a vector of parameters

q = p
q = l
q = (a, b)
q = (µ, s2)
q = (m, b)

What are Parameters?



Fever
Tired

Flu Undergrad

P (U = 1) = 0.8
<latexit sha1_base64="q04hXdQRTNZ67G98iEl4KWqq7YU=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkIihfYiFLx4rGDaQhvLZrtpl242YXejlND/4cWDIl79L978N27bHLT1wQyP92bY2RcknCntON9WYWNza3unuFva2z84PCofn7RVnEpCPRLzWHYDrChngnqaaU67iaQ4CjjtBJObud95pFKxWNzraUL9CI8ECxnB2kgPraqHrpF7aZpjNwblimM7C6B14uakAjlag/JXfxiTNKJCE46V6rlOov0MS80Ip7NSP1U0wWSCR7RnqMARVX62uHqGLowyRGEsTQmNFurvjQxHSk2jwExGWI/VqjcX//N6qQ4bfsZEkmoqyPKhMOVIx2geARoySYnmU0MwkczcisgYS0y0CapkQnBXv7xO2le269juXa3SrOVxFOEMzqEKLtShCbfQAg8ISHiGV3iznqwX6936WI4WrHznFP7A+vwBPNSPrw==</latexit><latexit sha1_base64="q04hXdQRTNZ67G98iEl4KWqq7YU=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkIihfYiFLx4rGDaQhvLZrtpl242YXejlND/4cWDIl79L978N27bHLT1wQyP92bY2RcknCntON9WYWNza3unuFva2z84PCofn7RVnEpCPRLzWHYDrChngnqaaU67iaQ4CjjtBJObud95pFKxWNzraUL9CI8ECxnB2kgPraqHrpF7aZpjNwblimM7C6B14uakAjlag/JXfxiTNKJCE46V6rlOov0MS80Ip7NSP1U0wWSCR7RnqMARVX62uHqGLowyRGEsTQmNFurvjQxHSk2jwExGWI/VqjcX//N6qQ4bfsZEkmoqyPKhMOVIx2geARoySYnmU0MwkczcisgYS0y0CapkQnBXv7xO2le269juXa3SrOVxFOEMzqEKLtShCbfQAg8ISHiGV3iznqwX6936WI4WrHznFP7A+vwBPNSPrw==</latexit><latexit sha1_base64="q04hXdQRTNZ67G98iEl4KWqq7YU=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkIihfYiFLx4rGDaQhvLZrtpl242YXejlND/4cWDIl79L978N27bHLT1wQyP92bY2RcknCntON9WYWNza3unuFva2z84PCofn7RVnEpCPRLzWHYDrChngnqaaU67iaQ4CjjtBJObud95pFKxWNzraUL9CI8ECxnB2kgPraqHrpF7aZpjNwblimM7C6B14uakAjlag/JXfxiTNKJCE46V6rlOov0MS80Ip7NSP1U0wWSCR7RnqMARVX62uHqGLowyRGEsTQmNFurvjQxHSk2jwExGWI/VqjcX//N6qQ4bfsZEkmoqyPKhMOVIx2geARoySYnmU0MwkczcisgYS0y0CapkQnBXv7xO2le269juXa3SrOVxFOEMzqEKLtShCbfQAg8ISHiGV3iznqwX6936WI4WrHznFP7A+vwBPNSPrw==</latexit><latexit sha1_base64="q04hXdQRTNZ67G98iEl4KWqq7YU=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkIihfYiFLx4rGDaQhvLZrtpl242YXejlND/4cWDIl79L978N27bHLT1wQyP92bY2RcknCntON9WYWNza3unuFva2z84PCofn7RVnEpCPRLzWHYDrChngnqaaU67iaQ4CjjtBJObud95pFKxWNzraUL9CI8ECxnB2kgPraqHrpF7aZpjNwblimM7C6B14uakAjlag/JXfxiTNKJCE46V6rlOov0MS80Ip7NSP1U0wWSCR7RnqMARVX62uHqGLowyRGEsTQmNFurvjQxHSk2jwExGWI/VqjcX//N6qQ4bfsZEkmoqyPKhMOVIx2geARoySYnmU0MwkczcisgYS0y0CapkQnBXv7xO2le269juXa3SrOVxFOEMzqEKLtShCbfQAg8ISHiGV3iznqwX6936WI4WrHznFP7A+vwBPNSPrw==</latexit>

P (Fl = 1) = 0.1
<latexit sha1_base64="2j89fAK6mAT2kD86ZmEJr3Jwugw=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRgm6EgiAuK9gHtKFMppN26GQS5iHU0C9x40IRt36KO//GaZuFth64l8M59zJ3TphyprTnfTtr6xubW9uFneLu3v5ByT08aqnESEKbJOGJ7IRYUc4EbWqmOe2kkuI45LQdjm9mfvuRSsUS8aAnKQ1iPBQsYgRrK/XdUqNyy9E18s9t86p+3y17VW8OtEr8nJQhR6PvfvUGCTExFZpwrFTX91IdZFhqRjidFntG0RSTMR7SrqUCx1QF2fzwKTqzygBFibQlNJqrvzcyHCs1iUM7GWM9UsveTPzP6xodXQUZE6nRVJDFQ5HhSCdolgIaMEmJ5hNLMJHM3orICEtMtM2qaEPwl7+8SloXVd8mdl8r12t5HAU4gVOogA+XUIc7aEATCBh4hld4c56cF+fd+ViMrjn5zjH8gfP5A2CrkEA=</latexit><latexit sha1_base64="2j89fAK6mAT2kD86ZmEJr3Jwugw=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRgm6EgiAuK9gHtKFMppN26GQS5iHU0C9x40IRt36KO//GaZuFth64l8M59zJ3TphyprTnfTtr6xubW9uFneLu3v5ByT08aqnESEKbJOGJ7IRYUc4EbWqmOe2kkuI45LQdjm9mfvuRSsUS8aAnKQ1iPBQsYgRrK/XdUqNyy9E18s9t86p+3y17VW8OtEr8nJQhR6PvfvUGCTExFZpwrFTX91IdZFhqRjidFntG0RSTMR7SrqUCx1QF2fzwKTqzygBFibQlNJqrvzcyHCs1iUM7GWM9UsveTPzP6xodXQUZE6nRVJDFQ5HhSCdolgIaMEmJ5hNLMJHM3orICEtMtM2qaEPwl7+8SloXVd8mdl8r12t5HAU4gVOogA+XUIc7aEATCBh4hld4c56cF+fd+ViMrjn5zjH8gfP5A2CrkEA=</latexit><latexit sha1_base64="2j89fAK6mAT2kD86ZmEJr3Jwugw=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRgm6EgiAuK9gHtKFMppN26GQS5iHU0C9x40IRt36KO//GaZuFth64l8M59zJ3TphyprTnfTtr6xubW9uFneLu3v5ByT08aqnESEKbJOGJ7IRYUc4EbWqmOe2kkuI45LQdjm9mfvuRSsUS8aAnKQ1iPBQsYgRrK/XdUqNyy9E18s9t86p+3y17VW8OtEr8nJQhR6PvfvUGCTExFZpwrFTX91IdZFhqRjidFntG0RSTMR7SrqUCx1QF2fzwKTqzygBFibQlNJqrvzcyHCs1iUM7GWM9UsveTPzP6xodXQUZE6nRVJDFQ5HhSCdolgIaMEmJ5hNLMJHM3orICEtMtM2qaEPwl7+8SloXVd8mdl8r12t5HAU4gVOogA+XUIc7aEATCBh4hld4c56cF+fd+ViMrjn5zjH8gfP5A2CrkEA=</latexit><latexit sha1_base64="2j89fAK6mAT2kD86ZmEJr3Jwugw=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRgm6EgiAuK9gHtKFMppN26GQS5iHU0C9x40IRt36KO//GaZuFth64l8M59zJ3TphyprTnfTtr6xubW9uFneLu3v5ByT08aqnESEKbJOGJ7IRYUc4EbWqmOe2kkuI45LQdjm9mfvuRSsUS8aAnKQ1iPBQsYgRrK/XdUqNyy9E18s9t86p+3y17VW8OtEr8nJQhR6PvfvUGCTExFZpwrFTX91IdZFhqRjidFntG0RSTMR7SrqUCx1QF2fzwKTqzygBFibQlNJqrvzcyHCs1iUM7GWM9UsveTPzP6xodXQUZE6nRVJDFQ5HhSCdolgIaMEmJ5hNLMJHM3orICEtMtM2qaEPwl7+8SloXVd8mdl8r12t5HAU4gVOogA+XUIc7aEATCBh4hld4c56cF+fd+ViMrjn5zjH8gfP5A2CrkEA=</latexit>

P (T = 1|Flu = 0, U = 0) = 0.1

P (T = 1|Flu = 0, U = 1) = 0.8

P (T = 1|Flu = 1, U = 0) = 0.9

P (T = 1|Flu = 1, U = 1) = 1.0
<latexit sha1_base64="E9irS0BZrGtwwIEWh0XFeh9uocs="></latexit><latexit sha1_base64="E9irS0BZrGtwwIEWh0XFeh9uocs="></latexit><latexit sha1_base64="E9irS0BZrGtwwIEWh0XFeh9uocs="></latexit><latexit sha1_base64="E9irS0BZrGtwwIEWh0XFeh9uocs="></latexit>

Fev|Flu = 0 ⇠ N(100.0, 1.81)

Fev|Flu = 1 ⇠ N(98.25, 0.73)
<latexit sha1_base64="GM6v6EgG97ANBMSgpW0zkom2WTE="></latexit><latexit sha1_base64="GM6v6EgG97ANBMSgpW0zkom2WTE="></latexit><latexit sha1_base64="GM6v6EgG97ANBMSgpW0zkom2WTE="></latexit><latexit sha1_base64="GM6v6EgG97ANBMSgpW0zkom2WTE="></latexit>

Parameters

What are Parameters?



Why Do We Care?

Real World Problem

Formal Model 𝜃

Prediction 
Function 𝜃* 

Model the problem

Learning Algorithm

Testing
Data

Training 
Data

Evaluation
score



Modelling

Real World Problem

Formal Model 𝜃

Prediction 
Function 𝜃* 

Model the problem

Learning Algorithm

Testing
Data

Training 
Data

Evaluation
score



Parameter Estimation (aka Training)

Real World Problem

Formal Model 𝜃

Prediction 
Function 𝜃* 

Model the problem

Learning Algorithm

Testing
Data

Training 
Data

Evaluation
score



We’ve	already	seen	some	estimations
𝑋!, 𝑋", … , 𝑋# are 𝑛 i.i.d. random variables,
where 𝑋$ drawn from distribution 𝐹 with 𝐸 𝑋$ = 𝜇, Var 𝑋$ = 𝜎".

Sample mean:

33

*𝑋 =
1
𝑛
,
$%!

#

𝑋$ unbiased estimate of 𝜇 

Sample variance: 𝑆" =
1

𝑛 − 1
,
$%!

#

𝑋$ − *𝑋 " unbiased estimate of 𝜎"



Parameter Estimation
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Deep Learning



Limited tool: how could we use that for 
fitting WebMD?



Great idea in Machine Learning





“I feel seen”



Insight: find the arguments that maximize 
measure of likelihood 

argmax



Argmax

f(x) = �x2 + 5

max
x

� x2 + 5 = 5

argmax
x

� x2 + 5 = 0



Argmax of Log

Claim:

Log is monotonic

argmax
x

f(x) = argmax
x

log f(x)

x ≤ y Û log(x) ≤ log(y) for all x, y > 0



Argmax of Log

argmax
x

f(x) = argmax
x

log f(x)



log(ab) = log(a) + log(b)

Log I Love You



Natural Log

log(x)

loge(x)

ln(x)



Maximum Likelihood Algorithm

4. Use an optimization algorithm to calculate argmax

1. Decide on a model for the distribution of 
your samples. Define the PMF / PDF for 
your sample.

2. Write out the log likelihood function.

3. State that the optimal 
parameters are the argmax of 
the log likelihood function.



The Likelihood Function
n I.I.D. data points

We explicitly specify 
parameter q of distributionThis is just a 

product since Xi 
are I.I.D.

<latexit sha1_base64="oyF7teg+cYqQfXWzmcm3r4d1qIw=">AAACEnicbVA9SwNBEN3zM8avqKXNYhCSJtxJUJtAwMbCIoL5gCQee5u9ZMne3rE7J4Yzv8HGv2JjoYitlZ3/xk1yhSY+GHi8N8PMPC8SXINtf1tLyyura+uZjezm1vbObm5vv6HDWFFWp6EIVcsjmgkuWR04CNaKFCOBJ1jTG15M/OYdU5qH8gZGEesGpC+5zykBI7m54lWhAwMGpIgruBOpsOcmvOKMbyX2C/cuxw849d1c3i7ZU+BF4qQkj1LU3NxXpxfSOGASqCBatx07gm5CFHAq2DjbiTWLCB2SPmsbKknAdDeZvjTGx0bpYT9UpiTgqfp7IiGB1qPAM50BgYGe9ybif147Bv+8m3AZxcAknS3yY4EhxJN8cI8rRkGMDCFUcXMrpgOiCAWTYtaE4My/vEgaJyXntFS+Luer1TSODDpER6iAHHSGqugS1VAdUfSIntErerOerBfr3fqYtS5Z6cwB+gPr8weMN5wo</latexit>

L(✓) =
nY

i=1

f(xi|✓)

<latexit sha1_base64="oHcfNV1vWfEhVDdrwDo4JS/ksRo=">AAAB/XicbVDLSgMxFL1TX7W+6mPnJlgEF6XMlKIuC25cVrAPaIchk2ba0ExmSDLSWoq/4saFIm79D3f+jZl2Ftp6IHA45x7uzfFjzpS27W8rt7a+sbmV3y7s7O7tHxQPj1oqSiShTRLxSHZ8rChngjY105x2Yklx6HPa9kc3qd9+oFKxSNzrSUzdEA8ECxjB2khe8WTsOWU09qpl1OtHWqXcyCW7Ys+BVomTkRJkaHjFLxMmSUiFJhwr1XXsWLtTLDUjnM4KvUTRGJMRHtCuoQKHVLnT+fUzdG6UPgoiaZ7QaK7+TkxxqNQk9M1kiPVQLXup+J/XTXRw7U6ZiBNNBVksChKOdITSKlCfSUo0nxiCiWTmVkSGWGKiTWEFU4Kz/OVV0qpWnMtK7a5WqtezOvJwCmdwAQ5cQR1uoQFNIPAIz/AKb9aT9WK9Wx+L0ZyVZY7hD6zPHzRTk8o=</latexit>x1, x2, . . . , xn



Likelihood (of data given 
parameters):

Either the 
PDF (continuous) or 
PMF (discrete), or 

joint if multiple variables per datapoint

<latexit sha1_base64="oyF7teg+cYqQfXWzmcm3r4d1qIw=">AAACEnicbVA9SwNBEN3zM8avqKXNYhCSJtxJUJtAwMbCIoL5gCQee5u9ZMne3rE7J4Yzv8HGv2JjoYitlZ3/xk1yhSY+GHi8N8PMPC8SXINtf1tLyyura+uZjezm1vbObm5vv6HDWFFWp6EIVcsjmgkuWR04CNaKFCOBJ1jTG15M/OYdU5qH8gZGEesGpC+5zykBI7m54lWhAwMGpIgruBOpsOcmvOKMbyX2C/cuxw849d1c3i7ZU+BF4qQkj1LU3NxXpxfSOGASqCBatx07gm5CFHAq2DjbiTWLCB2SPmsbKknAdDeZvjTGx0bpYT9UpiTgqfp7IiGB1qPAM50BgYGe9ybif147Bv+8m3AZxcAknS3yY4EhxJN8cI8rRkGMDCFUcXMrpgOiCAWTYtaE4My/vEgaJyXntFS+Luer1TSODDpER6iAHHSGqugS1VAdUfSIntErerOerBfr3fqYtS5Z6cwB+gPr8weMN5wo</latexit>

L(✓) =
nY

i=1

f(xi|✓)



Maximum Likelihood Algorithm

4. Use an optimization algorithm to calculate argmax

1. Decide on a model for the distribution of 
your samples. Define the PMF / PDF for 
your sample.

2. Write out the log likelihood function.

3. State that the optimal 
parameters are the argmax of 
the log likelihood function.



Story so far: We can chose parameters by 
finding the argmax of the log likelihood of our 

data



Maximum Likelihood

Õ
=

=
n

i
iXfL

1

)|()( qq

LL(✓) =
nX

i=1

log f(Xi|✓)

✓̂ = argmax
✓

LL(✓)



But how do we compute argmax?



Option #1: Straight optimization



Finding	the	argmax	with	calculus

53

"𝑥 = arg	max
!

	𝑓 𝑥 Let 𝑓 𝑥 = −𝑥" + 4, 
where −2 < 𝑥 < 2.

0

1

2

3

4

-2 -1 0 1 2

𝑓 𝑥

𝑥

𝑑
𝑑𝑥
𝑓 𝑥 =

𝑑
𝑑𝑥

𝑥" + 4 = 2𝑥Differentiate w.r.t.
argmax’s argument

Set to 0 and solve 2𝑥 = 0 ⇒	 9𝑥 = 0

Make sure #𝑥
is a maximum

• Check 𝑓 #𝑥 ± 𝜖 < 𝑓 #𝑥
• Generally ignored in expository derivations
• We’ll ignore it here too (and won’t require it in class)
• arg	min is defined similarly, relevant for gradient descent
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Consider I.I.D. data: X1, X2, ..., Xn.  Assume a model. 

Use Maximum Likelihood to estimate parameters

§ Probability mass function can be written as: 
 

§ Likelihood:

§ Log-likelihood:

§ Differentiate w.r.t. λ, and set to 0:

<latexit sha1_base64="ICUga0QxZxsIK5X1wv/xYPffD6M="></latexit>

L(�) = f(x1 . . . xn|�) =
nY

i=1

f(xi|�) =
nY

i=1

e���xi

xi!

<latexit sha1_base64="zFCU0bx3ozcPBEILup82PIfrjdo="></latexit>

LL(�) = log
nY

i=1

e���xi

xi!
=

nX

i=1

log
e���xi

xi!
=

nX

i=1

��+ xi log �� log xi!

<latexit sha1_base64="mCOtB5JT53b4CLp5cmsrgUtV8cY="></latexit>

@LL(�)

@�
=

nX

i=1

�1 +
xi

�
= �n+

1

�

nX

i=1

xi

<latexit sha1_base64="Q4UfYO5Gp1KFP7UZEjXxRAKyv2E=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0UQ1JJIURcWCm5cVrAPaGqYTCft0MkkzEzEEvITbvwVNy4UcSu482+ctFlo64GBwzn3cOceL2JUKsv6NgoLi0vLK8XV0tr6xuaWub3TkmEsMGnikIWi4yFJGOWkqahipBMJggKPkbY3usr89j0Rkob8Vo0j0gvQgFOfYqS05JrHFqzBEw6PoOMLhBM7TRym432UQkfGgZvQmp3ecfjg0pJrlq2KNQGcJ3ZOyiBHwzW/nH6I44BwhRmSsmtbkeolSCiKGUlLTixJhPAIDUhXU44CInvJ5KoUHmilD/1Q6McVnKi/EwkKpBwHnp4MkBrKWS8T//O6sfIvegnlUawIx9NFfsygCmFWEexTQbBiY00QFlT/FeIh0u0oXWRWgj178jxpnVbss0r1plquX+Z1FMEe2AeHwAbnoA6uQQM0AQaP4Bm8gjfjyXgx3o2P6WjByDO74A+Mzx9p8J0k</latexit>

0 = �n+
1

�

nX

i=1

xi

<latexit sha1_base64="rOLMKRXX+iNPnBJZbnQcWtKJfWI=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxVRIp6sJCwY3LCvYBTQyTyaQdOpmEmYlYQv7Ajb/ixoUibt2682+ctF1o64GBwznncuceP2FUKsv6NkpLyyura+X1ysbm1vaOubvXkXEqMGnjmMWi5yNJGOWkrahipJcIgiKfka4/uir87j0Rksb8Vo0T4kZowGlIMVJa8sxjh+lwgGADOqFAOLPzjOeOTCMvow07v+PwwaMVz6xaNWsCuEjsGamCGVqe+eUEMU4jwhVmSMq+bSXKzZBQFDOSV5xUkgThERqQvqYcRUS62eSeHB5pJYBhLPTjCk7U3xMZiqQcR75ORkgN5bxXiP95/VSFF25GeZIqwvF0UZgyqGJYlAMDKghWbKwJwoLqv0I8RLoWpSssSrDnT14kndOafVar39SrzctZHWVwAA7BCbDBOWiCa9ACbYDBI3gGr+DNeDJejHfjYxotGbOZffAHxucPAtacAA==</latexit>

� =
1

n

nX

i=1

xi

1. What is the likelihood of one Xi

2. What is the likelihood of all the data

3. What is the log-likelihood all the data

4. Find the value of λ which maximizes log likelihood

General	MLE	Formula



MLE	for	Poisson

55



MLE	for	Poisson

56

We observed the following samples:
[6, 1, 2, 1, 2, 3, 3, 2, 1, 3, 1, 3]

     What is lambda?
<latexit sha1_base64="7kx1McA11IWVFeqEgS9QCkXMJMM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Tn/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVe+yWrurVer1PI4inMApnIMHV1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gBi5I3f</latexit>xi
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Consider I.I.D. random variables X1, X2, ..., Xn 

§                        Use Maximum Likelihood to estimate λ

§ Probability mass function can be written as: 
 

§ Likelihood:

§ Log-likelihood:

§ Differentiate w.r.t. λ, and set to 0:

<latexit sha1_base64="zn6MyKEpi7CNu01IvJZE+UNJcTo=">AAACIXicbVBNS8MwGE7n15xfVY9eokOYB0crQ3cRBl48TnAfsHYlzdItLP0gScVR+1e8+Fe8eFBkN/HPmG496OYLCQ/PB8n7uBGjQhrGl1ZYWV1b3yhulra2d3b39P2DtghjjkkLhyzkXRcJwmhAWpJKRroRJ8h3Gem445tM7zwQLmgY3MtJRGwfDQPqUYykohy97lUeHfpkMRUZoDN4DS2PI5yQfnKekynMQT9R1jTN7uPU0ctG1ZgNXAZmDsogn6ajT61BiGOfBBIzJETPNCJpJ4hLihlJS1YsSITwGA1JT8EA+UTYyWzDFJ4qZgC9kKsTSDhjfycS5Asx8V3l9JEciUUtI//TerH06nZCgyiWJMDzh7yYQRnCrC44oJxgySYKIMyp+ivEI6QakqrUkirBXFx5GbQvquZltXZXKzfqeR1FcAROQAWY4Ao0wC1oghbA4Bm8gnfwob1ob9qnNp1bC1qeOQR/Rvv+AcH7o+g=</latexit>

f(xi|�) =
e���xi

xi!

<latexit sha1_base64="VntniLGRVstiKnouH3obJrfsSA8=">AAACBXicbVDLSsNAFJ34rPUVdamLwSLUTUmkaJcFNy4r2Ac0IUwmk3bo5MHMjVhCN278FTcuFHHrP7jzb5y2WWjrgQuHc+6duff4qeAKLOvbWFldW9/YLG2Vt3d29/bNg8OOSjJJWZsmIpE9nygmeMzawEGwXioZiXzBuv7oeup375lUPInvYJwyNyKDmIecEtCSZ570PI4dxSPsAHuAvJXwSdUR+oGAnHtmxapZM+BlYhekggq0PPPLCRKaRSwGKohSfdtKwc2JBE4Fm5SdTLGU0BEZsL6mMYmYcvPZFRN8ppUAh4nUFQOeqb8nchIpNY583RkRGKpFbyr+5/UzCBtuzuM0AxbT+UdhJjAkeBoJDrhkFMRYE0Il17tiOiSSUNDBlXUI9uLJy6RzUbMva/XbeqXZKOIooWN0iqrIRleoiW5QC7URRY/oGb2iN+PJeDHejY9564pRzByhPzA+fwDD/JgW</latexit>

Xi ⇠ Poi(�)

<latexit sha1_base64="ICUga0QxZxsIK5X1wv/xYPffD6M="></latexit>

L(�) = f(x1 . . . xn|�) =
nY

i=1

f(xi|�) =
nY

i=1

e���xi

xi!

<latexit sha1_base64="zFCU0bx3ozcPBEILup82PIfrjdo="></latexit>

LL(�) = log
nY

i=1

e���xi

xi!
=

nX

i=1

log
e���xi

xi!
=

nX

i=1

��+ xi log �� log xi!

<latexit sha1_base64="mCOtB5JT53b4CLp5cmsrgUtV8cY="></latexit>

@LL(�)

@�
=

nX

i=1

�1 +
xi

�
= �n+

1

�

nX

i=1

xi

<latexit sha1_base64="Q4UfYO5Gp1KFP7UZEjXxRAKyv2E=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0UQ1JJIURcWCm5cVrAPaGqYTCft0MkkzEzEEvITbvwVNy4UcSu482+ctFlo64GBwzn3cOceL2JUKsv6NgoLi0vLK8XV0tr6xuaWub3TkmEsMGnikIWi4yFJGOWkqahipBMJggKPkbY3usr89j0Rkob8Vo0j0gvQgFOfYqS05JrHFqzBEw6PoOMLhBM7TRym432UQkfGgZvQmp3ecfjg0pJrlq2KNQGcJ3ZOyiBHwzW/nH6I44BwhRmSsmtbkeolSCiKGUlLTixJhPAIDUhXU44CInvJ5KoUHmilD/1Q6McVnKi/EwkKpBwHnp4MkBrKWS8T//O6sfIvegnlUawIx9NFfsygCmFWEexTQbBiY00QFlT/FeIh0u0oXWRWgj178jxpnVbss0r1plquX+Z1FMEe2AeHwAbnoA6uQQM0AQaP4Bm8gjfjyXgx3o2P6WjByDO74A+Mzx9p8J0k</latexit>

0 = �n+
1

�

nX

i=1

xi

<latexit sha1_base64="rOLMKRXX+iNPnBJZbnQcWtKJfWI=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxVRIp6sJCwY3LCvYBTQyTyaQdOpmEmYlYQv7Ajb/ixoUibt2682+ctF1o64GBwznncuceP2FUKsv6NkpLyyura+X1ysbm1vaOubvXkXEqMGnjmMWi5yNJGOWkrahipJcIgiKfka4/uir87j0Rksb8Vo0T4kZowGlIMVJa8sxjh+lwgGADOqFAOLPzjOeOTCMvow07v+PwwaMVz6xaNWsCuEjsGamCGVqe+eUEMU4jwhVmSMq+bSXKzZBQFDOSV5xUkgThERqQvqYcRUS62eSeHB5pJYBhLPTjCk7U3xMZiqQcR75ORkgN5bxXiP95/VSFF25GeZIqwvF0UZgyqGJYlAMDKghWbKwJwoLqv0I8RLoWpSssSrDnT14kndOafVar39SrzctZHWVwAA7BCbDBOWiCa9ACbYDBI3gGr+DNeDJejHfjYxotGbOZffAHxucPAtacAA==</latexit>

� =
1

n

nX

i=1

xi

1. What is the likelihood of one Xi

2. What is the likelihood of all the data

3. What is the log-likelihood all the data

4. Find the value of λ which maximizes log likelihood

Maximum	Likelihood	with	Poisson
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Consider I.I.D. random variables X1, X2, ..., Xn 

§                        Use Maximum Likelihood to estimate λ

§ Probability mass function can be written as: 
 

§ Likelihood:

§ Log-likelihood:

§ Differentiate w.r.t. λ, and set to 0:

<latexit sha1_base64="zn6MyKEpi7CNu01IvJZE+UNJcTo=">AAACIXicbVBNS8MwGE7n15xfVY9eokOYB0crQ3cRBl48TnAfsHYlzdItLP0gScVR+1e8+Fe8eFBkN/HPmG496OYLCQ/PB8n7uBGjQhrGl1ZYWV1b3yhulra2d3b39P2DtghjjkkLhyzkXRcJwmhAWpJKRroRJ8h3Gem445tM7zwQLmgY3MtJRGwfDQPqUYykohy97lUeHfpkMRUZoDN4DS2PI5yQfnKekynMQT9R1jTN7uPU0ctG1ZgNXAZmDsogn6ajT61BiGOfBBIzJETPNCJpJ4hLihlJS1YsSITwGA1JT8EA+UTYyWzDFJ4qZgC9kKsTSDhjfycS5Asx8V3l9JEciUUtI//TerH06nZCgyiWJMDzh7yYQRnCrC44oJxgySYKIMyp+ivEI6QakqrUkirBXFx5GbQvquZltXZXKzfqeR1FcAROQAWY4Ao0wC1oghbA4Bm8gnfwob1ob9qnNp1bC1qeOQR/Rvv+AcH7o+g=</latexit>

f(xi|�) =
e���xi

xi!

<latexit sha1_base64="VntniLGRVstiKnouH3obJrfsSA8=">AAACBXicbVDLSsNAFJ34rPUVdamLwSLUTUmkaJcFNy4r2Ac0IUwmk3bo5MHMjVhCN278FTcuFHHrP7jzb5y2WWjrgQuHc+6duff4qeAKLOvbWFldW9/YLG2Vt3d29/bNg8OOSjJJWZsmIpE9nygmeMzawEGwXioZiXzBuv7oeup375lUPInvYJwyNyKDmIecEtCSZ570PI4dxSPsAHuAvJXwSdUR+oGAnHtmxapZM+BlYhekggq0PPPLCRKaRSwGKohSfdtKwc2JBE4Fm5SdTLGU0BEZsL6mMYmYcvPZFRN8ppUAh4nUFQOeqb8nchIpNY583RkRGKpFbyr+5/UzCBtuzuM0AxbT+UdhJjAkeBoJDrhkFMRYE0Il17tiOiSSUNDBlXUI9uLJy6RzUbMva/XbeqXZKOIooWN0iqrIRleoiW5QC7URRY/oGb2iN+PJeDHejY9564pRzByhPzA+fwDD/JgW</latexit>

Xi ⇠ Poi(�)

<latexit sha1_base64="ICUga0QxZxsIK5X1wv/xYPffD6M="></latexit>

L(�) = f(x1 . . . xn|�) =
nY

i=1

f(xi|�) =
nY

i=1

e���xi

xi!

<latexit sha1_base64="zFCU0bx3ozcPBEILup82PIfrjdo="></latexit>

LL(�) = log
nY

i=1

e���xi

xi!
=

nX

i=1

log
e���xi

xi!
=

nX

i=1

��+ xi log �� log xi!

<latexit sha1_base64="mCOtB5JT53b4CLp5cmsrgUtV8cY="></latexit>

@LL(�)

@�
=

nX

i=1

�1 +
xi

�
= �n+

1

�

nX

i=1

xi

<latexit sha1_base64="Q4UfYO5Gp1KFP7UZEjXxRAKyv2E=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0UQ1JJIURcWCm5cVrAPaGqYTCft0MkkzEzEEvITbvwVNy4UcSu482+ctFlo64GBwzn3cOceL2JUKsv6NgoLi0vLK8XV0tr6xuaWub3TkmEsMGnikIWi4yFJGOWkqahipBMJggKPkbY3usr89j0Rkob8Vo0j0gvQgFOfYqS05JrHFqzBEw6PoOMLhBM7TRym432UQkfGgZvQmp3ecfjg0pJrlq2KNQGcJ3ZOyiBHwzW/nH6I44BwhRmSsmtbkeolSCiKGUlLTixJhPAIDUhXU44CInvJ5KoUHmilD/1Q6McVnKi/EwkKpBwHnp4MkBrKWS8T//O6sfIvegnlUawIx9NFfsygCmFWEexTQbBiY00QFlT/FeIh0u0oXWRWgj178jxpnVbss0r1plquX+Z1FMEe2AeHwAbnoA6uQQM0AQaP4Bm8gjfjyXgx3o2P6WjByDO74A+Mzx9p8J0k</latexit>

0 = �n+
1

�

nX

i=1

xi

<latexit sha1_base64="rOLMKRXX+iNPnBJZbnQcWtKJfWI=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxVRIp6sJCwY3LCvYBTQyTyaQdOpmEmYlYQv7Ajb/ixoUibt2682+ctF1o64GBwznncuceP2FUKsv6NkpLyyura+X1ysbm1vaOubvXkXEqMGnjmMWi5yNJGOWkrahipJcIgiKfka4/uir87j0Rksb8Vo0T4kZowGlIMVJa8sxjh+lwgGADOqFAOLPzjOeOTCMvow07v+PwwaMVz6xaNWsCuEjsGamCGVqe+eUEMU4jwhVmSMq+bSXKzZBQFDOSV5xUkgThERqQvqYcRUS62eSeHB5pJYBhLPTjCk7U3xMZiqQcR75ORkgN5bxXiP95/VSFF25GeZIqwvF0UZgyqGJYlAMDKghWbKwJwoLqv0I8RLoWpSssSrDnT14kndOafVar39SrzctZHWVwAA7BCbDBOWiCa9ACbYDBI3gGr+DNeDJejHfjYxotGbOZffAHxucPAtacAA==</latexit>

� =
1

n

nX

i=1

xi

2. What is the likelihood of all the data

3. What is the log-likelihood all the data

4. Find the value of λ which maximizes log likelihood

Maximum	Likelihood	with	Poisson
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Consider I.I.D. random variables X1, X2, ..., Xn 

§                        Use Maximum Likelihood to estimate λ

§ Probability mass function can be written as: 
 

§ Likelihood:

§ Log-likelihood:

§ Differentiate w.r.t. λ, and set to 0:

<latexit sha1_base64="zn6MyKEpi7CNu01IvJZE+UNJcTo=">AAACIXicbVBNS8MwGE7n15xfVY9eokOYB0crQ3cRBl48TnAfsHYlzdItLP0gScVR+1e8+Fe8eFBkN/HPmG496OYLCQ/PB8n7uBGjQhrGl1ZYWV1b3yhulra2d3b39P2DtghjjkkLhyzkXRcJwmhAWpJKRroRJ8h3Gem445tM7zwQLmgY3MtJRGwfDQPqUYykohy97lUeHfpkMRUZoDN4DS2PI5yQfnKekynMQT9R1jTN7uPU0ctG1ZgNXAZmDsogn6ajT61BiGOfBBIzJETPNCJpJ4hLihlJS1YsSITwGA1JT8EA+UTYyWzDFJ4qZgC9kKsTSDhjfycS5Asx8V3l9JEciUUtI//TerH06nZCgyiWJMDzh7yYQRnCrC44oJxgySYKIMyp+ivEI6QakqrUkirBXFx5GbQvquZltXZXKzfqeR1FcAROQAWY4Ao0wC1oghbA4Bm8gnfwob1ob9qnNp1bC1qeOQR/Rvv+AcH7o+g=</latexit>

f(xi|�) =
e���xi

xi!

<latexit sha1_base64="VntniLGRVstiKnouH3obJrfsSA8=">AAACBXicbVDLSsNAFJ34rPUVdamLwSLUTUmkaJcFNy4r2Ac0IUwmk3bo5MHMjVhCN278FTcuFHHrP7jzb5y2WWjrgQuHc+6duff4qeAKLOvbWFldW9/YLG2Vt3d29/bNg8OOSjJJWZsmIpE9nygmeMzawEGwXioZiXzBuv7oeup375lUPInvYJwyNyKDmIecEtCSZ570PI4dxSPsAHuAvJXwSdUR+oGAnHtmxapZM+BlYhekggq0PPPLCRKaRSwGKohSfdtKwc2JBE4Fm5SdTLGU0BEZsL6mMYmYcvPZFRN8ppUAh4nUFQOeqb8nchIpNY583RkRGKpFbyr+5/UzCBtuzuM0AxbT+UdhJjAkeBoJDrhkFMRYE0Il17tiOiSSUNDBlXUI9uLJy6RzUbMva/XbeqXZKOIooWN0iqrIRleoiW5QC7URRY/oGb2iN+PJeDHejY9564pRzByhPzA+fwDD/JgW</latexit>

Xi ⇠ Poi(�)

<latexit sha1_base64="ICUga0QxZxsIK5X1wv/xYPffD6M="></latexit>

L(�) = f(x1 . . . xn|�) =
nY

i=1

f(xi|�) =
nY

i=1

e���xi

xi!

<latexit sha1_base64="zFCU0bx3ozcPBEILup82PIfrjdo="></latexit>

LL(�) = log
nY

i=1

e���xi

xi!
=

nX

i=1

log
e���xi

xi!
=

nX

i=1

��+ xi log �� log xi!

<latexit sha1_base64="mCOtB5JT53b4CLp5cmsrgUtV8cY="></latexit>

@LL(�)

@�
=

nX

i=1

�1 +
xi

�
= �n+

1

�

nX

i=1

xi

<latexit sha1_base64="Q4UfYO5Gp1KFP7UZEjXxRAKyv2E=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0UQ1JJIURcWCm5cVrAPaGqYTCft0MkkzEzEEvITbvwVNy4UcSu482+ctFlo64GBwzn3cOceL2JUKsv6NgoLi0vLK8XV0tr6xuaWub3TkmEsMGnikIWi4yFJGOWkqahipBMJggKPkbY3usr89j0Rkob8Vo0j0gvQgFOfYqS05JrHFqzBEw6PoOMLhBM7TRym432UQkfGgZvQmp3ecfjg0pJrlq2KNQGcJ3ZOyiBHwzW/nH6I44BwhRmSsmtbkeolSCiKGUlLTixJhPAIDUhXU44CInvJ5KoUHmilD/1Q6McVnKi/EwkKpBwHnp4MkBrKWS8T//O6sfIvegnlUawIx9NFfsygCmFWEexTQbBiY00QFlT/FeIh0u0oXWRWgj178jxpnVbss0r1plquX+Z1FMEe2AeHwAbnoA6uQQM0AQaP4Bm8gjfjyXgx3o2P6WjByDO74A+Mzx9p8J0k</latexit>

0 = �n+
1

�

nX

i=1

xi

<latexit sha1_base64="rOLMKRXX+iNPnBJZbnQcWtKJfWI=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxVRIp6sJCwY3LCvYBTQyTyaQdOpmEmYlYQv7Ajb/ixoUibt2682+ctF1o64GBwznncuceP2FUKsv6NkpLyyura+X1ysbm1vaOubvXkXEqMGnjmMWi5yNJGOWkrahipJcIgiKfka4/uir87j0Rksb8Vo0T4kZowGlIMVJa8sxjh+lwgGADOqFAOLPzjOeOTCMvow07v+PwwaMVz6xaNWsCuEjsGamCGVqe+eUEMU4jwhVmSMq+bSXKzZBQFDOSV5xUkgThERqQvqYcRUS62eSeHB5pJYBhLPTjCk7U3xMZiqQcR75ORkgN5bxXiP95/VSFF25GeZIqwvF0UZgyqGJYlAMDKghWbKwJwoLqv0I8RLoWpSssSrDnT14kndOafVar39SrzctZHWVwAA7BCbDBOWiCa9ACbYDBI3gGr+DNeDJejHfjYxotGbOZffAHxucPAtacAA==</latexit>

� =
1

n

nX

i=1

xi

3. What is the log-likelihood all the data

4. Find the value of λ which maximizes log likelihood

Maximum	Likelihood	with	Poisson
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Consider I.I.D. random variables X1, X2, ..., Xn 

§                        Use Maximum Likelihood to estimate λ

§ Probability mass function can be written as: 
 

§ Likelihood:

§ Log-likelihood:

§ Differentiate w.r.t. λ, and set to 0:

<latexit sha1_base64="zn6MyKEpi7CNu01IvJZE+UNJcTo=">AAACIXicbVBNS8MwGE7n15xfVY9eokOYB0crQ3cRBl48TnAfsHYlzdItLP0gScVR+1e8+Fe8eFBkN/HPmG496OYLCQ/PB8n7uBGjQhrGl1ZYWV1b3yhulra2d3b39P2DtghjjkkLhyzkXRcJwmhAWpJKRroRJ8h3Gem445tM7zwQLmgY3MtJRGwfDQPqUYykohy97lUeHfpkMRUZoDN4DS2PI5yQfnKekynMQT9R1jTN7uPU0ctG1ZgNXAZmDsogn6ajT61BiGOfBBIzJETPNCJpJ4hLihlJS1YsSITwGA1JT8EA+UTYyWzDFJ4qZgC9kKsTSDhjfycS5Asx8V3l9JEciUUtI//TerH06nZCgyiWJMDzh7yYQRnCrC44oJxgySYKIMyp+ivEI6QakqrUkirBXFx5GbQvquZltXZXKzfqeR1FcAROQAWY4Ao0wC1oghbA4Bm8gnfwob1ob9qnNp1bC1qeOQR/Rvv+AcH7o+g=</latexit>

f(xi|�) =
e���xi

xi!

<latexit sha1_base64="VntniLGRVstiKnouH3obJrfsSA8=">AAACBXicbVDLSsNAFJ34rPUVdamLwSLUTUmkaJcFNy4r2Ac0IUwmk3bo5MHMjVhCN278FTcuFHHrP7jzb5y2WWjrgQuHc+6duff4qeAKLOvbWFldW9/YLG2Vt3d29/bNg8OOSjJJWZsmIpE9nygmeMzawEGwXioZiXzBuv7oeup375lUPInvYJwyNyKDmIecEtCSZ570PI4dxSPsAHuAvJXwSdUR+oGAnHtmxapZM+BlYhekggq0PPPLCRKaRSwGKohSfdtKwc2JBE4Fm5SdTLGU0BEZsL6mMYmYcvPZFRN8ppUAh4nUFQOeqb8nchIpNY583RkRGKpFbyr+5/UzCBtuzuM0AxbT+UdhJjAkeBoJDrhkFMRYE0Il17tiOiSSUNDBlXUI9uLJy6RzUbMva/XbeqXZKOIooWN0iqrIRleoiW5QC7URRY/oGb2iN+PJeDHejY9564pRzByhPzA+fwDD/JgW</latexit>

Xi ⇠ Poi(�)

<latexit sha1_base64="ICUga0QxZxsIK5X1wv/xYPffD6M="></latexit>

L(�) = f(x1 . . . xn|�) =
nY

i=1

f(xi|�) =
nY

i=1

e���xi

xi!

<latexit sha1_base64="zFCU0bx3ozcPBEILup82PIfrjdo="></latexit>

LL(�) = log
nY

i=1

e���xi

xi!
=

nX

i=1

log
e���xi

xi!
=

nX

i=1

��+ xi log �� log xi!

<latexit sha1_base64="mCOtB5JT53b4CLp5cmsrgUtV8cY="></latexit>

@LL(�)

@�
=

nX

i=1

�1 +
xi

�
= �n+

1

�

nX

i=1

xi

<latexit sha1_base64="Q4UfYO5Gp1KFP7UZEjXxRAKyv2E=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0UQ1JJIURcWCm5cVrAPaGqYTCft0MkkzEzEEvITbvwVNy4UcSu482+ctFlo64GBwzn3cOceL2JUKsv6NgoLi0vLK8XV0tr6xuaWub3TkmEsMGnikIWi4yFJGOWkqahipBMJggKPkbY3usr89j0Rkob8Vo0j0gvQgFOfYqS05JrHFqzBEw6PoOMLhBM7TRym432UQkfGgZvQmp3ecfjg0pJrlq2KNQGcJ3ZOyiBHwzW/nH6I44BwhRmSsmtbkeolSCiKGUlLTixJhPAIDUhXU44CInvJ5KoUHmilD/1Q6McVnKi/EwkKpBwHnp4MkBrKWS8T//O6sfIvegnlUawIx9NFfsygCmFWEexTQbBiY00QFlT/FeIh0u0oXWRWgj178jxpnVbss0r1plquX+Z1FMEe2AeHwAbnoA6uQQM0AQaP4Bm8gjfjyXgx3o2P6WjByDO74A+Mzx9p8J0k</latexit>

0 = �n+
1

�

nX

i=1

xi

<latexit sha1_base64="rOLMKRXX+iNPnBJZbnQcWtKJfWI=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxVRIp6sJCwY3LCvYBTQyTyaQdOpmEmYlYQv7Ajb/ixoUibt2682+ctF1o64GBwznncuceP2FUKsv6NkpLyyura+X1ysbm1vaOubvXkXEqMGnjmMWi5yNJGOWkrahipJcIgiKfka4/uir87j0Rksb8Vo0T4kZowGlIMVJa8sxjh+lwgGADOqFAOLPzjOeOTCMvow07v+PwwaMVz6xaNWsCuEjsGamCGVqe+eUEMU4jwhVmSMq+bSXKzZBQFDOSV5xUkgThERqQvqYcRUS62eSeHB5pJYBhLPTjCk7U3xMZiqQcR75ORkgN5bxXiP95/VSFF25GeZIqwvF0UZgyqGJYlAMDKghWbKwJwoLqv0I8RLoWpSssSrDnT14kndOafVar39SrzctZHWVwAA7BCbDBOWiCa9ACbYDBI3gGr+DNeDJejHfjYxotGbOZffAHxucPAtacAA==</latexit>

� =
1

n

nX

i=1

xi
4. Find the value of λ which maximizes log likelihood

Maximum	Likelihood	with	Poisson
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Consider I.I.D. random variables X1, X2, ..., Xn 

§                        Use Maximum Likelihood to estimate λ

§ Probability mass function can be written as: 
 

§ Likelihood:

§ Log-likelihood:

§ Differentiate w.r.t. λ, and set to 0:

<latexit sha1_base64="zn6MyKEpi7CNu01IvJZE+UNJcTo=">AAACIXicbVBNS8MwGE7n15xfVY9eokOYB0crQ3cRBl48TnAfsHYlzdItLP0gScVR+1e8+Fe8eFBkN/HPmG496OYLCQ/PB8n7uBGjQhrGl1ZYWV1b3yhulra2d3b39P2DtghjjkkLhyzkXRcJwmhAWpJKRroRJ8h3Gem445tM7zwQLmgY3MtJRGwfDQPqUYykohy97lUeHfpkMRUZoDN4DS2PI5yQfnKekynMQT9R1jTN7uPU0ctG1ZgNXAZmDsogn6ajT61BiGOfBBIzJETPNCJpJ4hLihlJS1YsSITwGA1JT8EA+UTYyWzDFJ4qZgC9kKsTSDhjfycS5Asx8V3l9JEciUUtI//TerH06nZCgyiWJMDzh7yYQRnCrC44oJxgySYKIMyp+ivEI6QakqrUkirBXFx5GbQvquZltXZXKzfqeR1FcAROQAWY4Ao0wC1oghbA4Bm8gnfwob1ob9qnNp1bC1qeOQR/Rvv+AcH7o+g=</latexit>

f(xi|�) =
e���xi

xi!

<latexit sha1_base64="VntniLGRVstiKnouH3obJrfsSA8=">AAACBXicbVDLSsNAFJ34rPUVdamLwSLUTUmkaJcFNy4r2Ac0IUwmk3bo5MHMjVhCN278FTcuFHHrP7jzb5y2WWjrgQuHc+6duff4qeAKLOvbWFldW9/YLG2Vt3d29/bNg8OOSjJJWZsmIpE9nygmeMzawEGwXioZiXzBuv7oeup375lUPInvYJwyNyKDmIecEtCSZ570PI4dxSPsAHuAvJXwSdUR+oGAnHtmxapZM+BlYhekggq0PPPLCRKaRSwGKohSfdtKwc2JBE4Fm5SdTLGU0BEZsL6mMYmYcvPZFRN8ppUAh4nUFQOeqb8nchIpNY583RkRGKpFbyr+5/UzCBtuzuM0AxbT+UdhJjAkeBoJDrhkFMRYE0Il17tiOiSSUNDBlXUI9uLJy6RzUbMva/XbeqXZKOIooWN0iqrIRleoiW5QC7URRY/oGb2iN+PJeDHejY9564pRzByhPzA+fwDD/JgW</latexit>

Xi ⇠ Poi(�)

<latexit sha1_base64="ICUga0QxZxsIK5X1wv/xYPffD6M="></latexit>

L(�) = f(x1 . . . xn|�) =
nY

i=1

f(xi|�) =
nY

i=1

e���xi

xi!

<latexit sha1_base64="zFCU0bx3ozcPBEILup82PIfrjdo="></latexit>

LL(�) = log
nY

i=1

e���xi

xi!
=

nX

i=1

log
e���xi

xi!
=

nX

i=1

��+ xi log �� log xi!

<latexit sha1_base64="mCOtB5JT53b4CLp5cmsrgUtV8cY="></latexit>

@LL(�)

@�
=

nX

i=1

�1 +
xi

�
= �n+

1

�

nX

i=1

xi

<latexit sha1_base64="Q4UfYO5Gp1KFP7UZEjXxRAKyv2E=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0UQ1JJIURcWCm5cVrAPaGqYTCft0MkkzEzEEvITbvwVNy4UcSu482+ctFlo64GBwzn3cOceL2JUKsv6NgoLi0vLK8XV0tr6xuaWub3TkmEsMGnikIWi4yFJGOWkqahipBMJggKPkbY3usr89j0Rkob8Vo0j0gvQgFOfYqS05JrHFqzBEw6PoOMLhBM7TRym432UQkfGgZvQmp3ecfjg0pJrlq2KNQGcJ3ZOyiBHwzW/nH6I44BwhRmSsmtbkeolSCiKGUlLTixJhPAIDUhXU44CInvJ5KoUHmilD/1Q6McVnKi/EwkKpBwHnp4MkBrKWS8T//O6sfIvegnlUawIx9NFfsygCmFWEexTQbBiY00QFlT/FeIh0u0oXWRWgj178jxpnVbss0r1plquX+Z1FMEe2AeHwAbnoA6uQQM0AQaP4Bm8gjfjyXgx3o2P6WjByDO74A+Mzx9p8J0k</latexit>

0 = �n+
1

�

nX

i=1

xi

<latexit sha1_base64="rOLMKRXX+iNPnBJZbnQcWtKJfWI=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxVRIp6sJCwY3LCvYBTQyTyaQdOpmEmYlYQv7Ajb/ixoUibt2682+ctF1o64GBwznncuceP2FUKsv6NkpLyyura+X1ysbm1vaOubvXkXEqMGnjmMWi5yNJGOWkrahipJcIgiKfka4/uir87j0Rksb8Vo0T4kZowGlIMVJa8sxjh+lwgGADOqFAOLPzjOeOTCMvow07v+PwwaMVz6xaNWsCuEjsGamCGVqe+eUEMU4jwhVmSMq+bSXKzZBQFDOSV5xUkgThERqQvqYcRUS62eSeHB5pJYBhLPTjCk7U3xMZiqQcR75ORkgN5bxXiP95/VSFF25GeZIqwvF0UZgyqGJYlAMDKghWbKwJwoLqv0I8RLoWpSssSrDnT14kndOafVar39SrzctZHWVwAA7BCbDBOWiCa9ACbYDBI3gGr+DNeDJejHfjYxotGbOZffAHxucPAtacAA==</latexit>

� =
1

n

nX

i=1

xi
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Isn’t that the same as 
the sample mean?



Yes. For Poisson.



MLE	of	Poisson	is	the	sample	mean

64



MLE	for	Gaussian

65

[6.3 , 5.5 , 5.4, 7.1, 4.6, 6.7, 5.3 , 4.8, 5.6, 3.4, 
5.4, 3.4, 4.8, 7.9, 4.6, 7.0, 2.9, 6.4, 6.0 , 4.3]

Data:

What are the parameters?



Maximum	Likelihood	with	Normal
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𝐿𝐿 𝜃 =1
!"#

$

log
1
2𝜋𝜎

𝑒% &!%' "/ )*" =1
!"#

$

− log 2𝜋𝜎 − 𝑋! − 𝜇 )/ 2𝜎)

(using natural log)

= −1
!"#

$

log 2𝜋𝜎 −1
!"#

$

𝑋! − 𝜇 )/ 2𝜎)

Consider a sample of 𝑛 i.i.d. random variables 𝑋!, 𝑋", … , 𝑋#.
• Let 𝑋!~	𝒩 𝜇, 𝜎) .

What is 𝜃&'( = 𝜇&'( , 𝜎&'(" ?
1. Determine 

formula for 𝐿𝐿 𝜃
3. Solve resulting

equations
2. Differentiate 𝐿𝐿 𝜃

w.r.t. (each) 𝜃, set to 0

𝑓 𝑋!|𝜇, 𝜎) =
1
2𝜋𝜎

𝑒% &!%' "/ )*"



Maximum	Likelihood	with	Normal
Consider a sample of 𝑛 i.i.d. random variables 𝑋!, 𝑋", … , 𝑋#.
• Let 𝑋!~	𝒩 𝜇, 𝜎) .

What is 𝜃&'( = 𝜇&'( , 𝜎&'(" ?
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1. Determine 
formula for 𝐿𝐿 𝜃

3. Solve resulting
equations

𝐿𝐿 𝜃 = −1
!"#

$

log 2𝜋𝜎 −1
!"#

$

𝑋! − 𝜇 )/ 2𝜎)

2. Differentiate 𝐿𝐿 𝜃
w.r.t. (each) 𝜃, set to 0

𝑓 𝑋!|𝜇, 𝜎) =
1
2𝜋𝜎

𝑒% &!%' "/ )*"

𝜕𝐿𝐿 𝜃
𝜕𝜇

=1
!"#

$

2 𝑋! − 𝜇 / 2𝜎)

=
1
𝜎)
1
!"#

$

𝑋! − 𝜇 = 0

with respect to 𝜇



Maximum	Likelihood	with	Normal
Consider a sample of 𝑛 i.i.d. random variables 𝑋!, 𝑋", … , 𝑋#.
• Let 𝑋!~	𝒩 𝜇, 𝜎) .

What is 𝜃&'( = 𝜇&'( , 𝜎&'(" ?
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1. Determine 
formula for 𝐿𝐿 𝜃

3. Solve resulting
equations

𝐿𝐿 𝜃 = −1
!"#

$

log 2𝜋𝜎 −1
!"#

$

𝑋! − 𝜇 )/ 2𝜎)

2. Differentiate 𝐿𝐿 𝜃
w.r.t. (each) 𝜃, set to 0

𝑓 𝑋!|𝜇, 𝜎) =
1
2𝜋𝜎

𝑒% &!%' "/ )*"

𝜕𝐿𝐿 𝜃
𝜕𝜇

=1
!"#

$

2 𝑋! − 𝜇 / 2𝜎)

=
1
𝜎)
1
!"#

$

𝑋! − 𝜇 = 0

with respect to 𝜇 with respect to 𝜎

𝜕𝐿𝐿 𝜃
𝜕𝜎

= −1
!"#

$
1
𝜎
+1

!"#

$

2 𝑋! − 𝜇 )/ 2𝜎+

= −
𝑛
𝜎
+
1
𝜎+
1
!"#

$

𝑋! − 𝜇 ) = 0



Maximum	Likelihood	with	Normal
Consider a sample of 𝑛 i.i.d. random variables 𝑋!, 𝑋", … , 𝑋#.
• Let 𝑋!~	𝒩 𝜇, 𝜎) .

What is 𝜃&'( = 𝜇&'( , 𝜎&'(" ?
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3. Solve resulting
equations

𝑓 𝑋!|𝜇, 𝜎) =
1
2𝜋𝜎

𝑒% &!%' "/ )*"

1
𝜎)
1
!"#

$

𝑋! − 𝜇 = 0Two equations, 
two unknowns:

First, solve
for 𝜇,-.:

1
𝜎)1

!"#

$

𝑋! −
1
𝜎)1

!"#

$

𝜇 = 0 ⇒	 1
!"#

$

𝑋! = 𝑛𝜇 ⇒	 𝜇,-. =
1
𝑛
1
!"#

$

𝑋!
unbiased

−
𝑛
𝜎
+
1
𝜎+
1
!"#

$

𝑋! − 𝜇 ) = 0



Maximum	Likelihood	with	Normal
Consider a sample of 𝑛 i.i.d. random variables 𝑋!, 𝑋", … , 𝑋#.
• Let 𝑋!~	𝒩 𝜇, 𝜎) .

What is 𝜃&'( = 𝜇&'( , 𝜎&'(" ?
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3. Solve resulting
equations

𝑓 𝑋!|𝜇, 𝜎) =
1
2𝜋𝜎

𝑒% &!%' "/ )*"

−
𝑛
𝜎
+
1
𝜎+
1
!"#

$

𝑋! − 𝜇 ) = 0Two equations, 
two unknowns:

1
𝜎)1

!"#

$

𝑋! −
1
𝜎)1

!"#

$

𝜇 = 0 ⇒	 1
!"#

$

𝑋! = 𝑛𝜇 ⇒	 𝜇,-. =
1
𝑛
1
!"#

$

𝑋!

Next, solve
for 𝜎,-.:

1
𝜎+
1
!"#

$

𝑋! − 𝜇 ) =
𝑛
𝜎 ⇒1

!"#

$

𝑋! − 𝜇 ) = 𝜎)𝑛 ⇒ 𝜎,-.) =
1
𝑛
1
!"#

$

𝑋! − 𝜇,-. )

biased

unbiased

First, solve
for 𝜇,-.:

1
𝜎)
1
!"#

$

𝑋! − 𝜇 = 0



Recreated the sample mean and (biased) 
version of variance



Can	Apply	it	Even	to	a	Novel	Distribution!
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f(x) =
↵

x↵+1We know sand is distributed as a pareto with PDF

https://chrispiech.github.io/probabilityForComputerScientists/en/examples/mle_pareto/



MLE	for	Bernoulli
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X ⇠ Bern(p)



Don’t we already have the Beta?

Yes! But this example is critical for developing 
towards deep learning.



Maximum	Likelihood	with	Bernoulli
Consider a sample of 𝑛 i.i.d. RVs 𝑋!, 𝑋", … , 𝑋#.
What is 𝜃&'( = 𝑝&'(?
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1. Determine 
formula for 𝐿𝐿 𝜃

• Let 𝑋$~Ber 𝑝 .

2. Differentiate 𝐿𝐿 𝜃
w.r.t. (each) 𝜃, set to 0

3. Solve resulting
equations

𝑓 𝑋$|𝑝 = >𝑝	 if 𝑋$ = 1
1 − 𝑝	 if 𝑋$ = 0

𝐿𝐿 𝜃 =1
!"#

$

log 𝑓 𝑋!|𝑝

?



Consider I.I.D. random variables X1, X2, ..., Xn

§ Xi ~ Ber(p)

§ Probability mass function,  

 

0 1

p

1 - p

PMF of Bernoulli PMF of Bernoulli (p = 0.2)
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f(Xi = xi|P = p)
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f(xi|p) = pxi(1� p)1�xi
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f(xi|p = 0.2) = 0.2xi(1� 0.2)1�xi

Differentiable	PMF	for	Bernoulli



Bernoulli PMF

f(X = x|p) = px(1� p)1�x

X ⇠ Ber(p)



• Consider I.I.D. random variables X1, X2, ..., Xn
§ Xi ~ Ber(p). Use Maximum Likelihood to estimate p.

§ Probability mass function, f(Xi | p), can be written as: 
 
§ Likelihood:

§ Log-likelihood:

§ Differentiate w.r.t. p, and set to 0:
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Maximizing Likelihood with Bernoulli

1. What is the likelihood of one Xi

2. What is the likelihood of all the data

3. What is the log-likelihood all the data

4. Find the value of p which maximizes log likelihood



• Consider I.I.D. random variables X1, X2, ..., Xn
§ Xi ~ Ber(p). Use Maximum Likelihood to estimate p.

§ Probability mass function, f(Xi | p), can be written as: 
 
§ Likelihood:

§ Log-likelihood:

§ Differentiate w.r.t. p, and set to 0:
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Maximizing Likelihood with Bernoulli

2. What is the likelihood of all the data

3. What is the log-likelihood all the data

4. Find the value of p which maximizes log likelihood



• Consider I.I.D. random variables X1, X2, ..., Xn
§ Xi ~ Ber(p). Use Maximum Likelihood to estimate p.

§ Probability mass function, f(Xi | p), can be written as: 
 
§ Likelihood:

§ Log-likelihood:

§ Differentiate w.r.t. p, and set to 0:
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Maximizing Likelihood with Bernoulli

3. What is the log-likelihood all the data

4. Find the value of p which maximizes log likelihood



• Consider I.I.D. random variables X1, X2, ..., Xn
§ Xi ~ Ber(p). Use Maximum Likelihood to estimate p.

§ Probability mass function, f(Xi | p), can be written as: 
 
§ Likelihood:

§ Log-likelihood:

§ Differentiate w.r.t. p, and set to 0:
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Maximizing Likelihood with Bernoulli

4. Find the value of p which maximizes log likelihood



• Consider I.I.D. random variables X1, X2, ..., Xn
§ Xi ~ Ber(p). Use Maximum Likelihood to estimate p.

§ Probability mass function, f(Xi | p), can be written as: 
 
§ Likelihood:

§ Log-likelihood:

§ Differentiate w.r.t. p, and set to 0:
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Maximizing Likelihood with Bernoulli



Isn’t that the same as 
unbiased estimator?



Yes. For Bernoulli.



Maximum Likelihood Algorithm

4. Use an optimization algorithm to calculate argmax

1. Decide on a model for the distribution of 
your samples. Define the PMF / PDF for 
your sample.

2. Write out the log likelihood function.

3. State that the optimal 
parameters are the argmax of 
the log likelihood function.



Its so general!



Consider I.I.D. random variables X1, X2, ..., Xn

§ Xi ~ Uni(0, 1)

§ Observe data:
o0.15, 0.20, 0.30, 0.40, 0.65, 0.70, 0.75

Likelihood: L(a,1)

a

L(a,1)

Likelihood: L(0, b)

b

L(0, b)

Understanding MLE with Uniform



How do small samples affect MLE?
§ In many cases,                      = sample mean 
oUnbiased.  Not too shabby…

§ As seen with Normal,
oBiased.  Underestimates for small n  (e.g., 0 for n = 1)

§ As seen with Uniform, aMLE ≥ a  and bMLE ≤ b 
oBiased.  Problematic for small n  (e.g., a = b when n = 1)

§ Small sample phenomena intuitively make sense:
oMaximum likelihood Þ best explain data we’ve seen
oDoes not attempt to generalize to unseen data
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Small Samples = Problems



Maximum Likelihood Estimators are generally:
§ Asymptotically optimal                                   for e > 0

§ Potentially biased (though asymptotically less so)

§ Often used in practice

1) |ˆ(|lim =<-
¥®

eqqP
n

Properties of MLE



Machine Learning: 
Learn parameters (mostly with MLE) for 

probabilistic models.



Optimization (argmax)
Option #2: Gradient Descent



Gradient Ascent

Walk uphill and you will find a local maxima 
(if your step size is small enough)

✓

p(
sa
m
p
le
s|✓

)

argmax



Gradient Ascent

Walk uphill and you will find a local maxima 
(if your step size is small enough)

✓

p(
sa
m
p
le
s|✓

)

argmax



✓ new
j = ✓ old

j + ⌘ · @LL(✓
old)

@✓ old
j

Gradient Ascent

Repeat many times

Walk uphill and you will find a local maxima 
(if your step size is small enough)

This is some profound life philosophy



Initialize: θj = random for all 0 ≤ j ≤ m

Gradient Ascent

Calculate all θj



Initialize: θj = random for all 0 ≤ j ≤ m

Repeat many times:

Calculate all gradient[j]’s based on data 

𝜃j -= h * gradient[j] for all 0 ≤ j ≤ m

gradient[j] = 0 for all 0 ≤ j ≤ m

Gradient Ascent



Initialize: θj = random for all 0 ≤ j ≤ m

Repeat many times:

Calculate all gradient[j]’s based on data 

𝜃j -= h * gradient[j] for all 0 ≤ j ≤ m

gradient[j] = 0 for all 0 ≤ j ≤ m

Gradient Ascent



✓ new
j = ✓ old

j + ⌘ · @LL(✓
old)

@✓ old
j

Gradient Ascent

Repeat many times

Walk uphill and you will find a local maxima 
(if your step size is small enough)

This is some profound life philosophy



Gradient descent/ascent is 
your bread and butter 
algorithm for optimization 
(use argmin of neg LL)



Our Path
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Likelihood	Definition

105

A generalized term for “PDF / PMF / Joint” 
of data as a function of parameters

Wikipedia:



MLE	in	a	nutshell
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✓̂MLE = argmax
✓

f(x(1), . . . , x(n)|✓)

= argmax
✓

⇣X

i

log f(x(i)|✓)
⌘
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MLE	for	a	Pareto
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x↵+1We know sand is distributed as a pareto with PDF
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Consider I.I.D. random variables X1, X2, ..., Xn
§ Xi ~ Pareto(α). Use Maximum Likelihood to 

estimate α.
§ Likelihood:

§ Log-likelihood:

§ Chose α to be the argmax of LL:

MLE for a Pareto
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3. Find the value of α which maximizes log likelihood

1. What is the likelihood of all the data

2. What is the log-likelihood all the data



Consider I.I.D. random variables X1, X2, ..., Xn
§ Xi ~ Pareto(α). Use Maximum Likelihood to 

estimate α.
§ Likelihood:

§ Log-likelihood:

§ Chose α to be the argmax of LL:

MLE for a Pareto
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3. Find the value of α which maximizes log likelihood

2. What is the log-likelihood all the data



Consider I.I.D. random variables X1, X2, ..., Xn
§ Xi ~ Pareto(α). Use Maximum Likelihood to 

estimate α.
§ Likelihood:

§ Log-likelihood:

§ Chose α to be the argmax of LL:

MLE for a Pareto
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3. Find the value of α which maximizes log likelihood



Consider I.I.D. random variables X1, X2, ..., Xn
§ Xi ~ Pareto(α). Use Maximum Likelihood to 

estimate α.
§ Likelihood:

§ Log-likelihood:

§ Chose α to be the argmax of LL:

MLE for a Pareto

<latexit sha1_base64="To+Oore860gzZMUt6qUmKxUxhmo="></latexit>

L(↵) =
nY

i=1

↵

x↵+1
i

<latexit sha1_base64="51UlWDpRQPWdMzO02gHUfFNz8hE="></latexit>

LL(↵) =
nX

i=1

log↵� (↵+ 1) log xi = n log↵� (↵+ 1)
nX

i=1

log xi

<latexit sha1_base64="gIhn7CNUvsb4TUhlxtYKgtfohxM="></latexit>

@LL(↵)

@↵
=

n

↵
�

nX

i=1

log xi

Argmax Option #1: set 
the derivative to 0, and 

solve for alpha



Something rotten
in the world of MLE



Foreshadowing..



So good to see 
you again!

Need a Volunteer



I have two envelopes, will allow you to have one
§ One contains $X, the other contains $2X
§ Select an envelope
oOpen it!

§ Now, would you like to switch for other envelope?
§ To help you decide, compute E[$ in other envelope]
oLet Y = $ in envelope you selected

§ Before opening envelope, think either equally good
§ So, what happened by opening envelope?
oAnd does it really make sense to switch?

YYE Y
4
5

2
1
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1 2]envelopeother in  $[ =×+×=

Two Envelopes



The “two envelopes” problem set-up
§ Two envelopes: one contains $X, other contains $2X
§ You select an envelope and open it
oLet Y = $ in envelope you selected
oLet Z = $ in other envelope

§ E[Z | Y] above assumes all values X (where 0 < X < ¥) 
are equally likely
oNote: there are infinitely many values of X
oSo, not true probability distribution over X (doesn’t integrate to 1)
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Thinking Deeper About Two Envelopes



All Values are Equally Likely?

X

p(X)

0 10 20 10060 8040

Infinite powers of two…



Belief about contents of envelopes
§ Since implied distribution over X is not a true 

probability distribution, what is our distribution over X?
oFrequentist: play game infinitely many times and see how often different 

values come up.
oProblem: I only allow you to play the game once

§ Bayesian probability
oHave prior belief of distribution for X (or anything for that matter)
oPrior belief is a subjective probability
◦ By extension, all probabilities are subjective

oAllows us to answer question when we have no/limited data
◦ E.g., probability a coin you’ve never flipped lands on heads

oAs we get more data, prior belief is “swamped” by data

Subjectivity of Probability



Subjectivity of Probability

X

p(X)

0 10 20 10060 8040



The Envelope Please…



Envelope Takeaway:
Probabilities are beliefs.

Incorporating prior beliefs is useful



We have seen this play out before…



MLE	vs	Beta

123

The medicine is tried on 20 patients. It “works” for 14 and “doesn’t work” for 6. What is 
your new belief that the drug works? 

In other words I have 20 IID samples from a Bernoulli. Estimate p. The data is 
[1,1,1,1,1,1,1,1,1,1,1,1,1,1,0,0,0,0,0,0]

p ⇡ 14

20
= 0.7
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MLE estimate:

Prior

Posterior
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od

e

Beta estimate:



Could we use “Bayesian Inference” to estimate 
parameters?



Could we use “Bayesian Inference” to estimate 
parameters?

Yes! MAP!



Maximum A Posteriori (MAP)

1 Infer the posterior belief in params

2

Return the argmax
    (aka the mode)



Quick	MAP	for	Bernoulli	and	Binomial
Beta 𝑎, 𝑏  is a conjugate prior for the
probability of success in Bernoulli and 
Binomial distributions.

Prior  Beta 𝑎, 𝑏
   Saw 𝑎 + 𝑏 − 2 imaginary trials: 𝑎 − 1 successes, 𝑏 − 1 failures

Experiment  Observe 𝑛 +𝑚 new trials: 𝑛 successes, 𝑚 failures

Posterior  Beta 𝑎 + 𝑛, 𝑏 + 𝑚

127

MAP: 𝑝 =
𝑎 + 𝑛 − 1

𝑎 + 𝑏 + 𝑛 +𝑚 − 2

𝑓 𝑥 =
1

𝐵 𝑎, 𝑏
𝑥0%# 1 − 𝑥 1%#

Review



The	Laplace	Prior!
Beta 𝑎, 𝑏  is a conjugate prior for the
probability of success in Bernoulli and 
Binomial distributions.

Prior  Beta 𝑎 = 2, 𝑏 = 2
   Saw 2 imaginary trials: 1 successes, 1 failures

Experiment  Observe 𝑛 +𝑚 new trials: 𝑛 successes, 𝑚 failures

Posterior  Beta 2 + 𝑛, 2 + 𝑚

128

MAP: 𝑝 =
𝑛 + 1

𝑛 +𝑚 + 2

𝑓 𝑥 =
1

𝐵 𝑎, 𝑏
𝑥0%# 1 − 𝑥 1%#
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pMAP =
n+ 1

n+m+ 2

MAP with a Laplace Prior: 
Why its justified to estimate 
p like this:

n = # observed successes
m = # observed fails



But MLE works for more than just estimating p



But now you need a prior belief for all 
params…



Conjugate	distributions
MAP
estimator:

132

𝜃!"# = arg	max
$

𝑓 𝜃|𝑋%, 𝑋&, … , 𝑋' The mode of the
posterior distribution of 𝜃

Distribution parameter Prior distribution
Bernoulli 𝑝 Beta
Binomial 𝑝 Beta
Multinomial 𝑝! Dirichlet
Poisson 𝜆 Gamma
Exponential 𝜆 Gamma
Normal 𝜇 Normal
Normal 𝜎" Inverse Gamma

Don’t need to know 
Inverse Gamma…
but it will know you J

CS109: We wont cover the Dirichlet or 
Inverse Gamma in lecture!



The	Gamma	Distribution

133

PDF Mode<latexit sha1_base64="ExXalww0ewg6Bmmo6DmfxQE/dQA=">AAACGHicbVC7SgNBFJ31bXxFLW0Gg6CFcVdEbQTRxsJCwaiQDeHu7F0zZPbBzF0xLPsZNv6KjYUitnb+jZOYwteBgcM593DnniBT0pDrfjgjo2PjE5NT05WZ2bn5heri0qVJcy2wIVKV6usADCqZYIMkKbzONEIcKLwKusd9/+oWtZFpckG9DFsx3CQykgLISu3qlk94R0Wchliu+6c2GMIGP+B+pEEUPqisA3yTe2XhB0hQtqs1t+4OwP8Sb0hqbIizdvXdD1ORx5iQUGBM03MzahWgSQqFZcXPDWYgunCDTUsTiNG0isFhJV+zSsijVNuXEB+o3xMFxMb04sBOxkAd89vri/95zZyi/VYhkywnTMTXoihXnFLeb4mHUqMg1bMEhJb2r1x0wFZCtsuKLcH7ffJfcrld93brO+c7tcOjYR1TbIWtsnXmsT12yE7YGWswwe7ZI3tmL86D8+S8Om9foyPOMLPMfsB5/wS6vJ+T</latexit>

mode(⇤) =
↵� 1

�

<latexit sha1_base64="B7TAGnpVBeS3tr50QftvwzEAWZc=">AAACEXicbVC7SgNBFJ31GeMramkzGIQIEnZF1FK00MIiglEhG8LdyY0ZnNldZu6KYckv2PgrNhaK2NrZ+TdOYgpfBwYO55zLnXuiVElLvv/hjY1PTE5NF2aKs3PzC4ulpeVzm2RGYF0kKjGXEVhUMsY6SVJ4mRoEHSm8iK4PB/7FDRork/iMeik2NVzFsiMFkJNapUp44sJt4KGVmoeEt5QfgdbQr4Sg0i5s8jBCgo1WqexX/SH4XxKMSJmNUGuV3sN2IjKNMQkF1jYCP6VmDoakUNgvhpnFFMQ1XGHD0Rg02mY+vKjP153S5p3EuBcTH6rfJ3LQ1vZ05JIaqGt/ewPxP6+RUWevmcs4zQhj8bWokylOCR/Uw9vSoCDVcwSEke6vXHTBgCBXYtGVEPw++S8536oGO9Xt0+3y/sGojgJbZWuswgK2y/bZMauxOhPsjj2wJ/bs3XuP3ov3+hUd80YzK+wHvLdPXBOcuQ==</latexit>

⇤ ⇠ Gamma(↵,�)

Saw 
total imaginary events 

During 
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periods

Random variable for Poisson param
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Good	times	with	Gamma
Gamma 𝛼, 𝛽  is a conjugate for Poisson.
• Also conjugate for Exponential,

but we won’t delve into that
• Mode of gamma: 𝛼 − 1 /𝛽 

Prior  
    Saw 𝛼 − 1 total imaginary events during 𝛽 prior time periods

Experiment Observe 𝑛 events during next 𝑘 time periods

Posterior On the board!
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Good	times	with	Gamma
Gamma 𝛼, 𝛽  is a conjugate for Poisson.
• Also conjugate for Exponential,

but we won’t delve into that
• Mode of gamma: 𝛼 − 1 /𝛽 

Prior  
    Saw 𝛼 − 1 total imaginary events during 𝛽 prior time periods

Experiment Observe 𝑛 events during next 𝑘 time periods

Posterior 
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MAP	for	Poisson
Let 𝜆 be the average # of successes in a time period.

1. What does it mean to have
a prior of𝜆~Gamma 11,5 ?

Now perform the experiment and see 11 events in next 2 time periods.
2. Given your prior, what is the

posterior distribution?

3. What is 𝜆!"#?

136

Observe 10 imaginary events
in 5 time periods,
i.e., observe at Poisson rate = 2

🤔

<latexit sha1_base64="GbzMoFHNQrSi4G0jxgrxalClUps="></latexit>

�MAP =
↵+ n� 1

� + k

𝜆|𝑛 events in 𝑘 periods ~Gamma 22, 7 	

𝜆,23 = 3, the updated Poisson rate



That was easy because Gamma is a 
conjugate…



Can we generalize?



Most important derivation of today



Maximum A Posteriori
✓̂MAP = argmax

✓
f(✓|x(1), . . . , x(n))

<latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit><latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit><latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit><latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit>

✓̂MAP =argmax
✓

f(x(1), x(2), . . . , x(n)|✓)g(✓)
h(x(1), x(2), . . . x(n))

<latexit sha1_base64="CB7kxzJ54tosqxTnIH+ZRBQ7was="></latexit><latexit sha1_base64="CB7kxzJ54tosqxTnIH+ZRBQ7was="></latexit><latexit sha1_base64="CB7kxzJ54tosqxTnIH+ZRBQ7was="></latexit><latexit sha1_base64="CB7kxzJ54tosqxTnIH+ZRBQ7was="></latexit>

x(1), . . . , x(n)
<latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit><latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit><latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit><latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit>

data:

prior

likelihood

posterior

TODO: drop the g notation???



Maximum A Posteriori
✓̂MAP = argmax

✓
f(✓|x(1), . . . , x(n))

<latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit><latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit><latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit><latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit>

x(1), . . . , x(n)
<latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit><latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit><latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit><latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit>

data:

=argmax
✓

g(✓)
Qn

i=1 f(x
(i)|✓)

h(x(1), x(2), . . . , x(n))
<latexit sha1_base64="MaqkCy/6+1kI4WPUFvEIjtGkWf4="></latexit><latexit sha1_base64="MaqkCy/6+1kI4WPUFvEIjtGkWf4="></latexit><latexit sha1_base64="MaqkCy/6+1kI4WPUFvEIjtGkWf4="></latexit><latexit sha1_base64="MaqkCy/6+1kI4WPUFvEIjtGkWf4="></latexit>

✓̂MAP =argmax
✓

g(✓)f(x(1), x(2), . . . , x(n)|✓)
h(x(1), x(2), . . . x(n))

<latexit sha1_base64="4+GHILtFrJgDHdnJ7WGPtwAW+Pc="></latexit><latexit sha1_base64="4+GHILtFrJgDHdnJ7WGPtwAW+Pc="></latexit><latexit sha1_base64="4+GHILtFrJgDHdnJ7WGPtwAW+Pc="></latexit><latexit sha1_base64="4+GHILtFrJgDHdnJ7WGPtwAW+Pc="></latexit>

=argmax
✓

g(✓)
nY

i=1

f(x(i)|✓)
<latexit sha1_base64="zcVa1VKAdZS39AzYjQ2c7bKKZ/w="></latexit><latexit sha1_base64="zcVa1VKAdZS39AzYjQ2c7bKKZ/w="></latexit><latexit sha1_base64="zcVa1VKAdZS39AzYjQ2c7bKKZ/w="></latexit><latexit sha1_base64="zcVa1VKAdZS39AzYjQ2c7bKKZ/w="></latexit>

=argmax
✓

 
log(g(✓)) +

nX

i=1

log(f(x(i)|✓))
!

<latexit sha1_base64="5+ZrdjVIbPglVta+3XK5c+xnamI="></latexit><latexit sha1_base64="5+ZrdjVIbPglVta+3XK5c+xnamI="></latexit><latexit sha1_base64="5+ZrdjVIbPglVta+3XK5c+xnamI="></latexit><latexit sha1_base64="5+ZrdjVIbPglVta+3XK5c+xnamI="></latexit>

monotonic



Maximum A Posteriori

Estimated
parameter

Sum of 
log likelihood

Log prior

Chose the value of theta
that maximizes:

✓̂MAP =argmax
✓

 
log(g(✓)) +

nX

i=1

log(f(x(i)|✓))
!

<latexit sha1_base64="rH5tZudDPhfCXQEQFM6M0YqTyCI="></latexit><latexit sha1_base64="rH5tZudDPhfCXQEQFM6M0YqTyCI="></latexit><latexit sha1_base64="rH5tZudDPhfCXQEQFM6M0YqTyCI="></latexit><latexit sha1_base64="rH5tZudDPhfCXQEQFM6M0YqTyCI="></latexit>



Maximum Likelihood Estimation

Maximum A Posteriori

✓̂MAP = argmax
✓

f(✓|x(1), . . . , x(n))
<latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit><latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit><latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit><latexit sha1_base64="5TYPk9XPUUQ9E5+lWmRCj7zgILk="></latexit>

✓̂MLE = argmax
✓

f(x(1), . . . , x(n)|✓)

= argmax
✓

⇣X

i

log f(x(i)|✓)
⌘

<latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit><latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit><latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit><latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit>

MLE vs MAP

✓̂MLE = argmax
✓

f(x(1), . . . , x(n)|✓)

= argmax
✓

⇣X

i

log f(x(i)|✓)
⌘

<latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit><latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit><latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit><latexit sha1_base64="hWTJai6ZJ9txHDV1epW014CBypQ="></latexit>

x(1), . . . , x(n)
<latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit><latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit><latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit><latexit sha1_base64="GiChI1fA8t4wAwAIcrFSc/9D7vk=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFaKGUGRF04aLgxmUF+4B2LJk004ZmMkNyRyzDbPwVNy4UcetnuPNvzLRdaOuBwMk5997kHi8SXINtf1u5ldW19Y38ZmFre2d3r7h/0NJhrChr0lCEquMRzQSXrAkcBOtEipHAE6ztja8zv/3AlOahvINJxNyADCX3OSVgpH7x6PE+KTuVtIp7gxB0FWd3WUn7xZJds6fAy8SZkxKao9EvfpkBNA6YBCqI1l3HjsBNiAJOBUsLvViziNAxGbKuoZIETLvJdIEUnxplgP1QmSMBT9XfHQkJtJ4EnqkMCIz0opeJ/3ndGPxLN+EyioFJOnvIjwWGEGdp4AFXjIKYGEKo4uavmI6IIhRMZgUTgrO48jJpndUcu+bcnpfqV/M48ugYnaAyctAFqqMb1EBNRFGKntErerOerBfr3fqYleasec8h+gPr8weWF5UW</latexit>

Data:

= argmax
✓

 
log(g(✓)) +

nX

i=1

log(f(x(i)|✓))
!

<latexit sha1_base64="2Vyh+F2J1WNRU3hIn/gc2jRPn/U="></latexit><latexit sha1_base64="2Vyh+F2J1WNRU3hIn/gc2jRPn/U="></latexit><latexit sha1_base64="2Vyh+F2J1WNRU3hIn/gc2jRPn/U="></latexit><latexit sha1_base64="2Vyh+F2J1WNRU3hIn/gc2jRPn/U="></latexit>



Consider I.I.D. random variables X1, X2, ..., Xn
§ Xi ~ Pareto(α). Use Maximum Likelihood to 

estimate α.
§ Likelihood:

§ Log-likelihood:

§ Chose α to be the argmax of LL:

MLE for a Pareto

<latexit sha1_base64="To+Oore860gzZMUt6qUmKxUxhmo="></latexit>

L(↵) =
nY

i=1

↵

x↵+1
i

<latexit sha1_base64="51UlWDpRQPWdMzO02gHUfFNz8hE="></latexit>

LL(↵) =
nX

i=1

log↵� (↵+ 1) log xi = n log↵� (↵+ 1)
nX

i=1

log xi

<latexit sha1_base64="gIhn7CNUvsb4TUhlxtYKgtfohxM="></latexit>

@LL(↵)

@↵
=

n

↵
�

nX

i=1

log xi

Argmax Option #1: set 
the derivative to 0, and 

solve for alpha



§ Xi ~ Pareto(α). Use MAP to estimate α. 
§ MAP function:

MAP	for	Pareto

<latexit sha1_base64="Tpi24ZR6lI/iOHsQj9qbO1px4Ok="></latexit>

LL(↵) = log g(↵) + n log↵� (↵+ 1)
nX

i=1

log xi

= log
1p

3
p
2⇡

e
�(↵�2)2

6 + n log↵� (↵+ 1)
nX

i=1

log xi

= K +
�(↵� 2)2

6
+ n log↵� (↵+ 1)

nX

i=1

log xi

<latexit sha1_base64="Tpi24ZR6lI/iOHsQj9qbO1px4Ok="></latexit>

LL(↵) = log g(↵) + n log↵� (↵+ 1)
nX

i=1

log xi

= log
1p

3
p
2⇡

e
�(↵�2)2

6 + n log↵� (↵+ 1)
nX

i=1

log xi

= K +
�(↵� 2)2

6
+ n log↵� (↵+ 1)

nX

i=1

log xi

<latexit sha1_base64="Tpi24ZR6lI/iOHsQj9qbO1px4Ok="></latexit>

LL(↵) = log g(↵) + n log↵� (↵+ 1)
nX

i=1

log xi

= log
1p

3
p
2⇡

e
�(↵�2)2

6 + n log↵� (↵+ 1)
nX

i=1

log xi

= K +
�(↵� 2)2

6
+ n log↵� (↵+ 1)

nX

i=1

log xi

§ Choose α which is the argmax of this function
<latexit sha1_base64="7dLftDoKdo6ARhyWhBuoJArUNsU="></latexit>

@MAP(↵)

@↵
= �2↵+ 4 +

n

↵
�

nX

i=1

log xi

Prior:
<latexit sha1_base64="eZPOTASEaohxJ7E7Jamv0SPd0j4="></latexit>

↵ ⇠ N(µ = 2.5,�2 = 3)



Where’d	you	get	them	priors?
• Let 𝜃 be the probability a coin turns up heads.
• Model 𝜃 with 2 different priors:

◦ Prior 1: Beta(3,8): 2 imaginary heads,
 7 imaginary tails

◦ Prior 2: Beta(7,4): 6 imaginary heads,
 3 imaginary tails

Now flip 100 coins and get 58 heads and 42 tails.
1. What are the two posterior distributions?
2. What are the modes of the two posterior distributions?
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mode: )
4

mode: 54

prior

posterior

Posterior 1: Beta(61,50) mode: 56#64

mode: 57#64Posterior 2: Beta(65,46)

Provided we collect enough data,
posteriors will converge to the true value.



The last estimator has risen…
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